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Existence of Solutions to Poisson’s Equation

Mary Hanley

Abstract. Let Q be a domain in R” (n > 2). We find a necessary and sufficient topological condition
on 2 such that, for any measure ;2 on R”, there is a function u with specified boundary conditions that
satisfies the Poisson equation Au = p on 2 in the sense of distributions.

1 Introduction

Let ) be an unbounded domain in Euclidean space R" (n > 2), and let f: Q — Rbe
a locally bounded measurable function. The purpose of this paper is to characterize
the domains €2 for which there exists a solution to the Poisson equation Au = f (in
the sense of distributions) with boundary values 0. (As usual, the boundary condition
is relaxed at the polar set of irregular boundary points.) We will also address the
corresponding problem where f is replaced by a measure. We impose the minor
restriction that ) be Greenian, that is, ) possesses a Green function. Thus, when
n = 2, the set {2 must have non-polar complement.

Theorem 1 Let §) be an unbounded, Greenian domain in R". The following state-
ments are equivalent:

(i) For each locally bounded measurable function f: Q — R there exists a continu-
ous function u: Q0 — R satisfying:

(a) Au = f (in the distributional sense) on €);
(b)  u has limit 0 at regular points of 0%
(¢) wuis bounded near each irregular point of OS2

(ii)  For each compact set K in R" there is a compact set L which contains the bounded
components of Q0 \ K whose closure intersects K.

We note that the topological condition (ii) has arisen previously in connection
with the Dirichlet problem on unbounded domains [2]. It is also reminiscent of the
“long islands” condition first introduced by Gauthier [3] in connection with Carle-
man approximation by holomorphic functions.

Before stating the next result, we make some definitions. We denote the open ball
in R” with centre x and radius r by B(x, r). The fine topology is the coarsest topology
on R” that makes every superharmonic function on R" continuous in the extended
sense. A set E C R" is said to be thin at a point y if there is a superharmonic function
u on a neighbourhood of y such that liminf, ., cp u(x) > u(y). We will say that
a function f: Q — [—o00,+00] has fine limit [ at a point y € OS2 if there is a set
E C Qthatis thin at y and f(x) — lasx — y along 2\ E. Finally, if a proposition
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concerning a point y in a set A is true for all y € A apart from a polar set, then it is
said to hold for quasi-every point y € A.

Theorem 2 Let 2 be an unbounded Greenian domain in R”. The following statements
are equivalent:

(i) For each measure i on Q there is a subharmonic function u on Q satisfying:
(@) Au = ponQ (in the distributional sense),
(b) limsup,_,, u(x) < finelim,_.,, u(x) = 0 at quasi-every point y € 09,
(c) limsup,_,, u(x) < +oo ateach point y € 0K,
(d) liminf,_,, u(x) > —oo whenever y € 0 and fB(
bounded above for some € > 0.

7,6)NQ U(:,2)du(2) is

(ii)  For each compact set K in R" there is a compact set L which contains the bounded
components of 0 \ K whose closure intersects K.

In the proofs of these theorems we will make use of the function U on R” x R"

defined by
—loglx —yl| (x+# y;n=2),
Ult,y) = llx—yI>™"  (x#ypn=3)
+00 (x=y).

2 Proof of Theorem 1

Suppose that €2 is an unbounded Greenian domain in R” satisfying the topological
condition (ii) and that f: Q — R s a locally bounded measurable function. Without
loss of generality, we can assume that f > 0. Further, we can assume that f is defined
on all of R" and valued 0 outside (2.

We will apply the method used to prove Theorem 4.3.10 of [1] to get a subhar-
monic function s on R” which has Riesz measure f\,, where A\, denotes Lebesgue
measure on R”. We define a sequence of functions ( f;) by

f) = {f on B(0, 2),

0 elsewhere.

and, for k > 2,
on B(0,k+ 1) \ B(0, k),
filx) = ! \
0 elsewhere.
The function ui(x) = — f Ux, ) fi(y) d\a(y) (x,y € R") is subharmonic on R”

and harmonic on B(0, k) when k > 2. The harmonic function u; on B(0, k) has
an expansion in terms of homogeneous harmonic polynomials. By suitably truncat-
ing this expansion we see that there is a harmonic polynomial /i on R" such that
lux — hy| < 27Fon B(0, k — 1) when k > 2. We define

s=u; + Z(um — h,).
m=2
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Since, for k > 2, the series Z;o:k(um — h,,) converges uniformly on B(0, k) to a
harmonic function, the function s is subharmonic on R".

Let ¢ be a real-valued infinitely differentiable function on R” with compact sup-
port in €2. We can choose k such that the support of v is contained in B(0, k). We
write the function s in the form

k—1 %)
= — U X, - hm m — P .
%) /m (6, 1) F () dAa(y) ; () + ij(u (%)

Now the function fm U(-,y)f(y)dA,(y) is a potential on R"” when n > 3, and
a logarithmic potential on R?, with associated Riesz measure f B Leta, =
max{1,n — 2}c(0B), where o(0B) denotes surface area measure of the unit sphere
in R". Since an_:lz h,, and ano:k(um — h,,) are harmonic on B(0, k), and the support
of 1) is contained in B(0, k), it follows that

/Q sApdN = a, | bfdN, = a, /Q f d\,

B(0,k)

that is, As = a, f in the sense of distributions.

Since fi is a bounded Lebesgue integrable function with compact support in R",
it follows from [1, Theorem 4.5.3] that u; is a continuous function on R”. Hence
Z,fiz(uk — hy), which converges locally uniformly on R”, is also continuous on R”,
and so s is continuous on R” D 0f). Since the topological condition (ii) is precisely
that required to solve the Dirichlet problem on unbounded domains for arbitrary
continuous boundary data (see [2]), there is a harmonic function h; on €2 such that
hy(x) — s(y) asx — y when y is a regular point of 92 and limsup, _, , |hs(x)| < +o00
when y is an irregular point of 9Q. If we define u = 1/a,(s — h;), then u satisfies the
conditions in (i).

Conversely, suppose that the topological condition (ii) fails. Then there is a com-
pact set K in R” and a sequence (£2) of bounded components of  \ K such that
QN K # @ and Q \ B(0,k) # @. We choose x; € (U, for each k, such that
dist(xx, K) < 1/k. Then, by replacing (€%) by a suitable subsequence if necessary,
we can assume that (x;) converges to some point x* of 92 N K. Let By be an open
ball such that By C Q \ B(0, k), and x; & By. For each k, there exists ¢ > 0 such
that Go, (xk, y) > ex when y € By, where Gg, (x, ) is the Green function for €. Let
¢t = A\,(By) and define

k

(2.1) f(y) = ¢ Ga(x, y)ek
0 elsewhere.

()’EBld kZ 1)7

For each k, we define

ne) = /Q G, (6 O dA(y) (x € ).
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Then vy is a potential on 2 since f is bounded (0 < f < k(crex)~!) and has compact
support in £ for each k. Also, Avy = —a, f on () in the sense of distributions.

Now suppose, for the sake of contradiction, that u is a continuous function on 2
that satisfies the conditions in (i) for the function f. Since Au = f > 0 on 2 in the
sense of distributions, it follows that u is also subharmonic on €2 (see [4, Theorem
2.5.8]). Let

(2.2) m=supu’.
KNQ

Since u is bounded near each point of 92N K and is a continuous function on KN {2,
we see that m is finite. Similarly, u is bounded above on € since 9% C OQU(KNQ).
By our supposition lim, _,, u(x) = 0 for every point y in 92N 02 except the polar set
of irregular points and, by (2.2), lim,_,, u(x) < m for every y in 9§ N K, so we can
apply the maximum principle (the general form provided in [1, Theorem 5.2.6(i)])
to the subharmonic function u — m to see that u < m on ) for each k. By the Riesz
decomposition theorem, since vy is the potential on {2 of the Riesz measure f = Au,
it follows that u = —a;, 'vx + Hy on ( for each k, where Hj is the least harmonic
majorant of u on (2. Clearly Hy < m on ). Hence,

23 uts) =~ [ Go (s NS ) + Hilo),

k

anCk JB,

d\,(y) + Hi(xi)

<——+m — —ooask— o0,
an

contradicting the supposition that u satisfies condition (c) of (i).

3 Proof of Theorem 2

Suppose that €2 satisfies the topological condition in (ii). Let x4 be a positive measure
on R". We can assume that p(R" \ ©) = 0 and, without loss of generality, that

B(0,2) C . For each j and k in N, we define
Qjr={xeQnB,k+1)\ B(0,k)) : dist(x, R" \ Q) > 1/j}.

Thenas j — oo, (1(2j) T M(Q N (B(0,k + 1)\ B(0, k))) . For each k, we can choose
jk such that u( (\ Qj,0) N (B0, k+ 1)\ B(O, k))) <27k LetQy = (Uk>1 ij,k) U
B(0,1). Then €, is a relatively closed subset of  since B(0,2) C and jk > L
Further,

(3.1) / du(y) <) 27F=1.
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Now we define yi1 = pufq, 577 and pu = MlQm(W)\TO,k)) when k > 2. Let

mw:—/umwmmw

and let b (k > 2) be a harmonic function on R" such that | — h| < 27% on
B(0,k — 1). Then, as in the proof of the previous theorem, the function

s=u+ Y (u— )

k=2

is subharmonic on R", harmonic (and so, in particular, continuous) on R" \ ; D
01}, and has associated Riesz measure y|q,. By hypothesis, € satisfies the topological
condition required to solve the Dirichlet problem for continuous boundary data (see
[2]), so there is a harmonic function ks on €2 such that hy(x) — s(y) asx — y for
each regular point y € 9 and limsup,_, , |h(x)| < +oc for each point y € 0.
Clearly A(s — hs) = ayplg,»

(3.2) fine lim (s — hy)(x) = lim(s — hy)(x) = 0

XH)/ X*))/
at each regular point y of 99, and limsup,_, [s — hy[(x) < +oc at each y € 0.
Thus, since the set of irregular points of 92 is polar, the conditions in (i) are fulfilled

for the measure y|q, by the function a;, (s — hy).
Let B = B(0, 1). By (3.1), the function defined by

f U(x, y) dulove, () (x e R",n > 3),
v(x) = q [ Gry5(x, p)dplorg, (7)) (x € R?\ B,n = 2),
0 (x € B,n=2).

is a Newtonian potential when n > 3 and a potential on R? \ B when n = 2. We let
Qo = R" when n > 3 and Qy = R? \ B when n = 2, and define

- {ﬁ”@)@emx

R,(x) = —

0 (x € B,n=2),

where R\ denotes the regularized reduced function of v with respect to superhar-
monic functions on y and the set 5 \ Q. Then AR, —v) = anpt|o\q, on Q (for
n > 3), since R, is harmonic on €. In the case where n = 2, both v and R, restricted
to QF \ B (where Q29 denotes the interior of ;) are non-negative harmonic functions
with limit 0 at 9B, so they are subharmonic functions on {2 whose associated Riesz
measures have support in 0B. Let w; (respectively w,) be the potential on {2 of the

measure on OB associated with v (respectively R,) and let vy = w, — w;. Then v is
harmonic on Q \ 9B, and Avy = A(v — R,) on 2, so

A(ﬁv — v+ ) = anpt|ong, onQ (1 =2).
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When n > 2, both of the functions v and R, are superharmonic on R” \ B and
hence finely continuous there. Also, by [1, Theorem 5.7.3], they are equal quasi-
everywhere on R” \ €2, which contains 0f2. Hence

(3.3) lim sup(R, — v)(x) < 0 = fine lim (R, — v)(x)
x—yx€) =y

at quasi-every point y € 9Q C R"\ €, since the set of points in 92 where v = +00 is
also a polar set. The function vy is the difference of two potentials on 2 of measures
with compact support, and so

(3.4) fine lim v(x) = lim vo(x) = 0

X—y X—y

at every regular point y € 0§, that is, at quasi-every point y € 9S2. We define

LR —vis—h)  (nz3),
a

| PN
— Ry, —v+vy+s—h) (n=2).
an

Then u is subharmonic on , with Au = plg\o, + plo, = p on €. Thus u satisfies
conditions (i)(a) and (b), in view of (3.2), (3.3) and (3.4).

Since lim sup,._,, |s — hy(x) < 400 at each y € 09, and since v, (being
the difference of two potentials with compact support) is also bounded near each
y € 01, it remains to show that R, — v satisfies conditions (c) and (d) of (i). Con-
dition (c) is immediate, since R,—v<0on Q. Finally, if y € 02 and there exists

€ > 0 such that fB(%E)mQ U(-,z)du(z) is bounded above, we let

v = o) UG5 2) dpilana, (2) (n>3),
1 fB(y,s) Ga(+,2) dplovg, (2) - (n=2);

v fR”\B(y.e) U( . ,Z) dﬂ’|Q\Ql (Z) (I’l Z 3)a
) = ’
f(]R{z\E)\B(y,s) G]R{Z\E( . ,Z) d‘LL|Q\Ql(Z) (I’l = 2)

Then v = v;+v, on R”\ B. (We may assume that ¢ < 1.) The function v, is harmonic
on B(y, €), so it has a finite limit at y. When n = 2, for each z € R? \ B, let h, denote
the greatest harmonic minorant of U (-, z) on R? \ B, so that

Gp\g(x, 2) = U(x,2) — h;(x).

The function h,(z) is harmonic in (x,z) and hence bounded on B(y,e) x B(y, ¢).
Thus

i (x) = / Ux, 2) dulgng, (2) — / ha(2) ditlon g, (2)
B(y,e) B(y,e)

< / Utx, 2) dulone, (2) + 1(B(7,2)) sup (),
B(y,e) z€B(y,e)
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and so v; is clearly bounded above on B(y, £). Hence lim sup,_,, v(x) < 400 for all
ona U(-,z)du(z) is bounded above. Since §V > 0on R" it
follows that liminf,_,, u(x) > —oo at any point y where fB(y N0 U(-,z)du(z) is

n > 2 whenever fB(

bounded above.

Conversely, suppose that (2 is an unbounded Greenian domain in R"” for which
the topological condition in (ii) fails for some compact subset K of R". We define a
sequence (£2;) of bounded components of 2 \ K and a sequence of points (x;) which
converges to x* in 92 N K as in the proof of the converse of the previous theorem.
We next define f as in (2.1) and let 4 = fA,. Then f = 0 on R" \ |J, Bx. Clearly
there exists € > 0 such that f = 0 on B(x*, ) N {2 and thus

(3.5) / U(-,2)fdl\(2) = 0.
B(x* £)NQ

Now suppose that u is a subharmonic function satisfying the four conditions in
(i) of the statement of the theorem, with ;x = f\,. Then, by condition (d) and (3.5),

(3.6) lim infu(x) > —oo.

It follows from the upper-semicontinuity of u and condition (c) of (i) that m =
SUpgnq #* is finite (see the justification of (2.2)). So lim supxﬁy(u —m)(x) < 0at
every point y of 9§}, N K and, by condition (b) of (i), lim sup,_., u(x) = 0 at quasi-
every point y € 9§ N Q. Thus limsup,_, y(u—m)(x) < 0 at quasi-every point
y in 0, for each k. Further, by condition (c), the function u is bounded above
on 4 for each k. Thus, by the maximum principle applied to the bounded set €,
the subharmonic function u and its least harmonic majorant are bounded above by
m on €, for each k. As in Section 2 (see (2.3)), this leads to the conclusion that
u(xg) — —oo as xx — x*, which contradicts (3.6).
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