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Abstract. Kottwitz conjectured a formula for the (semi-simple) trace of Frobenius on the
nearby cycles for the local model of a Shimura variety with Iwahori-type level structure. In
this paper, we prove his conjecture in the linear and symplectic cases by adapting an argument
of Gaitsgory, who proved an analogous theorem in the equal characteristic case.
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1. Introduction

For certain classical groups G and certain minuscule coweights y of G, M. Rapoport
and Th. Zink have constructed a projective scheme M(G, u) over Z, that is a local
model for singularities at p of some Shimura variety with level structure of Iwahori
type at p. Locally for the étale of topology, M(G, u) is isomorphic to a natural Z,-
model M(G, p) of the Shimura variety.

The semi-simple trace of the Frobenius endomorphism on the nearby cycles of
M(G, p) plays an important role in the computation of the local factor at p of the
semi-simple Hasse—Weil zeta function of the Shimura variety, see [17]. We can re-
cover the semi-simple trace of Frobenius on the nearby cycles of M(G, i) from that
of the local model M(G, u), see loc. cit. Thus the problem to calculate the function.

x € M(G, p)(F,) —~ Tr*(Fr,, R¥(Qy),)

comes naturally. R. Kottwitz has conjectured an explicit formula for this function.
To state this conjecture, we note that the set of [I¥,-points of M(G, u) can be
naturally embedded as a finite set of Iwahori-orbits in the affine flag variety of

G(Fy(()
MG, Wy C G ((D)/T
where [ is the standard Iwahori subgroup of G(I",((?))).

https://doi.org/10.1023/A:1019666710051 Published online by Cambridge University Press


https://doi.org/10.1023/A:1019666710051

118 T. HAINES AND B. C. NGO

CONJECTURE (Kottwitz). For all x € M(G, p)(I,),
Tr¥(Fr,, RP(Qy),) = ¢z, (x).

Here ¢'*#z,(x) is the unique function in the center of the Iwahori-Hecke algebra of
I-bi-invariant functions with compact support in G(I4((¢))), characterized by

q<p’mzu(x)*11< = MKHIC

Here K denotes the maximal compact subgroup G(I,[[7]]) and [,k denotes the char-
acteristic function of the double-coset corresponding to a coweight p.

Kottwitz’ conjecture was first proved for the local model of a special type of
Shimura variety with Iwahori type reduction at p attached to the group GL(d)
and minuscule coweight (1, 04!) (the ‘Drinfeld case’) in [9]. The method of that
paper was one of direct computation: Rapoport had computed the function
Tr¥(Fry, R‘P(Q()x) for the Drinfeld case (see [17]), and so the result followed from
a comparison with an explicit formula for the Bernstein function z(; g«-1y. More gen-
erally, the explicit formula for z, in [9] is valid for any minuscule coweight u of any
quasi-split p-adic group. Making use of this formula, U. Gortz verified Kottwitz’
conjecture for a similar Iwahori-type Shimura variety attached to G = GL(4) and
u=(1,1,0,0), by computing the function Tr*(Fr,, R‘“P(@z)x) for x ranging over
all 33 strata of the corresponding local model M(G, w).

Shortly thereafter, A. Beilinson and D. Gaitsgory were motivated by Kottwitz’
conjecture to attempt to produce all elements in the center of the Iwahori—-Hecke
algebra geometrically, via a nearby cycle construction. For this they used Beilinson’s
deformation of the affine Grassmannian: a space over a curve X whose fiber over a
fixed point x € X is the affine flag variety of the group G, and whose fiber over every
other point of X is the affine Grassmannian of G. In [5] Gaitsgory proved a key com-
mutativity result (similar to our Proposition 21) which is valid for any split group G
and any dominant coweight, in the function field setting. His result also implies that
the semi-simple trace of Frobenius on nearby cycles (of a K-equivariant perverse
sheaf on the affine Grassmannian) corresponds to a function in the center of the
Iwahori—-Hecke algebra of G.

The purpose of this article is to give a proof of Kottwitz’ conjecture for the cases
G = GL(d) and G = GSp(2d). In fact we prove a stronger result (Theorem 11) which
applies to arbitrary coweights, and which was also conjectured by Kottwitz
(although only the case of minuscule coweights seems to be directly related to
Shimura varieties).

MAIN THEOREM. Let G be either GL(d) or GSp(2d). Then for any dominant
coweight u of G, we have

Tr*(Fry, R¥Y(A,) = (=127 " my(3)z;.

i<

Here M is a member of an increasing family of schemes M, which contains the local
models of Rapoport-Zink; the generic fiber of M can be embedded in the affine
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Grassmannian of G, and A, , denotes the K-equivariant intersection complex corre-
sponding to u. The special fiber of M embeds in the affine flag variety of G(Fq((t))) SO
we can think of the semi-simple trace of Frobenius on nearby cycles as a function in
the Iwahori—-Hecke algebra of G.

The crucial step in the proof of the theorem is to show that the function
Tr*(Fry, RYM (A,.)) is in the center of the Iwahori-Hecke algebra. The basic strat-
egy to prove this is

(1) give a geometric construction of convolution of sheaves which corresponds to
the usual product in the Hecke algebra,

(2) show that convolution commutes with the nearby cycle functor,

(3) show that on the generic fiber, convolution of appropriate sheaves is commutative.

While the strategy of proof is similar to that of Beilinson and Gaitsgory, in order
to get a statement which is valid over all local non-Archimedean fields we use a
somewhat different model, based on spaces of lattices, in the construction of the
schemes M, (we have not determined the precise relation between our model and
that of Beilinson and Gaitsgory). This is necessary to compensate for the lack of
an adequate notion of affine Grassmannian over p-adic fields. The union of the
schemes M, can be thought of as a p-adic analogue of Beilinson’s deformation
of the affine Grassmannian.

2. Rapoport-Zink Local Models
2.1. SOME DEFINITIONS IN THE LINEAR CASE

Let F be a local non-Archimedean field. Let O denote the ring of integers of F and let
k = I¥, denote the residue field of O. We choose a uniformizer @ of O. We denote by
n the generic point of S = Spec(O) and by s its closed point.

For G = GL(d) and for p the minuscule coweight

I,...,1,0,...,0
r d—r

with 1 <r <d—1, the local model M, represents the functor which associates
to each (J-algebra R the set of L, =(Ly,...,Ls 1) where Lgy,...,L; | are R-
submodules of RY satisfying the following properties

e L,..., Ly are locally direct factors of corank r in RY,
e o/(Ly) C Ly,o/(Ly) C Ly, ...,o/(Ly_1) C Ly where o is the matrix
0 1
OC/ — T
0 1
w 0
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The projective S-scheme M, is a local model for singularities of p of some Shimura
variety for unitary group with level structure of Iwahori type at p (see [17, 18]).
Following a suggestion of G. Laumon, we introduce a new variable ¢ and rewrite
the moduli problem of M, as follows. Let M,(R) be the set of L, = (Lo, ..., Lqs-1)
where Lo, ..., L, 1 are R[f]-submodules of R[7]?/¢tR[f]? satisfying the following

properties
e as R-modules, Lo, ..., L,_; are locally direct factors of corank r in R[#]¢/tR[1]%,
e o(lg)C Ly,a(Ly) C Ly, ...,a(Ls1) C Ly where o is the matrix
0 1
o= -
0 1
1+ 0

Obviously, these two descriptions are equivalent because ¢ acts as 0 on the quoti-
ent R[7]?/¢R[7]°. Nonetheless, the latter description indicates how to construct larger
S-schemes M|, where u runs over a certain cofinal family of dominant (nonminus-
cule) coweights.

Let n_ < 0 < ny be two integers.

DEFINITION 1. Let M, ,4 be the functor which associates each O-algebra R the set
of Ly =(L,,...,Ls 1) where Ly, ..., L, are R[{]-submodules of
"~ R[4/ R[]

satisfying the following properties:

e as R-modules, Lg,...,Ls; are locally direct factors rank n,d—r in
"+ R[4/ " R[],
[ ] OC(L()) C L], O((L]) C Lz, ey OC(Ld_]) C Lo.

This functor is obviously represented by a closed sub-scheme in a product of
Grassmannians. In particular, M, ,1 is projective over S.
In some cases, it is more convenient to adopt the following equivalent description
of the functor M, ,.. Let us consider « as an element of the group
a e GL(d, O[t, t™", (t + @) ")).

Let Vo, Vi, ..., Va4 be the fixed O[f]-submodules of O[t, 1", (1 + ) ~']? defined by
Vi = a'O[1]%. In particular, we have V; = (t + @w)~'V,. Denote by Vi r the tensor
V; ®o R for any O-algebra R.

DEFINITION 2. Let M, . be the functor which associates to each O-algebra R the
set of

Lo=(LoC LI C-CLyi=(+w) 'Ly
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where Lo, L1, ... are R[{]-submodules of R[t, 1!, (t + @) ~']“ satisfying the following
conditions

e foralli=0,...,d—1, we have t"*V; g C L; C " — Vi,
e as R-modules, £;/"+V; g is locally a direct factor of -V, g/t V; g With rank
ned—r.

By using the isomorphism

o Vir/Vir — ¢RI/ R[]

we can associate to each sequence L, = (L;) as in Definition 1 of M, ,, the sequence
L, = (L;) as in Definition 2, in such a way that o/(L;/#"+V; z) = L;. This correspon-
dence is clearly bijective. Therefore, the two definitions of the functor M, ,. are
equivalent.

It will be more convenient to consider the disjoint union M, of projective
schemes M, 4 for all » for which M, ,. makes sense, namely M, = ]_[dngrg dn.
M, n+, instead of each connected component M, . individually.

2.2. GROUP ACTION

Definition 2 permits us to define a natural group action on M,.. Every R[f]-module
L; as above is included in

MR c £ c " (t+ @) ' R[]
Let £; denote its image in the quotient
Vaor = 1" (t + @) ' R[%/1" + R[1]".

Obviously, £; is completely determined by L;.
Let V; denote the image of V; in V,,. We can view V,, as the free R-module
RU+=-+Dd equipped with the endomorphism ¢ and with the filtration

1_/.:(170C1_}1-~~C1_/d:(t+w)711_70)

which is stabilized by .

We now consider the functor J,, which associates to each O-algebra R the group
Jn.(R) of all R[f]-automorphisms of ]_)ni fixing the filtration V,. This functor is repre-
sented by a closed subgroup of GL((ny — n_ + 1)d) over S that acts in the obvious
way of M, .

LEMMA 3. The group scheme J,, is smooth over S.

Proof. Consider the functor J,, which associates to each O-algebra R the ring
Jn.(R) of all R[f]-endomorphisms of 1_),& stabilizing the filtration V,. This functor is
obviously represented by a closed sub-scheme of the S-scheme gl((n, — n_ + 1)d) of
square matrices with rank (ny —n_ + 1)d.

The natural morphism of functors J,, — J,, is an open immersion. Thus it suf-
fices to prove that J,, is smooth over S.
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Giving an element of J,, is equivalent to giving d vectors vy, ..., vz such that
v; € t"-V;. This implies that J,, is isomorphic to a trivial vector bundle over S of
rank

d

> tko(t" i/t Ol]") = d*(ny —n_ + 1) — (d — 1)d/2.

i=1

This finishes the proof of the lemma. O

2.3. DESCRIPTION OF THE GENERIC FIBER

For this purpose, we use Definition 1 of M, . Let R be an F-algebra. The matrix o
then is invertible as an element

o € GL(d, R[{]/t"+ ™" R[]),

the group of automorphisms of - R[1]/¢"+ R[1]".

Let (Lg,...,Ls-1) be an element of M, (R). As R-modules, the L; are locally
direct factors of the same rank. For i=1,...,d — 1, the inclusion o(L;_;) C L;
implies the equality a(L;—;) = L;. In this case, the last inclusion a(L,_;) C Ly is auto-
matically an equality, because the matrix

ol = diag(t + o, ..., t + @)

satisfies the property: a?(Ly) = Lo. In others words, the whole sequence (Lo, ...,
Ly_1) is completely determined by L.

Let us reformulate the above statement in a more precise way. Let Grass,, be the
functor which associates to each (O-algebra R the set of R[f]-submodules L of
- R[]/ R[] which, as R-modules, are locally direct factors of 7~ R[]/ R[1]".
Obviously, this functor is represented by a closed subscheme of a disjoint union of
Grassmannians. In particular, it is proper over S.

Let n: M,, — Grass,, be the morphism defined by

(Lo, ..., Lq—1) = Lo.

The above discussion can be reformulated as follows.

LEMMA 4. The morphism n: M, — Grass,, is an isomorphism over the generic

point of n of S. O
Let K+ the functor which associates to each O-algebra R the group
K, = GL(d, R[1]/t" ™" R[1]).
Obviously, it is represented by a smooth group scheme over S and acts naturally on
Grass,+. This action yields a decomposition into orbits that are smooth over S
Grass,+ =[], A Op, where A(ny) is the finite set of sequences of integers

A=(41,..., g satisfying the following condition ny = 4; = --- = Ay = n_. This
set A(r,ny) can be viewed as a finite subset of the cone of dominant coweights of
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G = GL(d) and conversely, every dominant coweight of G occurs in some A(n..). For

all A € A(ns), we have 0;(F) = Kpt’Kr/Kr. Here Kr = GL(d, F[[1]]) is the standard

maximal ‘compact’ subgroup of Gy = GL(d, F((¢))) and acts on Grass,(F) through

the quotient K, (F). The above equality holds if one replaces F by any field which is

also an O-algebra, since K+ is smooth; in particular it holds for the residue field k.
We derive from the above lemma the description

Mye(F)= ][ Ket'Ke/Kr.
s Ant)

We will need to compare the action of J,+ on M,. and the action of K,+ on
Grass,+. By definition, J,+(R) is a subgroup of

J,+(R) C GL(d, R[]/ " (t + @) R[{])
for any O-algebra R. By using the natural homomorphism
GL(d, R[{]/t"*"-(t + @) R[t]) — GL(d, R[]/~ R[¢])
we get a homomorphism J,+(R) — K,+(R). This gives rises to a homomorphism of

group schemes p: J,.» —> K1, which is surjective over the generic point 7 of S.
The proof of the following lemma is straightforward.

LEMMA 5. With respect to the homomorphism p: J,+ — K, 1, and to the morphism
. M,y —> Grass,, the action of J,+ on M,y and the action of K,+ on Grass,. are
compatible.

2.4. DESCRIPTION OF THE SPECIAL FIBER

For this purpose, we will use Definition 2 of M, .. The functor M, ,. associates to
each k-algebra R the set of

Lo=(LoCLIC--CLy=1"Ly)

where Ly, Li, ... are R[f]-submodules of R[¢, 7] satisfying the following conditions

e foralli=0,...,d—1, we have {"*V; g C L; C "V,
e as an R-module, each £;/f"+V); g is locally a direct factor of #"-V; g/t"+V; g With
rank nyd —r.

Let I; denote the standard Iwahori subgroup of G, = GL(d, k((¢))), that is, the
subgroup of integer matrices GL(d, k[[f]]) whose reduction mod ¢ lies in the subgroup
of upper triangular matrices in GL(d, k). The set of k-points of M, can be realized
as a finite subset in the set of affine flags of GL(d), i.e., M,+(k) C Gy /I;. By defini-
tion, the k-points of J,. are the matrices in GL(d, k[¢]/¢"+~"-+'k[]) whose reduction
mod ¢ is upper triangular. Thus, J,+(k) is a quotient of ;.. Obviously, the action of
Jur on M, (k) and the action of I; on Gy/I; are compatible. Therefore, for each r
such that dn_ < r < dn.. there exists a finite subset W(r, ny) C W of the affine Weyl
group W such that
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M) =[] Gowlx/Ir,

we W(ni)

where W(ny) = 11, W(r, ny). One can see easily that any element w € W occurs in the
finite subset W(ny) for some ny. But the exact determination of the finite sets
W(r, ny) is a difficult combinatorial problem; for the case of minuscule coweights
of GL(d) (i.e., ny =1 and n_ = 0) these sets have been described by Kottwitz and
Rapoport [13].*%
Let us recall that
Grassni(k) = ]_[ Kkl;“Kk/Kk.
AeA(nt)

The proof of the text lemma is straightforward.

LEMMA 6. The map n(k): M,.(k)—> Grass,+(k) is the restriction of the natural
map Gk/Ik —> Gk/Kk.

2.5. SYMPLECTIC CASE

For the symplectic case, we will give only the definitions of the symplectic analogies
of the objects which were considered in the linear case. The statements of Lemmas 3,
4, 5 and 6 remain unchanged.

In this section, the group G stands for GSp(2d) associated to the symplectic form
(,) represented by the matrix

(% 9)

where J is the anti-diagonal matrix with entries equal to 1. Let u denote the minus-
cule coweight

u:(l,..d.,l,o,..d.,O).

Following Rapoport and Zink ([18]) the local model M|, represents the functor

which associates to each (D-algebra R the set of sequences L, = (Ly, ..., L;) where
Lo, ..., Ly are R-submodules of R*? satisfying the following properties
e L, ..., Ly are locally direct factors of R*? of rank d,

e o'(Lg) C Ly,...o/(Ly—y) C Ly where o is the matrix of size 2d x 2d

*We refer to our subsequent work [10] for further progress in the description of the sets W(r, ny). In
the terminology of Kottwitz and Rapoport [13], the set W(r,ny) is precisely the set of u-permissible
elements, for u = (n%, R+n_,n% "), where ¢ and R are defined by r —dn_ = g(n, —n_)+ R, with
0 < R < ny —n_. By the main result of [10], it is also the set of u-admissible elements. Similar remarks
apply to the sets W(ni) occurring in the sympletic case, cf. end of Section 2.5.
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0 1
w 0

e Ly and L, are isotropic with respect to (, ).

Just as in the linear case, let us introduce a new variable ¢ and give the symplectic
analogue of Definition 2. We consider the matrix of size 2d x 2d

0 1

t+w 0
viewed as an element of
ae GLQd, O[t, t7', (t + »)']).
Denote by V, ..., Vau_; the fixed O[7]-submodules of O[z, ¢!, (1 + @) '1* defined by

V= :x*"(’)[t]z‘l. For an O-algebra R, let V; z denote V; ®o R.
For any R[7]-submodule £ of R[t, 1!, (t + @)~']*, the R[t]-module

Lt = {x eRLt 1+ P \Vye L, I"t+ @) (x,p) € R[t]}

is called the dual of £ with respect to the form (,) = (t + @)" (, ). Thus V, is auto-
dual with respect to the form (,) and V; is autodual with respect to the form
(t+@)(,).

Here is the symplectic analogue of Definition 2 of the model M,,.. For n_ = 0 and
ny =1, M,4 will coincide with M, for u = (14, 0%):

DEFINITION 7. For any n_ <0 < ny, let M, be the functor which associates to
each (-algebra R the set of sequences

Le=LoCTLyC---CLy
where Ly, ..., Ly are R[7]-submodules of R[z, 1!, (1 + @)1 satisfying the follow-

ing properties:

e foralli=0,...,d we have "V, g C L; C " Vg

e as R-modules, £;/t"+V; g is locally a direct factor of -V, g/t"+V; g of rank
(ny —n_)d,

e [ is autodual with respect to the form (7" (,), and L, is autodual with
respect to the form -7+ (t + @)(, ).

Let us now define the natural group action on M,,.. The functor J,. associates to
each O-algebra R the group J,1(R) of R[f]-linear automorphisms of

Vit g = " (t + @) 'R/t R
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which fix the filtration V, g = ()_/o,R cC---C fid,R) (the image of V, x in l_),,i,R and
which fix, up to a unit R, the symplectic form ~"-~"+(¢ + @w)(, ). This functor is
represented by an S-group scheme J,+ which acts on M,.. Lemma 3 remains true
in the symplectic case: J,+ is a smooth group scheme over S. The proof is completely
similar to the linear case.

Let us now describe the generic fiber of M,.. Let Grass,+ be the functor which
associates to each O-algebra R the set of R[t]-submodules L of - R[1]**/¢™ R[>
which, as R-modules, are locally direct factors of rank (n, — n_)d and which are iso-
tropic with respect to +-7"%(,). Then the morphism n: M, —> Grass,. defined
by n(L,) = Ly is an isomorphism over the generic point # of S. Let K, denote
the functor which associates to each O-algebra R the group of R[f]-automorphisms
of ¢~ R[1* /™ R[1]* which fix the symplectic form 7~"-~"+(, ) up to a unit in R. Then
K.+ is represented by a smooth group scheme over S, and it acts in the obvious way
on Grass,,. Consequently, we have a stratification in orbits of the generic fiber
M,y y, ie., My, = ]_[AEA(M O;,,. Here A(ny) is the set of sequences A=
(A1, ..., Ag) satisfying

ny +n_
neZhZ e 2z,

and can be viewed as finite subset of the cone of dominant, coweights of
G = GSp(2d). One can easily check that each dominant coweight of GSp(2d) occurs
in some A(ny). For any 1€ A(ny), we have also 0;_,,7(F)=Kpt)'KF/KF, where
Kr = G(F[[1]]) is the ‘maximal compact’ subgroup of Gr = G(F((?))).

Next we turn to the special fiber of M,,. For this it is most convenient to give a
slight reformulation of Definition 7 above. Let R be any -algebra. It is easy to
see that specifying a sequence L, = (Lo C - -+ L4) as in Definition 7 is the same as
specifying a periodic “lattice chain”

i CLCLyCCLy=(+m) ' LyC---

consisting of R[7]-submodules of R[z, !, (1 + @) ']* with the following properties:

® ("“Vir C L; C1"V;r, where V; g = o~V g, for every i € 7.,
e L;/t"+V; g is locally a direct factor of rank (n. —n_)d, for every i € 7,
° Ef = """ L_; for every i € 7,

where L is defined using the original symplectic form (,) on R[z, ', (t + @) ']*.
We denote by ) the standard Iwahori subgroup of GSp(2d, k[[f]]), namely, the sta-
bilizer in this group of the periodic lattice chain V, xjj. There is a canonical surjec-
tion Iy — J,, (k) and so the Iwahori subgroup I acts via its quotient J,,, (k) on the set
M, (k). Moreover, the [ -orbits in M, (k) are parametrized by a certain finite set
Vf/(ni) of the affine Weyl group I/E/(GSp(2d)), ie., M, (k)= ]_[“,EW(M) I w I [ I
The precise description of the sets W(n.) is a difficult combinatorial problem (see
[13] for the case n,. = 1,n_ = 0), but one can easily see that any w € W(GSp(2d))
is contained in some W(n.).
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The definitions of the group scheme action of K;,, on Grass,, , of the homomorph-
ism p: J,, = K,, and the compatibility properties (Lemmas 5, 6) are obvious and
will be left to the reader.

3. Semi-Simple Trace on Nearby Cycles
3.1. SEMI-SIMPLE TRACE

The notion of semi-simple trace was introduced by Rapoport in [17] and its good
properties were mentioned there. The purpose of this section is only to give a more
systematic presentation in insisting on the important fact that the semi-simple trace
furnish a kind of sheaf-function dictionary a la Grothendieck. In writing this section,
we have benefited from very helpful explanations of Laumon.

Let F be a separable closure of the local field F. Let I' be the Galois group
Gal(F/F) of F and let I’y be the inertia subgroup of I" defined by the exact sequence

l->T)g—>T— Gal(lg/k) — 1.

For any prime ¢ # p, there exists a canonical surjective homomorphism #,: Ty —
Ze(1).

Let R denote the Abelian category of continuous, finite dimensional ¢-adic repre-

sentations of I'. Let (p, V') be an object of R, i.e., p: T' = GL(V).
According to a theorem of Grothendieck, the restricted representation p(I'y) is quasi-
unipotent, 1.e. there exists a finite-index subgroup I'; of Iy which acts unipotently on
V (the residue field k is supposed finite). There exists then an unique nilpotent
morphism, the logarithm of p, N: V(1) — V characterized by the following property:
for all g € T'}, we have p(g) = exp(Nt,(g)).

Following Rapoport, an increasing filtration F of V" will be called admissible if it is
stable under the action of I" and such that I'y operates on the associated graded
gr7 (V') through a finite quotient. Admissible filtrations always exist: we can take
for instance the filtration defined by the kernels of the powers of V.

We define the semi-simple trace of Frobenius on V as

Tr*(Fr,, V) = ZTr(Frq, erl (V)").
k

LEMMA 8. The semi-simple trace Tr*(Fr,, V') does not depend on the choice of the
admissible filtration F.

Proof. Let us first consider the case where Iy acts on V through a finite quotient.
Since taking invariants under a finite group acting on a (Q,-vector space is an exact
functor, the graded associated to the filtration F' of V1o induced by F is equal to
erf ()™, ie., grf (VT0) = grf (V)™. Consequently

Tr(Fry, yloy = Z Tr(Fry, grkf(V)r").
k

In the general case, any two admissible filtrations admit a third finer admissible
filtration. By using the above case, one sees the semi-simple trace associated to each

https://doi.org/10.1023/A:1019666710051 Published online by Cambridge University Press


https://doi.org/10.1023/A:1019666710051

128 T. HAINES AND B. C. NGO

of the two first admissible filtrations is equal to the semi-simple trace associated to
the third one and the lemma follows. O

COROLLARY 9. The function defined by V i+ Tr*(Fr,, V') on the set of iso-
morphism classes V of R, factors through the Grothendieck group of R.

For any object C of the derived category associated to R, we put

TI'SS(Frq? C) = Z(_ 1)[Trss(Fr‘]’ HI(C ))

By the above corollary, for any distinguished triangle C — C’ — C” — ([1] the
equality

Tr*(Fr,, C) + Tr¥(Fr,, C”) = Tr*(Fr,, C’)

holds.

Let X be a k-scheme of finite type, X5 = X ® k. Let D2(X x4 n) denote the derived
category associated to the abelian category of constructible £-adic sheaves on X5 equi-
pped with an action of I" compatible with the action of I' on X; through Gal(k/k), see
[3].* Let C be an object of Df(X xx ). For any x € X(k), the fiber C, is an object
of the derived category of R. Thus we can define the function semi-simple trace

2’ X(k) — Qg by 15°(x) = Tr*(Fry, Cy).

This association C +— 13 furnishes an analogue of the usual sheaf-function dic-
tionary of Grothendieck (see [7]):

PROPOSITION 10. Let f: X — Y be a morphism between k-schemes of finite type

(1) Let C be an object of Df(Y xx ). For all x € X(k), we have ?}Efc(x) = 17 (f(x)).
(2) Let C be an object QfD?(X xx ). For all y € Y(k), we have
e = Y ).

xeX(k)
Sx)=y

Proof. The first statement is obvious because f*C, and Cy(,) are canonically iso-
morphic as objects of the derived category of R.

It suffices to prove the second statement in the case ¥ =s. By Corollary 9 and
‘shifting’, it suffices to consider the case where C is concentrated in only one degree,
say in the degree zero. Denote C = H°(C) and choose an admissible filtration of C

0=CycCic(CcCc---Cc(C,=C.
The associated spectral sequence

EY™ = HI(X;, C;/Ci1) = H.(X;, C)

*The category D?(X X 1) is defined, following [4], to be Q,® the projective 2-limit of the categories
Df,/(X Xi 1, 2./€"7), so it is not strictly speaking the derived category of the abelian category of
constructible ¢-adic sheaves.
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yields an abutment filtration on H.(X;, C) with associated graded E%/~". Since the
inertia group acts on E’i’jii through a finite quotient, the same property holds for
E~" because EY/ ™' is a subquotient of E;/~". Consequently, the abutment filtration
on H{,(X_ 5, C) is an admissible filtration and by definition, we have

T (Frg. RAC) = ) (~1) Tr(Fr,. (B ).

ij

Now, the identity in the Grothendieck group
D (-IYEYT =) (—~1YEYLT
i.j ij
implies

D (CIETN =3 =R

i.j ij
because taking the invariants under a finite group is an exact functor.
The same exactness implies

(B O = H(X;, Ci/Ci)™ = HI(XG, (Ci/ Ci)™).

By putting the above equalities together, we obtain
Tr*(Fr,. RAC) = Y (1) Tr(Fr,, H(X;, (Ci/Cio)™)).
ij

By using now the Grothendieck—Lefschetz formula, we have

> Tr(Fry, (Ci/Cio)) = 3 (=1 Tr(Fry, H(X;, (Ci/ Cio)™)).

xeX(k) J
Consequently,
Tr*(Fr,. RAC) = Y Tr"(Fr,, Cy). O
xeX(k)

3.2. NEARBY CYCLES

Let ij = Spec(F) denote the geometric generic point of S, S be the normalization of S
in i and § be the closed point of S. For an S-scheme X of finite type, let us denote by
7% X; — Xg the morphism deduced from j: ij — S and denote by 7*: X; — X the
morphism deduced from 7z § — S.

The nearby cycles of an £-adic complex C, on X, is the complex of £-adic sheaves
defined by

RY¥(C,) = 7"*R7Y ¥+ C,.

The complex R¥Y* (Cy) is equipped with an action of I compatible with the action of
I' on X; through the quotient Gal(k/k).
For X a proper S-scheme, we have a canonical isomorphism
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RI(X;, R¥(C,)) = RI(X;, C,)

compatible with the natural actions of I' on the two sides.
Let us suppose moreover the generic fiber X), is smooth. In the order the compute
the local factor of the Hasse-Weil zeta function, one should calculate the trace

SO (=1 Tr(Fr,, Hi(X;, O)"™).
J

Assuming that the graded pieces in the monodromy filtration of H/(X7, @[) are pure
(Deligne’s conjecture), Rapoport proved that the true local factor is completely
determined by the semi-simple local factor, see [17]. Now by the above discussion
the semi-simple trace can be computed by the formula

D (=1 Tr(Fry, H(XG, Q) = Y Tr¥(Fry, R¥(Qy),).

J xeX(k)

4. Statement of the Main Result
4.1. NEARBY CYCLES ON LOCAL MODELS

We have been in Subsection 2.3 (resp. 2.5 for sympletic case) that the generic fiber of
M, admits a stratification with smooth strata M,,, = [[;cz¢,) O

Denote by 0, the Zariski closure O;, in M, ; in general O;, is no longer
smooth. It is natural to consider A, , = 1C(0;,,), its £-adic intersection complex.

We want to calculate the function
Trya,,) () = Tro(Fry, RYY(A;,),)

of semi-simple trace of the Frobenius endomorphism on the nearby cycle complex
RYM (Aj,,) defined in the last section. We are denoting the scheme M,,, simply by
M here.

As O, is an orbit of J,, ,, the intersection complex A; , is naturally J,, ,-equiv-
ariant. As we know that J,, is smooth over S by Lemma 3, its nearby cycle complex
R¥YM (Aj,)is Ju, s-equivariant. In particular, the function rigq,M( A’ M, (k) — Q,
is J,, (k)-invariant.

Now following the group theoretic description of the action of J,,, (k) on M, (k) in
Subsection 2.4 (resp. 2.5), we can consider the function TSI;PM A A2 function on Gy,
with compact support which is invariant on the left and on the right by the Iwahori
subgroup I, i.e., T;:\PM(A;,,n) € H(Gy//1Iy).

The following statement was conjectured by R. Kottwitz, and is the main result of
this paper.

THEOREM 11. Let G be either GL(d) or GSp(2d). Let M = M,,, be the scheme asso-

ciated to the group G and the pair of integers ny., as above. Then we have the formula

S 2(p, 2. 1
T,y = DX Y mizy,

A<
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where z; is the function of Bernstein associated to the dominant coweight X', which lies

in the center Z(H(Gy /1)) of H(Gi//1I}).

Here, p is half the sum of positive roots for G and thence 2{p, 1) is the dimension
of 0,,,. The integer m;(2) is the multiplicity of weight " occurring in the represen-
tation of highest weight /. The partial ordering /' < 4 is defined to mean that A — /’
is a sum of positive coroots of G.

Comparing with the formula for minuscule p given in Kottwitz’ conjecture
(cf. Introduction), one notices the absence of the factor ¢'**' and the appearance
of the sign (—1)*”*. This difference is explained by the normalization of the
intersection complex A, ,. For minuscule coweights yu, the orbit O, is closed. Conse-
quently, the intersection complex A, , differs from the constant sheaf only by a
normalization factor

Ay = Qel2(p, w1Up, 1)

We refer to Lusztig’s article [14] for the definition of Bernstein’s functions. In fact,
what we need is rather the properties that characterize these functions. We will recall
these properties in the next subsection.

4.2. THE SATAKE AND BERNSTEIN ISOMORPHISMS

Denote by K the standard maximal compact subgroup G(k[[?]]) of G, where G is
either GL(d) or GSp(2d). The Q,-valued functions with compact support in Gy
invariant on the left and on the right by K; form a commutative algebra
H(Gx//Kx) with respect to the convolution product. Here the convolution is defined
using the Haar measure on G; which gives K measure 1. Denote by Ik the charac-
teristic function of Kj. This element is the unit of the algebra H(Gy//K}). Similarly
we define the convolution on H(Gy//1;) using the Haar measure on G which gives I,
measure 1.
We consider the following triangle

Q[x.)"
Bern, v r\ Sat.
ZMGUIP)  —= HGUIK)

Here ‘Qz[X*]W is the W-invariant sub-algebra of the @g-algebra associated to the
group of cocharacters of the standard (diagonal) torus 7 in G and W is the Weyl
group associated to 7. For the case G = GL(d), this algebra is isomorphic to the
algebra of symmetric polynomials with d variables and their inverses: Qg[let, e,
X+]5,

The above maps

Sat: H(Gy//Ki) — Qu[X.]"
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and
Bern: Q[X.]" — Z(H(Gi//Ix))
are the isomorphisms of algebras constructed by Satake, see [19] and by Bernstein,

see [14]. It follows immediately from its definition that the Bernstein isomorphism
sends the irreducible character y; of highest weight 4 to

Bern(y,) = ) my(2)zy.
A<
The horizontal map
Z(H(Gk//1x)) — H(Gk//Kk)
is defined by f'+— fx [ where

Frlg(e) = /G Agh™Y(hydh.

The next statement seems to be known to the experts. It can be deduced easily see
[8], from results of Lusztig [14] and Kato [12]. Another proof can be found in an arti-
cle of Dat [2].

LEMMA 12. The above triangle is commutative.

It follows that the horizontal map is an isomorphism, and that (—1)*%* Dr<
m;(A)zy is the unique element in Z(H(Gx//I)) whose image in H(Gi//K)) has
Satake transform (—1)>""y,.

Thus in order to prove the Theorem 11, it suffices now to prove the two following

statements.

PROPOSITION 13. The function T;{‘{’M(A» ) lies in the center Z(H(Gy//Ix)) of the
algebra H(Gi//Iy).

PROPOSITION 14. The Satake transform of t% x Ix is equal to (—1)*4 oy

R\PM(-A/..u)
where y; is the irreducible character of highest weight .

In fact we can reformulate Proposition 14 in such a way that it becomes indepen-
dent of Proposition 13. We will prove Proposition 14 in the next section.

In order to prove Proposition 13, we have to adapt Lusztig’s construction of geo-
metric convolution to our context. This will be done in the Section 7. The proof of
Proposition 13 itself will be given in Section 8.

5. Proof of Proposition 14
5.1. AVERAGING BY K

The map
Z(H(Gi//1Ix)) = H(Gk//Kk)
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defined by f+— f* [k can be obviously extended to a map
C(’(Gk/]k) g CC(G/\'/KK)

where C.(Gy/I) (resp. C.(Gy/Ky)) is the space of functions with compact support in
Gy invariant on the right by I (resp. Kj). This map can be rewritten as follows

[xlk@) = Y figh).
he Ky /Ix
Therefore, this operation corresponds to summing along the fibers of the map
G /I — G /K. For the particular function rﬁw,(Ak » it amounts to summing along
the fibers of the map .

n(k) : M, (k) — Grass,, (k),

(see Lemma 6).
By using now the sheaf-function dictionary for semi-simple trace, we get
Ik

S8 S8
T * =7
RYY(A;,) Rrs  RYY(A;,).

The nearby cycle functor commutes with direct image by a proper morphism, so that
Rn‘s",*RlPM(A)u,n) = RIPGMSSRTC;],*(AL;])

By Lemma 4, m, is an isomorphism. Consequently, Rz, ..(A;,) = Az .

According to the description of Grass = Grass,, (see Subsections 2.3 and 2.5), we
can prove that R¥™A4; , = A, ; (note that the complex A; , over Grass, can be
extended in a canonical fashion to a complex A, over the S-scheme Grass, thus
A;; makes sense). In particular, the inertia subgroup Iy acts trivially on
RWO™ A, and the semi-simple trace is just the ordinary trace. The proof of a more
general statement will be given in the following appendix.

By putting together the above equalities, we obtain Rr; , R¥Y(A; ,) = A; ;.

To conclude the proof of Proposition 14, we quote an important theorem of
Lusztig and Kato, see [14] and [12]. We remark that Ginzburg and also Mirkovic
and Vilonen have put this result in its natural framework: a Tannakian equivalence,
see [6, 16].

THEOREM 15 (Lusztig, Kato). The Satake transform of the function ty, is
equal to Sat(ty,) :(—1)2“’”1)}51, where y, is the irreducible character of highest
weight 1.

5.2. APPENDIX

This appendix seems to be well known to the experts. We thank G. Laumon who has
kindly explained it to us.

Let us consider the following situation.

Let X be a proper scheme over S equipped with an action of a group scheme J
smooth over S. We suppose there is a stratification X = [[,., X, with each stratum
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X, smooth over S. We assume that the group scheme J acts transitively on all fibers
of X,. Moreover, we suppose there exists, for each «, a J-equivariant resolution of
singularities X,, n,; X, — X, of the closure X, of X,, such that this resolution
X, smooth over S, contains X, as a Zariski open; the complement X, — X, is also
supposed to be a union of normal crossing divisors.

If X is an invariant subscheme of the affine Grassmannian or of the affine flag
variety, we can use the Demazure resolution.

Let i, denote the inclusion map X, — X and let F, denote l.%[‘@e. A bounded com-
plex of sheaves F with constructible cohomology sheaves (more precisely an object
of D2(X, Q) — cf. the second footnote), is said to be A-constant if the cohomology
sheaves of F are successive extensions of F, with « € A. The intersection complex
of X, is A-constant.

For an ¢-adic complex F of sheaves on X, there exists a canonical morphism
F; — RYY(F ») Whose mapping cylinder is the vanishing cycle ROY(F).

LEMMA 16. If F is a A-constant complex, then RO*(F) = 0.
Proof. Clearly, it suffices to prove R®*(F,)=0. Consider the equivariant
resolution 7, : X, — X,. We have a canonical isomorphism

R, ROV (F,) = ROV (F,).

It suffices then to prove R(I)X,“(}' ,) = 0. This is known because X, is smooth over S
and X, — X, is a union of normal crossing divisors. O

COROLLARY 17. If F is A-constant and bounded, the inertia group Ty acts trivially
on the nearby cycle R¥Y(F -

Proof. The morphism F; — R‘I’X(]-'ﬂ) is an isomorphism compatible with the
actions of I'. The inertia subgroup I'y acts trivially on Fj, thus it acts trivially on
RY¥(F,), too. O

6. Invariant Subschemes of G/I

We recall here the well known ind-scheme structure of G/l where G denotes the
group GL(d, k((t + @))) or the group GSp(2d, k((t + @))) and where I is its standard
Iwahori subgroup. The variable ¢ + @ is used instead of ¢ in order to be compatible
with the definitions of local models given in Section 2.

6.1. LINEAR CASE

Let N,

ny

Lo=(LoC LI C--CLy=(+w) 'Ly

where Lo, L,... are R[f-submodules of R[s,t !, (t+ @) '] such that for
i=0,1,...,d—1

(t+)*VirCLiCt+@)"Vir

be the functor which associates to each O-algebra R the set of
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and L;/(t + @"V; g 18 locally a direct factor, of fixed rank independent of i, of the
free R-module (7 + @)" V; r/(t + @)" V; g. Obviously, this functor is represented
by a closed subscheme in a disjoint union of products of Grassmannians. In particu-
lar, N,, is proper.

Let ,, be the functor which associates to each O-algebra R the group R[7]-linear
automorphisms of

(t + @)~ R/t + @)™ R

fixing the image in this quotient of the filtration

VorR CVIRC -+ CVir = (t+ @) Vor.

This functor is represented by a smooth group scheme over S which acts on N, .

6.2. SYMPLECTIC CASE

Let N,. be the functor which associates to each O-algebra R the set of sequences
Lo=(LyCT Ly C---CLY.

where Ly, L, ... are R[f]-submodules of R[z, 1", (1 + @)~ '] satisfying
(t+o)*VirCL C(t+@)" Vir

and such that £;/(¢ + @)™ V; g is locally a direct factor of (1 + @) V; g/(t + @) Vi r
of rank (ny —n_)dforalli=0,1,...,d, and Ly (resp. L) is autodual with respect to
the symplectic form (1 4+ @)™ " (,) (resp. (t + @)~ +1(,)).

Let 7,1 be the functor which associates to each O-algebra R the group R[{]-linear
automorphisms of

(t+ )" 'R/ (t + @)™ R
fixing the image in this quotient, of the filtration

Vor CVIRC - CVaur = (t+ @) Vo,

and fixing the symplectic form (¢ 4+ @)™ "' + (,) up to a unit in R. This functor is
represented by a smooth group scheme over S which acts on N,..

6.3. THERE IS NO VANISHING CYCLE ON N

For any algebraically closed field k over O, each N,.(k) is an [,+-invariant subset of
the direct limit
lim

— Nu(k) = Gk((t + @)/ L,

ne—
where G denotes either the linear group or the group of symplectic similitudes. It fol-
lows from the Bruhat-Tits decomposition that N,, admits a stratification by 7, -
orbits Ny, = [[,,cjiru,) Ows Where W'(ny) is a finite subset of the affine Weyl group
W of GL(d) (resp. GSp(2d).) Moreover, for all w e W'(ny), O,, is isomorphic to
the affine space Aé(w) of dimension £(w) over S, in particular it is smooth over S.
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By construction, ,, acts transitively on each O,,. All this remains true if we replace S
by any other base scheme.

Let O,, denote the closure of O,,. Let Z w.y (resp. Z,, ;) denote the intersection com-
plex of O_w,,, (resp. O_W,X). We have R¥Y(Z wa) = Ly 5 (see Appendix 5.2 for a proof).
In particular, the inertia subgroup I'y acts trivially on R¥™(Z wo)-

Let W be the affine Weyl group of GL(d), respectively GSp(2d). It can be easily
checked that W = Un, W (ny) for the linear case as well as for the symplectic case.

7. Convolution Product of A, with Z,,
7.1. CONVOLUTION DIAGRAM

In this section, we will adapt a construction due to Lusztig in order to define the con-
volution product of an equivariant perverse sheaf A, over M,, with an equivariant
perverse sheaf Z,, over Ny, . See Lusztig’s articl~e [15] for a quite general construction.

For any dominant coweight 4 and any w € W, we can choose ny and /. so that 4 €
A(ny) and w € W’(n/i). From now on, since 4 and w as well as ny and #/, are fixed,
we will often write M for M,, and N for Ny, . This should not cause any confusion.

The aim of this subsection is to construct the convolution diagram a la Lusztig

M x N
"/ NP2
Mx N MxN I, p

with the usual properties that will be made precise later.

7.2. LINEAR CASE
e The functor M X N associates to each O-algebra R the set of pairs (L, L)
Lo=(LoC LI C--CLy=(+wm) 'Ly,

L,=(LyCLyC-CLy=(+m) "Ly,

where L;, £} are R[{]-submodules of R[z, 17!, () !
conditions

14 satisfying the following

"“Vir CLi C 1" Vig,

(t+o)“L;CL,C(+m)-L.

As usual, £;/t"+V; g is supposed to be locally a direct factor of t*-V; /1" V; g,
and L}/(t + @)™ L; locally a direct factor of (1 + @)™ L;/(t + w)" L; as R-mod-
ules. The ranks of the projective R-modules £;/¢"+ and £; g and £/(t + @)™ L;
are each also supposed to be independent of i. It follows from the above con-
ditions that

I (t+ @) Vigr C L, C " (t+ @) Vir
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and L)/ (1 + @)*Vig is locally a direct factor of r(1+ w)-Vig/
" (t+ w)”/ﬂ/i, g as an R-module. Thus defined the functor M X N is represented
by a projective scheme over S.

e The functor P associates to each O-algebra R the set of chains £

L,o=(LyCcL,cC---CL,=0t+m) "Ly,
where £ are R[t]-submodules of R[z, 1!, (1 + w) ') satisfying
M (t+ @) Vig C L, C " (t+ @) Vir

and the usual conditions ‘locally a direct factor as R-modules’. As above,
(kR(Eg/t”+(t+w)”/+Vi,R) is supposed to be independent of i. Obviously, this
functor is represented by a projective scheme over S.

e The forgetting map m(L., L,) = L yields a morphism m: M X N — P. This
map is defined: it suffices to note that - (¢t + w)”LV,-, r/L; is locally free as an
R-module, being an extension of -V; z/L; by (¢ + w)”’*ﬁ,-/ﬁﬁ each of which
is locally free. Clearly, this morphism is a proper morphism because it source
and its target are proper schemes over S.

Now before we can construct the schemes M, N, and the remaining morphisms in
the convolution diagram, we need the following simple remark.

LEMMA 18. The function which associates to each O-algebra R the set of matrices
g € al(R) such that the image of g: R* — R is locally a direct factor of rank r of R’ is
representable by a locally closed subscheme of gl;.

Proof. For 1 <i<s, denote by St; the closed subscheme of gl defined by the
equations: all minors of order at least i + 1 vanish. By using Nakayama’s lemma, one
can see easily that the above functor is represented by the quasi-affine, locally closed
subscheme St, — St,_; of gl.. O

Now let 1_/0 C ]_21 C --- be the image of Vy C V| C --- in the quotient
V=1"(t+ o) Ol 1 (1 + @) Ol

Let Lo C £, C--- be the image of Ly C £_1 C --- in the quqtient Ve =V Qo R.

Because £; is completely determined by L£;, we can write £, € M(R) for L, €
M(R) and so on.

e We consider the functor M _which associates to each (’)_—algebra R the set of R]t]-
endomorphisms g € End (Vy) such that if £; = g(#"-V);) then

tn+]_)j,R C Z,j C tn’]_)i,R

and £; /1 1_/,-, r 1s locally a direct factor of '~ ]_/,-, R/ ]_/i, r, of the same rank, for
alli=0,...,d— 1. Using Lemma 18 one sees this functor is representable and
comes naturally with a morphism p : M — M.
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e In a totally analogous way, we consider the functor N which lassociates to each
O-algebra R thf: set of R[t]-endomorphisms g€ End (Vg) such that if
L; = g((t+ @)™V, ) then

(t+ w)"/ﬂ_),-,R C Z,‘ c(t+ ZD')”L]_),',R

and L£;/(t + @)™V, g is locally a direct factor of (¢ + @)™V, g/(t + @)"* V; g, of
the same rank for all i=0,...,d— 1. As above, the representability follows
from Lemma 18. This functor comes naturally with a morphism p: N — N.

e Now we define the morphism p;: M x N— M x Nby p; =p x p'.

e We define the morphism p,: M x N — M % N by p(g, &) = (L., £,) with

(Lo, L.) = (g(t"V.), gg (1" (t + @) V,)).

We have now achieved the construction of the convolution diagram. We need to
prove some facts related to this diagram.

LEMMA 19. The morphisms p| and p, are smooth and surjective. Their restrictions to
connected components of M x N with image in the corresponding connected compo-
nents of M x N and of M X N, have the same relative dimensions.

Proof. The proof is very similar to that of Lemma 3. Let us note that the
morphism p: M — M can be factored as p = fo, where j; M — U is an open
immersion and f: U — M is the vector bundle defined as follows. For any O-algebra
R and any £, € M(R), the fiber of U over L, is the R-module

d—1
UL = Pt + @)™ Li/ 1" (1 + )" Vi g

i=0

The morphisms p’, p; and p, can be described in the same manner. The equality of
relative dimensions of p; and p, follows from Lemma 24 (proved in Section 8) and
the fact that they are each smooth. O

Just as in Subsection 2.2, we can consider the group valued functor J which associ-
ates to each O- algebra R the group of R[f]-linear automorphisms of Vg which fix the
filtration Vy C V| C --- C V. Obviously, this functor is represented by a connected
affine algebraic group scheme over S. The same proof as that of Lemma 3 proves
that J is smooth over S. Moreover, there are canonical morphisms of S-group
schemes J — J and J — I, where J = J,.. (resp. I = Iy,) is the group scheme defined
in Subsection 2.2 (resp. 6.1).

e We consider the action oy of J x J on M x N defined by

a(h g, g) = (gh™', gh™).

Clearly, this action leaves stable the fibers of p; : M x N — M x N.
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e We also consider the action a, of J x J on the same M x N defined by

ar(h s g, g) = (gh™" hg'h'™).
Clearly, this action leaves stable the fibers of p, : M x N — M % N.

LEMMA 20. (i) The action u;, respectively oy, is transitive on all geometric fibers of
p1, respectively p,. The geometric fibres of pi, respectively p,, are therefore connected.
(i) Moreover, the stabilizer under the action o, respectively o,, of any geometric
point is a smooth connected subgroup ofJ x J.
Proof. Let E be a (separably closed) field containing the fraction field F of O or its
residue field k. Let g, g’ be elements of M(E) such that

L. =p(g) =p(g) € M(E).
Foralli=0,...,d— 1, denote by 1>; and 2,- the tensors

Vi = Vi ®oy Ef(+m)s Li=L; ®r El) 1+

where E[f]1+q) 1s the localized ring of E[7] at the ideal (#( + @)), i.e., the ring
S7'E[f] where S = E[f] — {(t) U(t+ w)}; this is a semi-local ring. Of course, we
can consider the modules V; and Z; as E[f (14w -sSubmodules of E(r)".

Clearly, we have an isomorphism

Vi =1 (t+ @)""Vo /1" (1 + @)™ Vg

so that E[f]-endomorphisms of VE are the same as E[{] ) -endomorphisms of Vo
taken modulo "+~ (1 4+ @)™+ "+

By using the Nakayama lemma, g and g’ can be lifted to g, & € GL(d, E(¢)) such
that

A

Li= gV Li=¢grV.

This of course induces hV V; with h = &~'¢" and for all i=0,. ,d—1.

Let h be the reduction modulo #+~"-(¢ + @)™ "' of h. It is clear that ¢ = gh
and £ lies in J(E).

We have proved that J acts transitively on the geometric fibres of M — M.
We can prove in a completely similar way that J acts transitively on the geometric
fibers of N — N. Consequently, the action o; is transitive on the geometric
fibers of p;.

The proof of the statement for o, and p;, is similar. This completes the proof of (i).

For (i), let £, € M(FE) and take g € M(E) over L,. We have to look at the points

he j(E) such that gh = g as endomorphisms of Vi. Let ey, ..., eq be the standard
generators of Vg so that the image in Vp of #-(t+@)™-V; is generated l_)y
er,....en(t+ e, ..., (t+we, Let us denote that image by 7'~ (t + w)™- V.

Now gh = g if and only if /(e;) — e; belongs to Ker(g) forall i=1,...,d. The con-
dition & € J(E) says that A(e;) lies in the submodule generated by - (¢ + w)_"/* V;and h
is invertible. The dimension of the E-vector space Ker(g) N (1 + @)™ V; depends
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only on £, and it is constant along each connected of M as the dimension of
g("(t + @)™~ — V;) = (t + )" L; is. This proves that the stabilizer group scheme
of J acting on M (i.e., the subscheme of J x M on which the action and projection
morphisms a, pr, : J x M — M agree) is an open subscheme of a vector bundle over
M. This shows that the stabilizer of a single point g € M(E) is a connected smooth
subgroup.

The same proof works for the actions o; and o,. O

We remark that Lemmas 19 and 20 are essential for the construction of the con-
volution of perverse sheaves, discussed in Section 7.4.
The symmetric construction yields the following diagram

1\? X 1"‘.}
Py NP5

Nx M Nxm s P

enjoying the same structures and properties. More precisely, we define N x M as fol-
lows: for each O-algebra R, let (N X M)(R) be the set of pairs (L., L£,)

L,=(LycL)C---CLy=0t+m)'L),
Lo=(LoyCLIC--CLyi=(+w@) 'Ly,

where £}, L; are R[f]-submodules of R[z, 17!, (t + @)~ satisfying the following con-
ditions

(t+ @) Vir C L, C(t+o) Vig
ML, CL;CtL;

such that for each i =0,...,d — 1, the R-module £}/(¢ + @)V,  is locally a direct
factor of (1 + @)™ Vir/(t + @)+ Vi, and the R-module £;/7"+ L} is locally a direct
factor of L/ L, Tt is also supposed that rkg(L)/(1+ @)™ Vig) and
rkg(L;/1" L)) are independent of i.

The morphisms pj, p5, and m’ are defined in the obvious way: p| =p' x p,
m'(L,, L) = Lo, and pj(g’, g) = (¢'(t + @)V, r. g(" (1 + )" )Vi p).

7.3. SYMPLECTIC CASE

In this section we construct the symplectic analogue of the convolution diagram just
discussed. In particular we need to define the schemes M X N, M, N, P, and the
morphisms py, p>, and m. Moreover, we need to construct the smooth group scheme
J which acts on the whole convolution diagram. Once this is done, defining the sym-
plectic analogues of the actions «; and oy, proving the symplectic analogues of
Lemmas 19 and 20, and defining the symmetric construction are all straightforward
tasks and will be left to the reader.
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e The functor M X N associates to each O-algebra R the set of pairs (£,, L)

Lo=(LyCLyC---CLy,
=(LycL,c---CL),

where £;, £ are R[f]-submodules of R[t, 1!, (1 + @)~ satisfying the follow-
ing conditions

l"*V,',R CcL;C l'LVi,Rv
(t+ @)L C L, C(+o) L,

satisfying the usual ‘locally direct factors as R-modules’ conditions: £;/"™V; p is

locally a direct factor of -V, g/1"™+V; g of rank (ny. —n_)d and L}/(t + w)”;ﬁ,- is

locally a direct factor of (r + w)”’* Li/(t+ w)”’hC,- of rank (n/, —n’_)d. Moreover

we suppose Loy, Ly, LZ{] and E; are autodual with respect to ==+ (, ), 7"+

(t+@),), 7"t + )" (,)and =" (t + @) "1, ) respectively.
e The functor P associates to each O-algebra R the set of chains £

=(LyCcLiC---CL)
where £ are R[f]-submodules of R[z, 1!, (1 + )" satisfying
(4 @) Vig C L, C " (t+ @) Vir,

such that the usual ‘locally a direct factor as R-modules of rank (n,—
n_+n', —n")d’ condition holds, and such that £ and L, are autodual with
respect to """ (t + @) "~ (,) and - (1 4+ @) "= ") respectively.
e The forgetting map m(L,, £,) = L yields a morphism m: M X N — P. Clearly,
m is a proper morphism between proper S-schemes.
e We consider the functor M which associates to each O-algebra R the set of R[7]-
endomorphisms g of

Ve =" (t+ @)"~"Wor/t" (1 + @) Vor

satisfying

ny—n_

(gx, 8Y) = ¢yt (x,»)

for some ¢; € R, and such that if Li=g("V)fori=0,...,d, then we have
4V, RC L, Ct"™ V, r and L; /t”*V g 18 locally a direct factor of -y ,R/l’”V R
of rank (ny —n_)d. If g € M(R) then one sees using the definitions that automa-
tically, L. = g™V, RE M(R) The functor M is representable and comes natu-
rally with a morphism p: M — M.

e Next consider the functor N which associates to each (O-algebra R the set
of R[f]-endomorphisms g of Vg satlsfylng (gx gy) = = cq(t + @) (x, ¥)
for some ¢, € R* and such that if E =gt + )" V,R for i=0,...,d then
we have

(t+@)"“Vir C L, C (t+ @) Vg,
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and Z:./(t + @)V, g is locally a direct factor of (z + @)™V, g/(t + @) V; g of
rank (/. — n’_)d. From the definitions one sees that Z/. € N(R). The functor N is
representable and comes with a morphism p: N — N.

e We define p; = p x p'. We define py: M x N — M % N exactly as in the linear
case.

e We let J denote the functor which associates to any O-algebra R the group of
R[f]-linear automorphisms of Vx which fix the form ="+ (¢t + @ "~ " +1( )
up to an element in R* and which fix the filtration 1_},», r. As in Lemma 3,
the group scheme J is smooth over S. There are canonical S-group scheme
morphisms J — J and J — I, where J = Jn, (resp. =1, ) was defined in
Subsection 2.5 (resp. 6.2).

7.4. DEFINITION OF THE CONVOLUTION PRODUCT

Let us recall the standard definition of convolution product due to Lusztig [15] (see
also [6] and [16]).

Let E be a field containing the fraction field F of O or its residue field k£ and let
¢ = Spec(E) — S be the corresponding morphisms. For an S-scheme X, let X, denote
the base change X xge¢.

Let A be a perverse sheaf over M, that is J.-equivariant. Let 7 be a perverse sheaf
over N, that is [.-equivariant. Both 7, and J, are quotients of J., s0 we can say that A
and 7 are jé-equivariant.

Since p; is a smooth morphism, the pull-back pi(A X Z) is also perverse
up to the shift by the relative dimension of p;. A priori, this pull-back is only
a;-equivariant. As A and Z are J.-equivariant, Pi(A X T) is also op-equivariant.
Since p, is smooth and the action oy is transitive on its geometric fibers, the
perverse sheaf F = pj(A X (Z) is constant along the fibers of p,. Moreover, the
stabilizers for o, of geometric points are smooth and connected. Under these hypo-
theses there exists a perverse sheaf A X, Z, unique up to unique isomorphism,
such that pi(A X Z) = p5(A X Z). The uniqueness follows from Proposition
4.2.5 of [1] which only requires that p, is smooth and its geometric fibers are
connected.

To prove the existence of the perverse sheaf A [, Z we need the transitive group
action on the fiber of p,, the fact that p, is smooth and surjective, and the fact that
the action o, has smooth connected stabilizers. We make use of the following general
lemma.

LEMMA 21. Suppose m: X — Y is a smooth surjective morphism of S-schemes, and
suppose Gy is a smooth connected Y-group scheme which acts trivially on Y and on X
such that the action on each geometric fiber of 7 is transitive. Assume further that the
stabilizer in Gy of any geometric point of X is a smooth connected subgroup. Then a
Gy-equivariant perverse sheaf F on X descends along .
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Proof. Assume temporarily that © possesses a section s. Then the action map
and the section s give rise to a morphism a: Gy — X, which is smooth and sur-
jective with geometrically connected fibers. Using the equivariance it follows
that a*n*s*F = a*F. Since a and moa are both smooth with geometrically
connected fibers, this implies that s*F is perverse up to the shift by the relative
dimension of n. Indeed, since the other perverse cohomologies of s*F are killed by
a*n*, they must be zero since this functor is fully faithful, by [1] 4.2.5. By applying
the same proposition for ¢* now, we obtain an isomorphism between perverse
sheaves n*s*F = F.

In the general case there is an étale covering U; — Y such that each
n;i: X xy U; — U, has a section. Using the group action of Gy x y U;, the previous
discussion shows that étale locally F descends along n. Using 4.2.5 of loc.cit. again
to descend the gluing data and using Theorem 3.2.4 of loc.cit. to glue perverse
sheaves, we see that F descends along = globally. O

By Lemmas 19 and 20, the morphism p, satisfies the hypotheses on 7 in Lemma
21, with Gy = (jé X f(_) x (M X N) acting via ap. We have thus proved the existence
of A X, Z. Note that no shift is needed because on each connected component, p;
and p, have the same relative dimension by Lemma 19.

Now set A % Z = Rm, (A X, Z). By the symmetric construction, we can define the
convolution product Z . A.

Let E be now the algebraic closure k of the residual field k. We suppose that the
peverse sheaves A and Z are equipped with an action of Gal(F/F) compatible with
the action of Gal(F/F) on the geometric special fiber through Gal(lg/k). In practice,
the inertia subgroup I'y acts trivially on Z and nontrivially on A. As the semi-simple
trace provides a sheaf-function dictionary, we have:

s SS __ 8§ s SS __ 88
TA*TT = T st T ¥ TQ = TTya

where the convolution on the left hand is the ordinary convolution in the Hecke alge-
bra H(Gy//1}). For the convenience of the reader let us recall the argument for this
rather standard statement.

Recall that the convolution product f f” of two functions in H(Gy//I;) can be
defined by

=)= Y ff 'Y

yeGi /I

for all x € Gi/I;. The right hand side is well defined since f” is bi-I;-invariant. If
f=7{ and f" = 17, one can check the above sum is exactly the summation along
the fiber of m of the semi-simple trace function associated to the perverse sheaf
A spec(k)I . The compatibility between the ordinary convolution and the geometric
convolution now follows from this, since the semi-simple trace behaves well with
respect to a proper push-forward, as was made explicit in Section 3.
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8. Proof of Proposition 13
8.1. COHOMOLOGICAL PART

According to the sheaf-function dictionary for semi-simple traces, it suffices to prove
the following statement. Beilinson and Gaitsgory have proved a related result in the
equal characteristic case, using a deformation of the affine Grassmannian of G,
see [5].

PROPOSITION 22. We have an isomorphism

RYM(A; ) #5 Ly s — Lo *s REM(A,).

Proof. The above statement makes sense because the functor RW sends perverse
sheaves to perverse sheaves, by a theorem of Gabber, see Corollary 4.5 in [11]. In
particular, R¥¥(A; ,) is a perverse sheaf.

Let us recall that R¥Y (Zw,y) — Iy so that we have to prove

RTM(AA,;1) *3 R‘PN(IW,I]) — RIPM(IW,H) *5 R\PM(A/LW)-

First, let us prove that nearby cycle commutes with convolution product.

LEMMA 23. We have the isomorphisms
RYM(A; ) #s REY(Z,.,) —> RYP(A;, #, Toy)

RIPN(IW,;]) *5 RLPM(AAJ]) — RTP(Iw,n *p A/l,rl)
Proof. According to a theorem of Beilinson-Bernstein (see Theorem 4.7 in [11])
we have an isomorphism of perverse sheaves

RlPMXN(A/l,n 17 Zw,q) — RIPM(-A/M]) 5 RlPN(Iw,n)'
This induces an isomorphism between the pull-backs
pTRlPMXN(-A/l,n 11 Zw,n) ;)pT(RlPM(-A}V/) i RIPN(ZW,?/))

which are up to the shift by the relative dimension of p;, perverse too. By definition,
we have

pT(R\PM(-A/Ln) XI5 RlPN(ZW,n)) %pé(R‘PM(AZ,n) E RqJN(Iw,n))'

As p1, p» are smooth, pj and p; commute with nearby cycle, so applying
RYMN o

pT(A/l,n nZ11’J1) ;)pﬁ(-AZ,n 17 Iw,ﬂ)

gives an isomorphism

pTRlPMXN(.A/l,n 111-11’,17) ;)p;RlPM * N('AAJ’I V’IW’”)'
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Since p, is smooth with connected geometric fibers, Proposition 4.2.5 of Beilinson-
Bernstein-Deligne [1] implies that we have an isomorphism

RWMN(A; By T o) — RYY(A;,) BRI, ).
By applying now the functor Rm,, we have an isomorphism
Rm*R\PM X N(Ai,n r]Iw,n) — RIIIM(‘A)L,W) *§ RLPN(IW,W)'

Since the functor RY commutes with the direct image of a proper morphism, we
have

RWF (A, %y Loy) — Rm,RYM*N(A; 59, T,00).
By composing the above isomorphisms, we get

RYY(A;.,) %; REM(T,,.,) = RYP (A, %y Tovy)-
By the same argument, we prove

RYN(Z,,) #;s R¥Y(A;,) — RYX(Z ., %y Asy)-

This finishes the proof of the lemma. O

Now it clearly suffices to prove A; , *, Z,,, —> L\, %, A, , which is an easy con-
sequence of the following lemma.

LEMMA 24. (1) Over the generic point 1, we have two commutative triangles

M, x N,
i/ N
M,xN, —L P,
i’ r\_\ e

Ny x My

where all arrows are isomorphisms.

(2) Moreover, we have the following isomorphisms

l’*(A/l,n Iw.n) ;Al,n Iw,na i/*(A/l,q Iw,n) ;Iw,n -Ai.n

8.2. PROOF OF LEMMA 24

Let us prove the above lemma in the linear case.
Over the generic point #, we have the canonical decomposition of

Vi =1"(t+ o) F['/i" (1 + o) F[1]’
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into the direct sum Vy = ]_2}’) @ )_)5,,5+w) where
VO = - Fla?/ e Fla¢

VR = (0 + o) I G+ o) FLAY
With respect to this decomposition, all the terms of the filtration
]_)()Cf)l C"'Cf)dfl

decompose to V; = 1_}?) @ %Hw) foralli=0,...,d— 1. Here, we have
VW= =V, = Flal/ e Fla.

Let R be an F-algebra and let (L,, £) be an element of (M X N)(R). These chains
of R[t]-modules verify

M"Vip CL Ct" Vg, (t+ o) L; C L, C (t+ @) L.
As usual, let [_Z_[, [_l;- denote the image of £;, _£; in V. As R[7]-modules, they decom-
pose to L; =L & L™ and £, = L & L. The above inclusion conditions
imply indeed

Ef-’) — 0. Zgww) — pg’zzw).

i

Consequently, £, is completely determined by L,. In other terms, the map
m(L,, L) = L, is an isomorphism of functors over #. In the same way, the map

(B & VR 29 @ 2 = (B @ V5, W @ 21

yields an isomorphism i: M, %X N, — M, x N,. The composed isomorphism
j=moi!is given by

i Lo ® p(z;w)’ ]}(z)R ® Z/(z+w)) — 0 o r/rto)

The analogous statement for the lower triangle in the diagram can be proved in the
same way and the first part of the lemma is proved.

By the very definition of A;, IW,,,, in order to prove the second part of the
lemma, it suffices to construct an isomorphism

pT(-A/Ln Iw,n) ;) pﬁl*(AAn Iw.ﬂ)'

In fact, the triangle
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does not commute. Nevertheless this lack of commutativity can be corrected by
equivariance properties. We consider the diagram

M, x N,
‘hL/ \‘!’3
Jy x M, x N, Jdxi J,,xM X N,
Py o, N
M, x N, +——— M,xN, M, X N,

defined as follows.

For any F- algebra R, an element g € M(R) is an R[f]-endomorphism of Vg such
that £, = g(/"- Ve g) € M(R). As Vg decomposes to Vg = V(') @ V(H'w) its R[f]-endo-
morphism g can be identified to a pair g = (g, g+™)) where g\, respectively gi+™,
is an endomorphism of 1_}(,? , respectively of l_)(,?w).

As we have seen above, for £, € M(R), we have £; = L @ L™ with £/ =
V@) Consequently, g™ is an automorphism of V(Hw) fixing the filtration
V(Hw) In a similar way, an element g’ € N(R) can be identified with a pair (¢’

’(’J”I’)) where ¢'® is an automorphism of VY fixing the filtration V\",.

e The morphism ¢ is defined by
ni(g &) = (g, &), g " Ve @ VI,
Vi@ + @) V).
e The morphism ¢, is defined by
08, &) = (¢, &), g VI @ VIR,
g ]_7(.{)12 ® g + w)"- 9&{;’3)).
e The morphism o is defined by
(g, 7). LY @V LY @ L)
= (E0 @ VL @ g EN),
e pr; and pr; are the obvious projections
We can easily check that this diagram commutes and that
Prioqir =pi; xoqx =pa.
Now it is clear that
Pi( Ay BT y) — ¢3pr3i(Avy KZ).
Moreover, by equivariant properties of A; and Z,,, we have

pryif(A,, KZy.,) — o (A, 7 XLy ).
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(Note that the group [, acts on M, X N, by acting on the second factor of
M, x N, = M, %X N, and o gives the corresponding action of J, via the projection

Jy, — 1,.) In putting these things together, we get the required isomorphism

PT(-A/L;; Iw,ﬂ) ;) p;i*(A/l,r] Iw,;])~

This finishes the proof of the lemma in the linear case.
In the symplectic case, let us mention that the F-vector space

ZJL([ + w.)ﬂ/,—lF[t]Zd/trur(t + w)n;F[I]Zd

equipped with the symplectic form 7"~ (r + @)™~ ~"+*1( ) splits into the direct
sum of two vector spaces

t"*F[z]Zd/t’”F[t]zd ® (1 + ZD‘)’1/’71F[Z]2d/(l + ZD')n/*F[l]Zd

equipped with symplectic forms -~ (, ) and (¢ + @) "~ "*!(, ) respectively. Fur-
ther, note that ge M(R) decomposes as g = (g, g*™) where g € Autgy
(" R[>/ ¢ R[*") is such that (g, gVy) = c,0 ™" (x, p) (for some ¢y € RX),
and g™ € Autgy((t + @)™ 'R/t + @) R[{*") is such that (g(+™)x,
gFy) = cgurm (x, ) (for some cyuim € R*). A similar decomposition g’ = (g,
g“®) holds, and thus ones sees (g, g*®)) € J(R). Thus, the maps ¢; and ¢, as
defined above make sense in the symplectic case as well. The rest of the argument
goes through without change as in the linear case.

This finishes the proof of Lemma 24. We have therefore finished the proof of Pro-

position 22, and thus Proposition 13 and Theorem 11 as well. O

9. The Parahoric Case

Similar results in the parahoric cases follow easily from the Iwahori case treated
above.

Let G denote a split connected reductive over F, let K denote a special good max-
imal compact subgroup of G(F), let I denote an Iwahori subgroup contained in K,
and let P denote a parahoric subgroup with / C P C K. We have the corresponding
Hecke algebras of Q,-valued compactly supported bi-invariant functions H,, Hp,
and Hg. Let us define the convolution on the Hecke algebras using the Haar mea-
sures such that I (resp. P, K) has measure 1. There is map between their centers
Z(H;) — Z(Hp) given by z — zP = zxp. (This is an algebra isomorphism; see
the Remark following Theorem 25.)

Let G be one of the groups GL(d) or GSp(2d), and return to the notation
Gi, I, H(Gy//Iy), etc. of Section 4.2.

Assume we are in the linear case (the symplectic case is similar and will be omitted
from this discussion). To a standard parahoric subgroup Py with I C Py C K; we
can associate a set of integers {0 =iy < ij <--- < i,—1 < i, =d} such that Py is the
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stabilizer in G(k[[7]]) of the ‘standard’ partial lattice chain VI =V, C
Vi C-- C V= (t+o) "W).

It is easy to define the analogue Mf n, Of the local model M, ,, (cf. Definitions 1
and 2) as a scheme whose points are lattice chains

Ll=LycL,c---cL,=>t+wm 'Ly

i
such that for every j, the lattice £; is in a specified position relative to the lattices
IS V,/

The obvious forgetful functor defines a proper map M, ,, — Mf .. Which is an
isomorphism over the generic fibers. By using the same argument as in Section 5.1
we obtain the following result.

THEOREM 25. Let A be a dominant coweight of G = GL(d) or GSp(2d), and let P be
a standard parahoric subgroup of G. Then

Tr*'(Fry, R¥M (A;,) = (=17 " my(2)z).

A<

Remark. Let Wp denote the parabolic subgroup of the Weyl group corresponding
to P, and let W?” denote the set of minimal representatives for the cosets in Wp\W.
One can show using the theory of the Bernstein center that we have the following
commutative diagram of algebra isomorphisms

Q[x.)"
(—=I p)oBemn. ]/ I I\Sﬂl.
ZHGHB)) H(GL /[ Kx).
—*Enwlig
Therefore the right-hand side in Theorem 25 can be characterized as follows: it is
the unique element in Z(H(Gx// Pk)) such that the Satake transform of its image
under — 1, yr;, is equal to (—1)***y,. ]
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