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Abstract

This-paper considers analogs of results on integral operators studied by Héormander. Using the
sharp function introduced by Fefferman and Stein, we prove weighted norm inequalities on
kernel operators which map an L? space into an L? space, with ¢ not equal to p. The
techniques recover known results about fractional integral operators and apply to multiplier
operators which satisfy a generalization of the Héormander multiplier condition.

1980 Mathematics subject classification (Amer. Math. Soc.) (1985 Revision): 26A33, 42B15,
44A35.

1. Introduction

Let K be a locally integrable function on R” and consider the convolution
operator Tf = K « f. Hormander [5] proved that if T defines a bounded
operator on some L? space and K satisfies the condition

an IK(x —y) - K(x)ldx < C, fory #0,
{x:|x|>2(y]}

then T defines a bounded operator on all L? spaces, 1 < p < .
More recently, stronger versions of (1.1) have been studied using the sharp
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function introduced by Fefferman and Stein [2]. In particular, the estimate

a2 (f K- Kl d) (M)

with Z}':IS(Z”) < 400, can be used to prove (Tf)*(x) < CM, f(x),
where M, is a variant of the Hardy-Littlewood maximal function. This
technique was first introduced by Cordoba and Fefferman {1] and Kurtz and
Wheeden [6]. See also the article of Rubio de Francia, Ruiz and Torrea [10],
where all of these ideas are carried over to the vector-valued setting.

Hoérmander also studied operators which are bounded from L? to Lf?
with p<gq. Let a>1. Wesay K isin K? if

(1.3) / IK(x —y) — K(x)]"dx < C, fory #0.
{x:[x1>2(y|}

If Ke K* and T maps L” to L? for some p and 1/q¢ =1/p—1/d’, he
proved that T maps L? to L? for all pairs p and ¢ with 1 <p <g <
and 1/g=1/p—1/a .

By Holder’s inequality, (1.2) for a particular value r, implies (1.2) for
every r, 1 <r <r,, and hence (1.1) holds. Clearly, the sharpest estimates
are obtained by the largest values of r satisfying (1.2) while the relationship
between p and g depends on the values of a satisfying (1.3).

In this paper, we consider kernels which satisfy analogs of (1.2) which
relate to (1.3) for a > 1. Let 0 < a < n. We use estimates of the form

to obtain inequalities relating (7' f )# to variants of the fractional maximal
function of order a. Such an estimate is useful only when o — n/r' < 0
or r > (n/a) . From (1.4), we derive weighted results from L’ to L? with
1/g = 1/p —a/n. One easily sees that the kernel of the Riesz potential, I_,
satisfies (1.4) for all r > (n/a)’. We thus obtain the results in [7]. These
ideas can also be applied to multipliers which satisfy

/ |DPm(x) dx < BR"IF1=52
{x:R<{x|<2R}

where 0 < a < n. This is a generalization of the Hérmander multiplier
condition, which is obtained by setting s =2 and a=0.

In Section 2, we collect known results to be used in the sequel. Results
about kernels satisfying (1.4) are found in Section 3. The last section contains
applications. We only consider the case a > 0 since when o = 0 these are
known. In general, the proofs are adaptations of ones found in [6] and [7].
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2. Preliminary results

We assume f is a Lebesgue measurable function which is locally inte-
grable. Given a set E, |E| denotes its Lebesgue measure. We use Q to
denote a cube in R” with sides parallel to the coordinate axes.

DEFINITION 2.1. Let 0 <a<n and 1 <r<n/a. Define M, by

r

1/r
_ (ar/n)—1 r
M, f(x)= sgp <1QI /Qlf(y)l dy) ,

where the supremum is taken over all cubes Q which contain x.

Note that M, , is the standard fractional maximal function.

Let w be a nonnegative, measurable function on R” and, for 1 < p <
oo, set ||fll, , = (for |f(x)|"w(x)dx)l/” . Given a measurable set E, let
w(E) = [pw(x)dx.

DEFINITION 2.2. Wesay w € A, if there is a constant C so that for every
cube Q

(lél/gw(x)dx) (l‘é‘l /Qwoc)“”'arx)"'l <C, 1<p<oo,

or
ﬁ/Qw(x)dx < ces;seiélfw(x), p=1.

We say w € A if given £ > 0 thereisa J > 0 so that for any cube Q and
measurable set £ C Q, |E| < d|Q| implies w(E) < ew(Q).

We assume the reader is familiar with this condition. See, for example,

(31
Let ] <r<p<ooand 1 <g<oo. Write w € A(p,q;r) if w €
AHq(p_,)/p,. In particular, A{p,p;1) = 4, and A(r,q;r) = A,. Since

M, f={M, |fI'}'", by Theorem 3 of [7] with w = V'*, we have

a

THEOREM 2.3. Let 0 <a<n, 1 <r<p<nja, 1/g=1/p—-a/n, and
w e A(p, q;r). There is a constant C, independent of f, so that

1M, Sllgw < CAN, yore-

Given a locally integrable function f, set

1
fo=1gi /Q f0)dy.
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DEFINITION 2.4. Define the sharp function of f by
afl
ffx)=sup = [ 1) - fpldy,

where the supremum is taken over all cubes Q containing x.
The following result can be found in [1].

LEMMA 2.5. Let w € A and 0 < p < oco. There is a constant C,
independent of [, so that ||fl|, , < C||f*|[p,w.

3. Sharp function estimates

Let K be a locally integrable function on R”. We consider kernels which
satisfy the following definition.

DEerINITION 3.1. Let 0 < a < n and n/(n —a) < r < co. We say
K € K(r, o) if there is a non-decreasing function S on (0, 1) such that

(1)
r W |y| a—n/r R

(f K-y -k@dx) ss(B)rpi<d,

{x:R<|x|<2R} R 2
(i1)

| 1 a
1Tl <CAlys 5 =505,

(iii)

o .

Y S277) < +oo.

j=1
It is not necessary to use the same r in (i) and (ii), so we could allow r = co.
We will need neither generalization here. Moreover, from Hérmander’s result
we get

CoROLLARY 3.2. Suppose 0 < a < n, nf(n—a) <ry<oo,and K €
K(ry,a). Then K € K(r, a) for nf(n—a)<r<r,.

One merely observes that by Holder’s inequality, K € K(r,, a) implies
K satisfies (3.1)(i) for n/(n —a) < r < r,. Therefore, K € K=
Since (3.1)(ii) is satisfied for 7, (3.1)(ii) is true for all pairs 7' and ¢ with
l1<r'<g<oo and 1/g=1/r —a/n.

Our basic estimate is contained in the following theorem. The proof, which
can be found in [6], is included for completeness.

https://doi.org/10.1017/51446788700030287 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700030287

[5] Sharp function estimates for fractional integrals 133

THEOREM 3.3. Let 0 < a < n and n/(n—a) <r < oo. There is a constant
A, depending only on n,r, and o, so that for K€ K(r,a) and fe L,

(TNH'(x) < 4 {c + isa")} M, f(x),

j=1

where C is the constant in (3.1)(ii).

ProofF. Fix x € R” and let Q be a cube centered at x and having

diameter 6. Set g(y) = f(W)x{y:|x —y| <26} and h(y) = f(y)-g(y). B
(3.1)(ii),

1 1 a; \ ~1/q
o /Q ITe)ldy < (IQI /Q ITg()] dy) < clo el

(ar' /n)—1 r L
~c(lei " [ I dy)
{y:|x—y|<26}
<Cin,r,o)- CMG’,:f(x),

since g is supported in a ball whose size is comparable to |Q)].

Since he L” , (Th)(»)l < +oo a.e. Without loss of generality, we may
assume |Th(x)| < +oo. For ye Q

Thy) = Thex) + [ (KO = 2) = K(x - 2)}h(2)dz = Co e,

where C, is independent of y. Let x;(y) = x{y:26 < |x -yl < 2*'6}.
Then

el Y- [ 4 (2IK0 - 2) - Kex - DlIf())d:z
j=1
) 1/r
< (/1 @niKw -2~ ke - 2)az)

% (/{z:|x-z|ng“a} If(z)’rldz>l/’l'

Since |x —y| < d, by (3.1)(i)
v — x|> j a_(,,/,)(/ , )1/,,
< z S 2’4 d
el < o ( 2/5 (29) {z:lx—2|<2*'8} il dz

<Cyn,r,a) ZS(Z_j)Ma,r, f(x).

Jj=1
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Therefore, if 4 =max{C,, C,},

1 i |
@/QITf(y)—CQldy < @/ |Tg(y)ldy + @/QlTh(y)—CQIdy

<A{C+Zs }M ().

Jj=1

From this, one has

(Tf) (x)<2A{C+§:s } 2 f(x).

j=1

Recall that w € Ap implies w € 4. Therefore, combining Lemma 2.5
and Theorems 2.3 and 3.3 yields

LEMMA 34. Let 0 < a<n, nf(n—a) <r <oo and K € K(r, a).
If <p<nja, 1/g=1/p—a/n, and w € A(p, q;r'), then there is a
constant C, independent of f, such that

ITANly,w < ClIAl, s

Often, K € K(r, a) for all r satisfying n/(n—a) <r < R' < co. In that
case, we have

THEOREM 3.5. Let 0 <a <n, 1 < R< n/a, and suppose K € K(r, a)
forall r, nfin—a) <r<R.IfR<p<nja, 1/g=1/p—a/n, and
w e A(p, q; R), then there is a constant C, independent of f, such that

WTA N, w < CAl, yora-

Proor. Suppose p, ¢ and w satisfy the hypothesis. By Lemma 3.4, we
need only show that thereisan r, n/(n—a) <r< R’ such that ¥ < p and
w € A(p, q; r'). We can choose such an r by observing thatif 1 <r<p <
oo and w € A(p,q;r), then we A(p, q;s) for some s >r.

By duality, we get

COROLLARY 3.6. Suppose K satisfies the hypothesis of Theorem 3.5. If
l<p<(;R%), 1/g=1/p—a/n, and w ~»'/a € A(q',p'; R), then

ITA Ny, < CIAl,, yoe-
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Note that For R=1, w?"? € A(q’, p'; 1) ifand only if w € A(p, ¢; 1)
and the corollary gives no new information.

4. Applications

Let 0 < o < n and suppose K is a measurable function which satisfies

(i) HxeR"“:|K(x)| >4} < cp M-

4.
GO ) K-y -k < —S2

|x|n+l_a ’ le > 2|y|‘
By (4.1)(i), Tf =K * f maps L? into LY, 1<p<n/a, 1/g=1/p—a/n
[8, page 121]. By (4.1)(ii), K satisfies (3.1)(i) with S(z) = ¢ for any r >
n/(n —a). Thus, K satisfies Theorem 3.5 with R =1 and we have

THEOREM 4.2. Suppose K satisfies (4.1) with 0 < a <n. Let 1 <p <
nja, 1/q=1/p—a/n, and w € A(p, q; 1). Then, there is a constant C,
independent of [, such that

WTSfll, 0 < CUAN, yre-
Since K(x) = |x|*™" clearly satisfies (4.1), Theorem 4.2 includes the re-
sult of Muckenhoupt and Wheeden [7] for the fractional integral operators
LX) = g fu SO)x = pI°""dy, 6(a) = I"?2°T(n/2)/T(n/2 - a/2).
(See also [4, 11].)

Let g be the Fourier transform of the function g. Given a function m(x)
on R", define the multiplier operator T = T, by (T NNx) = m(x)f(x).
Let 8 = (B,,..., B,) be a multi-index of non-negative integers and [f| =
B,+---+B, . Consider multipliers, m , which satisfy the following definition.

DEFINITION 4.3. Let 1 < s < o0, a€ R,and ] € N. Wesay m €
M(s, [, a) if there is a constant B such that |m(x)| < Bjx|™* and

/s
(rere [ D m(x)'dx) " <B. forR>0,IpI<!.
{x:R<|x|<2R}

The condition M(s, /, 0) was studied in [6].

Suppose 1 <s<2,n/s<l<n,0<a<n,and me M(s,!,a). Let
m_(x) = |x|*m(x) and T, be the operator with multiplier m_. Then m_e
M(s,1,0) sothat T, is a bounded operator on L?, 1 < p < . Further,
|x|™* is the multiplier for I_. Since m(x) = |x|"*m_(x), T,, = T,I  which
implies 7,, maps L” to L?, 1<p<n/o and 1/g=1/p—a/n. Let K be
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the inverse Fourier transform of m. To see if K € K(r, a), we need only
check conditions (3.1)(i) and (3.1)(ii).

The proof of [6, Lemma 1] can be applied to m € M(s, [, ), so that by
Theorem 3.3 and a limiting argument we get

THEOREM 4.4. Let 1 <5s<2,leN, n/s<l<n,0<a<n,and me
M(s,l,a). Set R=max(1,n/(l+a)). f R<p<n/a, 1/g=1/p—a/n,
and w € A(p, q; R), then there is a constant C, independent of [, such
that

1T g 20 < ClIS Ny, o

When R > 1, we can extend the theorem using Corollary 3.6. Notice that
for R=n/(I+a)>1, (Rn/(n—aR)) =(n/l) =n/(n-1).

COROLLARY 4.6. Let 1 < s <2, l € N, n/s <1l < n,and m ¢

M(is,l,a). Ifl+a<n, 1<p<n/(n-1), 1/q =1/p~-a/n, and
w e Alq,p';n/(+a)), then

HTA g, < CUS,, ypre-

We note that these two results are equivalent to the ones obtained by
writing 7, =7, I =1 1T, and using Theorem 4.2 and results in [6].
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