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THE DIFFERENCE OPERATQRS AND
EXTENDED LAGUERRE POLYNOMIALS

B.P. PARASHAR

A new set of polynomials Lia’h)(x) in powers of xh (h > 0)

o
which are related to the Laguerre polynomials Li )(x) , have

been defined by a Rodrigues type formula involving the forward

difference operator Ah of increment h . Besides obtaining

shift operator formulae for Lia’h)(x), a definition of

fractional power Az of Ah has been given. The definition has

been illustrated by establishing known relations of the confluent

hypergeometric function.

1. Introduction
The use of the forward difference operator A of increment 1 where
Af(a) = fla+l) - fla)

in obtaining Rodrigues type formulae for some hypergeometric type special

functions is well-known. For example regarding & as the discrete

variable, the Laguerre polynomial Lﬁa)(x) is given by

n o _ (-l)nn!ma (a)
(1.1) A I‘(i:w.) T T(1+04n) Ln (x)

where
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(see Erdélyi [7, p. 1911).
Further, if a is regarded as a continuous variable then /T (1+a)

o
is an entire function of a and (dn/da )Ex /T(1+)] exists for all non-
negative interger values of n . Using this property, the p-function is
defined as follows:
dat

(1.2) PR P(1+a£] = (-1)"u(z, -1, @)
a

(see Erdélyi [2, p. 2181).
Thus by the Taylor expansion,

a+t (- t)

= z U(-’E, -n- l C!)

(1.3) T(1eort) - z

Also by the Gregory-Newton formula

xa+t b F— xa
(1.4) T(1+0+t) = nég (n)A i+a) °
wvhich with (1.1) gives
ot ©  (-t),

(a)(x)

’

(1.5) T(isast) -~ Z 7——13

provided the infinite series is convergent.

It is our aim in this note to further generalise these results by

using the operator Ah of increment h given by

8, fla) = floth) - fla) , R >0,

A
and also to consider its fractional power Ah for arbitrary real A .

REMARK. It may be emphasised that the novelty of the present work
consists not so much in obtaining new results as in the remarkable case

with which results are obtained by the difference operator procedure.
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2. Definition of A}

h and its consequences

Following the finite operator identify
n_ & m k_n-k A
(a) Ah = k§ (k)(—l) EZ . Eh 1+ Ah . Ah is defined for

arbitrary A as follows,
(2.1) A;‘lf(a) 2 (\(-1) FatMhkh)

provided the infinite series in (2.1) converges.
When the formula (2.1) is valid it also leads to a definition of the

fractional order derivative DA as follows:

AA

(2.2) lin = f(a) = 0*f(a)
n0 h

The following generalised powers will be used in the sequel:

(B,n) _ B T {1+(a/h))
(b) «a = I {1-B+(a/n)]

B I ((a/h)+8)

(e) (a)g , = T(a/h)  °

The use of (2.1) will then give

A
(2.3) Ai’a(s’h) _ _sin(n(a/h)) T(X-B) (B-A,h)
wA sinm|(a/h)+X] T(-B)

provided Re(A-B) > 0 or A is a non-negative integer.

If we use the asymptotic form

T(a+z) a-b -
T(b+z) ~ 2 as |z| >

then, as h + 0 , (2.3) leads to
A B sinmR r(1+8) B-A

(2.4) = (-0 sinﬂ(l+8—)\) T(1+8-1) & -

For X =7n a non-negative integers, (2.4) reduces to the usual nth

derivative of zB , namely,
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B _ T(+B) B-n
oo = By & )

Using 2 (a) the following relations can be easily verified:

n = (=) (Ol/h) h
(2.5) A, T{1+(a/A)] ~ T{1+n+( a/h)) =

. ™™ ((a/n)-n)( h
(2.6) b, [I=(a/R)) = T{1-(o/R)) LrE ) (=)

Also for arbitrary A , using (2.1) we shall have

)\ =& a+>.h h
(2.7) h T(1+(a/A)) I‘(l+>\+ a/h)} 2 0[— -M-(a/h); -]

which for A =#n reduces to (2.5) because of the relation

n
Lfle)(:c) - (—jf!—)epo[_n -8 -1/x] .
Also
A 2 a+Ah h
(2.8) & TT=(a7m)} - Tao(army 1fa [ 1--(a/m); &7

The Leibnitz formula for AZ is given by

(a) hfg = Z (k) n-k A];E'Z—kg (see Jordan [3, p. 971).

This suggests that for arbitrary A we have

Ao v (MK, L koMK
(2.9) Ahfg—k§0 (o, F - 8B g

provided that the infinite series in (2.9) converges. For X =n , (2.9)
reduces to 2 (d).

As a justification of the formula (2.9) we reestablish two relations

for the confluent hypergeometric function.

EXAMPLE 1. It can be verified that
(2.10) [ ara—an? ]f(a - AhA;;_lf(mh)

For A=n and h =+ 0 , (2.10) will lead to the so-called Pincherle
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derivative of ﬂq given by
(0" 17(a) = (Be-ad?) fla) = nd* L f(a)

If we put fla) = z°/T(1-(a/k)) in (2.10) and use (2.8) and (2.9) we
shall have

(2.11)  (Wewa) 7, [-A; -A-(a/h); 7] = o ) [A; 1-A-(a/h); =]
= Athl[l-X; 1-x-(a/h); x-h]

With suitable replacements (2.11) can be written in the form

(2.12) alFi[a+l; b+l; u] - blFl[a; b; ul] = (a—b)lFi[a; b+l; u]

which can be verified from the following relations of 1Fl (see Slater [5,

p. 161):

b d
lFl[a+1; b+1; u] Ed_ulFl[a; b; ul ;

Fl[a; b+l; u] = bba 151 la; b u] - Zé_'éi F la; by ul .

EXAMPLE 2. 1If in (2.9) we put f = xa[F(l—(a/h)) » g = ya and use
the relation (2.8) with Ahy = ya(yh—l] , we shall have after proper

replacements the multiplication formula (see Slater [5, p. 23]), namely,

© (a),a"(y-1)"
F lan; bny z] .

(2.13) lFl[a; by ayl = '—;17(—5)-”—— N

n=0
3. The extended Laguerre polynomials

%M ()

The extended Laguerre polynomials in powers of <«

(h > 0) are defined by the Rodrigues type formula

(3.1) Lr(l“’h)(x) - (1)'rQsamh)

ol AZ[xa/F(l+a)]

Thus
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kh
T(1saenh) & (7)E

nt %o k1T (1+a+kh) *

(3.2) AIE

With this definition, (1.5) will be generalised to

t ®  (-t/h)
x _ n (a’h)
(3.3) MTsort) ~ &, Tawamh) (&)

a,v
In the case % = V a natural number, Li ’ )(x) was denoted by

a
Konhauser [4] vy Zn(x, V) and it can be expressed as a va .

For h=1, Lia’h)(x) reduces to the Laguerre polynomial Lia)(x)
and (3.1) reduces to (1.1).

As h + 0 wusing (1.2) and (3.1) we shall have

n1e’h " (a,h)

(3.4) wz, -n-1, a) = %1151 E‘(l—_+a—+nh—) » (x)]

Further if we use the relation

f(a)

k
@) =n1 ¥ {7(-

o
! Tk d

™8
Xl

where OZ are the Stirling numbers of the second kind given by

o Anxk
k| nt
x=0

(see Jordan [3, p. 168, 190]), we shall have

o _k
(3.5) Lr(za’h)(x) = z Or(1+a+nh) ¥ —Z—, (—l)n+ko;:u(x, k-1, @)

k=n

As k =2 »n the asymptotic form of OZ , namely, n!oz ~k* for

v

k > = | suggests that the series in (3.5) is convergent.

4, An expansion of th

For a real number 8 if 1 + o + R4 > 0 then
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xa+8h 8 22

T(1+0+BR)  Fn T(1+a)

B >
(1+8,) T(1+a)

E (Fay 'r(af“_il y
k=0 o
This gives

o (-8)
th k (a h)( ).

(4.1) = I'(1+a+Bh) Z mh—)

The infinite series in (k4.1) is absolutely and uniformly convergent on
[-1, 1] for 1 + 0o +Bh >0 . In view of the final result being

convergent, the infinite expansion in powers of Ah is also valid.

The following special cases of (L4L.1l) are noteworthy:

no () L% ()

T(1+a4nh) Y ;
K=o P(1+a+kh)

nh
x

(4.2)

(4.3) & = n z (-1) [“*") 1% ()

(see Tricomi [7, 8.21).
A. ORTHOGONALITY

For 2 =n ,

. o+7
o -z (a,h) P ) F(1+a+nh) e T
J: x'e Ln (x) x dx = n A T(l-!-—(! dx
(-1)"F(l+a+nh) n
= por Ah(l+a)i .
As AZaz = hnn!Gni where Gni is the Kronecker delta, for % <n we have
(4.4) rxae-x[,(a’h)(x) - Zdz = (-h)'T(1+asnh)s
0 n ni
which, if h = , reduces to the classical result for L(a)(x)
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B. SHIFT OPERATOR FORMULAE

If in the relation

AZa(n’h)f(a) = (& ha—a] hf a)
we put
_ I{(a/h)-n+1) a®
fla) = T(a/nyel) T(iva) °
then we get

(B 0-a), Hf(@) = W'y wies

If we recursively use the relation

) _ 22 h ) T{(a/h)-n+1)
[Eha_a+zh)f(a) = f{ra7zy;iy-[hx Eh—a+zh} T(1+0)

we shall get finally

(4.5) (=h) n'r((a/h)"'l] (o h)(w) - [hth _a] F‘(a/h)—n'*ll .
h

T (1+oa+nh) h T(1+a)

>

xa/F((a/h)+l) , we shall get

On the other hand if we take f(a)

(4.6) (-1 e (/m)n) By [hthh—a] 1,
n,h

which for A = 1 reduces to the following result of Toscano [6],

(4.7) n!Lia)(x) = (-xE+a+l)nl .
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