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THE BEST INTERPOLATING APPROXIMATION IS A 
LIMIT OF BEST WEIGHTED APPROXIMATIONS 

BY 

L E E L. K E E N E R * 

ABSTRACT. Under appropriate conditions it is shown that the 
best interpolating approximation to a given function in the uniform 
norm is a limit of best unconstrained approximations with respect 
to a certain sequence of discontinuous weight functions. 

We consider a problem recently posed by Dunham [1, problem 69] 
which we interpret as follows: Let feC[a,b] and let X c C [ a , b] be of 
finite dimension n. Let Z = {zu z 2 , . . . , zk}, be a subset of [a,b~\. Let 
((WiCO, w2(0» • • • > wk(i)))r=i be a sequence of positive vectors, where for each 
/, l < / < f c , lim^oo Wj-O) = °°. Define Ŵ  on [a, b] by 

fl if x£Z 

(wy(0 if x = Zj for some j , 1 < / < fc 

Let Pi be the best uniform approximation to / with weight function Wt. That is, 
denoting the uniform norm on [a, b] by ||-||, pt eX and | |Wi( /-pi) | |^ | |Wi( /-p) | | 
for all peX. Such best approximations clearly exist. Suppose that p * e X is a 
best uniform approximation to / interpolating on Z. That is, suppose p*(x) = 
f(x) for all xeZ and | | p * - / N | | p - / | | for all peK = {peX:p(x) = f(x)Vx e Z>. 
The existence of such a p* is also clear provided K£<f>. Does # —» p* 
(uniformly)? We answer this question in the affirmative in the case p* is 
unique. We need the following lemma. 

LEMMA. limi_>Q0||pi —/|| = ||p* —/||, assuming K^ cf). 

Proof. First note that | | p i - / N | | W i ( p i - / ) N | | W i ( p * - / ) | | = | | p* - / | | . Suppose 
there is a subsequence of (p j , call it (piim)) and a 8>0 such that ||pi(m)-/||=^ 
llp*-/ll~~<5 f° r all m- Since (pi(m)) is a bounded sequence from a finite 
dimensional space, we may assume Pi(m)->p for some p e X . | | p - / | | < 
l|p*~~/ll~~3 a n d p(x) = /(x) for all x e Z since for all j,\imi_*O0wj(i) = +tt. This 
implies p is a better interpolating approximation than p*, a contradiction. 

Received by the editors March 5, 1981. 
AMS Subject Classification: 41A29 
* Supported by NSERC of Canada Grant No. 8755. 

502 

https://doi.org/10.4153/CMB-1982-075-8 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1982-075-8


BEST INTERPOLATING APPROXIMATIONS 503 

THEOREM. If f has a unique best interpolating approximation from X, then 

Proof. Let (pi(s)) be a convergent subsequence of (p,), converging to p eX. It 
is a consequence of the lemma that ||p—/|| = ||p*_/ll- As before, p must 
interpolate / on Z. By the uniqueness hypothesis, p = p*. Suppose that pt-\> p*. 
Then there is a second convergent subsequence (Pi(t)) with pm->peX, p^p. 
But applying the above argument to p, we have p = p* = p, a contradiction. 

COROLLARY. If X is a Tchebycheff space, then pt^ p*, provided k < n. 

Proof. By [2], if fc<n, the best interpolating approximation from a 
Tchebycheff space exists and is unique. 
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