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Rational Function Operators from Poisson
Integrals

Xu Xu and Laiyi Zhu

Abstract. In this paper, we construct two classes of rational function operators using the Poisson
integrals of the function on the whole real axis. _e convergence rates of the uniform and mean
approximation of such rational function operators on the whole real axis are studied.

1 Introduction

Let R be thewhole real axis. _e collection of all continuous functions onR is denoted
by C(R). Let Cc(R) consist of all f ∈ C(R) whose support is compact. We denote by
C∗(R) the space consisting of all functions f ∈ C(R) with ûnite limit limx→∞ f (x)
and norm ∥ f ∥C(R) = supx∈R ∣ f (x)∣, and we denote by C0(R) the space that consist of
all functions f ∈ C∗(R)with limx→∞ f (x) = 0. If 0 < p < +∞ and f (x) ismeasurable
on R, let Lp(R) consist of all f (x) for which

∥ f ∥p = {∫
R
∣ f (x)∣pdx}

1
p
,

is ûnite, and call ∥ f ∥p the norm of f ∈ Lp(R) (although ∥ f ∥p = 0 only implies that
f = 0 almost everywhere, not that f = 0).
For f ∈ C∗(R), we deûne themodulus of continuity of f (x) as

ω( f , t) = sup
∣x′−x′′∣≤t
x′ ,x′′∈R

∣ f (x′) − f (x′′)∣,

and for f ∈ Lp(R) (1 ≤ p < +∞), we deûne the integral modulus of continuity of f (x)
as

ω( f , t)p = sup
∣h∣≤t

{∫
R
∣ f (x + h) − f (x)∣pdx}

1
p
.

It follows from the uniform continuity of f ∈ C∗(R) that themodulus of continuity
of f (x) has the following properties (see[1, p. 41]):
(a) limt→0+ ω( f , t) = ω( f , 0) = 0;
(b) ω( f , t) is non-negative and non-decreasing on [0,+∞);

Received by the editors June 13, 2016; revised August 19, 2016.
Published electronically September 29, 2016.
_is research was supported by the National Nature Science Foundation of China (No.11571362).
AMS subject classiûcation: 41A20, 41A25, 41A35.
Keywords: rational function operators, Poisson integrals, convergence rate, uniform approxima-

tion,mean approximation.

https://doi.org/10.4153/CMB-2016-060-0 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-2016-060-0


Rational Function Operators from Poisson Integrals 873

(c)

(1.1)
ω( f , t1 + t2) ≤ ω( f , t1) + ω( f , t2), t1 , t2 ∈ [0,+∞),

ω( f , λt) ≤ (1 + λ)ω( f , t), λ, t ∈ [0,+∞);

(d) ω( f , t) is continuous on [0,+∞).
By Riesz’s theorem, if f ∈ Lp(R) (1 ≤ p < +∞), then ω( f , t)p , the integral modulus
of continuity of f (x), also has the properties (1.1).

In this paper we consider problems about uniform andmean rational approxima-
tion of functions on R.A complete survey of results on rational approximation can be
found in [3–5]. As far as we know, there has been little discussion of rational approx-
imation on the whole real axis.

In [4], there are the following two theorems (see [4,_eorem 1.6.1, p. 11 and_eo-
rem 1.9.1, p. 20]).

_eorem 1.1 Assume Rn(x) ∈ C∗(R) is a sequence of rational functions

(1.2) Rn(x) =
Pn(x)
Qn(x)

=
∑

n
k=0 akxk

∑
n
k=0 bkxk ,

where ak , bk are real numbers, k = 0, 1, . . . , n, and bn /= 0, Qn(x) has no real zeros.
If this sequence converges uniformly on R, then the limit function is in C∗(R), and for
any f (x) ∈ C∗(R), there exists a sequence of the rational functions (1.2) such that

lim
n→∞

∥ f (x) − Rn(x)∥C(R) = 0.

_eorem 1.2 If 0 < p < +∞, then the class Lp(R) consists of those functions and only
those that are the limits of sequences, convergent in mean, of the rational functions (1.2)
in Lp(R), i.e., sequence of rational functions such that

∫
R
∣Rm(x) − Rn(x)∣pdx → 0 (m, n →∞),

∥Rn∥Lp(R) < +∞.

Furthermore, the ideas used in the proofs of_eorem1.1 and_eorem1.2 resemble
those of Lebesgue. _us it is natural to construct a class of rational function operators
approximating well the functions on R. Motivated by the convergence properties of
the Poisson integral of the functions on R (see [2, _eorem 3.1, p. 15]), we construct
the following two classes of rational function operators.
For ûxed y > 0 and positive integer n, we deûne the rational function operators

Rn( f , y; x) and R∗n( f , y; x) as follows:

(1.3) Rn( f , y; x) =
1
π

n

∑
k=−n+1

n

∑
i=1

y
(x − tk , i)2 + y2 f (tk , i), for f (x) ∈ C0(R),

(1.4) R∗n( f , y; x) =
1
π

n

∑
k=−n+1

n

∑
i=1

y
(x − tk , i)2 + y2 ∫

bk , i

ak , i
f (t)dt,

for f (x) ∈ Lp
(R), p ∈ [1,+∞),
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where

ak , i = k − 1 +
i − 1
n

bk , i = k − 1 +
i
n
, tk , i = k − 1 +

2i − 1
2n

,

i = 1, 2, . . . , n k = −n + 1, . . . ,−1, 0, 1, 2, . . . , n.

Our main results are as follows.

_eorem 1.3 If f (x) ∈ C∗(R) with limx→∞ f (x) = c, then for any decreasing se-
quence {δn} with limn→∞ δn = 0, there is an increasing positive integer sequence

(1.5) Nn = max{[δ−3
n ] + 1, [Xn] + 1} ,

where [x] denotes the greatest integer ≤ x, and

(1.6) Xn = in f {X0 > 0∣ ∣ f (x) − c∣ ≤ ω( f , δn), as ∣x∣ > X0}

such that

∣RNn( f − c, δ
2
n ; x) − f (x) + c∣ ≤ C[δn + ω( f , δn)]

holds for every x ∈ R and some C > 0 that is independent of n.

_eorem 1.4 If f (x) ∈ Lp(R), p ∈ [1,+∞), then for any positive integer n, we have

∥R∗n( f , n
−

2
3 ; x) − f (x)∥ Lp(R) ≤ Cp[δn ,p + ω( f , δn ,p)p] ,

where

(1.7) δn ,p = max{ n−
1
3 , (∫

∣x ∣≥n
∣ f (x)∣pdx)

1
p
} ,

and Cp is a positive constant depending on p, independent of n.

2 The Proof of Theorem 1.3

Let

Py(t) =
1
π

y
t2 + y2

be the Poisson kernel for the upper half plane, where y > 0, t ∈ R. _e Poisson kernel
Py(t) ≥ 0 and satisûes (see [2, p. 11])

(2.1) ∫
R
Py(t)dt = 1.

If f (x) ∈ C∗(R), we deûne its Poisson integral as

(2.2) ∫
R
Py(x − t) f (t)dt =

1
π ∫

+∞

−∞

y
(x − t)2 + y2 f (t)dt.

Proof of_eorem 1.3 If f (x) ∈ C∗(R) and F(x) ∶= f (x) − c ∈ C0(R), then

ω(F , t) = ω( f , t)
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Without loss of generality, we can assume that f (x) ∈ C0(R). It follows from (1.3)
and (2.2) that for ûxed y > 0,

∣RNn( f , y; x) − f (x)∣

≤
1
π

Nn

∑
k=−Nn+1

Nn

∑
i=1
∫

i
Nn

i−1
Nn

∣
y

(x − tk , i)2 + y2 f (tk , i) −
y

(x − k + 1 − t)2 + y2 f (k − 1 + t)∣dt

+
1
π ∫∣t∣≥Nn

y
(x − t)2 + y2 ∣ f (t)∣dt +

1
π ∫

+∞

−∞

y
t2 + y2 ∣ f (x + t) − f (x)∣dt

=∶ S1 + S2 + S3 .

(2.3)

From the deûnitions (1.5) and (1.6), if ∣t∣ > Nn , then ∣ f (t)∣ ≤ ω( f , δn). _erefore,
using (2.1), we have

(2.4) S2 ≤ ω( f , δn).

We shall estimate S3. Setting M = supx∈R ∣ f (x)∣, by (2.1), we have

S3 =
1
π ∫∣t∣≥√y

y
t2 + y2 ∣ f (x + t) − f (t)∣dt(2.5)

+
1
π ∫∣t∣<√y

y
t2 + y2 ∣ f (x + t) − f (t)∣dt

≤
4M
π

(
π
2
− arctan

1
√y

) + ω( f ,
√
y)

≤
4M
π

√
y + ω( f ,

√
y).

To estimate S1, we write

Ik , i = ∣
y

(x − tk , i)2 + y2 f (tk , i) −
y

(x − k + 1 − t)2 + y2 f (k − 1 + t)∣

≤
y

(x − k + 1 − t)2 + y2 ∣ f (k − 1 + t) − f (tk , i)∣

+ ∣ f (tk , i)∣
y∣t + k − 1 − tk , i ∣∣(x − k + 1 − t) + (x − tk , i)∣
[(x − tk , i)2 + y2][(x − k + 1 − t)2 + y2]

.

Since t ∈ [ i−1
Nn
, i
Nn

], tk , i = k − 1 + 2i−1
2Nn

, we have

Ik , i ≤ ω( f ,
1

2Nn
)

y
(x − k + 1 − t)2 + y2

+
My
2Nn

∣(x − k + 1 − t) + (x − tk , i)∣
[(x − tk , i)2 + y2][(x − k + 1 − t)2 + y2]

.

Noting that for any t ∈ [ i−1
Nn
, i
Nn

],

∣(x − k + 1 − t) + (x − tk , i)∣
(x − tk , i)2 + y2 ≤

2∣x − tk , i ∣ + ∣tk , i − k + 1 − t∣
(x − tk , i)2 + y2

≤
1
y
+

1
2Nn y2 ,

(2.6)
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we obtain

Ik , i ≤ [ω( f ,
1

2Nn
) +

2Nn y + 1
2N2

n y2 M]
y

(x − k + 1 − t)2 + y2 .

_erefore,

S1 ≤ [ω( f ,
1

2Nn
) +

2Nn y + 1
4N2

n y2 M]
1
π

Nn

∑
k=−Nn+1

Nn

∑
i=1
∫

i
Nn

i−1
Nn

y
(x − k + 1 − t)2 + y2 dt

= [ω( f ,
1

2Nn
) +

2Nn y + 1
4N2

n y2 M]
1
π ∫

Nn

−Nn

y
(x − t)2 + y2 dt

≤ ω( f ,
1

2Nn
) +

2Nn y + 1
4N2

n y2 M .

(2.7)

_e inequalities (2.4)–(2.7) when used in (2.3) yield

∥RNn( f , y; x) − f (x)∥ C(R) ≤ ω( f , δn) + ω( f ,
1

2Nn
)

+ ω( f ,
√
y) +

4M
π

√
y +

2Nn y + 1
4N2

n y2 M .

Finally, we take y = δ2
n , and obtain, using (1.5),

∥RNn( f , δ
2
n ; x) − f (x)∥ C(R) ≤ C[δn + ω( f , δn)] ,

where C > 0 is independent of n.
_is completes the proof of_eorem 1.3.

Remark 2.1 For f0(x) = 1
1+∣x ∣ ∈ C0(R), we have ω( f0 , t) ≤ t, and taking δn = 1

n ,
we obtain Nn = n3 + 1 in (1.5), and

∥Rn3+1( f0 ,
1
n2 ; x) − f0(x)∥ C(R) ≤

C
n
,

where C > 0 is independent of n.

Remark 2.2 If f (x) ∈ Cc(R), for example the support of f (x) is [a, b], we have
Xn ≤ max{∣a∣, ∣b∣} in (1.6), and taking δn = n−

1
3 , we obtain Nn = n + 1 in (1.5), for

large n and

∥Rn+1( f , n−
2
3 ; x) − f (x)∥

C(R)
≤ C[n−

1
3 + ω( f , n−

1
3 )],

where C > 0 is independent of n.
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3 The Proof of Theorem 1.4

Proof of_eorem 1.4 If f (x) ∈ Lp(R), p ∈ [1,+∞), it follows from (1.4) that for
ûxed y > 0,

∣R∗n( f , y; x) − f (x)∣(3.1)

≤
1
π

n

∑
k=−n+1

n

∑
i=1
∫

bk , i

ak , i
∣t − tk , i ∣

∣x − t + x − tk , i ∣
(x − tk , i)2 + y2

y
(x − t)2 + y2 ∣ f (t)∣dt

+
1
π ∫∣t∣≥n

y
(x − t)2 + y2 ∣ f (t)∣dt + ∣ f (x) −

1
π ∫R

y
(x − t)2 + y2 f (t)dt∣

=∶ S∗p1 + S∗p2 + S∗p3 .

For every x ∈ R,

S∗p2 =
1
π ∫∣t∣≥n

y
(x − t)2 + y2 ∣ f (t)∣dt(3.2)

=
1
π ∫∣t+x ∣≥n

y
t2 + y2 ∣ f (t + x)∣dt =

1
π ∫R

y
t2 + y2 ∣ f (t + x)∣χE(x , t)dt,

where E = {(x , t) ∈ R2∣ ∣t + x∣ ≥ n} and χE(x , t) is the characteristic function of the
set E.

Noting that for every t ∈ R,

∥ f (t + x)χE(x , t)∥
p
Lp(dx) = ∫R

∣ f (x + t)∣p[χE(x , t)]pdx

= ∫
∣x+t∣≥n

∣ f (x + t)∣pdx = ∫
∣x ∣≥n

∣ f (x)∣pdx .

_us, from theMinkowski inequality for integrals, by (2.1), (1.7), and (3.2), we ûnd

(3.3) ∥S∗p2∥Lp(dx) ≤
1
π ∫R

y
t2 + y2 ∥ f (x + t)χE(x , t)∥ Lp(dx)dt ≤ δn ,p .

Next, theMinkowski inequality for integrals and (2.1) yield

∥S∗p3∥Lp(dx) = {∫
R
∣
1
π ∫R

y
t2 + y2 [ f (x − t) − f (x)]dt∣

p
dx}

1
p

(3.4)

≤
1
π ∫R

{∫
R
[

y
t2 + y2 ∣ f (x − t) − f (x)∣]

p
dx}

1
p
dt

=
1
π ∫R

y
t2 + y2 [ ∫R

∣ f (x − t) − f (x)∣pdx]
1
p
dt

≤
1
π ∫R

yω( f , ∣t∣)p

t2 + y2 dt =
2
π ∫

+∞

0

yω( f , t)p

t2 + y2 dt

=
2
π ∫

√y

0

yω( f , t)p

t2 + y2 dt +
2
π ∫

+∞

√y

yω( f , t)p

t2 + y2 dt

≤ ω( f ,
√
y)p +

4
π
∥ f ∥Lp(R)(

π
2
− arctan

1
√y

)

≤ ω( f ,
√
y)p +

4
π
∥ f ∥Lp(R)

√
y.
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It is similar to (2.6) that

S∗p1 ≤
1
2n

(
1
y
+

1
2ny2 )

1
π ∫R

y
(x − t)2 + y2 ∣ f (t)∣dt(3.5)

=
1
2n

(
1
y
+

1
2ny2 )

1
π ∫R

y
t2 + y2 ∣ f (x + t)∣dt.

_erefore, (2.1), (3.5), and theMinkowski inequality for integrals yield

(3.6) ∥S∗p1∥Lp(dx) ≤ (
1

2ny
+

1
4n2 y2 )∥ f ∥Lp(R) .

_e inequalities (3.3), (3.4), and (3.6) when used in (3.1) imply

∥R∗n( f , y; x) − f (x)∥ Lp(R) ≤ (
1

2ny
+

1
4n2 y2 )∥ f ∥Lp(R)

+
4
π
∥ f ∥Lp(R)

√
y + δn ,p + ω( f ,

√
y)p .

Finally, we take y = n−
2
3 , and obtain, using (1.7),

∥R∗n( f , n
−

2
3 ; x) − f (x)∥ Lp(R) ≤ Cp[δn ,p + ω( f , δn ,p)p],

where Cp is a positive constant depending on p, independent of n.
_is completes the proof of_eorem 1.4.
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