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ABSTRACT

We use the notion of non-commutative Fitting invariants to give a reformulation of
the equivariant Iwasawa main conjecture (EIMC) attached to an extension F/K
of totally real fields with Galois group G, where K is a global number field and G
is a p-adic Lie group of dimension one for an odd prime p. We attach to each finite
Galois CM-extension L/K with Galois group G a module SKu(L/K) over the center of
the group ring ZG which coincides with the Sinnott—Kurihara ideal if G is abelian. We
state a conjecture on the integrality of SKu(L/K) which follows from the equivariant
Tamagawa number conjecture (ETNC) in many cases, and is a theorem for abelian G.
Assuming the vanishing of the Iwasawa pu-invariant, we compute Fitting invariants of
certain Iwasawa modules via the EIMC, and we show that this implies the minus part
of the ETNC at p for an infinite class of (non-abelian) Galois CM-extensions of number
fields which are at most tamely ramified above p, provided that (an appropriate p-part
of) the integrality conjecture holds.

Introduction

Let L/K be a finite Galois extension of number fields with Galois group G. Burns [Bur01] used
complexes arising from étale cohomology of the constant sheaf Z to define a canonical element
TQ(L/K) of the relative K-group Ko(ZG,R). This element relates the leading terms at zero
of Artin L-functions attached to L/K to natural arithmetic invariants. It was shown that the
vanishing of TQ(L/K) is equivalent to the equivariant Tamagawa number conjecture (ETNC)
for the pair (h°(Spec(L))(0), ZG) (cf. [Bur01, Theorem 2.4.1]).

The ETNC is known to be true if L is absolutely abelian as proved by Burns and
Greither [BG03] with the exclusion of the 2-primary part; Flach [Fla02] extended the argument
to cover the 2-primary part as well. If L is in addition totally real, the ETNC was independently
proved in [RW02, RW03]. Some relatively abelian results are due to Bley [Ble06]; he showed
that if L/K is a finite abelian extension, where K is an imaginary quadratic field which has
class number one, then the ETNC holds for all intermediate extensions L/FE such that [L: E]
is odd and divisible only by primes which split completely in K/Q. Finally, if L/K is a CM-
extension and p is odd, the ETNC at p naturally decomposes into a plus and a minus part;
it was shown by the author [NiclOa] that the minus part of the ETNC at p holds if L/K is
abelian and at most tamely ramified above p, and the Iwasawa p-invariant vanishes if p divides
|G| (and some additional technical condition is fulfilled). Note that the vanishing of u is a
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long-standing conjecture of Iwasawa theory; the most general result is still due to Ferrero and
Washington [FW79] and says that © = 0 for absolutely abelian extensions.

These results make heavy use of the validity of the equivariant Iwasawa main conjecture
(EIMC) attached to the extension LY /K, where L1 is the cyclotomic Z,-extension of L™ which
is the maximal real subfield of L. Note that the EIMC is known for abelian extensions of totally
real number fields with Galois group G such that G is a p-adic Lie group of dimension one
(cf. [RW02, Wil90a]). Most recently, Ritter and Weiss [RW10] have shown that the EIMC (up to
its uniqueness statement) holds for arbitrary p-adic Lie groups of dimension one provided that
1 vanishes.

In the abelian case, there is a natural formulation of the EIMC in terms of Fitting ideals.
The theory of Fitting ideals also plays an important role within the descent methods used
in [Ble06, BG03, Gre00, Kur03, Nic10a, Wil90b]. For not necessarily abelian G, we will introduce
a reformulation of the EIMC in terms of non-commutative Fitting invariants which have been
introduced by the author [NiclOb]. This is the main purpose of §2; we give some algebraic
preparations on Iwasawa modules and their Fitting invariants in § 3.

Now let L/ K be a Galois CM-extension with Galois group G. Assuming the vanishing of © and
using the validity of the EIMC due to Ritter and Weiss, we compute Fitting invariants of some
natural Iwasawa modules in §4; this generalizes results of Greither [Gre04]. In §5, we introduce
a module SKu(L/K) over the center of the group ring ZG which is a non-commutative analogue
of the Sinnott—Kurihara ideal (cf. [Sin80, p. 193]) and was already implicitly used in [BJ11, Nic].
We formulate an integrality conjecture on SKu(L/K) which is implied by the ETNC in many
cases and follows from the results in [Bar77/78, Cas79, DR80] if G is abelian. Assuming the
validity of this integrality conjecture, we generalize a descent method due to Wiles [Wil90b] in
the equivariant version of Greither [Gre00] to the non-abelian situation; this shows that the EIMC
implies the minus part of the ETNC at p provided that p vanishes, the integrality conjecture
holds and the ramification above p is at most tame (and, as in the abelian case, some technical
extra assumption holds). For a special class of extensions, where no ‘trivial zeros’ occur, the
EIMC in fact implies the relevant part of the integrality conjecture. This generalizes [Nicl0a,
Theorem 4] to the non-abelian situation. Moreover, it follows from the results in [Nic] that
for the case at hand the EIMC implies the non-abelian analogues of Brumer’s conjecture, of
the Brumer—Stark conjecture and of the strong Brumer—Stark property as formulated in [Nic]
provided that g =0 and the integrality conjecture holds.

1. Preliminaries

1.1 K-theory

Let A be a left noetherian ring with 1 and PMod(A) the category of all finitely generated
projective A-modules. We write Ky(A) for the Grothendieck group of PMod(A), and K;(A)
for the Whitehead group of A which is the abelianized infinite general linear group. If S is a
multiplicatively closed subset of the center of A which contains no zero divisors, 1 € S,0¢ S, we
denote the Grothendieck group of the category of all finitely generated S-torsion A-modules
of finite projective dimension by KyS(A). Writing Ag for the ring of quotients of A with
denominators in S, we have the following localization sequence (cf. [CR87, p. 65]):

K1(A) — K1 (Ag) 2 KoS(A) -2 Ko(A) — Ko(Ag). (1)
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In the special case where A is an o-order over a commutative ring o and S is the set of all non-
zero-divisors of 0, we also write KoT'(A) instead of KyS(A). Moreover, we denote the relative
K-group corresponding to a ring homomorphism A — A’ by Ky(A, A’) (cf. [Swa68]). Then we
have a localization sequence (cf. [CR87, p. 72])

K1 (A) — K1 (A) 22 Ko (A, A) — Ko(A) — Ko(A).

It is also shown in [Swa68] that there is an isomorphism Ky(A, Ag) ~ KyS(A). For any ring A,
we write ((A) for the subring of all elements which are central in A. Let G be a finite group;
in the case where A’ is the group ring RG, the reduced norm map nrgg : K1(RG) — ((RG)* is
injective, and there exists a canonical map dg : ((RG)* — Ko(ZG, RG) such that the restriction
of O to the image of the reduced norm equals Jzg ra © nrﬂg(l;. This map is called the extended
boundary homomorphism and was introduced by Burns and Flach [BF01].

1.2 Non-commutative Fitting invariants

For the following, we refer the reader to [Nic10b]. We denote the set of all m x n matrices with
entries in a ring R by M;,x,(R) and in the case m =n the group of all invertible elements
of Myuxn(R) by Gl,(R). Let A be a separable K-algebra and A be an o-order in A, finitely
generated as an o-module, where o is a complete commutative noetherian local ring with field of
quotients K. Moreover, we will assume that the integral closure of o in K is finitely generated
as an o-module. The group ring Z,G of a finite group G will serve as a standard example. Let
N and M be two ((A)-submodules of an o-torsion-free ((A)-module. Then N and M are called
nr(A)-equivalent if there exist an integer n and a matrix U € Gl,,(A) such that N =nr(U) - M,
where nr: A — ((A) denotes the reduced norm map which extends to matrix rings over A in the
obvious way. We denote the corresponding equivalence class by [N],(x). We say that N is nr(A)-
contained in M (and write [N]yy(a) C [M]ny(a)) if for all N’ € [N],,(a) there exists M € [M],,(a)
such that N’ € M'. Note that it suffices to check this property for one Ny € [N ]nr( A)- We will say
that z is contained in [N],.(a) (and write x € [N],(p)) if there is Ng € [N],(a) such that x € Np.

Now let M be a finitely presented (left) A-module and let
AC LAY M (2)

be a finite presentation of M. We identify the homomorphism h with the corresponding matrix
in Myxp(A) and define S(h) = Sy(h) to be the set of all b x b submatrices of h if a >b. In the
case a = b, we call (2) a quadratic presentation. The Fitting invariant of h over A is defined to be

FittA(h) _ [O]nr(A) if a < b,
[(nr(H) | H € S(h))¢caylnray if a>0.

We call Fitta (h) a Fitting invariant of M over A. One defines Fitt*** (M) to be the unique Fitting
invariant of M over A which is maximal among all Fitting invariants of M with respect to the
partial order ‘C’. If M admits a quadratic presentation h, one also puts Fitty (M) := Fittp(h),
which is independent of the chosen quadratic presentation.

Now let C' and C’ be two finitely generated o-torsion A-modules of finite projective dimension
and denote by [C] and [C'] the corresponding classes in K(T'(A), respectively. If p([C] — [C’]) =0,
we choose x € K1(A) such that d(z) = [C] — [C'] and define (cf. [Nic10b, Definition 3.6])

Fitta(C : C") := [(nra(@))¢(a)Jnr(a)-
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1.3 Equivariant L-values

Let us fix a finite Galois extension L/K of number fields with Galois group G. For any prime p
of K, we fix a prime % of L above p and write Gy (respectively Iy) for the decomposition group
(respectively inertia subgroup) of L/K at 3. Moreover, we denote the residual group at P by

Gy = Gy /Iy and choose a lift ¢ € G of the Frobenius automorphism at .

If S is a finite set of places of K containing the set Sy, of all infinite places of K, and x is a
(complex) character of G, we denote the S-truncated Artin L-function attached to x and S by
Ls(s, x) and define L%(0, x) to be the leading coefficient of the Taylor expansion of Lg(s, x) at
s =0. Recall that there is a canonical isomorphism ((CG) =[], epy() €, where Irr(G) denotes
the set of irreducible characters of G. We define the equivariant Artin L-function to be the
meromorphic ((CG)-valued function

Ls(s) := (Ls (8, X)) xemr(c)-

We put L5(0) = (L5(0, X))yenr(e) and abbreviate Ls_(s) by L(s). If T'is a second finite
set of places of K such that SNT =0, we define dr(s) := (d7(s, X)) yem(c), Where o7 (s, x) =
[Tper det(1 — N(p)1*5¢i1|VX1$) and Vj, is a G-module with character xy. We put

Og.1(s) :=dr(s) - Ls(s)*,

where we denote by f: CG — CG the involution induced by ¢+ g~'. These functions are the
so-called (S, T')-modified G-equivariant L-functions and we define Stickelberger elements

0% := 057(0) € ¢(CQ).

If T is empty, we abbreviate 0%: by #g. Note that the y-part of Gg vanishes for a non-trivial

character x if there is an (infinite) prime p € S such that VXG‘p #0. Now let L/K be a Galois
CM-extension, i.e. L is a CM-field, K is totally real and complex conjugation induces a unique
automorphism j of L which lies in the center of G. If R is a subring of either C or C, for a
prime p such that 2 is invertible over R, we put RG_ := RG/(1 + j) which is a ring, since the
idempotent (1 — 7)/2 lies in RG. For any RG-module M, we define M~ = RG_ ®rg M which is
an exact functor, since 2 € R*. Now Stark’s conjecture (which is a theorem for odd characters,
see [Tat84, Theorem 1.2, p. 70]) implies that

0% € C(QG-). (3)

Note that we actually have to exclude the special case [Sx(L)| =1 (cf. the proof of [Nicl0a,
Proposition 3|, where (3) is shown in the relevant case S = Sy, and 7' = 0)), but in this situation
the extension L/K is abelian. Here, we write S(L) for the set of places in L which lie above
those in S, and S is any (finite) set of places of K. Let us fix an embedding ¢ : C — C,; then the
image of 6% in ((Q,G-) via the canonical embedding

(QG-) = (QG-)= P Q)

x€lrrp(G)/~
x odd

is given by > (7(0, X* ') - Ls(0, ¥* )", where we write ¥ for the character contragredient to x.
Here, the sum runs over all C,-valued irreducible odd characters of G modulo Galois action. Note
that we will frequently drop ¢ and ¢! from the notation.
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1.4 Ray class groups

Let T and S be as above. We write clz for the ray class group of L to the ray My := aneT(L) T
and og for the ring of S(L)-integers of L. Let Sy be the set of all finite primes in S(L); then there
is a natural map ZSy — cl? which sends each prime ¢ € S # to the corresponding class [B] € clt.
We denote the cokernel of this map by cl% (L) =: cI}. Further, we denote the S(L)-units of L by
Eg and define ETL := {z € Es:x=1mod Mr}. All these modules are equipped with a natural
G-action and we have the following exact sequences of G-modules:

EY — EY =578 —cl] —cli, (4)
where v(z) = ZipeSf vg(2)P for x € EL, and
El — Eg — (05/M7)¢ 2 ol — clg, (5)

where the map v lifts an element T € (05/97)* to = € 0g and sends it to the ideal class [(x)] € clk
of the principal ideal (x). Note that the G-module (0g/97)* is c.t. (short for cohomologically
trivial) if no prime in 7" ramifies in L/K. If L/K is a CM-extension, we define

AL = (Z[}] ®z cll) ™.

If S = S, we also write A% and E% instead of A%joo and Egoo. Finally, we suppress the superscript
T from the notation if T is empty. If M is a finitely generated Z-module and p is a prime, we
put M(p) :=7Z, @z M. In particular, Az (p) is the p-part of the minus class group if p is odd.

2. A reformulation of the equivariant Iwasawa main conjecture

Let p # 2 be a prime and let F//K be a Galois extension of totally real fields with Galois group G,
where K is a global number field, F' contains the cyclotomic Zy,-extension K, of K and [F' : ko]
is finite. Hence, G is a p-adic Lie group of dimension one and there is a finite normal subgroup H
of G such that G/H = Gal(K«/K) =:T'k. Here, Ik is isomorphic to the p-adic integers Z, and
we fix a topological generator yx. We denote the completed group algebra Z,[[G]] by A(G)
and the total ring of fractions of A(G) by Q(G). If we pick a preimage v of vk in G, we can
choose an integer m such that v*" lies in the center of G. Hence, the ring R := Z,[[["?"']] belongs
to the center of A(G), and A(G) is an R-order in the separable Quot(R)-algebra Q(G). Note that
R is isomorphic to the power series ring Z,[[T"]]. Let S be a finite set of places of K containing all
the infinite places S, and the set S, of all places of K above p. Moreover, let Mg be the maximal
abelian pro-p-extension of F' unramified outside S, and denote the Iwasawa module Gal(Mg/F')
by Xg. If S additionally contains all places which ramify in F'/K, there is a canonical complex

of R-torsion A(G)-modules of projective dimension at most one such that H=}(C"(F/K)) = Xg
and HY(C"(F/K)) = Z,. We put (cf. [RWO04, §4])

Us =Ug(F/K):=(C™1) — (C°) € KoT(A(G)).
Since p(Ug) =0, there is a well-defined Fitting invariant of Ug; more precisely,

Fittp(g)(Us) = Fitty g (C~": CY).
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Moreover, if F is an exact functor from the category of R-torsion A(G)-modules of projective
dimension at most 1 to itself, we also set

Fittyg)(F(C™1): F(C°)) if F is covariant,

Fitt F(Og)) :=
! A(g)( (Os)) {FittA(g)(j:(Co) : F(C™Y)) if Fis contravariant.

We recall some results concerning the algebra Q(G) due to Ritter and Weiss [RW04]. Let Q; be
an algebraic closure of @, and fix an irreducible (Qg-valued) character x of G with open kernel.
Choose a finite field extension F of Q, such that the character x has a realization V, over K.
Let 1 be an irreducible constituent of res%x and set

St(n) :={g€G:n? =n}, 6”2771(—{1)277(h_1)h, e = Z e.

‘ ’ heH n|resgx

For any finite field extension k of Q, with ring of integers o, we set Q*(G) :=k ®g, Q(G) and
A°(G) =0[[G]]. By [RWO04, Corollary to Proposition 6], e, is a primitive central idempotent
of Q¥(G). By [RW04, Proposition 5] there is a distinguished element v, € ((QF(G)e,) which
generates a procyclic p-subgroup T’y of (QF(G)e,)* and acts trivially on V, . Moreover, 7, induces
an isomorphism Q¥ (T',) — ¢(QF(G)ey) by [RW04, Proposition 6]. For r € Ny, we define the
following maps:
Iy 1 CQF(9) ~ LQF(9ex) = QF(Ty) — Q¥ (),

where the last arrow is induced by mapping v, to &"(yy)7x", where w, =[G :St(n)] and &

denotes the cyclotomic character of G. Note that j, := j?( agrees with the corresponding map j,
in [RWO04]. Tt is shown that for any matrix © € M,,»,(Q(G)), we have

x(r(©)) = detgr ) (O[Hompx (Vy, QF(G)")). (7)

Here, © acts on f € Hompgy (V,, Q¥(G)") via right multiplication, and vk acts on the left via
(v f) () =7k - f(75'v) for all v € V.. Hence, the map

Det()(x) : K1(Q(G)) — Q%(T'k)*,
[P, o] — detQE(FK)(Oz’HOInEH(VX, E ®q, pP)),

where P is a projective @Q(G)-module and a a Q(G)-automorphism of P, is just j, onr. If p
is a character of G of type W, i.e. res%p: 1, then we denote by pf the automorphism of
the field Q°(I'k) := Q) ®g, Q(I'kx) induced by p*(v) = p(vx)YK. Moreover, we denote the
additive group generated by all Qf-valued characters of G with open kernel by R,(G); finally,
Hom™*(R,(G), Q°(T'x)™) is the group of all homomorphisms f: R,(G) — Q°(I'k )™ satisfying

f(x®p)=p*(f(x)) for all characters p of type W and
f(x7)=rf(x)° for all Galois automorphisms o € Gal(Q;/Qj).

We have an isomorphism

((Q(9))* ~ Hom"(R,(G), Q°(Tx)™),
z =[x — Jy(x)].
By [RW04, Theorem 5] the map © — [y — Det(©)(x)] defines a homomorphism

Det : K1(Q(G)) — Hom*(R,(G), Q°(T'x)™)
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such that we obtain a commutative triangle:

K1(Q(9))

e b ©

¢(Q(9)" = Hom™(R,(9), Q“(T'k)™)

We put u:=k(yx) and fix a finite set S of places of K containing S, and all places which
ramify in F'/K. Each topological generator vx of ' permits the definition of a power series
Gy,s(T) € Q, ®q, Quot(Z,[[T]]) by starting out from the Deligne-Ribet power series for abelian
characters of open subgroups of G (cf. [DR80]). One then has an equality

Gy s(u®—1)
L 1—-5,x)= AN —— ,
ps( ) Hy(uw —1)

where Ly, 5(s, x) denotes the p-adic Artin L-function and where, for irreducible y, one has

x(vg)(1+T)—1 if H C ker(x),
1 otherwise.

HX(T) = {

Now [RWO04, Proposition 11] implies that

vas(”YK —1)
HX(VK —1)

is independent of the topological generator vyx and lies in Hom*(R,(G), Q°(I'k ) ). Diagram (8)
implies that there is a unique element g € ((Q(G))* such that

Jx(®s) = Lk s(x)-

The EIMC as formulated in [RW04] now states that there is a unique Og € K1(Q(G)) such that
Det(©g) = Li,s and 0(0g) =Ug. The EIMC without its uniqueness statement hence asserts
that there is an z € K;(Q(G)) such that d(x) =Ug and Det(z)= Lk g; now diagram (8)
implies that nr(z) =®g, and thus ®g5 is a generator of Fittyg)(Us). Conversely, if ®g is a
generator of Fittyg)(Us), then there is an element x € K1(Q(G)) such that d(x) =Us and
(nr(z))¢(ag)) is nr(A(G))-equivalent to (®s)c(a(g)), i-e. there is a u € K1(A(G)) such that
nr(z) =nr(u) - 5. But then Og:=z-u~! has 9(0g) = d(z) = Us and Det(Og) = Lk.g, since
nr(Og) = ®g. We have shown that the following conjecture is equivalent to the EIMC without
the uniqueness of Og.

Ligs:x—

CONJECTURE 2.1. The element ®5 € ((Q(F))™ is a generator of Fitt,g)(Us).

The following theorem is due to Ritter and Weiss [RW10].

THEOREM 2.2. Conjecture 2.1 is true provided that Iwasawa’s p-invariant vanishes.

We also discuss Conjecture 2.1 within the framework of the theory of [CFKSV05, §3|. For
this, let
7:G— Gl,(og)

be a continuous homomorphism, where 0g denotes the ring of integers of E and n is some integer
greater than or equal to 1. There is a ring homomorphism

Or: A(G) = Mrxn (A (I')) 9)
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induced by the continuous group homomorphism
G — (Mpxn(op) ®z, A(T'k))™ = Gl,(A°?(T'k)),
o—m(o)®a,

where @ denotes the image of 0 in G/H =T'k. By [CFKSV05, Lemma 3.3|, the homomorphism (9)
extends to a ring homomorphism

D, Q(Q) - Mnxn(QE(FK))

and this in turn induces a homomorphism

@ K1(Q(9)) = Ki(Mpxn(Q"(Tk))) = Q% (Tk) ™.

Let aug : A°2(I'k ) — o be the augmentation map and put p = ker(aug). Writing A°?(T'k ), for
the localization of A°E(T'k) at p, it is clear that aug naturally extends to a homomorphism
aug : A°? ('), — E. One defines an evaluation map

¢:Q" (k) — E U {oc},
aug(z) if x € A°?(T'k)p,
H
00 otherwise.

If © is an element of K1(Q(G)), we define O(r) to be ¢(P,(©)). We need the following lemma.

LEMMA 2.3. If m =, is a representation of G with character x and r € Ng, then

!
T K"

K1<cj<g>> Ky (Moo (Q(Ti0))
¢(Q(6))* & QB (Tx)"

commutes. In particular, we have nr o ® = Det( )(x).

Proof. We recall that the map 7, induces a field extension QF(I'x)/QF (T, ), where QE(T)) =
C(QF(G)ey). The results in [RW04] imply that in fact Q¥ (k) is a splitting field of QF(G)e,

and we thus have an isomorphism

QF(T'k) @ge(r,) QP (G)ex = Mun(QF(Ti). (10)
Since 1®7, =7 ®1 in QF(Tk) ®QE(Ty) QE(G)ey and my(vy) @7, =1® Y& in Myxn
(QF(Tk)), the homomorphism ®, _induces a realization of the above isomorphism (10). Hence,

nr o <I>;TX is just the reduced norm on QF(G)e, which takes values in QF(T,) N QF (I'k).
This shows the lemma in the case r=0. For arbitrary r, we similarly have j}(nr(©))=
detger ) (OVy(r)) = nr (@7 ,.»(0)), where © € K1(Q(G)) and Vy(r) is the rth Tate twist of the
absolutely irreducible (right) module V,, := Homgg (V,, QF(G)) over Q¥ (I'k) QQE(Ty) QF(G). O

Conjecture 2.1 now implies that there is an element Og € K1(Q(G)) such that 9(©g) = Ug
and, for any r > 1 divisible by p — 1, we have

Os(myk") = ¢(jy(®s)) = Ls(1 — 1, x).
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3. Algebraic preparations

Let p # 2 be a prime and let G be a p-adic Lie group of dimension one, i.e. there is a finite normal
subgroup H of G such that I' := G /H is isomorphic to Z,. For any ring A and any A-module M,
we write pdy (M) for the projective dimension of M over A. For any finitely generated A(G)-
module M, we write p(M) for the Iwasawa p-invariant of M. As before, let I ~ Z,, be a subgroup
of G which is central in G and put R = Z,[[I"']].

PROPOSITION 3.1. Let M be a finitely generated R-torsion A(G)-module which has no non-
trivial finite submodule, has (M) =0 and is cohomologically trivial as an H-module. Then

pdy(g) (M) < 1.

Proof. For any topological ring A, we denote the category of compact A-modules by C(A) and
the category of discrete A-modules by D(A). We have a functor

Hompg)( 5 ) :C(A(G)) x D(A(G)) — D(Zy)

and we can use either projective resolutions in C(A(G)) or injective resolutions in D(A(G)) to
define functors

Eath () C(AG)) x DIAG) — D(Z,), 30,
By [NSWO00, Proposition 5.2.11], we have to show that Sxt%(g) (M, N) =0 for all simple N. We
consider the spectral sequence (cf. [NSW00, ch. V, § 2, Ex. 4]):

Ey = H'(Tk, Ext), (M, N)) = B = Extii] (M, N).

Since M has no non-trivial finite submodules and p(M) =0, it is free and finitely generated as
a Zp-module. Moreover, it is c.t. as an H-module by assumption and hence Z,H-projective.
This implies that E;j =0 for j>0. Since N and hence Homgz,z(M,N) are p-torsion and
the cohomological p-dimension of ' is 1, we also have E;J =0 if 4> 1. This implies that
Exty g, (M, N) = E* ~ E;° =0, O

PROPOSITION 3.2. Let M be a finitely generated R-torsion A(G)-module such that pd, gy (M) <
1 and (M) = 0. Assume that the Fitting invariant Fittg,ag)(Qp ® M) of Q, @ M over Q,A(G)
is generated by an element ® € nr(K;(A,)(G))), where the subscript (p) means localization at
the prime (p). Then also

Fittpg) (M) = [(®)¢(a(9)) Jr(a())-

Proof. By [Nicl0b, Lemma 6.2], the module M admits a quadratic presentation over A(G) such
that Fittyg)(M) exists and is generated by nr(v), where 1 : A(G)™ — A(G)™ has cokernel M.
Since M is torsion, 1) becomes an isomorphism if we tensor with Q(G), i.e. 1 € My, xm(A(G)) N

Gl (Q(G)). Note that nr(Q,A(G))-equivalence is just equality, since the reduced norm maps
K1(QpA(G)) into ¢(QuA(G))*. Hence, by assumption

(®)¢@pacg) = (r(¥))e(@,A6))

and there is a unique z € ((Q,A(G))* with nr(¢») =z - ®. Let us denote the integral closure of
C(A(9)) in ¢(Q(G)) by 3. Then the reduced norm maps Ki(A(G)) into 3* and Ki(A,)(G))
into S(Xp ) We have shown that there is a natural number N such that p" -z € 3. Since

the p-invariant of M vanishes, the map 1 becomes an isomorphism after localization at (p)
and hence nr() € nr(K1(A,)(G))). Since, by assumption, this is also true for ®, we find
z €nr(K1(Ap)(9))) C 3(Xp). Thus, we can choose a Weierstrafl polynomial f such that f-x €3
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and hence x € 3 by Lemma 3.3 below. Since the same observations hold for z~!

have z € 3*. Now [RWO05, Theorem B] implies that
Hom™(R,(G), A°(I'k)™) N Det(K1(Ag)(G))) € Det(K1(A(G))),

where A°(I'x) = Z;, ®z, A(I'x) and Zj, denotes the integral closure of Z, in Q. Note that the
HOM*-group used in [RWO05] is contained in Hom*(R,(G), A°(T'x)*), but this does not affect
the above intersection, since any element in the image of Det fulfills all the conditions which
occur in the definition of HOM* (cf. [RW05, §1]). Since Hom™(R,(G), A°(I'x)*) corresponds to
3 under the identification of diagram (8) (cf. [RW04, Remark H]), we have shown that

)
S SX N nr(Kl(A(p)(Q))) C nr(Kl(A(g)))
Hence, the ((A(G))-modules generated by ® and nr(¢) are nr(A(G))-equivalent. O

, we actually

We have used the following easy lemma.

LEMMA 3.3. Let A be a ring, z € A and y € ((A). Assume that y is a non-zero-divisor and x is
a non-zero-divisor modulo y. Let S be a multiplicatively closed subset of ((A) which contains no

zero divisors, 1 € S, 0 ¢ S and let ¥ € Ag be such that x -V € A andy -V € A. Then also ¥ € A.

Proof. The equationz -V -y =x -y - ¥ implies that y - ¥ = 0 mod y, since x is a non-zero-divisor
modulo y. Hence, there is A € A such that y- ¥ =y -A. But y is a non-zero-divisor and thus
A=U. O

If M is an Iwasawa torsion module, we write (M) for the Iwasawa adjoint of M. If H is a
finite group and M is a Z,[H]-module, we denote the Pontryagin dual Hom(M, Q,/Z,) of M by
MY which is equipped with the natural H-action (hf)(m)= f(h~'m) for f € MV, h € H and
me M.

LEMMA 3.4. Let U be a subgroup of G of finite index.
(i) For any A(U)-module N, we have an isomorphism indg(N(l)) o~ (ind[g]N)(l).
(ii) If M =indfZ,, then a(M) ~ M.
Proof. Let us put N’ := N(1). Then ind?. N’ = @, N,, where o runs through a set of (left) coset

representatives, and where N, = N’ as sets and gn’ = u,n' € N, if go = 6u, for g€ G, u, €U,
n’ € N/; similarly, ind%N =@, N,. An easy computation shows that

Dy, — (B¥)w. Lo S o,
is an isomorphism of A(G)-modules. This shows (i). For (ii), we compute

a(M) = lim Hom(M/p", Q,/Zy)
= lim(indf, Z, /p")"
n
~ lim indf, Z, /p"

=M. O

We point out that Lemma 3.4 and Proposition 3.2 are non-abelian generalizations of [Gre04,
Lemmas 1 and 2], respectively.
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4. Fitting invariants of Iwasawa modules

In this section, we fix the following setting: let L/K be a Galois CM-extension of number fields
with Galois group G, i.e. K is totally real and L is a totally imaginary quadratic extension
of a totally real number field. This field is the maximal real subfield of L and will be denoted
by L. Complex conjugation on C induces an automorphism j on L which is independent of the
embedding into C and lies in the center of G. Let p # 2 be a prime and assume that j lies in
the decomposition group G for each prime B of L above p which is wildly ramified in L/K (we
will call this condition almost tame above p). In particular, we consider all Galois CM-extensions
which are at most tamely ramified above p.

We choose a prime p, 1 p of K which is unramified in L/K and define a set of places of K by
T =Ty :={pg} U Sram \(Sram N Sp).

We may choose pg such that Eg is torsion free. Then A:Lp(p), the p-part of the minus ray class
group cl{’_, is c.t. as a G-module by [Nicl0a, Theorem 1].

Let Lo and K, be the cyclotomic Z,-extensions of L and K, respectively. We denote the
Galois group of K /K by I'k. Hence, I'k is isomorphic to Z,, and we fix a topological generator
vk . Furthermore, we denote the nth layer in the cyclotomic extension K.,/K by K, such that
K, /K is cyclic of order p". Accordingly, we set I';, = Gal(Lo/L) with a topological generator
~1, whose restriction to Ko, is fy%a for an appropriate integer a. We enumerate the intermediate
fields starting with L = L, such that L, /L is cyclic of order p™~?. This is because in this case
L,, is the smallest intermediate field of Lo, /L which lies above K,,. It may also be convenient to
define L,, = L if n < a. We put

Xy = 1im AT (p).

We denote the Galois group of Lo/K by G; hence, G =H xI', where H is a subgroup of
G and T is topologically generated by a preimage v of yx under the canonical epimorphism
G - G/H =Tk. Then X, is a finitely generated R-torsion A(G)_ := A(G)/(1 + j)-module, where
as before R = Z,[[I"]] with I ~ Z,, central in G. Let L' be the maximal subfield of L, fixed by T'.
Since L' is contained in L,, if n is sufficiently large, the layers of the cyclotomic extensions of
L and L' agree for n >0 and Azn (p) is Gal(Ly/Ky)-c.t., since each of the extensions L, /K,
inherits the required properties from the extension L/K. Hence, X’ is c.t. as an H-module and
has no non-trivial finite submodule (as can be seen by the same argument as in the first step of
the proof of [Gre04, Proposition 7]) such that Proposition 3.1 implies the following result.

PRrOPOSITION 4.1. If L/K is almost tame above p and the Iwasawa p-invariant p(X;) vanishes,
then the projective dimension of X, over A(G)_ is at most 1.

Now let S be a finite set of places of K containing S, (but not necessarily S,) and let Mg
be the maximal abelian pro-p-extension of L., unramified outside S. Moreover, let My, be the
maximal abelian unramified extension of L, and define A(G)-modules

Xg:=Gal(Mg/Loo), Xsta:=Gal(Moo/Lso).

Hence, Xgiq is the ‘standard’ Iwasawa module which is the projective limit of the p-parts of the
class groups in the cyclotomic tower of L. If S = S, U S}, we also write Xy, instead of Xg_us,-
Moreover, if S'=TU S, there is an isomorphism X g =~ &} . Following Greither [Gre04],
we will also define a ‘dual’ Iwasawa module Xg,: there is a minimal integer ng such that
all the p-adic places ramify in Lo /Ly,,. We denote the p-class field of L,, by M,, and

1189

https://doi.org/10.1112/5S0010437X11005331 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X11005331

A. NICKEL

put Xgy := Gal(Mso/MpyLoo). So, X4y is a submodule of Xiq of finite index and the subscript
‘du’ is chosen because of the following description of X in the case (, € L, where ¢, denotes
a primitive pth root of unity (cf. [Gre04, beginning of §2]; note that G is assumed to be
abelian in [Gre04] but, in all cases, where we will cite [Gre04], this assumption is not necessary;

moreover, [Gre04] usually assumes that L N Ko, = K but, as mentioned in the introduction and
explained in more detail in § 7 of [Gre04], this assumption is just in order to keep the arguments
simple):

X~ oz(XE;})(l).
If S contains all places which ramify in L, /K, we define an Iwasawa module Zg = Z7, g by

Zs = a(X$)(Q) if¢eL,
Zs = (Zyr(,),s)a otherwise,

where A = Gal(L((,)/L). Note that this definition slightly differs from the definition of the
corresponding module in [Gre04]. But, since p{|A|, multiplication by Na := ) 5. ¢ induces an
isomorphism (Zpc,).s)a =~ (ZL(CP),S)A- For any prime p of K, we choose a prime p in Lo, above p

and put ‘B = p N L. Setting Z,, := indngp, class field theory gives an exact sequence (cf. [Gre04,
sequence (1)]; for the proof, replace [Gre04], Lemma 1(i) by Lemma 3.4(i))

&y Zy() = X > X[ (11)
peS\Sp

We claim that this sequence induces an exact sequence
Xpu—2Zs—> P 7. (12)

peS\Sp
This is clear if ¢, € L, since taking Iwasawa adjoints is exact on sequences of torsion Iwasawa
modules without finite submodules and a(Z,(1))(1) = «(Z,) = Z, by Lemma 3.4(ii). If {, & L, we
put L' = L((p), L, = Loo((p) ete. Since pt|A|, the p-class groups of the layers in the cyclotomic

tower are c.t. as A-modules and we have thus isomorphisms Az, (p)a ~ Ar, (p) which combine

. . . 1— — . .
to induce an isomorphism (X_ j)a ~ X ;. We have a commutative diagram.

(XA (X5a)a —= AL, (P)a

F 0

X5 C X5, AL, (P)

Hence, the left-most vertical arrow is also an isomorphism and we obtain (12) in general, as we
may adjoin (, first and then apply A-coinvariants to sequence (12) for L'.

Let x +— & be the automorphism on A(G) induced by g +— k(g)g~ ! for g € G. Let GT :=G/{j) =
Gal(L1 /K) and let 5 € ((Q(G"))* be the unique element satisfying j, (®s) = Lk s(x) for each
even character of G with open kernel. We define idempotents

_ 1-y 147

e — e —

The following is a non-abelian generalization of [Gre04, Theorem 2].

THEOREM 4.2. Assume that the Iwasawa p-invariant attached to the extension L /K vanishes.
Let S be a finite set of places of K which contains S, and all places which ramify in Lo /K.
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(i) If {, € L, then

Fitt}g)(Zs) = Fittyig) (Zp(1) [(®se™ + €M) ura(e)-
(i) If ¢y & L, then pdy(g)(Zs) <1 and

Fittg)(Zs) = [(®se™ + eM)]ur(ag)-

Proof. Assume that (, € L. The canonical complex (6) for the extension LY /K gives an exact
sequence

X; —Ct =Y — L.

Applying the functor ( )(1) to this sequence yields

Zp(1) — a(C%)(1) — a(CTH)(1) = Zs. (13)
Now [Nic10b, Proposition 6.3(ii)] implies the first equality in

Fitthig) (Zs) = Fitt}ig)(Zy(1))* - Fittag)((Us)(1))
= Fitthig) (Zo(1))* - [(Dse™ + €M) ]urac))-

We have to explain the second equality. Since p =0, the EIMC holds for LT /K and hence
Fittyg+)(Us) is generated by ®s. It suffices to prove the following: assume that C'is a finitely

generated R-torsion A(GT)-module of projective dimension at most one which has no non-
trivial finite submodule and that @ is a generator of Fittyg+)(C); then Fittyg)(a(C)(1)) is
generated by ®e~ 4+ et. To see this, let 1 : A(GH)™ — A(GT)™ be a quadratic presentation
of C such that nr(y)) = ®. By [Nicl0b, Proposition 6.3(i)] and its proof, it follows that 7"
is a finite presentation of a(C) and nr(y)"F) = ®! is a generator of Fittyg+)(a(C)), where
¢ denotes the transpose of ¥. Now A(GT) ~ A(G)e, and the involution g+ x(g~')g induces
an isomorphism between the first Tate twist of A(G') and A(G)e—. We obtain a quadratic
presentation ¢ : (A(G)e_ )" — (A(G)e_)™ of a(C)(1) regarded as a A(G)e_-module. Since
nr(y)7) = & and a(C)(1) is trivial on plus parts, we are done.

If (, ¢ L, we again put L' = L((,). We apply A = Gal(L’/L)-coinvariants to sequence (13)
(for L) and obtain an exact sequence

a(C(1)a — a(CH(1)a — Zs.
Hence, Zg has projective dimension at most one and

Fitta(g)(Zs) = Fittag)(a(Us((L) " /K))(1)a)
= FittA(g)(a(Us(L;/K))(l))
= [(®se” + eMarace)),

where the second equality follows from [RWO04, Proposition 12], whereas the last equality is the
EIMC. |

As in [Gre04, Proposition 6], we have an exact sequence

Zy(1) = P Zp(1)” — X7 — Xy (14)
peT
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if (, € L, and without the left-most term if ¢, ¢ L. For p € S, we put

Ep = 5,, T % — e €Q(Gy), where gy = |Ip|” NI%B € QH

& i =nr(1 ®Ey).

Here, ¢, € G and Iy are the Frobenius and the inertia subgroup at a chosen prime p in L
above p, respectively; note that the inertia subgroup depends only on the prime B in L above p,
since p lies not above p and is thus unramified in the cyclotomic extension. The element 1 ® Z,
belongs to Q(G) = indiQ(gp). Note that ¢, and Iy depend on the choice of p, but &, does not.
If S is a finite set of places of K containing S, U Sy, we put

I & se €c@@)).

peS\Sp

PROPOSITION 4.3. The Fitting invariant Fittg,ag)_ (QpXy) is generated by VYrys,. In
particular, ¥7ys, € ((QpA(G)-).

Proof. We first observe that Q,A(G) is a maximal Q, ® R-order in Q(G). In this case, every
finitely generated Q,A(G)-module has a quadratic presentation, and taking Fitting invariants is
multiplicative on short exact sequences of Q, ® R-torsion Q,A(G)-modules. It suffices to assume
the EIMC in the ‘maximal order case’, which is a theorem ([RW04, Theorem 16]; cf. also [RW04,
Remark H]), and we may use Theorem 4.2 over Q,A(G) without assuming that p =0. We put
i=—11if (, € L and i =0 otherwise. Since Q,Xqy = QpXstq, the exact sequences (12) and (14)

imply that
Fitt(Qpy ) = Fitt(Qp 27,5, ) - Fitt(Qp(1))" - [ Fitt(@pZ, ) ™" - Fitt(QpZp(1)7)
peT
= (brus,e”) - [] Fitt(Qp2;) " - Fist(QpZy(1)7),

peT
where all Fitting invariants are taken over Q,A(G)_ and the second equality holds by
Theorem 4.2. The Fitting invariant of Q,Z, is generated by nr(1® zp)e” with z, =1 —¢, +
(1 — ¢y )ep, since Q,Z, = indgp@p and Q, is isomorphic to Q,A(G,,)/z, as a Q,A(G,)-module.
Likewise, the Fitting invariant of Q,Z,(1)~ is generated by nr(1 ® 4,)e”. We obtain

Fitt(Q, 25 )~ - Fitt(QpZp (1)) = (ur(1® (i ))e™) = (). .
We now prove the non-abelian analogue of [Gre04, Theorem 6.

THEOREM 4.4. Let L/K be almost tame above p. Assume that the Iwasawa p-invariant attached
to the extension LY, /K vanishes. Then Wrygs, generates the Fitting invariant Fittyg) (X7).

Proof. Since p1 = 0, the A(G)_-module X has projective dimension at most 1 by Proposition 4.1.
Since it is also R-torsion and finitely generated and we know that Wryg, generates the Fitting
invariant Fittg,Ag (Qp ) by Proposition 4.3, we wish to apply Proposition 3.2 such that it
remains to show that \I/Tus € nr(K1 (A (9)-)).

By p =0 again, the validity of the EIMC implies that there is an element O € K1(A(,)(G1))
such that nr(©%) = ®7yg,. In fact, this is equivalent to the EIMC by [RW05, Theorem A],
but it is clearly necessary, since Uryg, vanishes if we localize at (p). The discussion in the
proof of Theorem 4.2 shows that there is a matrix © € Gl,(A(;)(G)-) such that nr(©) = (i)Tusp.
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Now it suffices to show that {pe™ € nr(K1 (A, (G)-)) for p € T. For this, fix a prime p € T" and
let g be the rational prime below p. We denote the ¢g-Sylow subgroup of Iy by Ry and define an
idempotent ry, = |Rg|~ IN Ry Which lies in Z,H, since ¢ # p. Let a be a generator of Iy/Ryp and
choose a fixed lift of the Frobenius automorphism ¢, in G,, which we also denote by ¢,. Then
1 — ¢, is a non-zero-divisor and we may define

Ep = (1= )T (b= dp)rp +1 =1y € Ay (Gy),

where b:= Y% 0 a’ and gy = Kk(@,). We claim that nr(Z}) = nr(Z,). By [Chi85, Lemma, p. 369]
we have gbpa =a%¢,. Thus, using the relations rpe, =¢p, and (b— ¢p)ep = (gp — Pp)ep, We
compute that

By By =+ (L= 0p) (b= dp)rp + 1 —1p)(1 — ).
We define a unit in Q(G) by

Bpi=ep+((a—Drp+ (1 —rp))(1—gp).
Then one easily computes that :p_l:;,ﬁp = (d);l - 1)_15,3((]5;1 —1); hence, E;lE;g is a
commutator and has reduced norm equal to 1.
To conclude the proof, it suffices to show that :{J is in A(,)(Gp)*. Since 1 — @y, is a unit in
Ap)(G), we have to show that b — ¢, is invertible in A, (G, /Ry) = A (Gp)rp. We thus may
assume that Ry is trivial. Now let e, be the order of Iy and let ¢ be the order of g, mod ey; we
put d:=e, LD DN " al. We claim that
(H Q%bgz);) — 1= (¢} —1)d. (15)
j=0
For the proof, observe that ¢ (a — 1)¢;1 =b(a — 1) implies that ¢! (a —1)¢," = (H;;B gbé,bgbgj)
(a — 1) by induction on i. Setting i = ¢, we see that the left-hand side of (15) annihilates a — 1,
as gbfp and a commute. But, the Z,Ip-annihilator of a — 1 is generated by epd such that the
left-hand side equals w - d for an appropriate w € Z,,. The claim follows, since both sides of (15)
have the same image (namely, qé — 1) under the augmentation map.
Now let H be the open subgroup of index ¢ in G, containing a and qb’éo Then A, (H) is
commutative and A,)(G,) has A, (H)-basis ¢, 0 <i <t — 1. We need to solve the equation

t—1

1:(Zci¢;)<b—¢p>
Oy

= (X eteiboinen) - et
1=0 1=0

-1

= (oL bdy’ — ci1)dy, + (cob — ci10},)

=1
for ¢; € Ay (H); that is, ¢ 1—cl¢’ bqﬁpl for 1<i<t and cgb=1+c;— 1¢t From the first
L #Lboy? for 0 < s <t by downward induction on s; setting

~+

.

relations, we obtain cs = c;—1 H
s =0 yields

JS+

t—1

cob=ci1 | [(¢Lboy”) = cooa(1+ (g — 1)d),

J=0
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where the second equality is (15). Comparing with the second relation gives
c-1(1+ (g — 1d — ¢y,) =1
such that we have to show that 1 + (qf; —1)d — qﬁ’fp lies in A(,)(H)*. We may consider suitable
multiples of this element such that it suffices to check that
(L (g =D = (@) =1+ (" = )d =90 V' = (1= o) + ("~ 1)d

lies in Ay (H)™, and likewise that u:= (1 — g’fl)t)z — (qépil)t —1)%d is in Ag)(H)*. But,
(q,Sp Lt — 1)d lies in A(,)(H) and p divides (qép_l)t —1); thus, u=(1 - ¢Fpp_1)t)2 mod pA,y (H)
with 1 — g_l)t € Ay (H)™; hence, u € Ay, (H)™, as desired. O

We close this section with a few preparations for the Galois descent. If y is a character of G
with open kernel, we define

Sy ={p C K| Iy ¢ ker(x)}.
LEMMA 4.5. Let S be a finite set of primes of K containing S~. Let x be an even character of
G with open kernel and put ¥.:=SU S, and X, := (SN Sy) US,.
(i) If x is of type S (i.e. T' C ker(x)), we have an equality
Lyx(s,x) = Lps, (s, X) H det(l — o 1FSC'°|VIm 1), (16)
peEX\Xy

where we write ¢, =0, -y* with o, € H, ¢y € Zy, and where w denotes the Teichmiiller
character.

(ii) We have an equality

Gyx(T) =Gy 5, (T H Ipxwo—1(
PEE\EX

where gy (T') := detger ) (1 — qﬁ;laplvxq).

Proof. For (i), we have to evaluate both sides at s =1 — r, where r > 1 is divisible by p — 1. We
observe that

u(r*l)Cp _ K((ép)rfln(o,p)lfr _ N(p)’”*lw(ap).
Now we compute that the right-hand side of (16) at s =1 — r equals

Lys(1=rx) [[ det(l - opw(o )N )1V )

pPEX\Ey
=Ly (1-rx) ] det(l—ooN(p) K%
PET\Dy
=Lx(1 -7, x)
= Lp;;(l -, X).

This proves (i). For (ii), we observe that g, (u® — 1) =det(1 — o u™%ep|Vy) if x is of type S.
Hence, (i) implies (ii) in this case. If x =1 ® p, where 9 is of type S and p is of type W, then
we have an equality

Ipwwp = Gpar(P(Y)(1+T) = 1),
Since similar equalities hold for G x and G s, , we get (ii) in general. a
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COROLLARY 4.6. Keep the notation of Lemma 4.5, but assume that x is an odd character and
Y contains Syam. Then

jx((i’z) = LK,EX (X_lw) H gp,xfl(’YK —1).
pEX\Xy

The following proposition is contained in the author’s dissertation [Nic08, Proposition 3.2.7],
but it has not yet been published in a peer-reviewed journal.

PROPOSITION 4.7. Let L/K be a Galois CM-extension with Galois group G, p # 2 a rational
prime and T a finite G-invariant set of places of L such that T NS, =0. If X denotes the
projective limit of the minus p-ray class groups ACEH (p), there is an exact sequence of Z,G_-
modules

P (ndS, 2,)~ — (X7)r, - AL(p).

pESH

Proof. The canonical restriction map X7 — cl (p) is surjective on minus parts, since the cokernel
is a quotient of I';, on which j acts trivially. It clearly factors through (X7 )r, .

Recall that My is the maximal abelian pro-p-extension of L, unramified outside 1. We put
Yr =Gal(Mr/L). Let By, ..., B, be the primes in L above p. Exactly these primes ramify in
Lo /L, and we denote the finitely many primes in L, which lie above Py, ..., B, by Lir,
1 <7< s. Moreover, we choose above each ;7 a prime ‘i?lk in Mp, and denote its inertia group

in Vr by L.
We obviously have an isomorphism Yp/Xp ~T'1. So, we can pick a preimage v € Yr of v,
and thus

Vr=Xr- (7). (17)
Let Y/ be the closure of the commutator subgroup of Y. Then G~acts on Yr/Y}. via conjugation,
and we may assume that 4/ = v mod )%, as we may choose a lift j € Gal(My/K) of j and replace

~v by 'y(H;)/ 2. The condition on the set T forces that the extension M7y /Ly, does not ramify
above p. Therefore, I;; N X7 =1, and we get inclusions

Ly — Yr/Xr=T1p.

Hence, each I;; is isomorphic to I‘Zznik for an appropriate integer n;;. We fix a topological
generator o, of I;; which maps to q/i"ik via the above inclusion. But, for fixed ¢, each two
of these inertia groups are conjugate, and hence n; := n;; does not depend on k. Corresponding
to (17), we write oy, = a;pyP"" with a;, € X7p.

Let My be the p-ray class field of L to the ray 9t such that Gal(My/L) ~ clX (p). Because
of the obvious exact sequence

Gal(Mg /M) — Y — 1% (p),

we are interested in the Galois group Gal(Mp/Mp). We claim that it equals the subgroup A of
Yr generated by V). and the inertia groups ;. For this, let N be the intermediate field of the
extension My /L fixed by N. Then N is the largest subfield of My which is abelian over L and
unramified above p. Thus, My C N. If we assume that My # N, we find an intermediate field
Ny of finite degree over L such that My C Ny C N. Let 91 be the conductor of Ny/L. Then the
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primes which divide 1 are exactly the primes in 7. The commutative diagram

of — (or,/M)* cy cly,

y

UE —_— (OL/SDTT)X HCI?*»CIL

now implies that the order m of the kernel of the surjection Cl%I —» clg is prime to p, since the
primes dividing m are below the primes in T'. What we have shown is Ny = My, in contradiction
to our assumption.

LEMMA 4.8. Let V). be the closure of the commutator subgroup of Y. Then
Vp=X3""

Proof. The proof of [Was82, Lemma 13.14] nearly remains unchanged. We only have to replace

the inertia subgroup I; in [Was82] by (). O
Since 4/ = v mod Y}, the above lemma implies that we obtain an isomorphism
AL(p) = X [{(Xp)" 7 agy ).

As already mentioned, the inertia groups I;; are conjugate for fixed ; hence, o;; = 0;1 mod y}
and likewise a;; = a;1 mod Y} for all k. Hence,

A%(p) ~ Xf/((XT_)VLfl, ai, ..., as),

where we have defined a; := ag; . Since X5 /(X)) = (X;)r,, Proposition 4.7 follows from
the following lemma. O

LEMMA 4.9. If B; = P! for an element g € G, then a; = af mod (X )71

Proof. Let T € Gal(Mr/K) be a lift of g. Then g acts on (X )r, via conjugation by . P, is a

prime in M7y above ‘B;; hence, there exists an x € Y such that ‘:le = ‘i?fl Replacing 7 by 2717,

we may assume that z = 1. Hence,
(oj1) = I =1j)y = (o).
Since the restriction to Lo, induces an isomorphism I ~ F’i  and
il =00 ) =01 V=27
we have n; =n; and oj1 =07, i.e.
ajl = (any? ) -yP7.
But, 47|r.. =z implies that v7 =z, -y for an element x; € X7. Hence, the assertion follows

from the above equation, since x5~ vanishes in (X;)r,, as j trivially acts on vy mod V). and
commutes with 7. O

5. An integrality conjecture

Let L/ K be a Galois CM-extension with Galois group G. Let S and T be two finite sets of places
of K such that:
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— S contains all the infinite places of K and all the places which ramify in L/K, ie. SD
Sram U Soo;

- SNT =0;

- Eg is torsion free.
We refer to the above hypotheses as Hyp(S, T'). For a fixed set S, we define 2Ag to be the ((ZG)-
submodule of ((QG) generated by the elements d7(0), where T' runs through the finite sets of

places of K such that Hyp(S, T') is satisfied. Note that 2g equals the ZG-annihilator of the roots
of unity of L if G is abelian by [Tat84, Lemma 1.1, p. 82].

For each finite prime p of K, we define a ZGyp-module Uy, by

where we recall that e, = \qu\_lNIm. Note that U, = ZGsy if p is unramified in L/K such that
the definition of the following ((ZG)-module is indeed independent of the set S as long as S
contains the ramified primes:

U::< T or(u)

peS\Seo

upeUp> C C(QG).

qvie)
DEFINITION 5.1. Let S be a finite set of primes which contains Sram, U Soo. We define a ((ZG)-
module by
SKu(L/K, S):=%Ug - U - L(0)* C ¢(QG).
We call SKu(L/K) := SKu(L/K, Stam U Sx) the (fractional) Sinnott—-Kurihara ideal.

For abelian G, this definition coincides with the Sinnott—Kurihara ideal SKu(L/K) in [Gre(7]
(see also [Sin80, p. 193]).

Let Z(G) be the ((ZG)-module generated by the elements nr(H), H € Myxn(ZG), n € N.
Actually, Z(G) is a commutative ring and we have inclusions

((ZG) C Z(G) C ((M(G)),
where 9(G) is a maximal order in QG. We now state the following integrality conjecture.
CONJECTURE 5.2. The Sinnott—Kurihara ideal SKu(L/K) is contained in Z(G).

Remark 1. (i) Since clearly SKu(L/K, S) C SKu(L/K, S’) if S’ C S, Conjecture 5.2 implies that
SKu(L/K, S) C Z(G) for all admissible sets S.

(ii) If the sets S and T satisfy Hyp(S,T), the Stickelberger element 6% is contained
in SKu(L/K,S). Hence, Conjecture 5.2 predicts that 6% € Z(G), which is part of [Nic,
Conjecture 2.1].

(iii) In the above definitions, we may replace Z and Q by Z, and Q,, respectively. We obtain
a local Sinnott-Kurihara ideal SKu,(L/K) contained in ((Q,G) and a ((Z,G)-module Z,(G).
Since we have an equality

I(G) = () L,(G) N ¢(QG),

we have an equivalence

SKu(L/K) C Z(G) <= SKu,(L/K) C Z,(G) Vp.
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If G is abelian, we obviously have Z(G) = ((ZG) = ZG and the results in [Bar77/78, Cas79,
DR&0] each imply the following theorem (cf. [Gre07, §2]).

THEOREM 5.3. Conjecture 5.2 holds if L/K is an abelian CM-extension.

6. The ETNC in almost tame extensions

Let us fix a finite Galois extension L/K of number fields with Galois group G and a finite set
S of places of K which contains Syam U Seo. In [Bur01], the author defines the following element
of Ko(ZG, R):
TQ(L/K, 0) := ¢&(xar(Ts, As') + 0a(L5(0)F)).

Here, 1¢ is a certain involution on Ko(ZG,R) which is not important for our purposes, since
we will be only interested in the nullity of TQ(L/K,0). Furthermore, g € Ext%(Eg, AS) is
Tate’s canonical class (cf. [Tat66]), where AS is the kernel of the augmentation map ZS(L) — Z
which maps each B € S(L) to 1. Finally, Ag denotes the negative of the usual Dirichlet map,
so Ag:R®Eg = R®AS, ur— =3 geq) log [ulpP, and xcr(Ts, Ag') is the refined Euler
characteristic associated to the perfect 2-extension whose extension class is 7g, metrized by )\gl.
For more precise definitions, we refer the reader to [Bur01]. The ETNC for the motive h°(L)
with coefficients in ZG in this context asserts that the element TQ(L/K, 0) is zero. Note that
this statement is also equivalent to the lifted root number conjecture formulated by Gruenberg
et al. [GRW99] (cf. [Bur01, Theorem 2.3.3]).

It is also proven in [Bur01] that TQ(L/K, 0) lies in K((ZG, Q) if and only if Stark’s conjecture
holds. In this case, the ETNC decomposes into local conjectures at each prime p by means of
the isomorphism

Ko(ZG, Q) ~ @ Ko(Z,G, Q).
ptoo
Now let L/K be a Galois CM-extension. Since Stark’s conjecture is known for odd characters
(cf. [Tat84, Theorem 1.2, p. 70]), TQ(L/K,0) has a well-defined image TQ(L/K,0), in
Ko(Zp,G-,Qp). Recall that T' consists of a prime py{p and all finite places of K which ramify
in L/K and do not lie above p, and we have chosen pg such that Eg is torsion free. We have the
following reformulation of [Nicl0a, Theorem 2].

THEOREM 6.1. Let p be an odd prime and L/K a Galois CM-extension which is almost tame
above p. Then

TQ(L/K,0), =0 <= Fittz,c_(AL () = (05 )uz,c_).

where S1 denotes the set of all wildly ramified primes above p.

We have the following connection to the integrality Conjecture 5.2 (cf. [Nic, Proof of
Theorem 5.1, Corollary 5.6]).

THEOREM 6.2. Let p be an odd prime and L/K a Galois CM-extension and assume that
TQ(L/K,0), vanishes. If the p-part of the roots of unity of L is a c.t. G-module or if L/K
is almost tame above p, then the p-part of Conjecture 5.2 holds, i.e. SKu,(L/K) C Z,(G).

The aim of this section is to prove a partial reverse of this theorem for almost tame extensions.

LEMMA 6.3. Let p be an odd prime and L/K a Galois CM-extension which is almost tame
above p. Assume that the Iwasawa p-invariant attached to the extension LI /K vanishes.
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Then
Fittz,o_ (X /(vr — 1)) = [(05,) lw(z,6_)-

Proof. By Theorem 4.4, the Fitting invariant of A, over A(G)_ is generated by Uy, where we
put ¥ =T U S,. Now [Nic10b, Theorem 6.4] implies that Fittz,c_ (X} /(yz — 1)) is generated by

> augr, (i (Us))ey (18)
x€Irr(G)
But, using Corollary 4.6, we compute

<H Jx (&) ) Jx(Ps)

peT

= (H Jr(nr(Z, - (1 — (ﬁ%lEp))))LK,EX (x"'w)

peT
— (L vtartep(a = Np)z) + 1) ) Lacs, ()
peT
Hence, (18) equals

> (H det(1 = N(p)og'|Vx ‘”))sz(o X =05 . O

XEIrr(G) “peT

We define an element oy, € ((Q,G_) by
Qp = H nr(l — 5p¢q_31)

pESp\Sl

such that we have an equality Hgl Sy = Ggp. We start with the following special case, where we
get Conjecture 5.2 for free.

PROPOSITION 6.4. Let p be an odd prime and L/K a Galois CM-extension such that j € Gy for
all B above p. Assume that the Iwasawa u-invariant attached to the extension L1 /K vanishes.
Then TQ(L/K, 0),, =0 and the p-part of Conjecture 5.2 holds.

Proof. As before, the canonical restriction map X, — A% (p) is surjective. By [NiclOb,
Proposition 3.5(1)], this implies that

Fittz, ¢ (X /(v — 1)) C Fittz,¢_(A7(p)).

Since we have j € Gy for all P above p by assumption, the element c, lies in nr(K;(Z,G_)) and
thus Lemma 6.3 implies that 9%:1 € Fittz,¢_ (AL (p)). In particular, we have 9?1 €7,(G). Let E
be a splitting field of Q,G. Since 6% = (67(0, x)Ls, (0, x 1))y and

AT(p) ==+ [ (6000, x)Ls, (0, x )XV

x€lrr(GQ)
x odd

with an appropriate unit z € o, by [NiclOa, Proposition 4], the Stickelberger element Ggl is
actually a generator of Fittz ¢_ (A7 (p)) by [Nic10b, Proposition 5.4]. Now Theorem 6.1 implies
the vanishing of T2(L/K, 0),, which also implies Conjecture 5.2 by Theorem 6.2. O
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Let us denote the normal closure of L over Q by LY, which is again a CM-field. We will
henceforth make the following additional assumption:

Lcl §Z (LC1)+(Cp)-
Note that this assumption fails only for finitely many primes p, since such a p has to ramify in
LC]/Q.
LEMMA 6.5. Let N > 0 be a natural number. Then there are infinitely many primes r € Z such
that:
(i) »=1mod p";
(ii) j € G for all primes R in L above r;
(iii) the Frobenius automorphism Frob, at p in Gal(Q((.)/Q) generates Gal(k,/Q), where k,
denotes the unique subfield of Q((,) of degree pV over Q.

Proof. The proof of [Gre00, Proposition 4.1] carries over unchanged to the present situation. O

Let N € N be large and choose a prime r as in Lemma 6.5 which does not ramify in L°/Q.
We put L':=Lk,, K' = Kk, and G' =Gal(L'/K) =G x Cy, where Cy ~ Gal(k,/Q) is cyclic
of order p, generated by Frob,. Note that L'/K is again almost tame above p. Moreover, we
define 7" := T'U S,., where S, denotes the set of places in K above r. Using the same arguments
as in [Nic10a] following Proposition 9, we have an isomorphism

AT/ (p) = AL (p)

and hence A7, (p) is G'-c.t. by [Nic10a, Theorem 1]. As in [Nicl0a], the restriction map induces
an isomorphism

(AL (p))ey =~ AL(p). (19)
We will need the following lemma.
LEMMA 6.6. Assume that G’ is a direct product of a group G and an abelian group C. Then
we have |G| - I,(G') C ¢((Z,G") for all primes p.

Proof. Choose a maximal order 9(G) containing Z,G. Then M(G) is a direct sum of matrix
rings of type M, xn(0p), where op denotes the valuation ring of a skew field D. We have

C((Mypxn(op)) =((op) =op,

where op is the ring of integers of the field F'=((D) which is finite over @Q,. Since the
reduced norm maps M(G) into its center and |G| - ((IM(G)) C ((Z,G), it suffices to show that
the reduced norm maps M, xm(Mpxn(0p)[C]) into 0p[C]. Let us at first assume that D = F.
Then the map

0 My (F)[C] — My n(F[C]),

> Mee — <Z aij(c)c)

ceC ceC

Z7‘7

is an isomorphism of rings, where M, = (a;;(c));; lies in Mpxn(F). Likewise, o induces an
isomorphism

0+ Mysn(07)[C] = Mysyr (0r[C]).

Therefore, we have

0t (Mo xm (Mpxn(07)[C])) = 01(Myumxnm (0r[C])) = nr(or[C]) = op[C].
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For arbitrary D, there is a field E, Galois over F', such that £ @ p D ~ M, s(E) for some integer s.
We have just proven that the reduced norm maps M, xm(Mnpxn(0p)[C]) into og[C]. But, the
image is invariant under the action of Gal(E/F) and is therefore contained in op[C]. O

Let o, € ((QpG’) be defined analogously to aj, such that 6% - o = QST’;; Now choose a second
natural number M < N and put

pM-1
vi= Y Frob" " € Z,Cy C((Z,C)).
=0

LEMMA 6.7. Let f be the least common multiple of the residual degrees f,(K/Q) of all p € S).
If N — M > (|G| - f), then |G| - oy, is a non-zero-divisor in ((Z,G")/v.

Proof. We first observe that Lemma 6.6 implies that |G| - o, lies in ((Z,G"). Since Z,Cy /v and
likewise ((Z,G") /v are reduced rings, we have to show that no minimal prime of {(Z,G") contains
both |G| - aj, and v. The minimal primes are given by

by = {o € CZ,G) [ (@) =0}, ¥ €Tm(G).
We may write X' as a product x-xn of irreducible characters xy of G and yy of
Cn; then x'(Froby) = x(1)-(ps for some s< N. Assume that v €p,,; hence, 0=x'(v) =
x(1) foo_l C;}?NﬁM. But, since x(1) #0, this implies that s> N — M. If also |G| - aj € p,,
there are a prime p €S, and a prime P’ in L' above p such that the inertia group at P’
Ly
acts trivially on Vs and det(1 — ¢;3}|wa) vanishes. But, this determinant is a product of

some 1 —( - Cz;f ", where ( is a root of unity of order dividing |G| and, by assumption, we have
vp(ord(¢I0)) = s/v,(fo) > (N — M) /vp(f) = vp(|G]). This is a contradiction. O

We are ready to prove the main result of this section, which generalizes [Nic10a, Theorem 4].

THEOREM 6.8. Let p be an odd prime and L/K a Galois CM-extension which is almost tame
above p. Assume that the Iwasawa pi-invariant attached to the extension L1 /K vanishes and that
L ¢ (LNY*t(¢,). Moreover, assume that for each integer M there is an integer N > M such
that there is a prime r=r(N) as in Lemma 6.5, unramified in L°'/Q, such that the p-part
of Conjecture 5.2 is true for L' /K. Then TQ(L/K, 0), =0. In particular, the p-parts of the
following conjectures hold:

(i) the strong Stark conjecture for odd characters as formulated by Chinburg [Chi83,
Conjecture 2.2];
(ii) the (weak) non-abelian Brumer conjecture of [Nic, Conjectures 2.1 and 2.3];
(iii) the (weak) non-abelian Brumer-Stark conjecture of [Nic, Conjectures 2.6 and 2.7];

(iv) the weak non-abelian strong Brumer—Stark conjecture of [Nic, Conjecture 3.6].

Moreover, L/K fulfills the non-abelian strong Brumer—Stark property at p (cf. [Nic,
Definition 3.5]).

Remark 2. (i) Since Conjecture 5.2 is known to be true for abelian Galois groups, it seems to
be likely that we can prove this conjecture attached to the extensions L'/K if so for L/K.

(ii) Since the strong Stark conjecture at p is a theorem for odd characters in the case at hand
(cf. [Nicl0a, Corollary 2]), it follows from the results in [Nic] that the weak variants of the
above conjectures are true unconditionally (cf. [Nic, Corollary 4.2]).
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Proof of Theorem 6.8. We first observe that enlarging L to L' does not affect the vanishing
of u by [NSWO00, Theorem 11.3.8]. Now choose natural numbers M < N such that r=r(N)
fulfills the above conditions and N — M > v,(|G| - f), where f was defined in Lemma 6.7. Let

"= Gal(Ll,/K) and let X, be the projective limit of the minus p-ray class groups AT; (p). Then

X, has projective dimension at most one and the EIMC for the extension (L )*/K implies
that

Fittagn_ (X)) = (¥1us,)ur(ag)-)-
For each prime p of K, let ¢’ C L’ be a prime above p. By Proposition 4.7, we have a right exact
sequence

e - T
@ dem,Zp — (Xp)r,, = AL (p).
pESH
The Fitting invariant of the left-most term is generated by aj,, whereas GT; = 0%;(L’ /K) is a
generator of Fitty o ((X7)r,,) by Lemma 6.3. Since j € G for all primes above 7, we may

replace 0%1 by 0%;. The above sequence gives rise to the following inclusion of Fitting invariants
(cf. [Nic10b, Proposition 3.5(iii)]):

Fitty, ¢ <@ indgm/Zp) - Fitty, o (AL (p)) C Fittg o (Xp)r,,)-
peSy

If we choose a generator ¢ of Fitty ¢/ (AT)(p)), there exists = € ((Z,G") such that
=1 9§p =x- ag)é?gl.

It follows from Lemma 6.6 that multiplication by |G|? yields an equality in ((Z,G') (since
Conjecture 5.2 holds by assumption) such that Lemma 6.7 gives

|G- ¢ =|G| - x - 05 mod v. (20)

Let aug : Z,G’' — ZpG be the natural augmentation map. Since Fitting invariants behave well
under base change (cf. [Nicl0b, Lemma 5.5]), the element & :=aug({’) generates the Fitting
invariant of AT (p) by (19). But, since aug(@?p (L'/K)) = ng(L/K) and aug(v) = p™, (20) implies
that

¢ =aug(z) - 05, (L/K) mod pM"I,(G),

where p"™ is the exact power dividing |G|. This gives an inclusion
Fittz,c(AL(p)) € [(05,))uz,0)s

as we may choose M arbitrarily large. Now we can conclude as in Proposition 6.4 that 951 is in
fact a generator of Fittz, (A7 (p)) and we are done via Theorem 6.1. O

Remark 3. Note that we have not used the whole statement of Conjecture 5.2. It suffices to
assume that the denominators of the elements 6% (L'/K) for varying r =r(N) are bounded,
independently of N.
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