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1. Introduction. All the graphs considered in this paper are connected finite
undirected graphs without loops and multiple edges.

By the vertex-neighbourhood (v-neighbourhood) of any vertex x in the graph G we
mean the subgraph N¢(x) induced by the set of all vertices adjacent to x. Analogously by
the edge-neighbourhood (e-neighbourhood) of any edge f with end vertices x, y we mean
the subgraph Ng(f) (or N&(xy)) induced by the set of all vertices which are adjacent to at
least one vertex of the pair x, y and which are different from x, y.

Zykov [5] proposed the following problem: does there exist a graph G with the
property that Ng(x) is isomorphic to a given graph H for each vertex x of G? Then
Zelinka [4] proposed the edge version of this problem: does there exist a graph G with
the property that NG(f) is isomorphic to a given graph H for each edge f of G? If the
answer to the first (second) question is positive, then H is said to be v-realizable
(e-realizable), and G is called a v-realization (e-realization) of H.

There exist some classes of graphs which are both v-realizable and e-realizable—even
cycles, for example. Further, Nedela [3] has constructed a class % of graphs in which the
v-neighbourhoods and the e-neighbourhoods are “‘similar” graphs. For each even positive
integer n there exists a graph F, € ¥ which is the v-realization of the cycle C, and the
e-realization of C,, _,.

By a simple observation we can see that (for each n =2 and r =3) the complete
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certain sense, “similar”’. Further, these are the only v-realizable or e-realizable complete
multipartite graphs ([1], [2]).

In view of all this, it is natural to ask the following question. Does there exist a pair
of graphs G, H such that

Ng(x)=Ng(f)=H (1.1)

for each vertex x and each edge f of G?

In this paper we prove that the answer is negative if H is connected, but that there
exists a family of graphs in which the v-neighbourhoods and the e-neighbourhoods differ
by just one edge.

2. The main results. Suppose that there exists a pair of graphs G, H such that (1.1)
holds for each vertex x and each edge f of G. Then G is regular of degree r where we can
supose that r =2. We denote the vertex set of a graph F by V(F); so if fis any edge of G
and y; and y, are its end vertices, then

V(NG(y152)) = VIN&(yD)) U VIN&(y2)) — {1, y2}- 2.1
Let VING(»1y2)) = {x1, X2, . . ., x,}. Since it follows from (1.1) that

[VING(n1y DI = [VING(y)I = V(NG(y)) =T,
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it follows from (2.1) that
[VING(»1) NV (Ng(y)) =r—2.

Thus, if we assume that r >2, Ng(y, ;) contains exactly r — 2 vertices which are adjacent
to both y, and y,. Without loss of generality we can suppose that these are the vertices
X1, ..., X2, and that the vertex x,_, is adjacent to y; (but not to y,), while x, is adjacent
to y, (but not to y;). A vertex x which is adjacent to just one end vertex of an edge f will
be called a solo-vertex of NG(f): thus x,_, and x, are solo-vertices of Ng(y,y;), and, by
(1.1), every N5(f) with f an edge of G will have two solo-vertices.

Suppose that the graph Ng(y,x,—,) is induced by the vertices x,, x5, ..., X,_5, ¥, 2.
Since y, is not adjacent to x,_,; and z is not adjacent to y,, the solo-vertices of NG(y,x,_,)
are y, and z; thus all of x,,..., x,_, are adjacent to both y, and x,_,. By a similar
argument applied to Ng(y.x,), we see that each of x;, ..., x,_, is adjacent to x,. Thus
N&(y1y2) contains the subgraph F =K, , , which is a bipartite graph with partite sets
Pi={x,_y,x,} and P,={xy,..., X2}

We now turn our attention to the e-neighbourhood of an edge y,x; where
1=<i=sr-2. Since V(NG(»x:)) = {¥2, X1, *¥2, - . . , X,} — {x;} and neither y, nor x,_, is a
solo-vertex, it follows that the two solo-vertices are x, and x; for some x;e
{x1, ..., %-2} —{x;}. Thus for each i€ {1,2,...,r—2}, x; is adjacent to exactly r — 4
vertices of the set {x;,...,x,_,}; therefore the graph F, induced by the set P, is
isomorphic to K,_,— % K,, and r is even, r=4. Furthermore, we see that the
solo-vertices x, and x; of NG(y,x;) are adjacent to each other, and so the solo-vertices x,_,
and x, of Ng(y,y,) must also be adjacent to each other. Since Ng(y,y,) contains the
subgraph F = K, ,_, and the subgraph F,, it follows from the adjacency of x,_, and x, that

,
Ne(n y2)~—~K,—TK2. Hence NG(y,y,) contains the vertex x, of degree r—1 in

N&(y1y2) = H. Since each Ng(y) is also isomorphic to H, N(y) must also contain a
vertex x of degree r — 1. But then Ng(xy) contains r — 1 vertices adjacent to both x and y,
giving a contradiction.

If r =2, then G is a disjoint union of cycles. If y, y, is an edge of a cycle C, withn =5
then N&(y, y2) is not connected; if each cycle is a C, then each N§(x) is not connected. So
we have proved the following result.

THEOREM 2.1. Let H, and H, be connected graphs. Let the v-neighbourhood of each
vertex of a graph G be isomorphic to H, and the e-neighbourhood of each edge of G be
isomorphic to H,. Then H, is not isomorphic to H,.

Remark. There do exist graphs with disconnected v- and e-neighbourhoods which
are isomorphic to each other. For example, if G =C,, n =5, then Ng(x) = N5(f) = 2K,.

Let H, be a graph obtained from H, by deletion of an edge e. Then the graphs H, and
H, will be called near graphs.

In view of Theorem 2.1, we now vary the conditions slightly and ask the following
question. Do there exist connected graphs G, H,, H, such that |V(H,)| =|V(H,)| and
such that G is a v-realization of H, and an e-realization of H,? We show that the answer
to this question is positive and that, in addition, H, and H, must be near graphs. Indeed,

https://doi.org/10.1017/50017089500009216 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089500009216

GRAPHS WITH NEAR v- AND e-NEIGHBOURHOODS 199

it follows from the construction of the graph H in the previous proof that

-2
H2=H=K,—rTK2,
r r+2 L
so that H, =--K,—-§K2 and G =K,+2——2—K2; and it is clear that these are the only

graphs which satisfy the required conditions. So the following theorem is now proved.

THEOREM 2.2. Let G, H,, H, be connected graphs such that
(i) N¥(x) = H, for each vertex x of G,
(ii) Ng(f) = H, for each edge f of G,
(iii) |[V(H)| =V (H,)|=r.
Then r =2k for some k =2, H, and H, are near graphs, and

G = K2k+2 - (k + 1)K2; Hl = K2k - sz; H2 = KZk - (k - 1)K2.

REFERENCES

1. D. Frontek, Graphs with given edge neighbourhoods, Czech. Math. J., 39 (114), 1989,
627-630.

2. P. Hell, Graphs with given neighborhoods, I, Problémes combinatoires et théorie des
graphes, Colloque CNRS, 260, Orsay 1976, 219-223.

3. R. Nedela, Which cycles are edge-realizable?, Czech. Math. J., to appear.

4. B. Zelinka, Edge neighbourhoods graphs, Czech. Math. J., 36 (111), 1986, 44—47.

5. A. A. Zykov, Problem 30, in: Theory of graphs and its applications, Proc. Symp. Smolenice
1963 (Academia Prague 1964).

DEPARTMENT OF MATHEMATICS,
UNIVERSITY OF MINING AND METALLURGY,
VitiznEHO UNORA,

708 33 OsTRAVA,

CZECHOSLOVAKIA.

https://doi.org/10.1017/50017089500009216 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089500009216

