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Abstract

The wave motion of magnetohydrodynamic (MHD) systems can be quite complicated. In
order to study the motion of waves in a perfectly conducting fluid under the influence of an
external magnetic field in a stratified medium, we make the simplifying assumption that the
pressure is constant (to first order). This is the simplest form of the equations with variable
coefficients and is not strongly propagative. Alfven waves are still present. The system
is further simplified by assuming that the external field is parallel to the boundary. The
Green’s function for the operator is constructed and then the spectral family is constructed
in terms of generalized eigenfunctions, giving four families of propagating waves, including
waves “trapped” in the boundary layer. These trapped waves are interesting, since they are
not the relics of surface waves, which do not exist in this context when the boundary layer
shrinks to zero thickness no matter what (maximal energy preserving) boundary condition
is chosen. We conjecture a similar structure for the full MHD problem.

0. Introduction

This paper continues our study [8] of linearized equations of magnetohydrodynamics
in the setting of a medium filling a half-space with the presence of a slab or layer of
“different” media near the boundary. This is what is meant by a “boundary layer”
in our discussion. This system arises when the interest is in small deviations from
an equilibrium state. The pressure is assumed to be constant to first order; this is
the classical “cold plasma” condition. Many examples of systems behaving as cold
plasmas exist including interstellar clouds and portions of planetary atmospheres. The
type of “two fluid” or stratified media system treated here is a simplified version of
such cases and is important in other applications such as fusion reactors [5, p. 247].
In our study, we consider a stratified or layered medium as the given fixed geometry
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and derive consequences from this assumption. This may be thought of as a local
treatment of a different geometry (spherical, etc.). See [4] to see how the kind of
simple geometry we consider here can be related to much more general situations.

The main result of the paper may be seen as conditions for the existence of trapped
waves in the layer (this happens when the phase speed of the layer is less than
that of the adjoining media—see the text following (2.5) for the definition of phase
speed) with their attendant structure, although no surface waves exist at the boundary.
Theorem 5.14 gives the result that, for initial data which can propagate, the solution is
delivered in orthogonal parts consisting of waves trapped in the layer, magnetosonic
waves and Alfven waves. One interesting result of this analysis is that the explicit
formulation allows us to see in advance how to or not to “launch” waves of a particular
sort by choosing the “right” initial data (see remarks below Lemma 5.5). Such
information can be useful in understanding or maintaining stability. Theorems 5.6
and 5.14 contain the/ technically accurate statements of these results.

The results given here do not stand in isolation. We believe that the techniques
developed here are extendible in a rigorous way to systems of greater complexity. The
next step would be to drop the cold plasma condition. A more elementary treatment
is possible for a system of the type considered here, but this is much less helpful in
determining what happens in the case where the pressure is not assumed constant. For
a system related to our problem see [5, p. 256ff].

Our study depends explicitly on the spectral theory of operators in Hilbert space,
but we have tried to keep some of the technical analysis in the background so that
technical requirements do not obscure the treatment. Two appendices contain most
of the proofs of theorems and other technical details. Formulae in Appendix I are
identified with a prefix A as (A1.1). We acknowledge here the helpful remarks of the
referees.

Part I of this paper [8] established some necessary facts about the system such as
a characterization of data which propagates and it introduced some methods useful
for wave motion problems posed in a stratified medium. The results from part I
which are referenced in this paper will be reviewed very briefly below. In order to
make reference easier for the reader, equations, theorems and definitions, etc. will be
numbered as a continuation of part I. Hence the next section below will be numbered
as Section 4 and formulae having number smaller than (4.1) are from part I and have
the numbering given there to make it simple for the reader to reference part 1.

This work is based on [6] where a problem is treated involving one plane boundary.
While it seems to be true that “mixed” problems in exterior domains are relatively
well understood, less seems to be known in cases like the one studied here where the
boundary is unbounded. Again, in the present work, the geometry consists of a plane
boundary with a slab-like layer next to it with a half-space on the other side of the
layer.
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We will now review as briefly as possible some items of notation and some formulae
from part I which are used in this paper.

The hyperbolic part of the linearized equations of MHD with the assumption of
constant pressure can be written as [6]

dH

— =V x (v x Hy),
3’v ©.1)
paz(VxH)xHO.

The vector quantities v, H and Hj, are the fluid velocity, magnetic field, and external
(applied) magnetic field respectively. Normally the condition div(H) = 0 would be
added, but in fact this condition is contained in (0.1) in the sense that data which
propagates essentially satisfies this condition. More details are found in [8] where we
also consider various cases for the external field.

Here our results will focus on the case where Hy is constant and parallel to the
boundary, specifically, Hy will be the vector (hy, h,, h3) with the choice Ay = hy = 0,
h, = 1. In this case the choice of boundary conditions which are (maximal) energy
conserving is more limited than in other cases [8].

In the above equations, V = (9/8x,, d/3x,,3/3x3). The fluid is assumed to
fill a half-space written as R3_a ={x € R :x3 > —a},0 < a < oo, where
the boundary {x; = —a} is energy preserving [8] while the density and magnetic
permeability are given by p, o and p, wo in the layer R? x (—a, 0) and the half space
R} = {x € R’ : x; > 0} respectively. To formulate this problem, let E, and E denote
the 6 x 6 matrices

Ey = diag (pol3x3, tol3x3) and E = diag(pl3x3, ul3x3) 0.2)
and define E(x) = x,.(x3)Eq + x-(x3)E, where x, and x_ are the characteristic

functions of Ry = {x : x > 0} and (—a, O) respectively. Let A(D), D; = —id/ox;,
j =1,2,3(i = +/~1), be the 6 x 6 matrix differential operator

A(D) =) _A;D;.
j

Our treatment differs from many formulations since we prefer to write (0.1) in matrix
form rather than in a Lagrangian form. We write (0.1) in terms of the matrices A; as

ou 2 ou
E— = A —. 0.3
at ; 7 3x; ©3)

https://doi.org/10.1017/51446181100013031 Published online by Cambridge University Press


https://doi.org/10.1017/S1446181100013031

198 William V. Smith [4]

The matrices A; are given by

[0 0 0 0 —hy —hy]
0 0 0 0 h O
o 0o 00 0
A=|l0 000 0 o and 0.4)
—h, B, 0 0 O O
__h3 0 h] 0 0 0
0 0 0 h, O 01
0 0 0 —h O —h
o 0o o0 o0 0 n
Ar = h, —h, 0 0 O O ©.5)
0 0 0 0 0 0
0 = K, O O O ]

As already mentioned, &, and A3 are taken to be zero with h, = 1.

Formulae appearing below are numbered as they appear in Sections 2 and 3 of [8].
The linearized equations of constant pressure magnetohydrodynamics in the layered
half-space may now be written as

idu(x,t) = ET'(xX)AD)u(x, 1) = A'(D)ulx, t); Q.1

where u(x, t) is the six-dimensional (column) vector (v, H), v is the fluid velocity and
H is the magnetic field vector.
We will write A’(D) as

A'(D) = x4+ A°(D) + x-A(D) = x+ E;'A(D) + x_E™'A(D). 2.1

The problem now is to find a solution of (2.1) which is square-summable on R?  for
each t and satisfies the initial and boundary conditions (see [8] for a detailed discussion
of boundary conditions which conserve energy)

u(x, 0) = up(x),
%u(xlt X3, —a, t) = O, (23)
B =1[0,0,0,0,1,0],

for an external field (0, 1, 0). It means that the x, component of the magnetic field
must vanish at the boundary x; = —a. Another energy preserving boundary operator
in this case is given by ‘B, = [0, 0, 1, 0, 0, 0], which says that the vertical component
of velocity is zero at the boundary. We refer the reader to Theorems 1.4 and 3.7 of [8].

Let J# be the space L,(R?, C®), with the E inner product: (f, g)» = (f, Eg)
({-, ) representing the usual L, inner product). .’ will denote the dual of the space
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& = F(R", C% of rapidly decreasing smooth functions on R”, with values in C°.
The Fourier transform

Oof (p) = 2m) " f

exp(—ip - x)f (x) dx
Rn

is an automorphism of . with inverse ®:f (p) = &,f (—p) which extends by
continuity to an automorphism of L,(R®, C®) and by duality to an automorphism
of &’. For any f in S the quantity A(D)f € %, and an operator with domain
D(A) = {f € I : Af € H#} is selfadjoint with resolvent S(z) = (A — zI)~! given
by

SQf () = /R Sy 0f 0) dy.
Im(z) # O and S(x, y;2) = S(x — y; z) is the fundamental solution
[AWD) — 21150 2) = 81, @11)
where I may be obtained from
5(32) = Qr)T PO [AC) —2d]7' . (2.12)

Here we give some properties of A® and A. These will be stated for A. The
corresponding properties for A° may be obtained by just affixing the index ° to all
quantities containing the medium parameters. The transpose of a matrix M is denoted
by ‘M and the conjugate transpose by ‘M while the adjoint of an operator is denoted
by M*. The matrices E and E, generate equivalent inner products in C® by the rule
E(x,y) = Ex oy = 'xEy. In this inner product, the symbol A(p) of A(D) is given
by E~'A(p) with

[~ 0 0 0 P2 —PDi 0]
0 0 O 0 0 0
0O 0 O 0 —ps p2
= . 2.5
AP=1 ., 0 0 0 0 o (2:5)
-pr 0 —p3s O 0 0
L0 0 p, O 0 O

A(p) is symmetric. A(p) has the eigenvalues (p = (p,, p2, p3) not zero in R?)
Ao(p) = 0 with multiplicity two (the stationary speed),
Aun(p) = £p2/(/p /1) (Alfven speeds),
hi2(p) = Ip|/(J/B/E) (magnetospeeds).
Let us define the phase speed ¢ by (\/p./i) = ¢~
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The nonzero eigenvalues above each have multiplicity one for almost all p. Both
the Alfven speed and the magnetospeed may coincide for some p, hence this system
is not uniformly propagative. We see that it also fails to be strongly propagative
(for definitions of uniformly propagative and strongly propagative see {9, p. 327] and
[10, p. 36]), since Ay, (p) may vanish for non-zero p. There exists a set of Lebesgue
measure zero, B, such that when p € R°\B, the eigenvalues ho(p), 1+, (p), A2(p)
do not coincide [6]. We shall generally assume p € R3\B. Associated with each of
the eigenvalues are mutually orthogonal eigenprojectors P.;(p), Po(p) with respect
to the E inner product. They generate the resolution of the identity for A(p):

I = Po(p) + Pi(p) + P-i1(p) + P2(p) + P_2(p), (2.6)
A(p) = () Pi(p) + 21 (P) P_i(p) + A2(p) Pa(p) + A _2(p) P2 (p).
The P; (p) satisfy the identities
(EPy)=EPy, 8xPi= PP, AP)Ps(p) =1y (P)Py(p).  Q7)

The functions P will be needed explicitly. It is helpful to write “z” in place of
+X; = A4; as appropriate. Let the notation |p|? represent p + p2 + p2 and |p|? stand
for pZ + p3. Then

1

Par(p) = =——5—— x 2.8)
= 2ulplp 2
wpilpP 0 upipslp? wPpipaz —ulpilpliz wlpipapsz]
0 0 0 0 0 0
upipslpl? 0 wpllp?  wlpipwpaz —plpslpliz wlpaplz
upipapz 0 up,papspz upip?  —upipalpll  upipips |
—upilplpz 0 —upslplipoz —upipalpl? uipl} —up2pslp}
| upipapipz 0 ppepipz upipips  —upwpslp? uplpl
P 0 —pipaps wpiz 0 —upip;]
0 0 0 0 0 0
1 —-pwpops 0 pips —upipsz 0 upiz
P = . (29
212(P) 2p2pP | Pioz O —pipspz papl O —pipaps )
0 0 0 0 0 0
| —pip3pz O plpz  —pipops O pipy
0 0 0 0 0 0
0 Ipl2 0 0 0 0
110 0 0 O 0 0
Po(p) = —— . (2.10
o@) lp2]0 0 O P% Pi\p2 P1P3 )
0 0 0 pips P% P2P3
[0 0 0 pps pps  pi
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[A(-) — zI1™' may be determined by the spectral theorem from

(AP) — 2] =) Dalp) — 217 Pu(p). (2.13)

To proceed, we need explicit formulae for S(-;z) on hyperplanes orthogonal to
the x; axis. To get these formulae, write p = (£, ), £ € R?, and extend A (p) to
complex n by the requirement £+ Re A.,(p) > 0 upon replacing p by (§, ) where
T =n + ik. Then Ay (p) becomes Ay (&, T) with P., (&, T) satisfying

A, 1) Pu(§, T) = Aus(§, T) P (€, 7).

For & not zero define
T, 2) = ¢ (&2 - AER), (2.14)

where £Im 1y, > 0 in the z-plane with branch cuts (—o0, —cl|£]), (c|§|, 00). Note

that A4 (&, t) is a constant function of 1. Observe that

r+2(§’ Z) = —T—Z(Ss Z)1 ?:!:2 (Sv Z) = _Ti2(57 Z)' (215)

The matrix [A(€, t) — z/]7! is regular in T except for poles in the upper (lower) half
plane at the zeroes of det[A(§, t) — zI}, that is at 7, (7), and in a neighborhood of
these poles

[AG D) — 2] =) DaE, T) — 27 Pu(§, 7). (2.16)

If we now apply &, to both sides of (2.12), we obtain, in %, the relation
D, S(E, x3;y:2) = (2m) 2e V" f eCTMAE, 1) - 217 dT. (2.17)
R

In order to simplify the notation in the evaluation of this integral, we shall from here
on employ the definitions t = 7., t° = t?. An elementary computation gives

©,8(, —a;y;2) = i) e 2e™ Vi T P(E, 7, — 1),
®,8(£,0,y:2) = i2m) ' c2e ¥ ™ P(E, 2, —T), —a<y; <0, (2.18)
®,8%, 0;y;2) = i(2m) ' le ™Rt POE, 7, —10), 0 < ys.
Here P (&, z, T) is given explicitly by (2.8) (with p; replaced by r). In actual fact, a
trivial delta function term must be added to these functions to acount for the prO_]CCIIOHS

Pyy. See (5.29)—5.31) below for this term.
P(£, z, T) is a solution of

AE,T)P(E,z,t)=2P(, 2, 7). (2.19)
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PO(£, z, 7°) is obtained from (2.8) by replacing p and ¢ with p, and ¢, respectively.
It satisfies

A%, T)PO(E, 2, 7% = 2P, 2, 1°). (2.20)

The identities
(EP(.7,7(£.7) = EP¢, 2, —7(¢,2) and 221)
(EoP°(£, 2, t°(£, 7)) = EoP°(E, 2, —T°(E, 2)) 2.22)

hold.
The following results, proved in part I, are needed here.

THEOREM 3.7. A’ is a selfadjoint operator in X (¢ is the space L,(R? , C®) with
the E inner product).

The interface condition used in this paper is condition (3.6) from part 1. It is given

by (Lf = s f5))
Lf (0,0=) = Lf (0, 0+), (3.6)

in the sense of H™'/2, Note that this can be seen as a consequence of assuming that
A’ is selfadjoint:

0= (Af, P — (f, NP)x = i[{Asf (0,04) — A3f (0,0-)}, ¢(0, 0)],

for f € D(A’) (the domain of A), ¢ € 2(R?,, CS), and thus A;f (0,0+) =
Asf (o, 0—) inthe sense of Sobolev space H™!/2, If f also is smooth (say, f € D(A?))
then (3.6) holds pointwise.

PROPOSITION 3.10. A function f = ’(f,,fz,f3,f4,f5,f6,f7) in X is orthogonal
in X to N (A') (the null space of A') if and only if

f>=0 and div (f4, fs, fs) =0 in L,(R3, C®) and 3.7)
in L;(R? x (—a, 0), C%
and
(Ef )s(x', 0—) = (Ef )s(x', 0+), (3.8)
(Ef )s(o0, —a) = 0, (3.9
inH™12,

This gives us sufficient background to study the resolvent operator for A'.
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4. The resolvent of A’

The purpose of this section is to work out the detailed analytic structure of a certain
Green’s matrix. To be more specific, the problem of representing the solution of (2.1),
that is, (2.3), in terms of the various modes of propagation reduces, by the spectral
theorem, to representing the spectral family of A’ in terms of these modes. This in turn
reduces to finding a convenient form for the resolvent of A’. The method was used first
in a similar setting by Ikebe [3]. Explicitly, if u(x, ¢) is the solution of (2.1), that is,
(2.3) with initial value uo(x), then the solution u is delivered by a unitary group U(r)
in ¢, u(x,t) = U()ug(x) (see Theorem 5.14 below). If F, = F(—oc0,A) = F(})
is the resolution of the identity for A’, then (F (1) is taken to be continuous)

U(r) =/exp(—itk)dFA. 4.1
R

F, is obtained from G(z) = (A’ — zI)~! by Stone’s formula:

b
FO+FGD) F@+Fas) 1y, /[G(A+is)—G(A—ie)]dk. 4.2)
2 2 2mi slo J,
See Theorem 5.6 for the complete structure in (4.2).
To carry out this program, it is necessary to express the limit of [G(A + ig) —
G(A — ig)] in terms of the modes of propagation in order to so express u(x, ). As
advertised, this is done by considering an appropriate representation of the resolvent

kernel, G(x, y; z):

GOf () = / Gix, y;2)f () dy. @3)

R3

This suggests that the columns of G(x, y;z) should satisfy the boundary condition
of (2.3) and also the interface condition (3.6) at x3 = 0 (that is, we expect G(z)f to
belong to D(A")). Further, since A’ is selfadjoint in JZ, the identity G(z)* = G(Z)
must hold. Hence (G(2)f, g) = (f. G(z)*g) = (f, G(2)g) and therefore

/ U(G(x,y;z)f(y)dy] E(x)g(x)dx=/Tf(y)fE(y)G(x,y;z)g<x>dxdy.
It follows that

E(x)G(x,y;2) ="G(x, y;Z)E(y). (4.4)

The interpretation of G(x, y;z) as the stationary field at point x resulting from a
superposition of unit point sources with coefficients f (y), y in the support of f (y),
further suggests that G(x, y; z) be written in a form

Gx,y;2) = x+(y3)G(x,y;2) + x-(y3)G(x, y;2) 4.5)
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=G, (x,y;0)+G_(x,y;2).

G.(x,y;2)and G_(x, y; 2) correspond to this field, respectively above and below the
plane x; = 0. They each contain a term associated with the P, projectors of the form
consisting of kernels generated by x_®*(A+(p) — 2) "' Pe,(p)Px-, x+P* AL (p) —
2) 7' P2,(p)®x.. These Alfven wave terms are just delta function terms and the part of
the solution they generate is elementary (see [6]) and is given later (see (5.29)—(5.31)
below). The equation [A (D) — z/]S(x;z) = 8(x)I, and elementary physics, suggest
seeking G (x, y; 2) in the special form

Gi(x,y:2) = X+ (33)G(x, y;2) (4.6)
= x+ () {x+ @x3)[S°Cx, y;2) — R°(x, y; 2)] + x-(x3) T (x, y; 2)}

where $°(x, y;z) = S°(x, —y; z) is the fundamental solution for A°(D) which may be
pictured as incident radiation from the point source at y, while R°(x, y; z) represents
the field reflected from the interface and T (x, y; z) the field transmitted through the
interface x; = 0. They should satisfy the equations

[AO(Dx) ‘—ZI]RO(xy y;Z) = 0, X3, _)’3 € R+1

[AD) —2I]T(r.y:0) =0, meRy xe(-a0),
the boundary condition
BT, ~a,y;z) =0 4.8)
and the interface condition
LS°(x', 04, y;z) = LR(x', 0+, y;2) + LT(x', 0=, y; 2). 4.9)

In (4.8) and henceforth, f (x’', —a) means f (x’, —a + 0). Taking the Fourier
transform on the tangential variables x’, conditions (4.7)—-(4.9) become

[A°&, Dy,) — 21| ®2R%(£, x5, y32) =0, x3, 3 € Ry, (4.10)

[A, Dy,) — 21| @2 T (€, x3, y;2) =0, y3 € Ry, x3 € (—a,0), (4.11)
B, T(§, -a,y;2) =0, 4.12)

L®,S°(, 04, y;2) = LO,RY(E,0+, y;2) + LD, T(E,0—, y; 2). (4.13)

Equations (4.10)—(4.12) are satisfied by

®,R(E, x5, y;2) = a(§, y, 2)e™ 2 PO(§, 2, ) C°(E, 2),
D, T(§, x3,y;2) = a(, y, 2)cge” {e™ "I P, 7, —1)
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—e"WTIPE, 2, 1) Q. ) D'(§;2), (4.14)
O, T (€, x3, y;2) = alk, y, D)che 2 Qv (a3 + @) P(§, 2, —T) D' (£: 2).

Q. is the matrix diag(l,A,—1,1,1,—1) and a(£, y,z) is a function chosen to
simplify the computations needed later, a(£, y,z) = i(2m)~'c5le s+ nzr07",

Q(¢) is the matrix diag(—s(¢), A, c(@), —s(@), —s(d), c(¢P)), with s(¢p) = 2i sin(¢),
c(¢) = 2cos(¢p). The matrices C°(£, z) and D'(¢;z) will now be chosen to satisfy
(4.13). The matrix @, has the property (A is arbitrary)

QaP(,2,—1) =P, 2, 7). (4.15)

This ensures that condition (4.12) is satisfied. It remains to choose the matrices C°
and D’ to satisfy condition (4.13). (4.13) now becomes

LP°(, 2% = LP°(§, 2, 1) C°(§, ) + L Q(at) P(§, 2,—7) D' (€;2). (4.16)
There are diagonal matrix solutions to this equation of the form
CO(S, Z) = diag(k,, A , k3, k4, k5, ké) and DI(E, Z) = diag(dl, A, d3, (14, d5, dﬁ)

Each of the entries ky, ... , ks, d|, . .. , ds are functions of £ and z; their full form is
given in Appendix II.

At this point, we are mainly interested in the singularities of these matrix functions
since these singularities will determine the important trapped wave modes. The de-
nominators of the matrix entries are essentially the following functions as determined
by elementary linear algebra:

K (€, z) = utcos(ar) (pf + t°2) — iuot’sin(at) (p? + %), 4.17)
J(&.2) = T cos(ar)po (p‘,1 +ppi 4+t + 1 %p2 4 10pl 4 rzroz)
— ip sin(at)t® (p‘l’ + 20 + pipi 4 pirt + 1%p2 4 r°2r2) )

(J and K should not be confused with the usual Bessel functions.) The zeroes of
these two functions determine the singularities of the matrices. We therefore need
some information about them.

By (2.15),

K¢ =-KE 9, JED=-JG¢ 2. (4.18)

In fact, by (2.15),

f+2(€, Z) = —t—Z(Es Z)v ?:bZ (Sv Z) = _r:hZ(S’ Z)
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and so
C°¢,2) =C¢E,2),  'D(,7) =D 2), (4.19)

as can be seen from their formulae given in Appendix II.
In a similar manner,

G (x,y:2) = x-(y3)G(x,y:2) (4.20)
= x-3) {x-(x3)[H (x,y;2) — R(x,y;2)] + x4 (03) T(x, y; 2)} ,

where H = I — F is the resolvent kernel for the half-space R? , which satisfies (2.13)
and the boundary condition (3.1), R(x,y;z) is the reflected field in the layer and
T (x, y; z) is the field transmitted to x3 > 0. They satisfy

[A(Dy) — 2I|R(x, y;2) =0, x3,¥3 € (—a,0), (4.21)
[A%D;) — 2I]T%x, y;2) =0, y3 € (—a, 0), x3 € R,,

the boundary condition
BH(', —a,y;z) =BR(K', —a,y;2) =0 4.22)
and the interface condition
LH(x',0,y;2) = LR(x',0—,y;2) + LT°(x', 0+, y; 2). (4.23)

Taking the Fourier transform on x’,

O, H (&, x3, y52) = D28(8, %3, y;2) — P2 F (8, x3, ¥ 2), (4.24)
[A(§, Ds,) — 21| ®:R (&, x3, y;2) =0, (4.25)

[A°(E. D) — 21]®:T°(€, x3, y;2) =0, (4.26)

B, H(E, —a,y;2) = BP,R(E, —a,y;2) =0, (4.27)
Ld,H(E,0,y;2) = LO,R(E,0—, y;2) + LD, T°(E, 0+, y; 2). (4.28)

Employing Q, and Q we have from (2.18), (2.19) and (2.20),

D, F(§,x3,y;2) = Be™e"“TP(£,2, 1) Qa, (4.29)
O,H(E, —a,y;2) = B’ [I — Q,]P(E, 2, 1), (4.30)
O, H(E,0,y;2) = BP(§,2, 1) Q(t (33 + a)), (4.31)

DR, x3,y:2) = B[e P&, 2, —1) — €SP, 2, 1) Q] CE, 3 2)
=BO(r(ys + @) P, z, —1)C(§, y; 2), (4.32)
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P, TO(E, X3, y;2) = By 2™ @ PO(E, 2, T DY (£, y3 2), (4.33)
B=Bx,y;z) =ict@2m)! exp(—iy'x + iat) 2t (4.34)

(B is obviously not the ser 8 defined after (2.5) and appearing in Theorem 4.1 below.)
Both ®,H and ®,R satisfy the boundary condition. The matrices C and D°” are
chosen to satisfy (4.28) which becomes

LP(,z,7)Q(t(y3+a) =L Q(at) P&, z, —1) C+Pc; 2L P°(§, 7, T D (4.35)

Once again, there are diagonal matrices C and D®’ which satisfy this equation and
singularities are once again determined by the functions J and K above. The complete
forms are given in Appendix II. We have

'C¢,y,2)=C,y,2, D¢,y,2=D"&,y,2). (4.36)
As noted in Appendix II,

C&,y,2)=0(t(r3 + @) C'(§,2) = C'¢,2) Q(t (3 + a)) (4.37)

for the matrix C'(¢, z) (with singularities determined by J and K) given there. Also
there is a matrix D% (£, z) (given in Appendix II) satisfying the equations

2t ET' DY (£, y, 2)Eo = Q(x(ys + @) DY (€, 2)
= D", 20(t(ys + @)). (4.38)

The two matrices €’ and DY satisfy the identities (4.35) (see Appendix II). We are
now able to obtain the facts (the terms corresponding to the projectors P, are left out
and will be given later, but see (5.29)—(5.31))

E()Go(x,y:2) = x+ (53) {xs (53) [I° = R} (0, %:D) + x- () T°(y, x: D)} Eo,
E(x)G_(x,y:2)=x-(33) {x-(3)[H =R, :; D+ x:+ () T (3, x; D} E,  (4.39)
or equivalently,
E@)®;G(E, x5, ¥;2) = €% ., (5) | x4 () D2 [1° = R°] (€, y3, %:D)
+ x-(x3) @, T°(£, y3, x;7) | Eo, (4.40)

E@)®,6_(¢,x.y;2) = e % x_(33)|x-(x)®:[H — RIE, y3, x;7)
+ X+(X3)¢)2T(§, Y3, x;Z)}E.

By (2.17), (4.15) and (4.18),

e ik l[Eod)zso(Sy V3, x;Z)] = Eod)ZSO(f, V3, X;2), 4.41)
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e W TE D HE, y3,x;2)] = EeD:H(E, y3, %3 2).

From (2.17), (4.15), (4.19), (4.36), (4.37) and Appendix II, we have the following
important relations (called in [2] “paramutation relations™):

Q.PE,z,1)=P(,z,—1)Q,, (4.42)
Q.P°(E,2,7°) = P°(¢, 2, —7) Qa, (4.43)
C°,2)P°(E, 2, —1") = P(&,2, T C°¢, 2), (4.44)
c;*DY (¢, 2) PO(E, 7, —t°) = ¢ PP(£, 2, —T) D' (€, 2), (4.45)
C'(&,2)P,z,1) = P, z, -1)C(E, 2). (4.46)

The zeroes of the functions J and K give the frequencies of the “trapped waves”. For
each such zero there corresponds a generalized eigenfunction of A’. Some properties
of these functions are given in the following theorem.

THEOREM 4.1. (Recall that p ¢ B.) The zeroes of the functions J and K are all
real. In the case coc™' < —1, these functions have no zeroes forz # 0, |&€| # 0. Inthe
case n = coc”! > 1, the zeroes of J and K respectively form two sequences {v; (£)}
and {w; (§)}. They have the following properties:

(1) {v; (&)} and {w; (&)} are defined for |E|>r;=(j +1/2)ro, p=mra™ (n*—1)""/%,
and they are positive, bounded away from zero, and there are exactly j + 1 roots for
(G +1/2) <&l < (G +3/2)ro;

(2) foreach fixed &, the sequences {v; (£)}, {w; (§)} are finite and strictly increasing
for each fixed &,, &,; they are contained in the interval (c|&|, col€|);

3) vj,w; = corj and v;, w; > cor; for |§| > r;. dv; and dw; — ¢ as |§] = r;.
Thus v; and w; may be extended as C' functions of & to the left of r; by col€|.

(For the proof, see Appendix 1.)
The next theorem tells us that we are on the right track. The proof is given in
Appendix I.

THEOREM 4.2. For Im(z) # O the function G(x, y; z) gives a representation of the
resolvent G(2) for A, that is, if g € X and

F) = / Gx, y:2)8(y) dy,
R,

thenf € D(A')and [A' —zI)f =g.

Some important relations are given by the following two results. The proof of the
first is found in Appendix I.
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LEMMA 4.3. For Gy (x, y;z) above, and fixed x € R? , in the sense of.S”(Rf,),

[A(D,) —Z1}G(x,y:2)
= x+ () {8(y — x) — i8(y3)AJ[I°(Y', 0, x;7) — R°(Y', O+, x;D)]}
—ix-(x3)AS8 () T°(Y', 0+, x;2), (4.47)
{AD,)) =21} G_(x, y;2)
= x-(x)(8(y — %) + iA {8 [H (Y, 0,x:2) ~ R(Y', 0,x;7)]
-8(s+a)[H(', —a,x;2) — RO, —a,x;2)]})
+ X+ @3)iA[8(y)T(,0,x:2) = 8(y3 + @) T(Y', —a, x;2)].  (4.48)

COROLLARY 4.4. In the sense of '(R;),

;G (x, v 2)(p) [A°(p) — 21]

err  Ey'; _ _
= x+(x3) Qi + \/TO—H [@21°€,0,x;2) — PR, 0, x;7)] EoAg}
+ x-(x)i2n) " PET [0, T0(%, 0, x;D)] Eo Al (4.49)
Also,
O G_(x,y;2)(p) [Alp) — 21] (4.50)

= x-(x3) (@Qr) 2P~
+iQr) ' PE" e [0, H(E, —a,x;7) — D2R(E, —a, x;7)]
— i [0H(,0,x;7) — ®,R(£,0,x:2)]}) EA;
+iQm) P x () Egt {0 @, T(€, —a, x:7) — ©,T(£, 0, x: D]} EAs.

PROOF. Equation (4.49) is obtained from (4.47) by applying &, to (4.47); take the
transposed conjugate and use the relation (4.39). A similar operation gives (4.50).

5. Representation of solutions by generalized eigenfunctions

This section is rather computational in nature. There does not seem to be any way
to avoid these details, but the impatient reader may refer to Theorem 5.14 below for
the punch line.

Observe that the right-hand sides of (4.49) and (4.50) are known explicitly. We
will express the resolvent operator in terms of these using certain density functions.
In order to establish the relation between the resolvent operator and these density
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functions, let ¥ € L,(R3 C%), » = x+¥ and f € 2. Then using the Parseval
identity for the Fourier transform (¥ = ®;) we have

(Py, Eo®x+G@S)
= (¥, Eo®x. GQf ) = (¥4, GQOSf) = (G()Y+, 8)
= (G, y;)¥+(»), f) = (P;G(0, y; ) PIPY (P), f)

=Y (6.0, »:20) [M0) - 2JPP0)Es Eed¥ ), [ (p) — 7] 'Y )
=3 (W p2Ev ). M) 7] 1)
=Y (ev @), Eo[M®) 2] Wfeo, pi0EF ).
Therefore

ox6@f @) = 3, e -2 [ T pOES () d
=3 W) -7 ¥f o), (5.1)
where
Wolx, p;2) = ®G.(x, y;2)(p) [A(p) — 2] P(P)E;! (5.2)
and
wff(p;z)=ﬁ3 Wo(x, p;)E(xX)f (x)dx, j =0,%1,+2. (5.3)

In exactly the same way,

ox-60f 0 = X, @) -7 [ W piEf () ax
R,

=3 ) =27 s i, (5.4)
where
W;(x, p;2) = ®1G_(x,y;:2)(p) [ (p) — 2] P (p)E™ (5.5)
and
Vf(p:2) =/ "W, (x, p; ) E)f (x)dx. (5.6)
R?,
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The functions \Il]‘.’(x, p:z)and ¥, (x, p; z) are the density functions mentioned above.
Now (recall the inner product is defined with conjugation on the first place), for
Z = A + ie we have from the resolvent identity and (5.1)—(5.6):

(G +ie) — G(r - ig)lf, f)
= —2ie (G F ie)f, G F ie)f)
==2ie[{x+ GAFie)f, Eox: GO Fie)f )+ {x-G(AFie)f, Ex-G(AFie)f )]
==2ie[(Px+ G(A F ie)f, Eo®x: G(A F ig)f)
H(Px-GAFie)f, E®x-G(A F ie)f )]

=-2 / WOF (pi A+ ig)|
‘2, {AO(p) +2|’f(p @],

+ TR W f (psa £ is)lzf} dp,
J

where | - |g, and | - |z denote the Ey and E norms in C®. Hence for any finite interval
(see (4.2)) (a,b) C R,

271 ([F(b) + F(b-)If, f) — ([F(a) + F(a=-)If, f))
b
= li{?(zm)“ / (G +ie) — G\ —ie)lf, f)dxr

=limr~ /Z fm{ ko(p) |\I-’0f(p A:tzs)|

| W f (p; A:tzs)| }dpdk

+
[ (p) — )\]2 +¢

b .
ST £ 0 . SN
= /mzf/a {[A?(p)—x]2+gz|“’ff(”’ki’8)lfo

€
+
() =) + ¢

|wjf(p;xiie)|2] drdp. (5.7)

By (5.1) and (5.4), ¥, [Mi(p) = 2] W, f (p52) and X, [A0(p) — 2] WOS (pi2) are
continuous L,-valued functions of z for Im(z) # 0. To obtain the desired represen-
tation of the spectral family, it thus remains to pass to the limit under the integral
sign in (5.7). The justification for this is based on explicit formulae for the functions
Y, f (p; ALie), \IIJ‘.’f (p; A £ i) and their limits obtained by passing to the limite | 0.
Except for the Alfven waves (see (5.29)—(5.31) below), we can write these functions
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as

W(x, p;2) = x+(x3) {(2m) e P)(p)Ey' + i(2m)™ 2 ES!

x [®,1°(£,0,x;Z) — D2R°(£, 0, x;2) | EoAS P (D) Ey '}

+ X-(03)iQ2n) " PET @, T, 0, x: D EeASPY (P Eg ', (5.8)
W (x, p;2) = x-(x3) (2m)?* P,(p)E™

+i@r)PET € (D H(E, —a, x;7) — D,R(E, —a, x;7))}

— [®,H(£,0,x:Z) — ®2R(§,0,x;Z)]EA P, (p)E™")

= X+ (x3)i@m) " PES {7 (@, T (&, —a, x;7)]
— [®.T(£,0,x;2) ]} EAs P, (p)E™". (5.9)

We need the following lemma which is proved by direct observation of the relevant
quantities.

LEMMA 5.1. With P (&, z, £1), P°(§,2, £1°) and P;(p), P}(p) as previously de-
fined (see (2.8)),

P, 2, 20 AP (p) = (nF )[4 (p) — P, 2, £T)P(p),  (5.10)
P&, 2, £T)AJP (p) = (n F 1) ' IA) (p) — PO, 7, £2°) P (p).

Using the forms of H, R, T, etc., (5.8) and (5.9), we now have

) ix'E it%x; )\0 —
WO(x, pi2) = X+(x3) {etXpI L el [ ;(P) ZCO(f,-‘,Z)PO(S,Z,"TO)

(2m)3? cat® n+t°
°(p) -z
r’ —

X-(x3)e"tz
(2m)3/210c}

— P,z T °>” P)(p)E;' —

x Q(t(xs + a)) D% (x, ) 22— = ’(” )z

X_(X3) ix elXEelfxsz ian itx A’(p)_z
\pj(x,P;Z) = W (e Pr — T {e e JP(X,Z, l') [?—I

P°(¢,z, )P (P)E;', (5.11)

A (p) — Aip) —
_ f_ipft_zga]-gu(x; +appez ~0 222 b
et 20 (p) — 2) e ,
(27rj)3/2c2 [_X_(x3) T O (s +a)CE, 2)

u Oxs

+ X+(x3) EJ'D'(&Z)E:I P, 2, 1)W(p; ) P(p)E™', (5.12)
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e—iat . e—iar) e—iar) — eiat

w ;7)) = + a-s
w:2) n—1 n+Tt e

The plane-wave modes are obtained by passing to the limits z — A?Z(p) +i0 =
Jaolpl £10, z = Aj2(p) £i0 = jclp] £ i0, j = *1, in (5.11) and (5.12). In so
doing, it is convenient to observe the following facts:

t(£, Aj2(p) £ i0) = r°(E, A"z(p)it()) +jInl,
j'l(p)

_— £(ra(p) £ i0) = ' kat,m)
i2(p)
*———'2,71; (hj2(p) £ i0) = ‘ IXR;,(T}) (5.13)
12(1’) (,x ,(p) £i0) = pl thj(,,),
; (p) ,
B2 080 10) = E o,

nlxr,; (M =Fjn,  Inlxr, (1) = Ljn.
From the first and last equalities it follows that
v(€, 2(p) £ i0) x,, (M) =n and  7(&, Xj2(p) £ i0)xr,, (M) = —

Hence from (5.12) and (5.13),

[%200) = )W (p:2)(A2(p) £ iO)

=2 [ = ), )+ (6 = ), (] =0,
so that
\pjz(xy piria(p) £ iO)
B éj;Bil{ “TF j sgan e FeN M [ Bya(p) xu., (1)

~ (e7 e Pa(x, =) Qa + O(—n(x3 + @) Pa(p)) xr,, ()]} P (PIE™.

Now Q(—n(x; + a)) = exp(in(xz + a))! ~ exp(—in(xs + a))Q, and Q,P;(p) =
P; (¢, —n) Q.. Hence

W;a(x, piAj2(p) £ i0)

X (X3) ,' i ~2an ,ix'E ,—ix
. { ¥ - eprR:tj (7’) — € # qex€e " Q"XRW (7])
(2”)3/2
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— " xr, (n) + o= 2ian 4ix' p—ixan OaXR,; (77)} Pr(p)E™' =0.

Hence, no plane-wave modes with the phase speed ¢ of the layer exist. Thus the
functions W, (x, p; z) contribute only to trapped modes of the layer R? x (—a, 0).
Consideration is now given to the limits W) (x, p; A9(p) + i0). We define

n=cc!, =n'e, weRand|w =1 (recall /pp=c"). (514)
Let
—/1—102, ifn>10rn<l1 and w?> (n?- 1),

0; = 0, if n <1 and 0} = ("2~ 1),
—i/1¢'? =1, if n <1 and &? < (n72 - D)
and x = (x1, X2, X3) = n|pl(61, 65, 65), so that |x| = n|p|. Then

¥FJj X3, if n>1, or n<1 and
. wy > (n7? = D},
7(£, A7, (p) £ i0) = ?
—x3 = —n|plés

=inlp|l6s), if n<1 and &} < (n™? - )|~

The third term on the right of (5.11) gives —xg,, (n)e*” P;(p)E;" in the limit as
z— A9 ;2(p) % i0 and thus

W2, (x, pi AL (p) £i0) = W5 (x, p) = ~xr,, MY 5 (x,p), j=%£1. (5.15)

We can use this to compute the reflection and transmission coefficients in (5.11).
We define p = (p, p2, —p3), then

\llj‘.)z(x, p;A?z(p) +i0) = \Ilj‘.’f(x, p)
] ix't Lit%x; 20 —z
= gm0 {e”‘”l L [ P72 o, ) POE. 2, )

PSS YA @nr)r Qto n+1t°

Ao ) —
n(p_ PO, 2, °)“P,-°2<p)Ea'

ix'E
_%Q(%ﬂ)w"(s -
ol

= (21) ™ xr,, () {x+(x3) [¢*P 1 = E*? C°(p)] Py(p)
+ x-(x3)e™* Q°(x3(x3 + @) Py (0) D°(p) } Ej!
= 2m) 2 xr, () { x4+ 03) [€7°1 — "7 C°(p)]

(p); P°(€, 2, —t°) PS(P) Ey"
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+ x-(x3)c?cge™* Q°(x3(xs + @) D(p)} P2 (p)Eq!

= 2m) ™ xr,, (1) {X+(x3) [ Py (p) — ™2 P (5)C°(p)]
+ x- ()2 [€ X X Py3(0) — €™ ¥ e 0 Py (0) | Qa t Eg (5.16)

These formulae are valid for n > 1 or n < 1. The first formula is based on the
matrices C°(p), D°(p) and D(p) given in Appendix II and (5.14). The matrices
C°(p), D°(p) and D(p) being derived from C°(£, z), DY (£, z) and D'(£, z) also
satisfy the following relations which can be verified directly without difficulty from
the corresponding formulae found in Appendix II:

QuPj2(w) = P2(@) Qay  QuPh(®) = P(@) Qa, (5.17)
C°(p) P}y (w) = PL(@)C°(p). (5.18)

5> D°(p) Py(w) = cT2P;2(0) D(p), (5.19)
L[C(p) + Q°%axs)D°(p)] = L, (5.20)
[00C°(p) + p Q%(ax3) D°(p)],, = po, (5.21)
[10C°(p) + 1 Q%(ax3) D°(p)],; = ko, (5.22)
C(p) = C°p), (5.23)

TQ°0(xs + @))D°(p)] = Q°(xs(x3 + @) D°(p), (5.24)
Qs (xs + @) D(p)] = Q°(xa(x3 + @) D(p). (5.25)

From (5.16) and the fact (j = +1)
A(D)e" P;3(0) = nlple"™* A(6) P;2(8) = j cnlp|e™ P;3(8) = A}, (p)e™™ P;2(6),
we infer that \IJJ‘.)Zi (x, p) satisfies the equation
A (D)5 (x,p) = AL ¥5(x,p),  0#x;3€(—a,0). (5.26)

From (5.16) and the definition of Q° from Appendix II it is clear that \D;);t(x, p)
satisfies the boundary conditions

BY3(x',—a,p) =0 andalso W35(x',—a,pls =0. (5.27)
The equations (5.21) and (5.16) further imply that
LY (x',0—, p) = LV5(x', 04, p). (5.28)

From (5.21) and (5.22) we also see that (3.8) is satisfied. Equation (5.16) also imme-
diately shows that the entries of the last three rows form six divergence-free vectors,
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and furthermore, the second row consists entirely of zeroes. Thus superpositions of
\Il}’;t (x, p) on p which are square integrable satisfy the conditions of Proposition 3.10
for residence in the complement of the null space of A’ in .¢". Hence these solutions
do propagate.

Up to now, we have not examined the Alfven modes. They arise from consideration
of the speeds A, (p) and the projectors Py (p). As will be seen, they have a trivial
structure and do not couple with the other modes at the boundary. Note that these
modes must automatically satisfy the boundary condition (!) (see (2.9)).

Since Alfven waves propagate parallel to the layer, there is no reflection from the
boundaries. Therefore we have (j = £1)

Wi (x, p) = x_(x3)e P (p)E™", (5.29)
W (x, p) = x4 (x3)€ P (p)TI°E; ", (5.30)
A'(D)Wi(x, p) = P A(P) P (P)E™" = A;(P) ¥} (x, p), (5.31)

where \IIJ-* (x, p) satisfies the boundary condition. (IT° is the diagonal matrix
diag(po/p, A, po/p. 1, A, 1).) Furthermore, LW (x’,0—, p) = LW}*(x', 0+, p).
Also, the six columns formed by the last three rows of ¥;"(x, p) and W*(x, p) are
divergence-free vectors and the second coordinate of each column is zero. From this
we see that superpositions of these functions which are square integrable lie in the
complement of the null space of A’ in ¥

The case the n < 1 (5.14) and w? < (n~% — 1)|w'|? corresponds to what would
be total 'reﬂection at x; = 0 if there were no boundary at x; = —a. The first term
of x- (x3)\llj‘.’;h (x, p) in (5.16) corresponds to a transmitted wave and the exponential
factor in x5 decays from x; = O to x; = —a. Now, however, there is a wave reflected
at x3 = —a corresponding to the second term of X_(x3)\Il})2*(x, p) with exponential
factor which increases from x; = 0 to x3 = —a.

We now need the following somewhat startling lemma.

LEMMA 5.2. J(§,z)) =0ifand only if K(&, 1) = 0. The zeroes of K (and hence
J) are simple.

(Proof given in Appendix 1.)

In the case n > 1, further contribution to the limit in (5.7) comes from the singular-
ities of the reflection and transmission coefficients in the density functions (5.11) and
(5.12), that is, from the roots v, of J and K (Theorem 4.1, Lemma 5.2). Let j =1
and let O°(1) and O(1) be the terms from (5.11) and (5.12) not containing C°, DY,
C’ and D’. Define the trapped modes as

2 — Vjg

e AL (5.32)
¢

To0x, piz;ve) = Z
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Zeix’E - vjk it
- (271)3/21'0 n+ 70 [X+(X3)e 3(:0(5, 2)

— Xx-(x3) Q(°(x3 + @))D* (€, )] 7 PO(§, 2, =t ) Eg' 4 0°(1),

B0, piz ) = 9, 2 Y(x, pi2) (5.33)
_ Z(Z - vjk)

t Ae—2
(27{)3/2

+ X+ ()T R ES D8, Z)E] ¢?PE,, DOWPE,DE™ + O().

[-x-(x)T7'e™ Q(x (x5 + @) C' (€, 2)

Also define the matrices
CO(S! vjk) = (Z - vjk)CO(Sv Z)a Dia(g’ vjk) = (Z - vjk)D,(‘E’ Z)’
D, vjp) = 2 —v;)DY(E,2) and  C¥(&,v) = (2 — v C'(§, 2),
D*(&, v;) = (it%)” E;'D¥(¢, y;)E  and
CH(E, vjw) = — Q(FJ)E "1 C(§, vj).-
Passing to the limit in (4.42)(4.46) gives important relations for these matrices.
Passing to the limit in (5.32)—(5.33) gives
=0x, p; v £i0) (5.34)

_ i xn(EDvee™*
(2m)327

[xGxs)e ™ €, i)

PO, juk, —iT))Ey!
+ x-(x3) Q% (x5 + @) DO(E, Ujk)] (gczj(:k+ i:—';)) :
0 &

TE(x, P32 v £ 00) (5.35)

_ i xn(Eve™?
(2”)3/2

’

[X+ (x3)e' ™ D*(E, Vjix)

P(g’jvk’ _j tk)Eo—

1
+ x-(x3) Q°(telxs + @) C*(§, vji)] e W*(p; )
and
Wi :t 0 e:Fiajrg _ eiar; e—ian — e:i:injn (5 36)
(p;vi) = W(p;v; i0) = - i+ - . .
ek P NFJu ntju ¢

The term x,, is the characteristic function on the interval (r;, 00). Note that these
two waves decay exponentially away from the layer. They are true trapped waves and
not surface waves. This agrees with the results of [6] for the more complex system
studied there.
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Let

Z0x, &; v £00) = (n + it))Z'(x, p; v, £i0) and (5.37)
T, &2 v £ 00) = BE(x, przsupe £00) [WE(Rs u0)] T Q). (5.38)

We note the following relation, useful in verifying the properties of the functions
(5.37)+5.38):

A, —1) Qo = QuA(§, T). (5.39)

Using the forms of C*(§, v;), D*(§, vjx), C°(€, vji) and D°(€, v;;) given in Ap-
pendix II, it is a somewhat tedious but straightforward problem to check the identities

(x3 #0)

AN(D)Z%x, &; v £i0) = ju ()Z%x, &; v, £i0) and (5.40)
N(D)Z™(x, &, 2,050 £ i0) = ju(§)Z™ (x, &; 25 vj £ 10). (5.41)

From the definition of Q° (see Appendix II), £~ and £ satisfy the boundary condition.
The continuity and jump conditions (3.6) and (3.8) are satisfied and the last three rows
form divergence-free vectors as columns (x; # 0). Hence superpositions of these
functions on x which are square integrable belong to ¢ . Observation of the functions
in Appendix II and the proof of Theorem 4.1 (given in Appendix I) shows that,
away from the neighborhood of S, the denominators of all terms in (5.35)—(5.36),
(5.37)—(5.38) are bounded away from zero.

Now suppose that g € 2 (R?,) and set g, = x48, 8 = Xw.0(*3)8(x', X3, —a)
and p = (£, —n). Define

\I’,(')zg(P)=/ W (x, p)E(x)g(x) dx
R,

Xy (M P (w)

()32 [/;u [e"'Xsn - Co(ﬁ)ei”"] D, g(&, x3) dx;

0
+ E;'D°(PIE | Q°(xs + a) D8 (&, x3) de}

—a

= Xr,; (M P (@) {®38:(p) — C° (D) P38+ (P)
+ D°(B)E;"E [®384(E, —x3) — Qa®3ga(§, )]} - (5.42)

LEMMA 5.3. For g € 9 (R?,), ¥2,g(p) € H° (X means L, with the Eq inner
product).

The proof is a straightforward application of the definitions.
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The following pertains to the case n > 1. See (5.14) for the definition of n. This
is the more interesting case where trapped waves exist; n < 1 is the same except that
the trapped mode terms are absent. For g € 2 (R%,), j = %1, k € Z,, recalling
(5.35)—(5.41), we define

Eo(vjk)g(P)=/ "£0(x, psvjx) E(x)g(x) dx

R}

= ['7 - itj"k(g)]"] TEO(x,S;vjk)E(x)g(x) dx and (543)
R

3
+

):*(u,-k)g(p)=f "£%(x, p;vjx) E(x)g(x) dx
R
= Q(£j) "W*(p; i) / "2 (x, &vj5) E(x)g(x) dx. (5.44)
R}

Some routine formulae are required for computations. We state these in the fol-
lowing lemma. The proof is an elementary application of complex function theory.

LEMMA 5.4. With W*(p; v;,) of (5.39),

/ dn __ _ T (5.45)

7T 70
o+t W

o - sin(2at;)
/ W*(p;vie) W*(p;vji) dn = dan [1 B . Qa] =21y(E)  (5.46)
-0 aty
00 7wzi: LU
and f WEpive) 4 g (5.47)
) —00 n + lrk

The next lemma follows from (5.43) and (5.44).

LEMMA 5.5. If g € 2(R2,), then °(v;,)g(p) € H° and T*(v;i)g(p) € X

The method of analysis we have used is based on writing the explicit Green’s
function in a form which represents the various “parts” (trapped modes, Alfven modes,
etc.) of a solution. The idea is then to write the spectral resolution in terms of these
parts. The following theorem gives this representation and, in addition, gives at least
an abstract method for deciding -how to (or how not to) “launch” a particular type of
wave. Recalling (5.7), (5.44), (5.45), (5.30) and (5.31), we obtain the following.

THEOREM 5.6. Let F(-) denote the (right continuous) spectral measure for A’ and
letg € @(Ria). Then for any finite interval (a, b) € R\{0},

2 _ 0 2 0+ 2
IFla. Dgl” = Z {/Ucolple(a.b)) |\yj2g(p)|5° dp +./ lw’ g(p)|E° %

j==%I1 i cop2€(a.b)}
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+ / |Wg(p)|’ dp 548
U p2€(a.b)}

+ 20 . 2 + Ei . 2 d -
;L fU%(a'b)}O (v,k)g(p)|,5o | (v,,()g(p)|5) p

Launching a trapped mode (only), for example, depends on selecting an initial state
in the subspace defined by the projector in the last term of (5.48). If no Alfven waves
are wanted, we can avoid generating them by choosing data in the complement of the
subspace generated by the projector in the second term of (5.48), etc.

The next result is obtained by polarization from (A1.12) and (5.48).

COROLLARY 5.7. Let Py denote the projection onto the null space of A’ in X and
set ¥ = (I — Py)X . Then for any f, g € X and any interval A C R,

(FQAf.8)= D [ f WO, (p)Eo¥e (p)dp (5.49)
U
J

i=%1 j colpled)

+ f WS (p)EV*g(p)dp + f "WEf (p)EV}g(p)dp
U

cop2€4} U paea)

+ Z[ (TZo(vjk)f (PYEoZ%(vj)g(p)
kez, Y Uneal

+ "EOf P EZH(0e(p) dp} and

G20 = T | (U, Yi) o+ (9, 918) o+ (W5 010) e 550)

Jj==%1

+ Z [(Eo(vjk)fv 2O(vjk)g)_,g:o + (Z*(;0)f. Ei(vjk)g)”] ]

kel
In order to define eigenprojectors associated with A’, we need the adjoints of the

generalized transforms in (5.49).

PROPOSITION 5.8. Suppose f € Ly(R?, C®) has compact support. Thenforj = %1,
k > 0, we define

vy f = f Wiy (x, ) Eof (p) dp, W = / WO (x, p) Eof (p) dp,
R} R3
;' f =f W (x, p)Ef (p)dp, 20" f = | =%, p,vi)Eof (p)dp,
R} R}
TE ) f = | TZE(x, pivi) Ef (p)dp. (5.51)
R}
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Iff € X and (fn} C L, (R3, C6) is a sequence of compactly supported functions
converging to f in H° and 3, then, in the topology of X/,

WS = B WS = i 6,
Wf = lim WSy, Z0)'f = lim 2000 fi, (5.52)

zi(vjk)*f = A}l_{rolb Ei(vjk)*fN-
F_urthennore, the ranges of \IIJ‘.);, \Ilj(.’*, W%, B0%v;)" and T*(v;1)" are contained in
H = — Py)KX.
LEMMA 5.9. Foreach j = %1, k € Z, the operators
M) = %) =) + Z* () T* (v0) (5.53)
are orthogonal orthoprojectors in J .

The assertion can be proved in an entirely analogous way to that found in [2,
pp. 165-166]. We omit the details in the interest of space.

LEMMA 5.10. Let A denote the part of A in . Then for f € D(X)
VLAS () =jcolpV)f (), j ==L (5.54)
LEMMA 5.11. Let A denote the part of A in X . Then for f € D(X),

VA (p) =jlpl¥)f (p), ==L, (5.55)
WAf (p) =jolp|¥if (p),  j =%l (5.56)

PROOF. The proof is similar to that of Lemma 4.9.

The projection operators in the resolution of the identity are computed in terms of
the generalized eigenfunctions. This is the content of the following lemma.

LEMMA 5.12. Define the bounded operators in J¥ by

Mof = V) W) f, (5.57)
nef =W  and (5.58)
M, f =V f. (5.59)
Then
0 IT(vje) = 0, Jj.j==*l, (5.60)
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non;, =o, (5.61)
nn.,=0 and (5.62)
n®n® =o, (5.63)

where T1;; and T1; are projections in X, j = %1. Further, for any f € J, there is
the Parseval identity

f=3 [“ff +T0f + Tof + ) O(wf jl (5.64)
j=%1 keZ,

the components all being mutually orthogonal and the sum converging absolutely in
the norm of ¥ .

COROLLARY 5.13. For f € X the operators ., P, defined by

P f=0L+No+IL+0.)f, Zf =Z[H(vk)+1'l(v_k)]f (5.65)

keZ,
are mutually orthogonal orthoprojectors in ¥ such that

P=P +P,, (5.66)

where P is the projection in ¥ onto X. The space X thus decomposes into the
E-orthogonal direct sum

X =PKHSP,H (5.67)
=[5 + N5 + 3 + 1.7 | @ [MeoZ + Ne-0F ],

keZ,

all component subspaces being mutually E-orthogonal.

PROOF. (5.65) and (A1.7) show that for f € X, |2, f| < |f|, and hence &, is
continuous. It now follows that &2 = &, and 8} = 2,. The rest follows from the
preceding results.

Finally, the main result concerns the make up of solutions to our problem. The
previous two results with this theorem tell us among other things how to launch the
various types of waves. This is given rigorously by the following theorem.

THEOREM 5.14. Solutions to (0.1) with the prescribed horizontal external field and
the prescribed boundary condition, are delivered by a unitary group of operators. The
solution is made up of orthogonal parts consisting of Alfven waves, trapped waves
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and “normal” waves. More formally, the orthogonal direct sum decomposition (5.64)
reduces the part U(t) of the unitary group U(t) = exp(—itA’) in X which has the
representation

UOf =) [U(t)nnf(x) + UM f () + Y TON@;0f (x)] (5.68)

j=%1 keZ,
with
UW0Nsf (x) = M UOf (x) = W)y exp(—itj col - YW, f (x) (5.69)

and similar formulae for the other Tl. The waves {U(t)ﬂjzf } {v(t)ﬂjf} and
[ Unnw;)f ] are pairwise orthogonal in x.

Further, f € D(A) if and only if jcolp|¥,f (p) € H#°, jcop2 ¥ f (p) €
HC, jpr Vi f (p) € A, ju(E)Z2(v;)f (p) € Lz(R3 C°), Jvk(S)E*(v,k)f(p) €

Ly(R?, C®) and for such f (using an abusive but convenient notation)

Af) =) [w;’;j clp W) f 1)+ W] cop2 W) f (1) + W jepa¥; f (x)  (5.70)

j=%1

+ 3 { B0 v B0 (1) + TE0 " w®) S (v f (x>}] ,

keZ,

where the series converges absolutely in the sense of X . For f € D(X), the solution
of the problem (2.1)—(2.3) is given by (5.68) (A denotes the part of A in 7).

Conclusion

The structure of the solution (0.1) is rather simple, but considerable analysis is
required to get to this conclusion. Considering the complexity of this work, it is likely
that for the MHD system with non-constant pressure, much greater computational
difficulties will arise. For instance, the propagation speeds involve nested roots and,
therefore, the functions t are more complicated, requiring more complex branch cuts.
In addition, the expressions describing the reflection and transmission terms will be
of considerably greater complexity. The present problem, while interesting in its own
right, is extremely useful as a guide in working with the non-constant pressure case.
It would also be interesting to study the case of internal layers in a fluid of the type
studied here as well as for the case of a liquid semiconductor [7]. In the case of a liquid
semiconductor, it is possible to formulate the problem of two half-spaces, one having
nonzero conductivity. This is also an interesting challenge since the propagation
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speeds in the conducting half-space would be described by certain irreducible quintic
and cubic polynomials and hence it is difficult or impossible to gain direct access to
the propagation speeds themselves. We hope to examine these problems elsewhere.
We conjecture at this point though that the solution of the layer problem for the full
MHD system will display a structure very much like that seen here.

Appendix I. Proofs

Proofs, and in some cases, outlines of proofs for a number of the theorems follow.

Proof of Theorem 4.1. We show first that the roots of J and K are real. Suppose
that K (£, z1) = 0 with Im(z,) # 0. Then since 7, = ¢7'(z? ~ S|§|»)* and 0 =
c5 ' (22 — c}|€*)'/? are real only on the branch cuts, we have Im(z;) > 0 and Im(z}) > 0.
We may form the functions

fx &)= { — X+ (03)e™ B PY(E, 7), 10)s(aty) (I’s’l2 + TIOZ) )
+ x-(x3) Q(t1(x3 + @)) (IE)° + 7}) P&, 2, —n)rf’}e‘""E
and
Fxiz) = Azf(x,é;z.)¢(€)d§-

Here P indicates the 6th column of P. Then F(o,z,) € Lo(R?,, C%), BF(x', —a;
7)) =0and LF(x',0—;z,) = LF(x’, 0+;z,) since K (¢, z;) = 0. Further, [A%(D) —
z1]F(x;z1) = 0 for x3 > 0 and [A(D) — 21]F(x;2,) = O for x3 € (—a,0). Set
G, =AF(x),x3>0,G_=AF(x),x; € (—a,0)and G = x;, G+ + x-G_; then

G € L,(R?,, C®) and, for ¥ € 2(R?, C°),

(F, A¥) =f

R;

F(x)AY(x)dx +/ F(x)Ay(x)dx.
i R2x(-a,0)
=(G,¥)+ if JA[F(x', 0+;21) — F(x', 0—;2)]} v (x', 0) dx’
R?

- / 7[A3F()c', —a;z2)Y (', —a)] dx’
R?
=(G, ¥).

Therefore Af = G € Lz(R3 C6) and so F € D(A’). The same computation gives

—a*

[A’ - z,]F = 0 which implies that z, € o (A’); this is impossible sinse o (A”) C R.
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If it is supposed that J (&, z;) = 0 and Im(z,) # O, then the argument is the same but
with

foEn) = [X+(X3)eit?x’ PP(€, 21, 70)rictary) (p} + 17")

X008+ a0 (54 ) 7P, 2, e e

It is clear that J and K can vanish for z € Ronly if n > 1 and Re(z) = & ¢
(—coltl, —clE]) U (cl&], col€]), where 1, k) = ic5' |3l — k2| = ic3"|z°) and
(€, kxi0) = :I:c"|k2 —c2|$|2|l/2 = #|t|. The case of k in either interval is covered
by considering the intersection of the branches of (note that p? —|7°|> = k*c;>—p2 # 0

since p & B)
|7° ulticot(ar)
3 o7 = 3 > (Al.])
py —7° MO(P|+|T|)
for K =0, and
1L (EP = 12°) _  poltl (11 + I7I?) cot(ar) (A12)
pi— It p(pt+1tl?)
for J = 0 in the first quadrant of R? with the ellipse
ol + St = (g — &) 1§1%. (A13)

The jth roots £v; and +w; of J and K respectively, determined by the points of
intersection (z7,, 7;,) and (t,,, 7jw) of (A1.3) with the (j + 1)st branch of (A1.2) and
(ALD) (G =0,1,...), are found by computing

P c
)" = =[50 +1z.1°] and w)? = == [, +15.l’] (ALY

at the points of intersection.

It is clear that v; and w; are increasing functions of &, and &, and (4.1) is geometri-
cally obvious. Note that c=2v*(w?) = [£[2(1 + (77,;u)/151%) and T, is bounded
as |&| — oo. This completes the proof.

Outline of the proof of Theorem 4.2. Let g € JX; set
G(2)g(x) = G+(2)g(x) + G-(2)g(x)

=/ G+(x,y;z)g(y)dy+/ G_(x,y;2)g(y) dy.
R}

R2x(~a.0)
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Writing out the expressions for G.(z)g from (4.6), (4.14), (4,29)—(4.33) and using
Appendix II and noting that, for fixed z and large |§|, 7(&, z) and t°(£, z) are equal to
i|&| 4+ o(1), it is possible to estimate each term with the result that

IG(2)gl < [Im(z)|7*(g)* + C’(z)/ |28 (0, y3)[},dys = C(2)Igl’,

and hence G(z) is a bounded operator on J¢". We must now show that G(z)g is in
the domain of A’. Choose functions ¢ and ¥ € 2(R?,, C®), so that ®,¢ (o, y3) is
rapidly decreasing in |&|; then, setting ¢, = x+¢,

(AV, Go(D9) = (¥, [bs + 261 ()B) + i / dx' 7Y (x', 0) / A{[S,0, y:2)
R? R},

— R%x',0+,y:2) + T(x',0—,¥;2)|¢ ()} dy
=, [¢+ + 26, (2)9))

by (4.13). Similarly, (A, G_(2)¢) = (¥, [¢p- + 2G_(2)¢]).
Therefore, AG(z)f = E[¢ + 2G(2)¢] € L,(R?,, C®) and BG(2)¢(x', —a) = 0
by (4.8) and (4.27). That is, G(z)¢ € D(A’) and [A’ — zI]1G(z)¢ = ¢. Applying
G(z) to both sides of this equation we have G(z)¢ = G(z)¢. Thus G(z) and G(z)
agree on a dense set, are both continuous, and therefore coincide everywhere. This

completes the proof.
Proof of Lemma 5.2. First note that
J (€, 2) = T cos(ar)po (p‘.‘ +pipi+ e pl + 1pt + 1p2 + r2r°2)
— ipsin(at)t® (p“1 + pfl:2 + pfp% + p%t2 + rozpf + toztz)
= t cos(at)po (Pf + .L.OZ) (P|2 +p+ r2)
~ ipsin(at)t® (p? + 1?) (pf +p2 4 toz)
= t cos(at)po (pf + 1'02) (17 + =2)
— ipsin@@)e® (p} + %) (1612 + =)

2

= pas [Mt cos(ar) (pf + 102) — iuot®sin(ar) (p} + rz)]
0

ZZ

the second to last equation resulting from the definitions of t, 7°, ¢y and c.
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We have

cf,— (Zp,r + c2u (p, +1 ) - 2iciapot® (p} + TZ)) cos(ar) (Al.6)
z
2

+ 55— 2 ( —apc (p1 +1 ) —ictuo (pt +1%) - icguotoz) sin(at)

0C
at z = vjy, 3,K = 0 implies that (p? — 1.'02) sin(at) = 0, which is impossible, since
p € B and K (&, v;,) = 0. Hence, the zeroes of K and J are simple. This completes
the proof.

Suggestion of the proof of Theorem 5.6. Note that the inner sum is actually finite
because (a, b) is bounded.
First, consider the first integral in (5.7)

b
£ 2
I=7r"f > —— | W% f (p;x £ ie)|. drdp
R 3y Ja [)‘?Z(P)_)‘] +e2 7 e
=7r"/ dp +n-‘/ dp. (A1.7)
R3NY{In>5) R*N{|n|<8)

We want to take the limit under the integral sign. The first integral is not difficult. The
problem arises in the second integral where || < 6 and |£| is near r,. In this region,
the singularities of the integrand coalesce. For |n| < & and ¢5|§|, colpl, ve(§) € (a, b),
a typical integral is now of the form

/" ca(€, h % ic)
o |29 |n £ 2 |(r £ ie) — ]’

dx, (A18)

where a(&, A £ ig) is an element of |z — v? ‘C°C° or |z — v|? 'DYDY. Suppose
for example, that a(£, A £ ie) = a(§,2) = |z — vk|2|C},’6|2 (see Appendix II) in a
neighborhood of A = v, (£).

Then

2
a(k, z) = |isin(at)uot’ (p} + v°) + pt cos(ar) (p,2 + toz)’ |K |72z — vel®
For z near v, we have
alt, 2) = |K' 2422 |p? + 22| Istar) P + o(1). (A1.9)

Further, it is easily seen (Theorem 4.1) that t) K’ is bounded away from zero for [£|
near ry, so this together with (5.56) gives, for the critical portion of the interval (a, b),
a term proportional to

w+8 Elrolz
/ dn - . (A1.10)
=8 In:i:rol |z — v )?
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Since, with generic constant «, for n small both |r°| <«|cg'z—I€l| and |n £ r°| >
xlco z—|§ || this integral is bounded by

v +48
dh—0>F  _<g (AL.11)
ve—8 A—v)?+er — 7 ’

Similarly, for other possible « it is found that the critical portion of the integral can
always be reduced to one of the following forms:

b b
/ X e/ [lz - vklz]z:l:kie =7 / dx 8/ [|Z - C°|€|I2]z=l:kie =7

uniformly in p in a neighborhood of n = 0 and ¢ € (0, g]. It remains to evaluate the
integral from the well-known formula

N L1 N
lim / e dh = Xan (V0)
(¢ (1) is continuous). This results in the terms involving 2°(vjk)g(p), ZE(v0gp),
W g(p), ¥)g(p) and W; g(p). We may obtain £*(v;,)g(p) from the second term in
(5.7) recalling that ¥;,(x, p; A;>(p) =% i0) = 0. This completes the proof.

REMARK Al. If now f € J¢ is any compactly supported function and {f,} C
9(R3_a) converges to f in J¢, then (5.48) also holds for f. Let Py, = F(0) — F(0—)
be the projection onto the null space N(A’) of A’ in #. Then for any compactly
supported f € ¢,

[(EROTEDY {IIW of Lo+ 1997 I+ 1w I

j=%1

+ Y [I=of o+ |54 wor IIZ]]. (AL12)

keZ

The sum now is infinite but converges since the left side is finite; the double bars denote
the norms in J#° and €. If x, is the characteristic function of the ball {x : |x] < M},
M =1,2,3,... andf € X, then, by (548), W), xuf, ¥ xuf, ¥ xuf . Z°W)xuf
and T*(v) xum f are Cauchy sequences in J#° and J2 as appropriate. The maps

wO

j2’

v, W, Z%w) and EF(w) (A1.13)

defined by (5.35), (5.36), (5.30) and (5.31) on smooth compactly supported functions
in ¢ are bounded by one and thus extend by continuity to all of . The extended
mappings we again denote by the same symbols. They are still bounded by one.
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Outline of proof of Proposition 5.8. Let f € L,(R® C®) have compact support
which misses 8 by a positive distance. Suppose also that & € Q(Ri a). Then, for
example,

(h, \I’]Q; )= \Iljzh I Yoo

/[/ Th(x) E ()W (x, P)dx}Eof(P)dP-
R3 R3

The function “h(x) E(x)¥5 (x, p) is absolutely integrable with respect to x with L,
norm depending in a bounded way on p € supp f. The order of integration may thus
be interchanged. This shows (A1.12) is correct. The others are handled similarly.
The fact that the operators W), W2, W;, %°(v;) and *(v;) are bounded gives the
statement following (A1.12). The last statement follows from (5.48): if f € Py¥,
then

0= 3" H¥ef lo+ 19 s+ 19 I + 3 [1=°wors I + I5*wor | ]]

j=%1 keZ

and hence \Ilozf \I/Of =V, f = Z%v)f = Z*(w)f = 0. Thus, for example,
ifhe #and f € Po.)i’ then (f, W3h) = (¥2,f, k) o = O and so the range of
\IIJ‘.’; is in (I — Pp)X; similarly for the other maps. Notice that it follows from (5.48)
that if J : J# — S#? is the identification map Jf = f, then the range of Z%(v;,) is
orthogonal to the range of J £*(v;;). This completes the proof.

Proof of Lemma 5.10. The multiplication operator M; in 5#°, M, f (p) = j colpl
x f (p), with domain D(M;) = {f € #°: |p|f (p) € H#°), is selfadjoint and hence
closed. Let b(x) € 2(R?) be a radial function b(x) = b(|x[), such that b(x) =1
for |x| < R and b(x) = O for |x| > R+ 1. Let f € D(A). Then the following
integration by parts is justified:

WLbAS (p) = /RJ "W (x, p)E@)b(x)A(D)f (x) dx
=/ "W (x, p)E@)bx)A(D)f (x)dx
R}
s e pE@B@AD () dx
R2x(—a.0)

= / [A3W¥05 (&', 0+, p) — AsW)y (x', 0—, p)] b(x", 0)f (x', 0) dx’
R?

+ i/ W(x', —a, p)Asb(x’, —a)f (x', —a) dx’
R2
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+ / (AW (x, p)] Eob(x)f (x) dx
R}

+ f AW, p)] Eob(x)f (x) dx
R?x(-a,0)

+i f G, PIAG/X) HRD)S (x) dx

—-a

= jalpl [ "W, pE@IOADS @) dx
R},

i f % AG/IxD B KD () d

= jcolp|W)yof (p) + iW),gr(p),

where ggr(x) = A(x/|x[) ¥'(x)f (x). Since as R — oo the functions gg(x) — 0,
bAf — Af in X and W}, is bounded, it follows that W9,z — 0, W,bAf —
W2,Af in ##° and hence, in the topology of J#°,

W,AS (p) = lim jcolp|W1,0f (p). (AL14)

Now W2 bf — W) f in 5#° and this together with (5.50) and the fact that M; is
closed implies that ), f € D(M;) and

W), ASf (p) =jcolp|W),f (p) (A1.15)

for f € D(A). If now f is any element of D(A), let {f,} € D(A) as in Proposi-
tion 3.12 of [8] which converges to f in graph norm. We then have

" \IJJ(')ZAsf - \IJ;JZAan "2”0 + " \I’jqu - \pj(')zfn "_2,;90
< NAf = Asfallpo + If = fallgo = 0

as n — o0 and so by (5.66) we have, in the sense of J#°,
WRAS (p) = lim W2 Af.(p) = lim jcolp| W1 fa(p) = j ol W] (P),
since the graph of M; is closed. The proof of the lemma is complete.

Proof of Lemma 5.12. We write J¥ for ¥ N N(A")*. Let f € J satisfy (3.14)-
(3.15). From (5.67), (5.35), (5.36) and the fact that |vji| < col], it follows that
N(v;,)f € D(A). Also from (5.35) and (5.36),

@, ATI(v; ) f (5, %3) = jvjx(€)P2T1(v;)f (€, X3);
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hence by (5.43)

‘V,(-)rzxn(vjk)f (p) =jvjk(§)\p](')'2n(vjk)f (p)-

Now the right-hand sides of both the above equations vanish for [£| < r, and v (&) <
colé| for |&] > ry; subtracting the two equations thus gives \Ilj’,zl'l(vjk) f = 0. Since

the set of such f is dense in JZ and this product of operators is continuous, this
establishes half of (5.48). The other half is entirely similar. Equiat_igls (5.57)-(5.59)
are established in the same manner as well. By (A1.12) for f, g € ¢,

f.8) = Z (V0o WDs8) o + (WPF, WP8) Lo + (Wi, W 8)

j=%l

+ ) [(Z°@0f s B°0;08) o + (B0, ZX(0,)8) ] | -

keZ

Taking f = g and using (Al.14), (Al1.15) and (5.55) and the fact that the IT are
selfadjoint, we see that

3 In@f | < . (A1.16)

keZ,

Hence from (5.62)—(5.63), the idempotent property of the IT follows. This com-
pletes the proof.

Suggestion of the proof of Theorem 5.14. We use (5.60) to obtain the Radon-
Nikodym derivative of F. This gives the result from the abstract function calcu-
lus for selfadjoint operators (see [1]) together with the lemmas above (especially
Lemma 5.10):

. Fg)—(f. Fog) =Y {/U . ),T\szf (P)Eo¥),8(p) dp (AL17)
j colple(b,r

j=%1

w[ Bt dp
{j cop2€(b.2)}

+ f Ef (p)EVEg(p)dp
{j cop2€(b. 1)}

+ 3 /U L, P00 @B 008)

keZ,

+ TEw ) f (PVEZ*(v;)g(p)]dp | -
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Note that the last sum is finite. The first term can be written as (m v 0 means the max
of m and 0)

f WO f (p)EoWhe(p) dp
{/ colpl€(b,)}

j==%1

q;'k -
= x (V) f f WOf (Iplw) EeW2g(Ip 1) lp P dwdlp|
q;'VO s?

-1
—c

b
txe ) [ [ W i)t g p ol P dw i,
—
with a similar expression for the second terms. It is permissible to make the change
of variable |§] — v.(§) in the last terms of (5.51). Let u,(¢) denote the C' inverse
of v (§) where the latter is assumed to be extended to the left of r, by ¢ol&|. Set
o = (cos¢,sing) € S'. Then (note that £°(v;,)g(p) and T*(v;;)g(p) depend on
ps3 in a trivial way by (5.38)—(5.39) and we may integrate this out)

S [ Ew0f GIEEw0ee) + B w0f GIEE008()
j=%1 {j vee(b, )}

ug(A)

= X ) fs TS (816 EoZ ()8 (£ 1)

bv0

+ 2 () f (Elw) ET*(v)g (€ |w') do d|E|
ug(—b)

+xe () /S TS0_0f (1) s w08 1 1w)

ug(—A)

+ =2 _0f (El0) EX*(v_0)g(|E |) do dIE ).

By Fubini’s theorem the absolutely continuous function (f, F,g) — (f, F»g) has the
derivative d(f, F,g)/d). The Radon-Nikodym theorem allows the expression of
functions of A in the usual way. The formulae (5.68)—(5.70) now follow.

Appendix II. Singularities of matrices

I. First, the matrices C°, D', D and C are given.
C‘O(Es Z) = diag(dl’ Ayd:h d41 d5’d6) a‘nd Dl(s;Z) = diag(k]1A7k3’ k4v k57 k6);

PoT cos(ar) (pf + t°2) (1&1? + 22) + ip sin(at)7° (p? + 7?) (I‘f,:l2 + 1:02)
d] = J s
i sin(at)pot® (p? + 1) + pt cos(ar) (pf + r°2)

4 = ,

K
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dy=—d,, ds=d, ds=—dys

k= o (P} + 7°) 5 (1817 + 7°) ks = t_okh
upJ T
2 2 2 2 2 0 0
k4=po(|él +f)Mo(PH2rf)r ks =k, ke = — k.
upK (&1 + %) 4

II. The limits of the foregoing matrices as z — )»})207) %+ i0 are:

J(&,22,(p) £ i0) = £j [po(xs) cos(axs) (p} + In?) (1€ + x3)
: +j ipsin(axs)Inl (P} + x2) (117 + 1n1%)].
K (&, 10,(p) £i0) = ilnluo (P} + x3) sin(axs)
FJjuxs (P} + Inl*) cos(axs),

COE, A%, (p) + i0) = CO(p) = diag(d:, A, ds, di, ds, de), where
di = F j (po(x3) cos(axs) (pi + Inl*) (IEF° + x3)
+j ipsinax)nl (p? + x2) (67 + In*) /7,

dy = — (ino(—jInl) (P} + x3) sin(axs) F j uxs (P} + Inl?) cos(axs)) /K ,
d3 = —d,, ds = —dy, dc. =d,.

Also D'(£, 3%,(p) % i0) = diag(k,, A, ks, ke, ks, ke), Where

o Do (P} + X)) A3 (6P +X3)  _ Il
| = s 3 = N 1
1od +jt
2 2N, 2,2 2 ]
+ +
koo P UEEH ) W (pE+x3) Gl

woK (ER + 1nPP) T i Fi

The matrix D°(p) of the text is now given by Q'DY(§,1%,(p) % i0) (compare
D'(¢,10,(p) £i0)) and D(p) is given by Q' D’ (£, A%,(p) £i0), with Q' = Q(%j) =
diag(£j, A, 1,+j,+j,1)ifn > lor I if n < 1. The matrix Q%¢) of the text is
given by diag(s(¢), A, c(¢), s($), 5(¢), c($)).

III. The matrices D% (£, y,z) = diag(hy, A, hs, ha, hs, hg) and C(§,y,z) =
diag(glvA, g3y g4vg5, g6);

2up’t (lEl2 + r°2) (pf + tolz) sin(t(a + y3))e’*

8= topot ’
2up’t? (IEP + r°2) (pf + r°2) cos(z(a + y3))e™ ™
&= HoPoT®J ’
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2u’pt (|E|2 + 1'02) sin(z(a + y3)) (pf + t02) £l

= omo (EF + ) K ’
2ip’pr (l&l2 + z°2) sin(z(a + y3)) (p? + 72) (= e7)
BT topo (6 + 7D K :
2upr? (lEl2 + r°2) cos(z(a + y3)) (pf + r°2) (= i)
86 = .

mopot® (IEP + 1) K
hy =isin(r(a+y3)) F/J, hy =cos(t(a+ys)) F/J, where

2 2
= -1 (p? +1?) (pf+p§+r° ) + pot (pf+r° ) (P} +p3+17),
hy =isin(r(a+ y3)) G/K, hs=hs, he=cos(z(a+yi))G/K, where
G = not® (7 + ) — e (p7 + 7).

IV. The matrices DY (&, z) and C'(£, z) of (4.35)—(4.36) are now easily written down.
They are diagonal matrices of the form diag(h), A, hj, h}, hi, h) and diag(g], A, g5,
84s 8s- 86), respectively;

B, = —€ poroF/(2Jpt), hy = —h,, where
F = =% (p} +7%) (p}+p3+1") + 007 (p} +7°) (p} + P} +7),
h, = — uot®G/(QKut), hiy="h, hj=—Hh, where

2
G = ot® (p} + ) s (p} + 7).

Also
ot (1612 + 27 (p + 207 e
& = —1 s
LoLoJ
, 1pt? (IEIZ + r02) (pf + r02) ( _ e-iat)
=" 10PoT%J ’

wor (IR +77) (p}+ %) e

&= oo (EF + ) K !
, w2ot (|5|2 + tOZ) (02 + 'cz) (- )
&= topo (I + 72) K ,
wort (18P + %) (ph + %) (- &)
86 = :

topot® (1617 + ) K
Referring to (2.15) we see that the required identities (4.34) are satisfied.
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V. The limits of the matrices as z — vj; at v;; £ i0 are:
D* (&, vjy) = lim(z — v; ) D'(§, 2),

C°(&, vjx) = lim(z — v;,) C°(£, 2),
C*¥ (€, vj) = lim(z — v;,) C'(£, 2).

DO(S, vjk) = lim(z — vjk)DOI(f, 2),
In the paper, the matrices D* (&, vj¢) and C*(&, vj,) are defined as

D&, vjy) = (i) Ey'D* (&, v )E and
C*(E, vjr) = — Q( £ ) T,/ C¥ (&, vj0).
Here J' and K’ represent 9,J and 9,K (evaluated at z = v;, & i0). We have used
the abusive but convenient notation of writing t/, for |rj°k| and 7;, for £/ 7;4.
We have

d; = —2psin (atjy) t}’k (p} + szk) (|§|2 _ T,-Okz) 1V dy=—d),
d4 = ~2sin (arjk) /.LQ‘L']Qk (p? + szlc) /K” d5 — d4’ d() = —d4,

_ithuops (P +7%) (1€ + T7) e T
- s 3 — TET R,
' upJ’ Tjk
; 2.0 2 2 2 2 0
ipoto Ty, (1617 + 7} +1; -
ky = — 0% (1EF + 7) (p; f"), ks = —iks, ke = - ks,
uok' (1§12 ~ 257) T
h| = —ie% pot) F/ (20 p1jx), hy = —h|, where
. 2 2
=i+ 5 (1 — 1) s (53— 1) 67+ 5.
P plat; ; 2
oo " HoTj ('“Otfpk (Pt = 7i) — nTe (pf ~ T ))
4 —2K’[L1.'jk ’
. iat: . 2
i€t ot (tuor}’k (P + 1) — 1T (pf — T ))
W, = — W= —h,,
- HTik -
2 2 iat;
(8- ) (P - ) e
g = —1 P ] g = —l_g s
: HopoJ 3 13 !
2 2 iat;
. 1otk (|§l2 - T ) (Pf = T ) et , L, , Ty
8= — s 85 = —18y, 8¢ = — "o 84
! topo (1E12 + T4) K > ¢ ¢ T ot

The identities |5 + 17, = ¢™2v%,
computations with these matrices.

and |€[* — t}, = ¢5?v}, are useful in simplifying
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