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O-DISTRIBUTIVE AND P-UNIFORM 
SEMILATTICES 

BY 

C. S. H O O A N D K. P. S H U M 

ABSTRACT. A counter-example is provided to the conjecture of 
Y. S. Pawar and N. K. Thakare that a semilattice S with 0 is 
0-distributive if and only if for each filter F and each ideal I such 
that FHI= 0 , there exists a prime filter containing F and disjoint 
from I. This shows that O-distributivity is not equivalent to weak 
distributivity. A characterization is also given of finite P-uniform 
semilattices in terms of O-distributivity. 

§1. Introduction. Let S be a meet semilattice with zero. A non-empty 
subset F of S is a filter provided that (i) if x e F and x < y then y e F, and (ii) if 
x, y e F, then x A y G F. A filter F is a prime filter if whenever x v y G F then 
either x e F or y G F An ideal of S is a non-empty subset I of S such that bel 
and a < b imply that a el, and whenever avb exists for a, bel, then avbel. 
An ideal I is called prime if whenever a Abel, then either a e I or b e I. A 
semilattice S is called O-distributive if whenever a,b,c are in S, aAb = 0, 
aAc = 0 and bvc exists, then aA(bvc ) = 0. In [5], Y. S. Pawar and N. K. 
Thakare conjectured the following: "A semilattice S with 0 is O-distributive if 
and only if for any filter F and any ideal I such that Ff l 1= 0 , there exists a 
prime filter containing F and disjoint from J". We shall show that this 
conjecture is false in general, and obtain some results on when it is true. In 
fact, this conjecture seems to be based on assuming the existence of a zero and 
weakening a distributive law in a theorem which appeared in an earlier paper 
(Balbes [1]). Finally, we shall relate O-distributive and P-uniform finite semi-
lattices. (For the definition of P-uniform, see below or [6]). 

§2. Counterexample. The fact that the above conjecture is false follows 
from the following example. 

EXAMPLE 2.1. Let S ={0, a, b, c, d, e, f, g, h, i} with Hasse diagram shown 
below 

Then I = {0, a, b, c} is an ideal, and F = {h} is a filter. Clearly Ff l I = 0 . It can 
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be checked that there is no prime filter which contains F and is disjoint from J. 
On the other hand, it is easy to check that the semilattice S is 0-distributive. 

As we indicated, the conjecture probably arose out of a modification of a 
result in [1]. That result was stated incorrectly in [1]. The corrected version of 
that result (Theorem 2.2 of [1]) is as follows. 

THEOREM 2.2. (Balbes). In a semilattice L, the following are equivalent 
(i) If xtvx2v • • vjcn exists in L, then for each x e L , 

(xAXi)v(xAX 2)V- • ' V ( X A X J exists and equals XA(X1V • - v x j . 

(ii) If F is a filter in L and I is a non-empty subset of L, disjoint from F and 
such that jq v • • vxn exists in I whenever jcl5 JC2, . . . , xn el, then there 
exists a prime filter Ff such that F<^F' and F' DI= 0 . 

(iii) If Fis a filter in L and I is an ideal of L disjoint from F, then there exists a 
prime filter F' such that F<^F' and Ff 01= 0 . 

(iv) I / x ^ y , then there exists a prime filter F' such that xeF' and y£F'. 

REMARKS (i) In [1], the statement (ii) above allowed I to be a set with a 
property which is weaker than that stated here. However, if one goes through 
the proof of the theorem there, one finds that I is required to have the 
property as stated in (ii) above. In fact, the condition on I is that of being an 
ideal. Consequently, we have added the equivalent condition (iii) above. It is 
easily checked that the correct statement of Balbes' theorem is as we have 
formulated it here. 

(ii) In [1], the semilattice is not required to have a zero. 
(iii) Any semilattice satisfying the conditions of Balbes' theorem is called a 

prime semilattice. 

DEFINITION 2.3. Let us call any semilattice satisfying condition (i) above 
weakly distributive, and if it satisfies condition (iii), let us call it prime 
separable. 

REMARKS, (i) Balbes' theorem may be expressed as "A semilattice is weakly 
distributive if and only if it is prime separable". 

(ii) A semilattice is distributive if t>aAb implies that t = a'Ab' for some 
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a'>a, and V>b (Problem 99, page 329 of [2]). We shall show in §5 that a 
distributive semilattice is weakly distributive. Also a weakly distributive 
semilattice with 0 is O-distributive. Example 2.1 shows that the converse is not 
true. 

§3. Some characterizations. We shall consider Pawar and Thakare's conjec
ture under some further conditions. We shall also obtain some results when a 
semilattice is O-distributive. 

DEFINITION 3.1. Let a be an element of a semilattice S with 0. Then an 
element a* of S is called a pseudocomplement of a if (i) aAa* = 0 

(ii) a A b = 0 implies that b < a*. A semilattice in which every element has a 
pseudocomplement is said to be pseudocomplemented. 

NOTATION. Given an element a of a semilattice S with 0, let (a] = 
{x G S I x < a} and let {a}1 = {x e S \ a A X = 0}. The set (a] is the principal ideal 
of S generated by a. We shall frequently write a1- for {aY- If I is an ideal, we 
let I* = {x e S | x A a = 0 for all a e I}. We call I non-dense if I* / {0}. In case S 
is pseudocomplemented, this means that for each a e l , ( a * ] ^ { 0 } . 

It can be verified that in a O-distributive semilattice, {a}± is an ideal. In fact, 
a semilattice S with 0 is O-distributive if and only if {aY is an ideal for all a G S 
(Theorem 5, [5]). Further, a semilattice S with 0 is pseudocomplemented if and 
only if {aY is a principal ideal for each aeS. Thus a pseudocomplemented 
semilattice is O-distributive. 

We shall need the following result. 

LEMMA 3.2 (Theorem 7, [5]). Let S be a semilattice with 0. Then S is 
O-distributive if and only if for any filter F disjoint from {xY (x in S), there exists 
a prime filter containing F and disjoint from {xY-

NOTE. It is easily checked that in a pseudocomplemented semilattice, we 
have (a*] = (a]* for all a. It is also true that {a}± = (a*] for all a. 

LEMMA 3.3. Let S be a finite pseudocomplemented semilattice and let I be an 
ideal in S. Let a = (f\x(£lx*)*. Then a* = /\xeIx*, and a** = a. 

Proof. Use Theorem 1 of [8]. We have 

A * * = A * 
x e l / x e l 

and hence a** = (f\xeI x*)* = a. 

LEMMA 3.4. In a finite pseudocomplemented semilattice S, every minimal 
prime ideal I is principal, that is, I is of the form I = (a] for some aeS. In fact, 
we can choose a = (Axei**)*, and hence I = (a] = (a**] = {a*}±. 

= A x 
xel 

Proof. If we choose a = (/\X(Elx*)*, then Jc : (a] . 
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In fact, let xel. Then f\xeIx*<x* and hence X * * < ( A X G I * * ) * = 0-
 S i n c e 

x<x** , we have x < a . On the other hand, for each xel, x * ^ I since I is 
minimal prime. (Lemma VI, [8]), and hence /\xeIx*£l because I is prime. 
Thus a el because I is minimal prime. 

DEFINITION 3.5. An ideal I in a pseudocomplemented semilattice is called 
simple if for each xel, x v x * exists and x v x * = l . 

LEMMA 3.6. In a finite pseudocomplemented semilattice, every non-dense 
simple prime ideal I is principal In fact, if a = (Axei **)*> then I=(a] = {a*}^. 

Proof. As in the proof of Lemma 3.4 we see that we need only the fact that 
I is an ideal to show that I^(a] = {a*}±. We may assume that I is proper. We 
claim that I = (a~\ = {a*}±. For if not, then there exists y G {a*}"1 such that y£L 
Thus a* A y = 0el. Since I is prime, and y£I, we have that a*el<^(a]. Thus 
a*<a and hence a* = a*Aa = 0. This means that /\xeIx* = 0eI. Since I is 
prime, this means that there exists an element xel such that x * e I also. Since 
I is simple, it follows that x vx* exists and x v x * = l . But because I is an ideal 
and x,x*el and x v x * exists, we have that 1 = X V X * G I . This contradicts the 
fact that I is proper, and completes the proof. 

THEOREM 3.7. Let S be a finite pseudocomplemented semilattice. Then for any 
filter F and any non-dense simple prime ideal I such that F 01= 0 , there exists 
a prime filter containing F and disjoint from I. 

Proof. By Lemma 3.6 we have that I = {a*}± for some aeS. Since S is 
O-distributive, by Lemma 3.2, we can find a prime filter containing F and 
disjoint from I. 

Since in a pseudocomplemented semilattice, {x}± = (x*] for all x, Lemma 3.2 
may be reformulated as follows. 

LEMMA 3.8. Let S be a pseudocomplemented semilattice. Then S is 0-
distributive if and only if for all filters F and all principal ideals [x*] such that 
Ff l (x*]= 0 , there exists a prime filter containing F and disjoint from (x*]. 

COROLLARY 3.9. Let S be a finite pseudocomplemented semilattice. Suppose 
that every principal ideal is prime, and that every prime ideal is non-dense and 
simple. Then S is O-distributive if and only if for all filters F and all principal 
ideals I such that FC\I= 0 , there exists a prime filter containing F and disjoint 
from I. 

Proof. Use Theorem 3.7 and Lemma 3.8. 

§4. P-uniform semilattices. We give a characterization of finite P-uniform 
semilattices in terms of O-distributivity. 

DEFINITION 4.1. ([6], page 17). A semilattice S is said to be primary uniform 
(P-uniform) if it satisfies the following condition: For any proper prime ideal F 
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of S, there exist an element e of F and an element / of S-F such that 
6 A S = / A S . 

DEFINITION 4.2. If A is a set in a semilattice, we put J0(A) = 0 if A contains 

no ideal. Otherwise, J0(A) is the union of all ideals of S contained in A, and 
hence is the largest ideal contained in A. 

We shall need one result from the theory of topological semigroups which we 
quote here. 

THEOREM 4.3. (Numakura [3], or Theorem 1.5.4 of [4]). Let S be a compact 
topological semigroup. Then each open prime ideal Pj= S has the form J0(S — e) 
where e is a non-minimal idempotent. Conversely, if e is a non-minimal 
idempotent, then J0(S — e) is an open prime ideal 

We shall be applying this theorem to finite meet semilattices. Hence com
pactness is satisfied, and every element is an idempotent. 

We shall need a result on finite P-uniform semilattices. This is Theorem 8 of 
[6], page 23, and also the discussion on page 22 of [6] preceding the statement 
of that theorem. 

THEOREM 4.4. (Shoji and Yamada [6]). If a finite semilattice S is P-uniform, 
then S = {0}, or every element of S is a zero divisor. In fact, in the latter case, for 
each element x of S, there is an atom a such that x A a = 0. 

We make the observation that every finite semilattice automatically has a 0. 

LEMMA 4.5. Let S^{0} be a semilattice with 0. Suppose that aeS is an atom 
such that a± is an ideal. Then a± = J0(S — a). 

Proof. Since a± is an ideal, we have a±<^J0(S-a). On the other hand, if 
xeJ0(S-a) we claim that xea± also. For if not, then x^a1- and hence 
xAa^O. But then 0 < x A a < a , and since a is an atom, we must have that 
x A a = a. Thus a<xe J0(S - a). This implies that a e J0(S - a) which is impos
sible. 

LEMMA 4.6. Let S^{0} be a semilattice with 0, and let aeS be an atom such 
that a± is a prime ideal. Then a± = J0(S — a) is a minimal prime ideal. 

Proof. We have seen by Lemma 4.5 that a± = J0(S — a). Suppose that I is a 
prime ideal such that I<^a±. If I^a1-, then there exists an x e a 1 such that 
x£L We have aAx = 0eI and since x£I and I is prime, we must have 
aelcia^, which is impossible since a is an atom. 

LEMMA 4.7. Let S^{0} be a finite semilattice. Suppose that S is P-uniform. 
Then every proper prime ideal of S is of the form (a] = a t = ^o(S — a i ) for some 
aeS and some atom ax such that aAa1 = 0. Thus every proper prime ideal is a 
minimal prime ideal. 
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Proof. Let I be a proper prime ideal. Then I = (a] for some a since S is 
finite. Since S is P-uniform, by Theorem 4.4, there is an atom ax such that 
a A ax = 0. Hence (a] <= a\. If (a] ^ a t , then there exists an element xeax such 
that %i(a\. Then a1Ax = 0e(a], and since (a] is prime and x$é(a], we must 
have axeCaJciat . This is impossible since at is an atom. 

We now prove our theorem relating P-uniformity and O-distributivity. 

THEOREM 4.8. Let S be a finite semilattice without 1. Suppose that S has at 
least two atoms au a2 such that a\ and a2 are distinct ideals. Then S is 
P-uniform if and only if it is 0-distributive and every proper prime ideal of S is a 
minimal prime ideal. 

Proof. Suppose that S is P-uniform, and let I be a proper prime ideal of S. 
Then by Lemma 4.7, I = (a] = af = J0(S-at) for some aeS and some atom at 

such that a A at = 0. Thus I is a minimal prime ideal. We now want to consider 
all the proper prime ideals of S. By Theorem 4.3, they are precisely those 
J0(S — a), for non-minimal elements a. Consider our two atoms a l5 a2 such that 
a\ and a2 are distinct ideals. Thus we have af = J0(S-a1) and a2=J0(S-a2) 
by Lemma 4.5. Then by Theorem 4.3, these are prime ideals; in fact, they are 
minimal prime ideals by Lemma 4.6. The intersection of all prime ideals is 
contained in a\ D a2. But a t H a2 is also a prime ideal and is contained in the 
distinct minimal prime ideals a t , a2. It must follow then that axna2 = {0}, and 
hence the intersection of all prime ideals is {0}. Hence by Theorem 2 of [5], it 
follows that S is 0-distributive. For the converse, suppose that S is 0-
distributive and that every proper prime ideal of S is a minimal prime ideal. 
Let I be a proper prime ideal. Then by Theorem 4.3, I = J0(S — a) for some 
non-minimal element a. If a is an atom, then I = J0(S - a) = a^. If a is not an 
atom, then there is some atom b such that a > b. Since S is 0-distributive, by 
Theorem 5 of [5], we have that b± is an ideal, and hence since b is an atom, b1-
is a prime ideal, in fact b x = J0(S - b). This follows by Lemma 4.5 and Theorem 
4.3. Since a>b we have a±(^-b±, that is, J0(S-a)^J0(S-b). Since these are 
both prime ideals and hence are minimal prime ideals by hypothesis, we must 
have that 1= ax = J0(S-a) = J0(S — b) = b±. Thus we can always assume that 
our original proper prime ideal I is of the form J = J0(S-a) = a x for some 
atom a. Now let Q = S-a±. It is easily checked that Q is a filter, in fact, a 
prime filter. Take an atom t of S lying in a 1 . Then tAS = tA(QUa±) = 
t A Q U t A a-1. If z e Q, then t A Z = 0 or t. In fact, if z € Q then z^a1- and hence 
z A a 7^0. If tAz^O, then 0 < t A z < t . Since t is an atom, we must have tAz = t. 
Similarly, if z e a-1, then t AZ = 0 or t. Since t e a 1 , we thus have t A S ={0, t}. 
On the other hand, consider aAS. We have a A S = a A ( Q U a i ) = 
a A Q U a A a 1 . Clearly aAa± = {0}. Also, since a is an atom and aeQ, we 
have that a A Q = {a}. Thus a A S = {0, a}. Thus we have found elements t e I, 
aeS-I such that t A S = a A S. Thus S is P-uniform. 
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§5. Distributive implies weakly distributive. We prove here our earlier 
assertion that a distributive semilattice is weakly distributive. 

DEFINITION 5.1. If x, a are elements of a semilattice S, then (x,a) = 
{y eS | xAy < a } . 

DEFINITION 5.2. A closed ideal of a semilattice S is a non-empty subset J of S 
such that 

(i) y < x and xel imply that y el 
(ii) for any x, y in I, there exists z in I such that z >: x and z >: y. 
Thus, a closed ideal is also an ideal in our sense. 

DEFINITION 5.3. Let a be an element of a semilattice S. Then S is called 
a-distributive if (x, a) is a closed ideal for all xeS. 

In [7], J. C. Varlet proved the following result. 

THEOREM 5.4. (Theorem 3.3 of [7]). A semilattice S is distributive if and only 
if it is a-distributive for all aeS. 

NOTE. What we call a closed ideal is what Varlet [7] called an ideal. 

DEFINITION 5.5. If Fl9F2 are filters of a semilattice S, then F1 + F2 = 
{zeS\z > / i A / 2 for heF^ f2eF2}. Then Fx + F2 is also a filter of S. 

THEOREM 5.6. A distributive semilattice S is weakly distributive. 

Proof. According to Balbes' Theorem, we need only verify condition (iv) of 
Theorem 2.2 above. Suppose that a^b. We can always find a filter which 
contains a but not b, for example, [a). By Zorn's Lemma, there exists a 
maximal filter F containing a but not b. We claim that F is prime, thus proving 
our result. For, if F is not prime, then we can find elements x, y of S such that 
x<£F, y<£F but x v y e F . We observe that (x, b)C\F^ 0 . For, since x^F , we 
have that the filter F+[x) properly contains F. Since aeF + [x), and since F is 
maximal with respect to the property of containing a but not b, it follows that 
b e F+[x) . Thus, we can find an element zeF, and an element z1 > x such that 

This means that Z A X ^ Z A Z ^ I ) . Hence z G (X, b) C\F. Similarly, we 
can show that (y, b)r\F^ 0 . Thus we can find an element te(y, b)C\F, that is, 
teF and y A t < b . Thus, zAXAt<bAt<b, and zAyAt<ZAfc<b . This 
means that x,ye(zAt, b). Since S is distributive and hence is b-distributive by 
Theorem 5.4, it follows that (z A t, b) is a closed ideal of S. Since x v y exists, it 
follows that xvy G(Z At,b). Thus zAfA(xvy)<b . But z,t and x v y are 
elements of a filter F and hence zAtA(xvy)eF. Hence beF. This is a 
contradiction, and proves our theorem. 
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