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EQUICONTINUITY OF FAMILIES OF CONVEX AND 
CONCAVE-CONVEX OPERATORS 

MOHAMED JOUAK AND LIONEL THIBAULT 

Introduction. J. M. Borwein has given in [1] a practical necessary and 
sufficient condition for a convex operator to be continuous at some point. 
Indeed J. M. Borwein has proved in his paper that a convex operator with 
values in an order topological vector space F (with normal positive cone 
F+) is continuous at some point if and only if it is bounded from above by 
a mapping which is continuous at this point. This result extends a previous 
one by M. Valadier in [16] asserting that a convex operator is continuous 
at a point whenever it is bounded from above by an element in F on a 
neighbourhood of the concerned point. Note that Valadier's result is 
necessary if and only if the topological interior of F+ is nonempty. 
Obviously both results above are generalizations of the classical one about 
real-valued convex functions formulated in this context exactly as 
Valadier's result (see for example [5] ). 

Our aim here is to study the equicontinuity of families of convex and 
concave-convex operators following the way opened by J. M. Borwein. 
Section one contains some preliminary material. Section two is devoted to 
some properties of equicontinuous families of convex and concave-convex 
operators. In particular we prove that a family of convex operators is 
equicontinuous at a point if and only if it is equilipschitzian at this point 
and we also give some generalizations of the Banach-Steinhaus theorem to 
convex operators. 

In Section three we establish some conditions ensuring equicontinuity 
of families of convex and concave-convex operators and hence at the same 
time we provide a necessary and sufficient condition for a concave-convex 
operator to be continuous at a point. The results of this section generalize 
those given by R. T. Rockafellar in [12] for real-valued functions. 

Section four closes with conditions of equicontinuity expressed in terms 
of continuous seminorms. A practical new necessary and sufficient 
condition for continuity of convex (or concave-convex) operators (see 
Corollary 4.5) is also proved. 

Let us indicate that some related results on equilipschitzian operators 
can be found in [2] and [3]. 

1. Preliminaries. Throughout this paper E, F, G and H denote (real 
separated) topological vector spaces. We always assume that F+ is a 
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convex cone in F (sF+ + tF+ c F+ for all real numbers s, î = 0) and 
hence it induces an ordering in F by y \ ^ y2 if y 2 — y\ G / r+. So F i s an 
ordered topological vector space. 

We adjoin an abstract greatest element infinity and a lowest one to F 
and we shall write F = F U {+00} and F = F U {—00, +00}. This 
allows us to say that a mapping/: —> F is convex if 

/ («c + C) g */(*) + tf{y) 

for all x, y G F and all positive numbers 5, / satisfying s + / = 1. The 
set 

d o m / = (x G E:f(x) G F} 

is the domain off. In the same way a mapping/:C —» 7% where C is a 
convex subset in E, is convex if J'.E —> i7 defined by/ (x) = / ( x ) ifx G C 
and/ (x) = +00 if x € C is convex. 

1.1. Definition. One says that F+ is a normal cone or i7 is normal if there 
exists a base of neighbourhoods { V} of zero in F such that 

V = (V - F+) n (V + F+). 

Such neighbourhoods are said to be full. Many properties of normal 
cones may be found in [11] where it is proved that most of the usual 
ordered topological vector spaces are normal. In the sequel we shall 
always assume that F+ is a normal convex cone. 

Let us remark that, if F is locally convex and F+ is normal, then there 
exists a base of convex, circled and full neighbourhoods of zero in F. 

2. Properties of equicontinuous families of convex operators. In this 
section we shall consider some properties of equicontinuous families of 
convex operators. 

2.1. Definition. We shall say that a family ( / ) z G / of mappings from a 
topological space X into F U { — 00, 00} is upper equisemicontinuous at a 
point a G X for which a l l / are finite on some neighbourhood of a in X if 
for every neighbourhood W of zero in F there exists a neighbourhood V of 
a in X such that 

fi(x) G fi(a) + W - F+ for each i G / and each x e V. 

In the same way we shall say that ( / ) z G / is lower equisemicontinuous at a 
if the family (—/•)/€/ is upper equisemicontinuous at a and that a 
mapping fX —> F is upper (resp. lower) semicontinuous at a if {/} is 
upper (resp. lower) equisemicontinuous at a. 

For properties of semicontinuous vector-valued functions the reader is 
referred to [10]. 
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2.2. PROPOSITION. A family (f)t^[ of convex operators from E into F is 
equicontinuous at a point a (with f (a) e F for each i e / ) if and only if it is 
upper e qui se mi continuous at a. 

Proof. It is enough to show that the condition is sufficient. Let Wbe any 
neighbourhood of zero in F. Choose a full circled neighbourhood W0 of 
zero in F with W0 c W and a circled neighbourhood V of zero in E 
satisfying 

(2.1) f(a + JC) - f(a) €= W0 - F+ for all x e V and / G / . 

As f is convex, by relation (2.1) we have for each x e F and each 
/ €= / 

f(a + x) - / - ( a ) G/-( f l) - / ( « - x) + F + 

c ^ o + F+ + F+ = ^ 0 + F+. 

Making use of relation (2.1) once again we obtain 

f(a + x) -f(a) e (W0 ~ F+) n (W0 + *V) = W0 ^ W 

for each x e F and each /' e / . 

Remark. This generalizes a result in [10] proving that upper semicontin-
uous convex operators are continuous. 

A similar result also holds for families of biconvex operators. 

2.3. Definition. Let C and D be two convex subsets of G and H 
respectively. A mapping f.C X D —> F is said to be biconvex (resp. 
concave-convex) if for each (x, j>) G C X Z> the mappings/(x, •) and 
/ ( • , y) (resp. —/(• , y) ) are convex. 

2.4. PROPOSITION. Le/ C and D be two open convex subsets of G and H 
respectively. A family (//)/e/ of biconvex operators from C X D into F is 
equicontinuous at a point (c, d) e C X D if and only if it is upper 
equisemicontinuous at (c, d). 

Proof. The condition is obviously necessary. Consider now any full 
circled neighbourhood W0 of zero in F. Choose a circled neighbourhood 
W of zero with W + W + W c W0 and a circled neighbourhood U X U' 
of (0, 0) in G X / / satisfying 

(c, d) + £/ X *7 c C X £> and 

/•( (c, < / ) + £ / X tf) c /-(c, J) + ^ - F+. 

By assumption and by Proposition 2.2 the family of convex operators 
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(fi(- , d) ) / G / is equicontinuous at c and hence there exists a neighbour
hood V of zero in G such that c + V c C and 

/ ( c + K, J) c / ( c , d) + W for every z G /. 

Therefore, a s / ( c + x, •) is convex, we have for each (x, y) G (£/ n K) X 
U and each / G / 

fi(c + x, J + JO G 2 [ / ( C + x, J ) - / ( c , </) ] 

+ fi(c d) + ft(c, d) - f(c + x,d- y) + F+ 

c /.(c, d)+W+W+W+F+ 

c /.(c, J) + ^o + ^+ 

and hence 

f]{c + x,d + y)- /.(c, rf) G (FF0 + F+) O (W0 - *V) = ^o 

for all / G I and (x, >0 G (U n K) X [/'. 

In order to show that for convex operators equicontinuity is equivalent 
to equi-Lipschitz continuity let us consider the following notions. 

For each closed circled neighbourhood W of a topological vector space 
Y we shall put 

Pw(y) = inf {/ > 0:y G tW) 

and hence y G W if and only if PH/(J>) = 1. 
Following the generalization of Lipschitz mappings introduced in [14] 

we shall say that a family ( / ) / e / of mappings from an open subset X{) of a 
topological vector space X into a topological vector space Y is 
equilipschitzian around a point a G X0 if for each closed circled 
neighbourhood W of zero in Y there exists a closed circled neighbourhood 
V of zero in Jf and a neighbourhood £/ of zero in X such that 

Pw(fi(x) ~ fi(y) ) = Pv(x ~ y) 

for all x, y G # + ( / c I 0 and / G /. 
Obviously this definition extends the classical one related to normed or 

locally convex vector spaces. 

2.5. PROPOSITION. Let (//)/e/ be a family of convex operators from an 
open convex subset C of E into F. This family is equicontinuous at a point 
a G C if and only if it is equilipschitzian around a. 

Proof. Suppose that the family ( / ) / G / is equicontinuous at a. For every 
x G C0: = C — a put 

gi(x) = Mx + a) - fi(a). 

The family (g,-)/G/ of convex operators from Q into .Fis equicontinuous at 

https://doi.org/10.4153/CJM-1984-050-8 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1984-050-8


EQUICONTINUITY 887 

0 with g/(0) = 0. Let H^be any closed circled neighbourhood of zero in F. 
Choose a full circled neighbourhood W0 of zero in F with WQ C W and by 
equicontinuity of (g/)/G/ at zero a closed circled neighbourhood Kof zero 
in E with V + V a C0 and such that 

£iU) ~ g/C*') G ^0 for all x, x' G K + F and /' G /. 

Let x, y G K For each real number r > pv(x — y) put 

zr = J + ^_1(.V - X). 

Then zr G F + K and if we put t: = (1 + r)~xr < 1 we may write 

y = (1 — t)x + tzr 

and hence as g, is convex we have for each / G / 

gl(y) G (1 - *)g/(x) + tgj(zr) - F + 

= g,-(x) + t(gl(zr) - gz(x)) - F+ 

which implies 

gi(y) - gi(x) e r(g/(zr) - g,(*)) - F + c ^ o - F+. 

Therefore making use of the symmetry of the latter relation we have for 
each / G / 

gi(y) ~ g,<x) e t(W0 - F+) n (W0 + F+) = tW0 c rW 

for every r > pj/(x — y). So we have 

Pw(gi(y) - gi(x) ) ^ pv(y - x) for all x, y ^ V and / G / 

and the proof is complete. 

The following two propositions are generalizations of the Banach-
Steinhaus theorem to convex operators. 

2.6. PROPOSITION. Assume that E is a Baire topological vector space. Let 
(fi)i^i be a family of continuous convex operators from an open convex set C 
c E into F. If there exists a neighbourhood X of a point a G C with X c C 
such that for each x G X the family (f(x) — f(a))l^j is topologically 
bounded in F, then the family (f)i^f is equilipschitzian around a. 

Proof. Let WQ be any circled neighbourhood of zero in F and let W be a 
closed circled neighbourhood of zero with W + W c W$. Choose an open 
circled neighbourhood X0 of zero in E included in X — a. For each / G / 
define a convex operator g(.X — a —» F by putting 

&•(*) = fi(x + a) - f(a) for every x G X - a. 

For each integer n ^ 1 consider the closed set Vn in X0 with respect to the 
induced topology on X$ and containing zero defined by 
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V„ = n {x G X0:g,(x) G 2nlV, gi(-x) G 2nW). 
I G / 

As for each x e X0 the family (gj(x) ) / G / is topologically bounded in F, it 
follows that 

x» = y v„ 
n~ 1 

and hence there exists an integer k such that 

int£ KA. ^ 0. 

So the set 

1 1 1 1 

u =-vk --vk =-vk +-vk 

is a symmetric neighbourhood of zero in E and making use of the 
convexity of gt we have for each /' e / 

* { l u ) c l * w - F + 

c - ^ «/(Kfc) + ^ g,(Vk) - F+ <z W0- F+. 

Thus by Proposition 2.2 the family ( / ) / e / is equicontinuous at a 
and hence by Proposition 2.5 it is equilipschitzian around a. 

If F is locally convex we may weaken the assumption on E as follows. 

2.7. PROPOSITION. Assume that E is a barreled vector space and that F is 
locally convex. Let (.//)/£/ oe CL family of continuous convex operators from 
an open convex set C c E into F. If there exists a neighbourhood X of a in E 
with X c C such that for each x e X the family (f(x) — f(a) ) / e / 
is topologically bounded in F, then the family (.//)/G / Is equilipschitzian 
around a. 

Proof. Let Wbc any convex circled neighbourhood of zero in F. Making 
a translation as in the proof of Proposition 2.6 we may suppose a = 0 and 
ft (a) = 0. Consider a closed convex neighbourhood X0 of zero in E 
included in X and denote by gt the restriction off to X0. If we put 

(2.2) V = Qc\Eg;\w- F+\ 

then V is obviously a closed subset containing zero and moreover V is 
convex since each gt is convex. Let us show that V is absorbing (radial). 
Let x be any point in E and let t be a real positive number with tx e A .̂ 

https://doi.org/10.4153/CJM-1984-050-8 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1984-050-8


EQUICONTINUITY 889 

As the family (gj(tx) ) / G / is topologically bounded in F we can select a real 
number s > 1 such that gj(tx) e SW for every / G /. Then for each / <E / 
we have 

and hence .s_1fjc e F which implies that K is absorbing. Therefore F is 
a neighbourhood of zero in E and by relation (2.2) we have for each 
/ e / 

(2.3) K c d f g r 1 ^ - ^ ) . 

As g, is continuous, g, (W — F+) is a convex set with nonempty interior 
in E. So if VQ denotes an open circled neighbourhood of zero included in 
V, by relation (2.3) the inclusion VQ C gz (W — F+) is satisfied for 
each i G / and hence we obtain for each / e / 

gi(V0) c W- F+. 

Therefore by Proposition 2.2 the family (f)lŒj1S equicontinuous at « and 
hence by Proposition 2.5 it is equilipschitzian around a. 

The two preceding propositions admit many important consequences. 
The first one whose proof is obvious gives a condition under which 
conditions in Proposition 2.6 or 2.7 are also necessary. 

2.8. COROLLARY. Assume that E is a Baire space or barreled space and 
that F is a normed space. Let (f)j^i be a family of continuous convex 
operators from an open convex subset C ofE into F. Then the family (//)zG/ 
is equilipschitzian around a point a e C if and only if there exists a 
neighbourhood X c C of a such that the family ( Wf^x) ~ f(a) || ) / G / is 
bounded in R/or each x e X. 

2.9. COROLLARY. Let G and H be two metrizable topological vector spaces, 
C an open convex subset in G and D an open subset in H. Assume that G is a 
Baire space or that G is barreled and F is locally convex. Let f.C X D —> F a 
separately continuous mapping which is convex with respect to the first 
variable, that isf(- , y) is convex for each y G D. Then fis jointly continuous 
on C X D. 

Proof Let (c, d) be any point in C X D. Define a separately continuous 
mapping g from C0 X Z)0: = (C — c) X (D — d) into F by putting 

g(x, y) =f(c + x,d + y)- f(c, d + y) 

for every (x, y) e Q X Z)0. 

For each y G D0 the mapping g(- , y) is convex on C0 and g(0, y) = 0. Let 
(xm yn)n^N be any sequence in C0 X Z)0 converging to (0, 0) and let Wbe 
any neighbourhood of zero in F. For each x e Q the set {g(x,yn):n G N} 
is topologically bounded in F since {0} U {yn:n G N} is compact in H 

https://doi.org/10.4153/CJM-1984-050-8 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1984-050-8


890 M. JOUAK AND L. THIBAULT 

and hence by Proposition 2.6 or 2.7 the family (g(-, yn) ) / / G N is 
equicontinuous at zero. Therefore there exists a neighbourhood V of zero 
in G such that g(K, yn) c Wfor each A? G N and hence there is an integer 
k such that g(xm yn) G PF for every n ^ k and the proof is complete. 

3. Equicontinuity of families of convex and concave-convex operators. 
In this section we shall give some conditions ensuring equicontinuity of 
families of convex and concave-convex operators in the line of Borwein's 
continuity condition recalled in the introduction of the paper. 

The proof of Proposition 3.1 is largely similar to the one of Proposition 
2.3 in [1]. 

3.1. PROPOSITION. Let (/•)/£/ oe a family of convex operators from E into 
F and let a be a point in E with f (a) G F for each i G /. This family is 
equicontinuous at a if and only if there exist an element k G F and a family 
(Mj)iGf of mappings from E into F which is upper equisemicontinuous at a 
and such that 

f(x) ~ f(a) = M^x) for all x G E and i G / 

and 

Mj(a) ^ k for all i e / 

Proof. We have only to prove that the condition is sufficient. For each 
/ e / put 

gi(x) = fi(x) ~ f(a) for every x G E. 

Let WQ be any neighbourhood of zero in F. Choose a circled 
neighbourhood W of zero with W + W c W0 and a real number t > 1 
such that 

(3.1) k e (t - \)W. 

As the family (M^^j is upper equisemicontinuous at a there exists a 
circled neighbourhood V of zero in E with 

(3.2) Mi(a + V) - Mj(a) c W - F+ for all / G /. 

Therefore by relations (3.1) and (3.2) we have for each / G / and each 
v G V 

gi(a + v) - gi(a) = gi(a + v) G Mt(a + v) - F+ 

= (Mi(a + v) - Mi(a)) + Mt{a) - F+ 

^ W + k - F + ^ W + ( t - \)W - F+ 

= t()w+ ( i -))w- F + ) 

c t(W0 - F + ) . 
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As g, is convex we obtain 

gila + - V) - gi(a) c W0 - F+ for each / e / 

and hence by Proposition 2.2 the family (g/)/G/ is equicontinuous at a and 
the proof is complete. 

The following two corollaries are direct consequences of Proposition 
3.1. 

3.2. COROLLARY. Let ( / / ) / e / be a family of convex operators from E into 
F and let a be a point in E with f (a) G F for each i <E /. Assume that there 
exists a mapping M.E —» F finite on some neighbourhood of a, upper 
semicontinuous at this point and such that 

fi(x) ~ f(a) = M(x) for all x e E and i e /. 

Then the family ( / ) / G / is equicontinuous at a. 

3.3. COROLLARY. A convex operator f.E —» F is continuous at a point 
a e domf if and only if there exists a mapping M.E —> F finite on some 
neighbourhood of a, upper semicontinuous at a and such that 

f(x) ^ M(x) for every x e E. 

Consider now the equicontinuity of families of biconvex or concave-
convex operators. 

3.4. PROPOSITION. Let C and D be two open convex subsets in G and H 
respectively, let (c, d) be a point in C X D and let (//)/e/ oe a family of 
biconvex or concave-convex operators from C X D into F. Assume that there 
exist two elements k and l e F, a family (Mj)iŒj of mappings from C X D 
into F which is upper equisemicontinuous at (c, d) and a family (mz) /G / of 
mappings from C X D into F which is lower equisemicontinuous at (c, d) 
such that 

m^x, y) ^ f{x, y) - f(c, d) ^ Mt{x, y) 

for all i e / and (JC, y) e C X D 

and 

I ^ m^c, d) and Mt(c, d) ^ k for all i e /. 

Then for each neighbourhood WQ of zero in F there exist a real number t > 1, 
a neighbourhood X of zero in G and a neighbourhood Y of zero in H such 
that 

f(c + sx, d + sy) - fj(c, d) e stW0 

for all i e /, (x, y) e X X Y and s G [0, 1]. 
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Proof. By putting 

gi(x> y) = fi(c + x,d + y) - fj(c, d) 

for every (je, y) G (C — c) X (D — d) we may assume that (c, d) = (0, 0) 
a n d / ( c , d) = 0. Let W0 be a full neighbourhood of zero in F. Choose a 
circled neighbourhood W of zero in F with 

W+W+W+W+W+WcW0. 

As the family (Mt)l(£i is upper equisemicontinuous at (0, 0) and the family 
(w7-)/G/ is lower equisemicontinuous at (0, 0), there exists a circled 
neighbourhood X0 of zero in G and a circled neighbourhood Y0 of zero in 
H such that 

w/(x,^) - /wf-(0, 0) G JF + F+ and 

M,-(x,^) - M,-(0, 0) G W - F+ 

for all (x, j>) G X0 X F0, /' G /. Select a real number t{) > 1 such that 

k - l G (t0 - \)W. 

By Propositions 2.5 and 3.1 the families of convex (or concave) 
operators 

{M-, 0):/ e / } and {f,(0, •):/ G / } 

are equilipschitzian around zero and hence there exist two real positive 
numbers t\ and t2 and two circled neighbourhoods X\ of zero in G and Y\ 
of zero in / / such that 

(3.3) ft(sx, 0) G ^ ! ^ a n d / ( 0 , jy) G ^ H 7 

for all / G / , (x,y) ^ Xx X Yx and 5 G [0, 1]. Put X = X0 H Xh Y = Y0 

n Yx and / = max(/0, t\, t2) and fix i G /, (x,j>) G X X F and s G [0, 1]. 
On the one hand we have 

(3.4) faix, sy) = (faix, sy) - f^sx, 0) ) + (/•(**, 0) - /-(0, 0) ) 

G ^ ( / ( ^ , j ) - / - ( « c , 0) - F+) + J / , ^ . 

Moreover if we write 

fi(sx, y) - fj(sx, 0) 

= (Ji(sx9y) - Mz(0, 0)) -f (Mf-(0, 0) - W/(0, 0)) 

+ K ( 0 , 0) - / • ( * * , o>) 

c (Mf-(jx,^) - Mz(0, 0)) + (k - /) 

+ (W/(0, 0) - m z (^ , 0) ) - F+ 

we obtain 
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fi(sx9 y) - f(sx9 0) G W + (*o - \)W + W ~ F+ 

and hence by relation (3.4) 

(3.5) f(sx, sy) G stl-W + ^ ~ W + -W + ^ w j - F+ 

(3.6) c s/Wo - ^ + . 

On the other hand by convexity oîf(sx, •) we have 

fi(sx, sy) = [fi(sx, sy) - f(sx9 0) ] + f(sx9 0) 

G -[/•(**, - ^ ) - f(sx9 0) ] + f(sx9 0) + F + 

and hence making use of relations (3.3) and (3.5) we obtain 

fi(sx, sy) G st(W +W+W+W+W+W) 

+ F+ c ^H^b + * + • 

So by relation (3.6) we have 

f(sx9 sy) G st(W0 - F+) n (W0 + F+) = s/^o 

for all / G /, (je, y) G X X Y and s G [0, 1] and the proposition is 
proved. 

3.5. COROLLARY. A family (//)/e/ °f biconvex or concave-convex 
operators from an open convex set C X D c G X H into F is 
equilipschitzian at a point (c, d) G C X D in the sense that for each closed 
circled neighbourhood W of zero in F there exist a neighbourhood U of zero 
in G X H and a closed circled neighbourhood V of zero in G X H such 
that 

Pw(fi(c + x,d + y) - fi(c9 d) ) ^ pv(x, y) 

for all (x, y) G U, i G /, if and only if there are two elements k and l G F 
and two families (m,-)^/ and (M,-)/e/ of mappings satisfying the conditions of 
Proposition 3.4. 

Proof The condition is obviously necessary. Let us show that it is 
sufficient. By Proposition 3.4 there exist a real number t > 1 and a closed 
circled neighbourhood U0 of (0, 0) in G X H such that 

(3.7) f( (c, d) + s(x, y) ) - f(c9 d) G stW 

for all /' G /, (x, y) G UQ and s G [0, 1]. Therefore for each (x, y) G -

£/0, each e G ]0, 1/2] and each / G / we have by relation (3.7) 

f(c + *,</ + y) -Mc9d) 

= fi((C9d) + (€ + P</0(*,>0)-
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((c + Pu0{x,y)yl(x,y))) -Mc,d) 

G t(e + PUo(x,y))W 

and hence for V: = t~lUo we have 

Pw(fi(c + x,d + y) - fj(c, d) ) ^ tpUo(x, y) = pv(x, y) 

for ail /' G I and (je, y) G U: = - U0. 

The next corollary gives a sufficient and necessary condition for 
continuity of biconvex or concave-convex operators. 

3.6. COROLLARY. Let f be a biconvex or concave-convex operator from an 
open convex subset C X D c G X H into F. Then fis lipschitzian at a point 
(c, d) G C X D if and only if there are a mapping m:C X D —» F lower 
semicontinuous at (c, d) and a mapping M:C X D —» F w/?/?er 
semicontinuous at (c, J) satisfying 

m(x, y) ^ f(x, y) = M(x, y) for each (x, y) <E C X D. 

Proof The condition is seen to be necessary by taking m = / a n d M = f 
To prove that it is also sufficient it is enough to apply Corollary 3.5 
with 

m\ -, •) = m - f(c9 d) and M'( -, •) = M - / ( c , </). 

To close this section let us give a condition (a little stringent when 
int F+ = 0) ensuring equi-Lipschitz continuity around a point of families 
of biconvex or concave-convex operators. 

3.7. PROPOSITION. Let (f)i^i be a family of biconvex or concave-convex 
operators from an open convex subset C X D of G X H into F. Assume that 
there exist two elements m and M in F satisfying 

m g fix, y) ^ M for all i G / and (JC, y) G C X D. 

Then the family ( / / ) , e / is equilipschitzian around any point in C X D. 

Proof. Let (c, d) be any point in C X D. Let W be a closed circled 
neighbourhood of zero in F. Choose a closed circled neighbourhood W of 
zero with W + W c W. By Corollary 3.2 and Proposition 2.5 the 
families 

{fi(x, -)'.i G /, x G C} and {/•(• , JO:/ e /, j G D) 

are equilipschitzian around J and c respectively and hence there exist a 
closed circled neighbourhood U X V of zero in G X 7/ and a 
neighbourhood X X y of (c, d) in C X D such that 

/ • ( X , J O -fi(x9y') G pK(j; - / ) J F 
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for all / e /, x e C and (y, / ) <= Y X Y and 

y;(x,>') - / ( x ' , ^ ) e Pt/(* - x ' ) ^ 
for all / e /, >• e D and (x, x') G X X X So if we write 

fi(x,y) -f(x',/) = (f,(x,y) -fi(x',y)) 

+ (f,(x',y) -f,(x',y>)) 

we see that 

fi(x,y) -f,(x\y') e Pu(x - x')W + Pv(y ~ y')W 

c p , ( t /XK)(x - x',y - y')W 
2 

and hence 

Pwifi^y) ~f(x\y')) ^ Pl(UXV)(x - x\y - / ) 
2 

for all / <= /, (JC, j ) and (*', / ) e X X 7. 

Remark. The above condition is also necessary whenever int(F+) ^ 0. 

4. Continuous seminorms and equicontinuity of convex and concave-
convex operators. This section is devoted to some necessary and sufficient 
conditions for equicontinuity of families of biconvex or concave-convex 
operators when F is locally convex (again F+ is assumed to be normal). In 
this case (see [11] ) there exists a base of neighbourhoods of zero which are 
circled, convex and full. Moreover one easily verifies that for each circled 
full neighbourhood W of zero in F the following property is satisfied: 

(4.1) x ^ y ^ z =» pw(y) ^ max (pw(x), pw(z) ), 

and pw is a seminorm whenever W is convex. 
Any seminorm satisfying property 4.1 will be called an order-monotone 

seminorm and hence the directed family of all continuous order-monotone 
seminorms on F generates the topology of F. 

Before we proceed to those conditions we need the following 
definition. 

4.1. Definition. A family (/i;);e/ °f functions from a topological space X 
into R will be called locally equimajorized around a point a e X if there 
exists a real number r and a neighbourhood A of a in X such that 

(4.2) hi(x) ^ r for all / e / and x <E A. 

4.2. PROPOSITION. Assume that F is locally convex. Let (f)i^i be a family 
of convex operators from an open convex set C c E into F. Then this family 
is equicontinuous at a point a G C if and only if for each continuous semi-
norm p on F the family of functions (p(f(' ) — f(a) )/e/ from C into R is 
locally equimajorized at the point a. 
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Proof. It is easily verified that the condition is necessary. By putting 

gi(x) = f(a + x) ~ f(a) f° r every x <E C — a 

we may assume that a = 0 and f(a) = 0. Let p be any continuous 
order-monotone seminorm on F and e be any positive real number. 
Choose a real number r = e and a circled neighbourhood V of zero such 
that 

(4.3) V c C and /;(.//(*) ) ^ r for all / G / and JC G V. 

By convexity of the operators/ we have for each / G / and each x G K 

--f.(-x) ^ M-x) ^ - f,(x) 
r r r 

and hence by relation (4.1) 

p(f(^x))^-r max (p(f(x) ), />(/•(-*) ) ). 

Therefore making use of relation (4.3) we obtain 

p(f(x) ) g c for all / G / and i G - K 
r 

and the proof is complete. 

Remark. A similar result also holds in terms of pw without assuming 
that F is locally convex. 

4.3. PROPOSITION. Assume that F is locally convex. Let C//) / e/ °e a family 
of biconvex or concave-convex operators from an open convex subset C X D 
into F. Then this family is equicontinuous at a point (c, d) G C X D if and 
only if for each continuous seminorm p on F the family of functions (p(f( • ) 
— fj(c, d) ) z G / is locally equimajorized around (c, d). 

Proof. It is clearly enough to prove that the condition is sufficient. We 
may suppose that c = 0, d = 0 and / ( c , d) = 0. Let/7 be any continuous 
order-monotone seminorm on F and let € be any positive number. Choose 
a real number r > 0 and a circled neighbourhood X X Y of zero in G X / / 
such that 

(4.4) X X y c C X 7) and/K/Cx, J 0 ) = r 

for all /' G / and (x, y) G X X 7. 

By convexity of the operators/(x, •) we have for each / G / and each (x, y) 

G x x y 

-Ufa, -y) -fi(x,0)) 
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^jr(fi{x,y)-fi(x,Q)) 

and hence making use of relations (4.1) and (4.4) we obtain 

(4.5) />(/(*, f y) - /.(*, 0) ) ^ f • 2r = i 
4r 4r 2 

Moreover by assumption and by Proposition 4.2 the family of convex (or 
concave) operators ( / / ( • , 0) )/GE/ is equicontinuous at zero and hence there 
exists a neighbourhood X' of zero in G such that 

(4.6) p(fi(x, 0) ) ^ for all / e / and x <E X'. 

So if we write 

M*, jry) = (/•(*, jry)- M*, 0) ) + /•(*, 0) 

we see by relations (4.5) and (4.6) that 

P(fi(x, y) ) = * f o r a l l / E / , i G l n X' and y Œ — Y 
4r 

and hence the family (f)1(=i is equicontinuous at (0, 0). 

The following two corollaries are direct consequences of Proposition 
4.3. 

4.4. COROLLARY. Assume that F is a normed space (always with F+ 
normal). Then a family (//)/e/ of biconvex or concave-convex operators from 
an open convex set C X D c G X H into F is equicontinuous at a point 
(c, d) G C X D if and only if the family of functions ( \\ft( • ) — 
f(c, d) || ) / e / is locally equimajorized at (c, d). 

4.5. COROLLARY. Assume that F is a normed space. Then a biconvex or 
concave-convex operator ffrom an open convex subset C X D c G X H into 
F is continuous at a point (c, d) e C X D if and only if there exists a 
neighbourhood of (c, d) in C X D on which the real function \\f( • , •) Il ^ 

Obviously similar results also hold for convex or concave operators and 
by taking F+ = {0} one recovers well known results for linear or bilinear 
operators. 

Acknowledgment. Thanks are due to a referee for pointing out reference 
[3]. 
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