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Abstract

‘We prove several consistency results concerning the notion of w-strongly measurable cardinal in HOD. In particular,
we show that is it consistent, relative to a large cardinal hypothesis weaker than o(«) = «, that every successor of a
regular cardinal is w-strongly measurable in HOD.
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1. Introduction

A prominent line of research in set theory is the study of the set theoretic universe V (i.e., model of
the axioms of set theory, ZFC) by considering canonical inner model M C V with additional strong
features, which approximates V. The concept builds on the suggestion that if M is sufficiently ‘close’
to V, then some of the properties of M may lift to V and allow us to derive new consequences about
models of set theory.

The prospects of this approach are demonstrated in the theory of Godel’s constructible universe
L C V and Jensen’s Covering Theorem ([8]), which asserts that under the anti-large cardinal assumption
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of the nonexistence of 0%, the covering property holds for L C V.! The combination of covering for
L C V, together with the rigid structure of L, has been shown to have many implications both on cardinal
arithmetic in V,? as well as on the existence of incompactness phenomena in V such as an Abelian group
G € V of size N+ that is not free, although every subgroup H < G of smaller cardinality is free.

Jensen’s Covering Lemma describes one side of a sharp dichotomy: if 0* does not exist, then L covers
subsets of V successfully. By Silver, if 0% does exist, then L fails to approximate even the most basic
features of V. For example, in the presence of 0¥, L never computes successor cardinals correctly.

Jensen’s Covering Lemma can be utilized to obtain a lower bound for the consistency strength of set
theoretical statements, which do not necessarily mention large cardinals. However, it is quite restrictive.
To be able to obtain various lower bounds, one has to construct canonical models that can accommodate
stronger large cardinal axioms. The construction of such inner models is the subject of a prominent
program in set theory known as the Inner Model program. For a large cardinal property ®,> one would
like to to construct a canonical L-like inner model K that is maximal with respect to inner models that
do not satisfy the large cardinal property @ (see Schimmerling-Steel [32] for the precise statement).
This maximality property couples with a covering lemma: assuming there is no inner model of V with
the property @, K approximates the universe V by satisfying a certain covering property. For example,
for ® being the existence of 0¥, K = L.

For stronger @, the existence of such an inner model K would allow us to extend Jensen’s sharp
dichotomy. Namely, either the large cardinal property ® holds, or V is close to K and therefore inherits
various combinatorial properties such as the existence of certain incompactness phenomena.

Starting in the 1970s, inner models for increasing large cardinal properties ® have been constructed.
Starting from the seminal studies of Kunen, Silver and Solovay on a model L[U] with a measurable
cardinal ([18],[35]), extended by Dodd-Jensen ([10]) and Mitchell ([23]), to large cardinal properties
@ involving coherent sequences of normal measures and many measurable cardinals. Then, following
major developments and the introduction of iteration trees in Martin and Steel ([20]), Mitchell and Steel
([24]), and Steel ([36]), the theory was extended to the level of Woodin cardinals.

The program took a significant turn after Woodin showed that there cannot be a single maximal inner
model, in an absolute sense, past a Woodin cardinal. This has sparked new lines of study, involving forms
of the K¢ construction (see Jensen, Schimmerling, Schindler, and Steel [17] and Andereta, Neeman and
Steel [2]).

Another seminal development was the introduction of The Core Model Induction method, first in-
troduced by Woodin and extensively developed by Steel, Schindler, Sargsyan, Trang and many others
([34]). The method establishes new consistency results for stronger large cardinal properties by incor-
poration ideas from descriptive set theory with various local construction methods. The relevant large
cardinal properties are often described in terms of expansions of the Axiom of Determinacy (AD) in in-
ner models M of ZF and can be further translated to inner models of ZFC with large cardinal properties.

First results on fine structural inner models for finite levels of supercompact cardinals were obtained
by Neeman and Steel, [27] and by Woodin. It is still unknown whether similar constructions could
lead to an inner model with a (full) supercompact cardinal, and some recent results of Woodin suggest
that major obstructions appear past the level of finite supercompactness [41]. There are many excellent
resources for the introduction of the inner model theory, the inner model program and its development.
‘We refer the reader to [16, 22, 26, 29, 33, 37, 43].

The inner model of Hereditarily Ordinal Definable sets (HOD) plays a significant role in many of the
recent advancements in the Inner Model program.

Definition 1.1. Let M be a model of set theory. A set x € M is hereditarily ordinal definable in M if
both x and every set in the transitive closure of x is definable in V using some formula with ordinal
parameters. The class of all hereditarily ordinal definable sets in a model M is denoted by HOD™.

li.e., every set of ordinals x € V is contained in a set y € L such that |y| < |x|+ N}/.

2e.g., it implies that the Singular Cardinal Hypothesis (SCH) holds in V

3e.g., the existence of a cardinal « with a large cardinal property such as a measurable cardinal, a strong cardinal, a Woodin
cardinal or a supercompact cardinal.
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We write HOD for HODY C V.

The class HOD was first introduced by Godel, and has been extensively studied (for example, see
[25]). The study of HOD in inner models of strong forms of AD and the associated strategic-extender
models plays a critical role in Descriptive Inner Model Theory. See [30, 31, 38].

In [39], Woodin presents a new approach of addressing the inner model problem for all large cardinals.
Woodin analyses the possible properties and limitations of some of the current methods, and introduces
the seminal notions of a suitable extender model N for a supercompact cardinal ¢ (in V), which in
addition to several properties similar to well-known inner models, requires that N captures witnessing
d-supercompact measures in V. In a following work (see [41]), Woodin presents the ‘V = Ultimate-
L’ axiom, to assert (roughly) that X,-definable properties of the universe are satisfied in canonical
strategic-extender models of the form HODL(AR) NVeg, for some Universally Baire set A C R.

Combining the above notions, Woodin has formulated the ‘Ultimate-L’ conjecture, asserting that
there exists a suitable extender model N € HOD which satisfies the axiom ‘V = Ultimate-L’. Following
the search for some N, the theory established in [39] studies the possibility of HOD C V being a suitable
extender model, and possible implications. For this, Woodin introduces a new assumption known as
the HOD-conjecture (Conjecture 1.3 below) and shows that, remarkably, if the HOD-conjecture is true,
then a sufficiently strong large cardinal assumption (e.g., an extendible cardinal) guarantees a version of
the covering lemma for HOD C V. However, if the HOD-conjecture fails in the presence of sufficiently
large cardinals, then HOD is very far from V, just like the smaller inner models. See Theorem 1.5 for an
exact formulation.

We remark that, in general, the inner model HOD of an arbitrary model of ZFC can be easily modified
by forcing. Nevertheless, it contains every canonical inner model and thus, the HOD-conjecture might
be a consequence of the covering theorem for some extremely large canonical inner model [40]. An
appealing aspect of the HOD-conjecture is that it is a combinatorial statement about the HOD and V, and
it does not rely on inner model theory. Even without any further development in the inner model program,
Woodin established that the HOD-conjecture poses many significant limitations on the consistency of
large cardinals in the choice-less context. Moreover, large cardinals beyond choice, if consistent, form
a hierarchy of failures of the HOD-conjecture [3].

The HOD-conjecture centers around the notion of w-strongly measurable cardinals in HOD. Not
much was know about this notion, and previously, Woodin has raised the question ([41]) of whether
more than three w-strongly measurables in HOD can exist. In this work, we study the notion of w-
strongly measurable cardinals in HOD, we prove several consistency results concerning this notion
and we establish the consistency of a model where all successors of regular cardinal are w-strongly
measurable in HOD.

Definition 1.2. Let x be an uncountable regular cardinal, and let S be a stationary subset of x. We say
that « is strongly measurable in HOD with respect to S if there exists some 77 < « such that (27)HOP <
and there is no partition (S, | @ < 1) € HOD of § into sets, all stationary sets in V. We say that « is w-
strongly measurable in HOD if it is strongly measurable in HOD with respect to the set S = x N Cof (w),
and that it is strongly measurable in HOD if it is strongly measurable in HOD with respect to § = «.

In general, one might replace HOD with any other inner model of V, M, obtaining a meaningful notion
of strong measurability in M. Since, in this paper, we will be interested solely in strong measurability in
HOD, we will occasionally omit the emphasis ‘in HOD’ and say simply that « is strongly measurable.

It is shown in [39] that if « is an w-strongly measurable in HOD, then there are stationary sets
S C kN Cof(w) for which the restriction of the filter CUB, | S to HOD forms a measure on « in
HOD. However, Woodin shows ([39]) that the existence of a class of regular cardinals which are not
w-strongly measurable in HOD, together with the existence of a HOD-supercompact, implies that HOD
satisfies many appealing approximation properties with respect to V. The results promote Woodin’s
HOD-conjecture.

4Namely, for all 2 > &, there is a supercompact measure U for Ps (1) suchthat N N Ps(1) e UandU NN € N.
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Conjecture 1.3 (HOD conjecture, [39, Definition 191]). There is a proper class of regular uncountable
cardinals k which are not w-strongly measurable in HOD.

In light of the HOD-conjecture, it is natural to attempt forming models with as many as possible
w-strongly measurable cardinals in HOD. Woodin has established the consistency (relative to large
cardinals) of models with up to three w-strongly measurable cardinals (see [41, Remark 3.43]). The
main purpose of this work is to prove that many strongly measurable cardinals can be obtained from a
relatively mild large cardinal assumption of hypermeasurability.

Theorem 1.4. It is consistent relative to the existence of an inaccessible cardinal 6 for which {o(k) |
k < 0} is unbounded in 0, that every successor of a regular cardinal is strongly measurable in HOD.

Cummings, Friedman and Golshani ([7]) have established the consistency of a model where
(a")HOP < o for every infinite cardinal a. In [15, Theorem 2.2], Gitik and Merimovich prove that it
is consistent relative to large cardinals that every regular uncountable cardinal is measurable in HOD.
A similar result is obtained using a different technique in [5, Theorem 1.4]. Perhaps more related to
our work is [5, Theorem 1.3], in which a club of cardinals which are measurable in HOD is obtained
from a large cardinal axiom weaker than o(«) = «. In those models, there are no w-strongly measurable
successor cardinals.

We note that these results do not apply to models where there is an extendible cardinal. The existence
of an extendible cardinal in V derives a sharp dichotomy between HOD being either very close or very
far from V, as shown by Woodin’s HOD-Dichotomy Theorem ([39]).

Theorem 1.5 (The HOD-Dichotomy, Woodin, [42]). Let 6 be an extendible cardinal. Then one of the
following holds:

1. Every cardinal n above 6, which is singular in V, is singular in HOD and (n
2. Every regular cardinal above 6 is w-strongly measurable in HOD.

+)HOD - 77+.

In the last part of this work, we prove a consistency result regarding strong measurability at successors
of singular cardinals. Woodin ([39]) establishes the consistency of a successor of a singular cardinal
A, which is a w-strongly measurable cardinal in HOD, from the large cardinal assumption /y. Here, we
prove a weaker consistency result from a weaker large cardinal assumption.

Theorem 1.6. Suppose that k < A are cardinals, « is A-supercompact and A is measurable. Then, there
is a generic extension in which k is a singular cardinal of cofinality w, and A = k" is strongly measurable
in HOD with respect to S, for some stationary subset S € A N Cof (w).

A brief summary of this paper. In section 2, we review some basic facts about strong measurability
which will be central in the proof of the main theorem. In the following sections, we gradually develop
the forcing methods used to prove our main results (Theorems 1.4 and 1.6). In section 3, we show
how to obtain a model where w; is strongly measurable in HOD starting with a single measurable
cardinal. The case of k = w is different from the general case as it does not require incorporating
posets for changing cofinalities. It can also be seen as a warmup for the general case. In section 4,
we further develop the ideas from the previous section and combine them with a suitable iteration for
changing cofinalities. As a result, we establish the consistency of a strongly measurable cardinal which
is a successor of an arbitrary regular cardinal A, from the large cardinal assumption of o(x) = A1 + 1.
In section 6, we introduce a method to construct a Prikry-type poset which is equivalent to the forcing
from the previous section and has a direct extension order that is A-closed. This is utilized in section 5
to form iterations of the single cardinal forcing, thus obtaining models with many strongly measurable
cardinals. In section 7, we prove our theorem concerning successors of singular cardinals. The results
of this section do not depend on the other sections past our preliminaries.

In the appendix, we cite and prove some useful results related to homogeneous forcings and their
iterations (including Prikry type forcings), and homogeneous iterations for changing cofinalities.

Our notations are mostly standard. We follow the Jerusalem forcing convention, in which for two
conditions p, p’ in a poset P, the fact that p’ is stronger (more informative) than p is denoted by p’ > p.
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2. Variations of strong measurability

We start with several observations concerning a natural generalization of the notion of w-strong mea-
surability.

Definition 2.1. Let S C «, S € HOD stationary, and let  be a cardinal in HOD. « is (S, < n)-strongly
measurable if there is no partition in HOD of S into 7 many disjoint stationary sets. « is (S, 17)-strongly
measurable if it is (S, < (7*)HOP)-strongly measurable.

Definition 2.2. A cardinal « is S-strongly measurable if S € HOD, and « is (S, < 17)-strongly measurable
for some 7 such that (27)HOP < «. We say that « is strongly measurable if « is x-strongly measurable.

Therefore, a cardinal « is w-strongly measurable if it is (S%,, 77)-strongly measurable for 7 such that
(2MHOD <« « Note thatif § C T are stationary subsets of x in HOD and « is T-strongly measurable, then
it is S-strongly measurable. In particular, every strongly measurable cardinal is w-strongly measurable.

Theorem 2.3 (Woodin). Let § be an extendible cardinal. Then the following are equivalent:

1. There is a regular cardinal k > 6 which is not w-strongly measurable.

2. There is a regular cardinal k > 6 which is not (S, 6)-strongly measurable for some S € HOD which
consists of singular ordinals of cofinality < 6.

The HOD-conjecture.

4. There is no regular w-strongly measurable cardinal above 6.

e

For the proof, see [39, Theorems 197, 212, 213]. Without the assumption that the ordinals of S have
fixed V-cofinality, the equivalence might fail.

The next result provides a necessary and sufficient condition for a cardinal x to be w-strongly
measurable in HOD. This observation will guide us in devising the main forcing construction, which
will be used to prove theorem 1.4.

Lemma 2.4. A cardinal « is strongly measurable with respect to S € HOD if and only if « is an
inaccessible cardinal in HOD, and the restriction of the club filter on S to HOD is the intersection of
normal measures from HOD, (U, ; | i < n) € HOD, for some n < k.

Proof. For the backwards implication, since « is inaccessible in HOD and 1 < «, (2mHOD 4.

Let (T, | @ < (77)HOP) € HOD be a decomposition of S into stationary sets. By the assumption, for
each «a there is a measure U, ; in HOD such that T,, € U, ;. Since the sets T, are pairwise disjoint, it is
impossible for @ # 3 to belong to the same U, ;. Thus, we obtain an injective function from (1)HOP to
1 in HOD - a contradiction.

Let us assume now that « is strongly measurable with respect to § € HOD. In particular, « is
inaccessible in HOD. Let S € HOD be a maximal collection of pairwise disjoint stationary subsets of
S, in HOD, such that for all T € S, the club filter restricted to 7 is an ultrafilter in HOD. Let us denote
this ultrafilter by Ur. Since this collection is a partition of S into stationary sets, |S| < «.

If Y{Ur | T € S} is not the club filter restricted to S in HOD, then it contains a set S \ S’, where
S’ C § stationary, S” € HOD. In particular, S ¢ Uy forall T € S, so S’ N T is nonstationary for all
TeS, and S” =85\ Ures(S’ NT) is a stationary subset of S, disjoint from all members of S. Since
is strongly measurable with respect to S, it is also strongly measurable with respect to S”’. Thus, there
is some T’ C §” stationary such that the club filter restricted to 77 is an ultrafilter. But this contradicts
the maximality of S. O

Corollary 2.5. Let « be (S, <k)-strongly measurable. Then S is contained in the regular cardinals of
HOD, up to a nonstationary error.

3. w is strongly measurable from one measurable cardinal

In this section, we would like to present a forcing that forces w; to be strongly measurable. By Lemma
2.4, this means that in HOD, the club filter of w is an intersection of countably many normal measures.
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In the case of w;, we can take a single measure. So, we would like to collapse a measurable cardinal «
with a normal measure to be w; and then using a Mathias-type forcing, add a club that diagonalizes the
normal measure. In order to show that this works, we need to show two things. First, we must show that
the iteration is cone homogeneous. This is done in Lemma 3.3. Second, we need to show that it does
not collapse w;. This amount to showing that the second step of the iteration is o--distributive, which in
turn requires us to be able to add a U-generic point to the generic club. See Lemma 3.1 for the precise
formulation.

Let us present the forcing. Suppose that « is a measurable cardinal in a model V, and U is a normal
measure on . Force with Levy collapse poset Coll(w, < k) over V. Let H be a V-generic filter.

Working in the generic extension V[H], let Cy; be the poset consisting of pairs x = (¢, A), where
¢ C « is a bounded closed subset of x and A € U. The condition x” = {(¢’, A’) extends x if ¢’ is an end
extension of ¢, A’ C A,and ¢’ \ ¢ C A.

It is clear that if x = (¢, A) and x” = {(¢’, A’) are two conditions with the same bounded closed
set ¢ = ¢’, then x,x’ are compatible. Since k¥ = « in V[H], then Cy satisfies x*-c.c. (which is
N;/ [HJ-c.c.). The forcing Cy; adds a diagonalizing club to U. It has also been studied in [28] in the
context of well-behaved posets which can introduce square sequences and was found useful in other
contexts.

The following lemma is the key ingredient in the proof of the distributivity of Cy,.

Lemma 3.1. Work in V[H] and fix some regular cardinal 8 > «*. There exists a stationary set of
structures M < Hyg of size |M| < «, with the property that sup(M N k) € A for every A € UN M.

Proof. Fix any f: H; — Hg in V[H]. We would like to show that there exists some M C Hy which
is closed under f and satisfies the conditions in the statement of the lemma.

Fix in V a name f for f and let f’: Coll(w, < &) X (Hy)<“ — H} be a function that sends
(p,x) € Coll(w, < k) x (Hg)<®“ to yif p I f(x) y. Note that x is a ﬁmte sequence of names.

By the definition of f’,if M’ < HV is closedunderf’, M’'Nnk € k,andk,U € M’ ,then M’ = MOHX
for some M C Hg which is closed under /- Indeed, we may take M = M'[H N M]. By the chain condition
of Coll(w, < «), every name for a ground model object that belongs to M’ can be refined to a nice name
which is contained in M.

Since U € H g, it is therefore sufficient to prove that there exists some M’ C Hg which is closed
under f’ and satisfies |M’| < k and sup(M’' Nk) € AforallA e M'NU.

Working in V, take an elementary substructure N < HX satisfying f'[N] € N, N C N, |N| =«,
k€ N.Letj: V— W = Ult(V, U) be the ultrapower embedding induced by U. Consider the structure
M’ =j”N < ](HV) M’ € W is closed under j(f’), and M’ N j(k) € j(«). ]It follows that 0j (Coll(w,<k))
forces M’ to be closed under J(f). Finally, for every A € M’ N j(U), A =j(A) for some A € U and
therefore, x € A.

So M satisfies the conclusion of the lemma in W, and it is closed under j( f”). By the elementarity of
J» there is M’ € V satisfying the conclusion of the lemma and closed under f’. Thus, M'[HNM’] = M
satisfies the requirements of the lemma. O

Proposition 3.2. Cy; is «-distributive.

Proof. Since k = N1 in V[H], we need to check that the intersection of a countable family {D,, | n < w}
of dense open subsets of Cy; is dense. Pick some regular cardinal > «* such that Cy, {D,, | n < w} €
Hy. By lemma 3.1, for every condition x € Cy, there exists an elementary substructure M < Hy of
size |M| = Ng, with x,P,Cy,{D,, | n < w} € M and further satisfies that sup(M N k) € A for every
A € M N k. We may also assume that M = M'[HNM'] for M’ e V, M’ < HX.

Denote sup(M N k) by @ and pick a cofinal sequence (@, | n < w) in @. We can construct an
increasing sequence of extensions {(x, | n < w) € M of x, x,, = {(c,, A,) such that x,,,; € D, and
max(cy,) > a, for every n < w. Without loss of generality, we may assume that for every A € U N M,
there is n < w such that A,, C A.
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Since x,, = (¢, Ay) € M, then @ € A, for all n < w. It follows that x* = ({a} U (U,, cn), (N, An) is
a condition in Cy;, which is clearly an upper bound of (x, | n < w).> We conclude that there exists x*
extending our given condition x such that x* € ", D,. O

Lemma 3.3. Cy; is cone homogeneous.

Proof. Let x; = (c1,A1), X = {(c3,A;) be two conditions of Cy. Take v € A; N A, above
max(c1), max(c;) and consider the extensions y; = (¢ U{v}, (A1NA)\ (v+1)), y2 = {c2U{v}, (AN
Ap) \ (v + 1)) of x; Define a cone isomorphism o : Cy;/y; — Cy/y2 by

o({c,A)) =(c2U (c \ v),A)
o is clearly an order preserving map onto Cy; /y; and has an order preserving inverse which is given by
o7 (e, A)) = (c1 U (c\ v), A)

[m]

Theorem 3.4. Suppose C C Cy is a V[H]-generic filter. Then, in V[H % C], k = NY[H*C] is strongly

measurable.

Proof. By Lemma 8.3, Coll(w, < k) * Cy is cone homogeneous, and therefore, HODY 7+l c v Ttis
clear from the definition of Cy that for every subset S C « in V, S is stationary in V[H = C] if and only
if § € U. It follows that the closed unbounded filter on x = N}/ [H+Cl i V[H * C] is a HOD-ultrafilter.
Therefore V[H * C] [ « is strongly measurable. o

4. Strongly measurable successor of a regular cardinal

In this section, we would like to force a successor of an uncountable regular cardinal, k = A%, to be
strongly measurable. There are a few difficulties that arise. First, there is a definable splitting of the
ordinals below «, according to the cofinalities, so the club filter cannot be an ultrafilter but rather an
intersection of a few normal measures. This means that we should fix a collection of normal measures
so that their intersection is indented to become the club filter. Moreover, when killing a stationary set
which is small with respect to the designated filter, we are forcing a club through the previous regulars,
which are now going to change cofinalities to various possibilities. This means that a Levy collapse by
itself would not provide all the cofinality changes that we need, and we must use a more complicated
method of changing cofinalities in a homogeneous way.

Suppose that A < k are two cardinals such that A is regular and « is measurable with o(k) = A+ 1. Let
U=(Usr|d<a<k1<o"(a))beacoherent sequence of normal measures with o (k) = 1+ 1.

Let PY = (P,,Q, | @ < k) be the homogeneous iteration of subsection 8.2. In the next two sections,
P stands for PX. For the main properties of P, we refer the reader to Fact 8.6. We will explicitly need the
following additional property of the iteration.

Remark 4.1. We note that it follows at once from the definition of Q, thatevery V-set A € (; v (q) Ua.i
contains a tail of the cofinal sequence b . This is because every condition g = (¢,T) € Q,, has a direct
extension g4 = (t,T4) of g, which satisfies that succy (s) C A forall s € T.

Definition 4.2. Let G C P be a V-generic filter, and let H C Coll(4, < «) be the Levy collapse generic
over V[G]. Working in V[G * H], we consider the filter 7, generated by ();<; Ux.i.

sz{AgK|3BeﬂUK,,~,BgA}.

i<a

The filter F is going to generate the club filter in HOD in the generic extension.

SNote that (A, = Naepm/nu A
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Lemma 4.3. F, is a k-complete filter in V|G * H].

Proof. Suppose that (A, | v < B) € V[G = H] is a sequence of 8 < x many sets of F,. We would like
to show that (1, .z A, belongs to F,. We may assume that A, € (;<, Uy, forall v < g.

In order to prove the claim, we move from V[G * H] to V[G], and then to V. Working in V[G], let
A, be a Coll(4, < k)-name for the V-set in (; <4 Ui Since Coll(4, < k) satisfies k-c.c., there exists a
family of V-sets X,, € ;<1 Ux,i» X, € V[G], of size < « such that I- A, € X,. Fix in V a P-name X,
for each X,,. )

Let p € G be a condition forcing the above. Moving back to V, the fusion lemma for nonstationary
support iteration of Prikry type forcings [5, Lemma 3.6] guarantees that there exists some ¢ € G and
a sequence of sets (Y, | v < B) in V, so that for each v < B, Y, C (;<4 Ux,; has size |¥, | < «, and
qr X, C Y, For each v, let A, =Yy, and A" =, g A, Since U, ; is k-complete for all i < A, we
have in V[G  H] that A’ € Fyc and A" C (", g Ay. m|

To produce a model where « is w-strongly measurable, we will force over V[G = H] to add a closed
unbounded set C C « which is almost contained in every set A € F.

Definition 4.4. Working in a V-generic extension V[G * H] by G « H C P % Coll(4, < «), we define the
forcing C, . Conditions x € Cr, are pairs x = {c, A) where c is a closed and bounded subset of « and
A € Fi. A condition x” = (c¢’, A’) € Cx, extends x (denoted x” > x) if

(1) ¢’ Nnmax(c) =c,
(ii) A’ C A, and
(iii) ¢’ \ ¢ C A.

For conditions x = {c, A) € Cx,_, we will frequently denote ¢ and A by ¢ and A¥, respectively. It is
clear that if R C Cg, is generic, then the union C = | J{c* | x € R} is a closed and unbounded subset
of x which is almost contained in every A € F. Since F, is a filter and k=% = k, the forcing Cr, is
k-centered and therefore satisfies k*-chain condition.

The following lemma is a parallel of Lemma 3.1. From this lemma we will infer the distributivity of
the forcing Cr, .

Lemma 4.5. Working in V|G = H], for any regular cardinal 8 > k* and v < A, there exists a stationary
set of structures M < Hg with sup(M N k) = a which satisfy

(i) M<* Cc M;
(i) o“(a) =1;
(iii) Forevery A € F, N M, @ € A and, moreover, b, C* A (namely b, \ A is bounded in «).

Proof. Fix a function f: [Hg]~“ — Hy in V[G = H]. Back in the ground model V, let f be a
P« Coll(4, < «)-name for f. Since Coll(4, < «) is k-c.c., there exists a P-name function F: [H ‘9/ ]~<‘” —
[Hg] <K such that f(x) is forced to be a member of F(x) for every x € HX.

Let us consider our ability to approximate F'in V. Let N < H (‘; be an elementary substructure of size

k with N C N and x,P, F € N.

Claim 4.6. Let N be as above and p € P N N. Then, there is p* < p which is N-generic, namely, for
every name for an ordinal g € N, there is set of ordinals S € N such that S € N and p* + g € S.

Proof. By a standard argument concerning capturing dense open sets in Prikry-type forcings and fat-
trees (e.g., see [13]) for every dense open set D of P, p € P, there exists a direct extension p’ >* p
which reduces capturing D to a dense subset of P,, for some p < «, namely, the set of all r € P, such
that r~p’ | [u,k) € D is dense below p’ | u. Moreover, given v < k, we can also make the direct
extension p’ to agree withpuptov +1 (i.e., p’ T v+1=p | v+ 1), in which case u > v.

Given an initial condition p € P, we can list the dense open sets in N, (D; | i < k), and form
an increasing sequence of direct extensions of p, {(p’ | i < k), together with a closed unbounded set
C* = (v; | i < k) such that for every successor ordinal i = i’ + 1, p’ € N reduces the dense set D;s of P
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to a bounded dense set D}, of P, for some v; < y; < «, and pi Fvi+l= pi' I vi + 1. By a standard
argument concerning nonstationary support iterations (e.g., see the fusion argument in the proof of [5,
Lemma 2.2]), the sequence of direct extensions (p’ | i < k) has an upper bound p* >* p. It follows that
for every P-name ¢ € N of an element of HY , there exists some u < « and a P,-name g’ € N such
that p* F ¢ =¢g’.

In particular, for each such name ¢, p* forces that it can take < k many values in HY , all of which
are in N. This follows from the elementarity of N in Hg and the fact k + 1 C N. O

Let j,: V — M; be the ultrapower embedding by U, - and M’ = j”N < jT(Hg), M e M.,.
Claim 4.7. j.(p*) forces that M’ is closed under j(F).

Proof. Indeed, if G* C j;(P) is Mr-generic with j-(p*) € G, then for each u < «, G}, = {p [ p |
p € G*} is a V-generic filter for P,,. For every y = j:(g)g- € M' N jT(Hg) and F* = j;(F)g,
F*(y) = j:(F)(j+(g))g- is the G*-generic interpretation of the j,(P)-name j,(F(g)). As p* forces
F(g) = ¢’ for some g’ € N which is a P,-name for some u < «, we see that j-(p*) forces
J=(F(g)) = j-(g’), where j.(¢’) is a j-(P,) = P,-name.If g € G, and z € NN Hg are such that
q e, ¢’ =% then j;(q) =g j-(g’) = j-(Z). We conclude that F*(y) =z € M". O

‘We now return to prove the statement of the lemma. It is sufficient to prove that in V[G] there exists
some M’ C H X which is closed under F and satisfies requirements (i)—(iii). Let p € P be a condition.
By a standard density argument, there are N < Hg and p* € G which is N-generic, with p* >* p.¢
By Claim 4.7, j(p*) forces that M’ = j.”N is closed under j,(F). It is now clear that M’ satisfies
condition (ii) in the ultrapower, as 0/ (k) = T and M’ N j.(x) = «. Condition (i) holds as well,
since j(P,)/P, does not introduce new <t-sequences to j.”N. Therefore, it remains to verify that
J<(p*) forces M’ to satisfy condition (iii). For every A € M’ N j(Fy), there is some B € F, such that
A = j(B). In particular, ANk = B € F, and k € A. Since Fy C (;<; Ux,i (Which is ]-',f/[T), it follows
form remark 4.1 that for every generic filter G* C j.(P) over M, if b is the G*-induced QF cofinal
generic sequence, then it is almost contained in B = A N k. O

Proposition 4.8. Cr, is k-distributive.

Proof. Since k = A7 in V[G = H]|, we need to check that the intersection of every set {D; | i < A} of A-
many dense open subsets of Cr, is dense. Pick some regular cardinal > «* such thatP,Cr, ,{D; | i <
A} € Hy. By Lemma 4.5, for every condition x € Cx, there exists an elementary substructure M < Hyg
of cardinality < «, with x,P,Cx,,{D; | i < A} € M and which further satisfies i) M <t C M; (ii)
sup(M N k) = a has o (@) = A; and (iii) @ € A and b,, is almost contained in A for every A € F, N M.
Let{a; | i < A)beanincreasing enumeration of b . We construct by induction an increasing sequence
of extensions (x; | j < A) of x, together with an increasing subsequence (@;; | j < 4) of b, such that
xj+1 € Dj forevery j < A,and {a} U{a;; | j > j*} € AY" for all j* < A. For notational simplicity,
denote x by x_;. Given a condition x; € M with a suitable «; as above, we take x;,1 € D4 to be an
extension of x; with max(c*/+') > @;;. Since A%+ € M N F, we can use (iii) and get that @ € A%+
and there exist some i’ > i; such that {a; | i > i’} € A%+ Takei;,; < Atobe the minimal suchi’ > i;.
It remains to show that the construction goes through at limit stages 6 < A. Given (x; | j < ), we
define is = sup;_ s a;;. It is clear from our construction at successor steps that a;, = sup;_ s max(c*/)
and a;, € A" forevery j < ¢. It follows that the condition x5 = {({@s}U U <5 ¢™, (N j<5 A™) satisfies
the desirable conditions. Moreover, if 6 < 4, then x5 € M since M is closed under < A-sequences.
Since the limit construction goes through at stage A as well (although not producing a condition
in M), the limit condition x, is an extension of x and belongs to ;. D. O

The argument of the proof of lemma 3.3 for Cy; applies to Cx, as well.

SThis is true, since for every ¢ > p there is  >* p such that ¢ > r is a finite Prikry extension. Let ¢* >* g be N-generic.
Then, there is @ suchthatg | [a, k) =7 | [, k). So, the condition p* =r | @ Ug* | [, k) is an N-generic direct extension
of p, from G.
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Lemma 4.9. Cx, is cone homogeneous.
Theorem 4.10. In the generic extension by P + Coll(4, < k) * Cx,, « is strongly measurable.

Proof. Suppose G(Cr,) € Cx, is a generic filter over V[G * H]. We may identify G(Cx,) with its
derived generic closed and unbounded set

C= U{c | 3A(c, A) € G(Cx)}.

By a standard density argument, we have that for every set X € xin V, if X ¢ U,  for all 7 < 4, then
|ICNX| <«

We conclude that for X C « in V to be stationary in V[G * H = C], it must belong to Uy . for some
7 < A. It follows that if (S; | i < ) € V is a partition of « into disjoint sets which are stationary in
V[G * H % C], then |57] < A. Moreover, since « is inaccessible in V, we have (27)V < «.

Finally, we know that each poset P, Coll(4, < «), and Cx, is forced in turn to be cone homogeneous
and clearly definable using parameters from the ground model. Therefore, P Coll(4, < k) *Cx, is cone
homogeneous, and therefore, HODY [G+H*C] c Vv The claim follows. O

The result in this section is weaker than the result of section 3 since the club filter is not an ultrafilter
in HOD. Since the club filter restricted to St is an ultrafilter in a model of AD + V = L(R), one can
force with the P,,,, forcing and obtain a generic extension in which the club filter restricted to S’ is
an ultrafilter in HOD.”

Question 4.11. [s it consistent that the club filter restricted to S, is an ultrafilter in HOD for a regular
cardinal 1 > N,?

By the general behavior of covering arguments, it is possible that the consistency strength of w;
being w-strongly measurable in HOD might be much lower than the same property for successors of
higher regular cardinals, and possibly as low as a single measurable cardinal.

Question 4.12. What is the consistency strength of w, being w-strongly measurable in HOD?

5. Many w-strongly measurable cardinals

Suppose that U/ is a coherent sequence of normal measures so that 4 < « are regular cardinals and
o (k) = A+ 1 and that the first measure in I is on a cardinal strictly greater than 1. Let P“ be the
nonstationary support iteration of Prikry/Magidor forcing from [5], and C zu be the PY % Coll(4, < k)-
name of the associated diagonalizing club forcing for the filter F¥ = (.., U,.1 on k. In the next
section, we construct a P x Coll(1, < )-name of a Prikry-type forcing notion C Fu, which is equivalent
to C, , and its direct extension order is A-closed. We will use that as a black box in this section.

Definition 5.1. Denote the post P“  Coll(4, < k) * Cx, by Q[U].

We have shown in the previous section that Q[I/] is cone homogeneous and equivalent as a forcing
notion to the iteration P“ x Coll(1, < k) * Cx,. By theorem 4.10, we conclude that k is strongly
measurable in the generic extension by Q[I/].

In what follows, we would like to view Q[{] as a Prikry-type forcing whose direct extension order
is A-closed. This is easily possible since Q[I/] is an iteration of three posets, each of which can be seen
as a Prikry-forcing whose direct extension order is A-closed (for Coll(4, < k), we identify the direct
extension order with the standard order of the poset).

We finally turn to prove our main result.

7We would like to thank the referee for pointing us to this fact.
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Proof (Theorem 1.4). To simplify our arguments, we work over a minimal Mitchell model V = L[U/]
with a coherent sequence of measures I/ witnessing the assumed large cardinal assumption. Therefore,
0 is the least inaccessible cardinal in V for which {o(kx) | ¥ < 6} is unbounded in 6. We note that all
normal measures in this model appear on the main sequence U/, in particular, o(x) = o“ () for all «.
We also record here that by the Mitchell Covering Theorem and the fact 8 is not measurable, there is no
generic extension of V = L[U] which preserves the cardinals below 6 and changes the cofinality of 6.
Similarly, the Mitchell Covering Theorem guarantees that generic extensions of V = L[U{] satisfy the
Weak Covering Lemma with respect to V, which implies that successors of singular cardinals cannot be
collapsed.

Let (ko | @ < 6) be an increasing sequence of cardinals below 6, which satisfies the following
conditions:

1. ko = w, K is the least measurable,

2. for a limit ordinal @, ko, = (supﬁ<a kg)*,

3. for a successor ordinal @ + 1, let k.4 be the least cardinal such that oY a(Ka.,.l) = ko + 1, for the
coherent sequence of measures U* = U [ (x,, «,. ]- In particular, the first measure of the sequence
U has critical point > k.

sKa+l

We define by induction on @ < 8 a Magidor iteration P = (P,, Q. | @ < 6) of Prikry type forcings.
Our description of the Magidor style iteration follows Gitik’s handbook chapter [13]. We recall that
conditions are sequences of the form (g, | @ < ) where only finitely many coordinates are not a direct
extension of the weakest condition Og,, . Let Qg be Coll(w, < k1) *C% " where F, is the filter generated

from the normal measure on k. For @ > 0, we define Q, = Q[U/¢].

The coherent sequence U/ from L [U/] uniquely extends in a generic extension by P, and can therefore
be used to force with Q[U/?]. This is because as L[IU{] satisfies the GCH, we have that |P,| < k., and
all measures of U/ are assumed to have critical points strictly above k. It is clear from our definitions
that Q,, satisfies the Prikry Property, that its direct extension order is x,-closed and that Q,, is forced
to be cone homogeneous.

By the general theory of Magidor iteration of Prikry type posets, the iteration Py /P; also satisfies
the Prikry Property. Moreover, for every a < 6, Py /P, has the Prikry Property in the generic extension
by P,, and its direct extension order is «,-closed (see [13] for details).

Claim 5.2. Every bounded subset of ko is introduced by P,. Moreover, in the generic extension by Py,
Kq is a regular cardinal for all @ < 6.

Proof. The first assertion is an immediate consequence of the fact that Py /P, satisfies the Prikry
Property and its direct extension order is «, closed. It follows that, in order to show that all cardinal
ko remain regular in a generic extension by Py, it suffices to show that «x, remains regular in the
intermediate generic extension by P,. We prove the last assertion by induction on a < 6.

For a limit ordinal «, the assertion follows from the fact that the generic extension by P, satisfies
the Weak Covering property with respect to the ground model V = L[U]. Indeed, ko = (Supg., kp)*
cannot be collapsed without collapsing a tail of the cardinals kg, 8 < a, which would contradict our
inductive assumption.

Suppose now that « is a successor ordinal. Then the forcing of P, naturally breaks into two parts
Py = Py * Qu-1. The size of P,_; is (2’“’*1)‘/ < ko and cannot singularize «,. The second poset
Qq-1 does not collapse . by Proposition 4.8. Note that, in order to apply the result of Proposition 4.8,
we use our inductive hypothesis that x,_; remains regular in a generic extension by P,_;. O

Claim 5.3. In the generic extension, 0 is regular.

Proof. This follows from the Mitchell Covering Theorem and the smallness assumption of 6, as was
mentioned at the beginning of the proof. O

Claim 5.4. P is cone homogeneous.
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Proof. 1t suffices to verify conditions (i) and (ii) of Lemma 8.5 hold for every @ < «. (i) holds for
Qo = QU T(ky.kasi1] since Qa, <q,. g are clearly definable in V = L[U] from U, Ko, and Kau1.
The fact (Qq, <q,, Sa ) is an immediate consequence of Lemma 6.12. m]

Let Gy C Py be a generic filter over V. We conclude that HODV [9¢] ¢ V.8 Moreover, for each
a < k, the Q[U?] generic filter induced by Gy guarantees that ko4 = (K:;)V[GH] and that «, is
strongly measurable in HODY [¢¢] 1t follows that all successors of regular cardinals below 6 in V[G ]
are strongly measurable in HOD. Since 6 remains strongly inaccessible in V[G 4] and all the relevant
witnessing objects clearly belong to V;/ [Gol we conclude that in V;/ [Gol " all successors of regular
cardinals are strongly measurable. O

6. Embedding Cr, in suitable Prikry-type forcings

The method of Section 4 can be iterated finitely many times in order to get finitely many successive
w-strongly measurable cardinals. In order to get a global result (or even just infinitely many w-strongly
measurables), we need to have a preservation of distributivity under iterations.

This is, in general, a difficult task. One way to obtain this is by shifting our goal from preserving dis-
tributivity into preserving the Prikry Property. There are several ways to iterate Prikry-type forcings and
preserve the Prikry Property as well as the closure properties of the direct extension. Thus, embedding
the distributive forcings into a Prikry-type forcing can be used in order to get a suitable distributivity
of the iteration. Usually, in order to achieve this, some strong compactness assumption is made that en-
ables one to embed any sufficiently distributive forcing into a Prikry-type forcing. See [14, 6] for some
examples for the consistency strength of such constructions.

Our goal is to embed C £, into a Prikry-type forcing without increasing our large cardinal hypothesis
from o(kx) = A + 1. For this, our approach follows the finer technique, introduced by Gitik in [12].

This section is devoted to prove the following technical lemma:

Proposition 6.1. Let us assume that U is a coherent measure sequence witnessing o(k) = A + 1. Let PY
be the nonstationary support iteration of Subsection 8.2. Then, in P“ x Coll(Q, < k), there is a Prikry-
type forcing notion C ., whose direct extension order is A-closed, and it has a dense subset isomorphic
to C]:K .

Moreover, both orders < and <* witness the forcing P xColl(Q, < «) *C x, to be cone homogeneous.

The proof of the first part of the proposition is given in Corollary 6.10, and the proof of the second
part appears in Lemma 6.12. Let us sketch the main ideas behind the proof of the proposition. In order to
construct a Prikry-type forcing that projects onto Cx, , we first work in the generic extension in which «
is singularized to be of cofinality A. In this model, the Magidor sequence is already a closed unbounded
set that diagonalizes the filter F, so we can use it as a guide to the generic of Cx, . This means that there
is a projection from the generic extension by the singularizing forcing iterated by a A-closed forcing
onto Cr, . C F, is obtained by ‘forgetting’ the Magidor sequence and keeping the diagonalizing club.
A technical issue that arises when trying to pull up this strategy is that the singularizing forcing must be
defined after the cardinals between A and « were collapsed, and a major part of this section is devoted
to developing this forcing.

The rest of this section is organized as follows. In subsection 6.1, we review the basic construction
and properties of the tree Prikry-type forcing notions of the form QF, 7 < o¥(k), which is defined in
the generic extension by P. Then, we introduce a filter-based variant Q} . to be forced over a generic
extension V[G = H] by P« Coll(4, < «) extension V[G * H] of V, where k = A* is no longer measurable.

In subsection 6.2, we use the posets Q% ., 7 < A in order to introduce a forcing equivalent Cx, of

K,T?
Cx, with a dense Prikry-type subforcing C7. whose direct extension order is A-closed.

8As a matter of fact, HODY G0l = V since V = L[U/] is ordinal definable in V [G¢]. We will not used this fact here.
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This completes the proof of Section 5, as the posets C £, can be iterated on different cardinals to
construct models with many w-strongly measurable cardinals.

6.1. The forcing Q; .

We turn back to consider our forcing scenario with F, over V[G * H], where G C P is generic over
V,and H C Coll(4, < «) is generic over V[G]. Recall that o (k) = A + 1 and that each measure
Ui+, T < Ain V extends in V[G] to U, (), where ¢ is T-coherent. For each such 7 < A and 1, let
Jr.z.t: VIG] = My 1. be the ultrapower embedding of V[G] by Uy - (t).

Moving to the further generic extension V[G * H] of V[G], « is no longer measurable. Let Fy . (?)
denote the filter generated by U, . (¢) on P(k)V ¢, and let F, . (¢)* denote the poset on P(k)¥ [¢] of
F - () positive sets where a set A is stronger than B if A \ B belongs to the dual ideal of Fy . (f).

By further forcing with the collapse quotient

Re = Coll(4, < j,7.t () /H = Coll(4, [, j,7,:(K)),

over V[G = H], producing a generic filter H; C Coll(4, < ji 7./ (x)), with H; | Coll(4, < k) = H, the
elementary embedding j,. , , extends into

j;:,'r,t :VI[G+H] — My [Hikr]

In turn, the embedding jy . , generates a V[G * H] ultrafilter U, (1) C Fy .(¢)*, which is an
Fy.+(t)*-generic ultrafilter over V[G = H], by standard arguments connecting forcing with positive sets
and generic ultrapowers.® Since the poset R, = Coll(4, < j, .. (x))/H is A-closed in V[G * H], we have
that F, ()" has a A-closed dense subforcing D, . Other examples of applications of Prikry-type
forcings generated by ideals can be found in [4] and [1].

It would be useful for our purposes to work with a concrete description of the sets in D, ;. We
proceed to introduce the relevant notions.

Definition 6.2. Let G C P be a generic filter over V. For each cardinal v < « with o/ (v) > 0, let b,, be
the G-induced generic cofinal sequence in v.

1. Recall that every finite coherent sequence ¢ = {vg,...,vi-1) € [«]® in V[G] has an assigned
closed unbounded set b; = U;<x(b,, U {v;}). For a coherent sequence ¢ and a finite set of ordinals
s € [min(z)]<“, we define 7*(¢) = min(b, \ (max(s) + 1)). When ¢ = (v) has a single element, we
will often abuse this definition and write 5 (v) for 7% ({v)).
For every n, the function

w5 (v) = min({u € by, \ (max(s) + 1) | o“(u) =n})

defines a Rudin-Keisler projection from Uy () to Uy, 5 (s), forall 7 > 5. In particular, 7° = 75 : k —
k is a Rudin-Keisler projection of Uy - (s) to its normal projected measure Uy o(s), for every T > 0.
2. LetT C [k]<“ be atree, t € [k]<®,and Q: T — Coll(4, < k) be a function. We say that Q is
(T, t)-suitable if for every s € T, we have
o Q(s) € Coll(4, < k), and
o forevery s’ € T that extends s, Q(s") [ A x 7l *(s") = Q(s).
Forevery s € T, we define Q to be the induced functionon T = {r € [k]<% | s r € T}, given by

Qs(r) =Q(s™r).

_ °Indeed, one can verify that the trivial condition in Coll(4, [k, jk,z,: (x)) forces k € Jj(X) if and only if there is a subset of
X in Uy~ (2).
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3. Suppose that H C Coll(4, < «) is generic over V[G], T, Q € V[G] as above, and let A = succy (0).
We define in V[G][H] the set Q-generic restriction of A with respect to H to be the set

Ag ={veA|Q(v) € H}.

Let G C P be generic over V and H C Coll(4, < k) be generic over V[G]. In V[G], for all 7 < A
and ¢ € [k]=¢, the function 7" = 7{, represents « in the ultrapower by Uy (¢). It is therefore immediate
from our definition of D, r; C F .(¢)* that sets in D, ., are of the form A” = {v € A | r(v) € H}
where A € Uy (1), and r: A — Coll(4, < «) satisfying r(v) € Coll(4, [n*(v), «)) forall v € A.10

We use these facts to introduce a variant of Gitik’s forcing Q. . in V[G * H]. The following poset
Q. collapses cardinals up to k™ to A and adds a cofinal Magidor sequence b, of length w™ to k, which
diagonalizes the filter (. ., Uk, (i.e., b is almost contained in each filter set).

Definition 6.3. In V[G = H], the forcing Qj, , consists of all (z,7, Q) € V[G] such that:

. tis a T-coherent finite sequence of ordinals below «,

. T is atree of T-coherent finite sequences with stem ¢,

. Qisa (T, t)-suitable function,

. Q(0) € H and

. Forevery s,s’ € T, if by~ = by~ , then Q(s) = Q(s').

As in Q,, 7, we identify two conditions (¢, 7, Q), (¢, T, Q) € Qi ., whenever b, = by'.

The direct extension ordering of Q; . naturally extends the direct extension ordering of Qy ..
Namely, for two conditions (¢, 7, Q), (t*,T*, Q%) of Q; ., wehave (t,T,Q) <* (t*,T*,Q%)if (¢,T) S&K .
(t*,T*) and Q*(s) = Q(s) for every s € T*. ’

We observe that the direct extension order <* is A-closed in V[G * H]. For this, note that it is
immediate from the definition above that the partial order £ € V[G], obtained from <* by removing
the requirement Q(0) € H, belongs to V[G] and is clearly A-closed in both V[G] and V[G * H]| (note
that the two generic extensions agree on sequences of length < A). Then, as <* is equivalent to the
restriction of < to a A-closed set (which is essentially H), it remains A-closed in V[G = H].

The end-extension ordering of Q; . is based on the restriction of the end-extension of Q. . to the
Q-generic restriction of T with respect to H. Namely, for a condition p = (¢,7, Q), the only values
v € succy (0) which are allowed to be used when taking a one-point extension, are v € succy (0) g i
In this case, the resulting one-point extension is defined to be p~(v) = (t U {v}, Ty, Q(yy). In general,
for a sequence r = (vy, ..., vi-1) € T, the end extension of p by r, denoted p~r, is the one obtained by
taking a sequence of one-point extensions by vy, . .., Vi1, in turn.

We note that although Qj . depends on the collapse generic H, and is fully defined only in V[G * H],
we still have that Q; . € V[G]. Moreover, dropping the requirement Q(0) € H in the definition of
conditions p = (¢,T,Q) € Qy . allows us to examine conditions (¢,T, Q) and evaluate possible direct
extensions and one-point extensions in V[G]. For example, working in V[G], we can consider possible
one-point extensions p~(v) of a condition p = (#,7,Q) by an arbitrary v € succy (0). Although
eventually, in V[G = H], p will be a valid condition only if Q(0) € H, and p~(v) will form valid
extensions of p only for a D, ,,-positive set of ordinals v € succy (0), it is still possible to decide
certain properties of such extensions on a measure one set of U, . (¢) in V[G]. This approach of arguing
from V[G] about the poset Q; . in V[G * H] plays a significant role in our proof below, showing that
Q.. satisfies the Prikry Property.

Remark 6.4. The forcing Coll(x < 1) * Qj , is isomorphic to the collection of all (¢, T, Q) that satisfy
all requirements of Definition 6.3 except the fourth one, Q(0) € H. Nevertheless, the decomposition
into the collapse part and the singularization part would be more appropriate for our construction, as
eventually Q; ; is used as merely an auxiliary forcing.

O O R

Wje., dom(r(v)) CAX (k\ 7' (v)).
Uje.,v € Az for A = succr (0).
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The coherency requirements in Definition 6.3 allow us to obtain a natural amalgamation property,
similar to the one satisfied by the V[G] poset Q. -.

Lemma 6.5. Work in V[G]. Let p = (t,T,Q), forced to be a condition in Q; . by q = Q(0), and
A = sucey (0). For eachn < 7, denote

A =An{veA| () =n}eUsy).

Suppose that there are j < 1, a set A'(i]) € A(7j) with A'(7) € Uy 5(t) and a sequence of
conditions {(t U {v},T”, Q") | v € A’(7)), such that (t U {v},T”, Q") is a direct extension of p~{v)
for all v € A’(7]). Then, there exists a direct extension p* >* p, p* = (¢t,T%,Q%), such that the set
{t™ ), T”, Q") | v e A’(7)} is forced by Q*(0) to be predense above p*.

Remark 6.6. In the proof of the lemma, we make use of several construction arguments involving trees
T associated to conditions (#,7) in the poset Q. r from [11]. We list these arguments and refer the
reader to [1 1] for proofs.

For a finite sequence s, we write o(s) = max({o(v) | v € s}).

1. Suppose that (¢, T) is a condition of Q, - and A’(57) < succy (0) belongs to Uy ,(¢) for some n < 7.
Then there exists a subtree 7”7 of T, so that (¢,7’) € Q. is a direct extension of (¢, T), and

{v € succr/(0) | o(v) =71} € A’ (7).

Similarly, for every s € T and A;(n7) C succr (s) which belongs to U, , (¢ s) there is a direct
extension (¢,7”) of (¢, T), which only requires shrinking the tree T above s (i.e., shrinking 7) and in
particular s € T”, so that {v € succy(s) | o(v) =n} C AL(n).

Furthermore, this construction can be naturally combined over different values s € T. Namely,
given a family {A;(n) | s € T} of sets as above we can apply the same procedure, level by level, to
the tree 7" and obtain a subtree 7’ C T with the property that (#,7’) € Q. and for every s € 7",

{v € succr(s) | o(v) =n} € AL ().

2. For a condition (¢,T), s € T, and n < T, there exists a direct extension (¢,7’) >* (¢,T), which only
requires shrinking the tree 7' above s such that for all s € T which end extends s, if there exists
v € by \ by such that o(v) = n,'2 then v/ = nﬁfs(s’) (the minimal such v) belongs to succy:(s).
Repeating this construction, level by level, produces a direct extension (¢, T”’) of (¢, T) satisfying that
for every s € T’ and s’ € T’ which extends s, v/ = nﬁfs(s’) e sucer(s) N{v <k | o(v) =n}.
We note that if s € T’ satisfies that o(u) < n for all u € s, then for every u € succy/(s) with
o(u) = n, we have ﬂﬁfs(y) = ﬂ'ﬁ](s’“ {u)), which by our assumption of 7’ (applied to s" = s~ {(u)),
implies that 7T§7(SA (u)) € succy:(0). It follows that

succr/(s) N{v | o(v) =n} Csucer-(0) N {v | o(v) = n}.
Since the former set belongs to Uy, (¢ s), we conclude that
sucer/(0) N{v | o(v) =n} € Ug 5 (1 s)

as well.
The same consideration applies to any s € 7" and s’ € T’ which extends s, and for which o(v) < n
for every v € s’ \ s, and implies that

succr: () N{v | o(v) =n} € U ,(t"s").
12this is equivalent to the existence of p € s’ \ s such that o (u) > 7.
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3. Let (¢,T”) be a condition as in the previous clause. There exists a direct extension (¢, 7*) of (¢,T”)
such that for every s” € T* for which v’ = 77, (s") € by \ b; is defined, not only that

v €sucer-(0) N {v]|o(v) =n},

but further, there is some s”” € T* which extends (v’) such that b;~y» = b;~y and T, C T,. We
note that it implies that the set

{(tu {v},T<*V>) | v € succr«(0),0(v) =n}
is predense above (¢, T%).
We turn to the proof of Lemma 6.5.

Proof (Lemma 6.5). For s € T, define o(s) = max({o(v) | v € s}), and for a tree T C [«]~%, and 7,
T(<n)={seT|o(s) <n}.Letp=(t,T,0), A’(77), and {(t U {v},T",Q”) | v € A’(7])), as in the
statement of the Lemma. By part (1) of Remark 6.6 above, we may assume (by reducing to a suitable
subtree) that succy (0) N {v | o(v) = 7} € A’(77). Furthermore, by part (2) of the remark, we may
further assume that A’(77) € U, ;(t"s) for every s € T with o(s) < 7.

Recall that for each sequence s € T, o(s) < 7, the function 7'~ ¥(v) is a normal projection of
Uy,i7(t7s) to Uy o(t7s). Since Q¥ (0) | A X n' (v) is bounded in #'" *(v),”* we can press down
on its value and find a subset A}(77) € U, ;7(t™s) of A’(77) and a collapse condition Q’(s) such that
Q¥ (0) I &' S(v) = Q'(s) forall v € AL(7).

By applying the construction arguments of Remark 6.6, we may find direct extension (¢,7") of (¢,T)
having both properties from parts (1) and (2) of the remark, where (1) is applied with respect to the sets
Ai(7), s € T’, o(s) < 7, given by the pressing down process above, by which Q’(s) is defined. We note
that, as mentioned at the end of part (2) of the remark, for every s € T'(< 7)) = {s € T’ | o(s) < 77}
which end extends s,

succr:(s) N{v | o(v) =7} € Uy 5(t"s").
Moreover, since
sucer-(s) N{v | o(v) =77} C AL(7),

we conclude that A{(77) € Uy ;(s"). It follows that Ag(77) N A, (77) # 0, which in turn, implies that
Q'(s)=Q'(s") M Axa" (s

(as witnessed by Q¥ (0) for any v € A{(77) N AL, (7).

Finally, we form a subtree 7’/ of T’ by intersecting T<’V> with TV, for each v € succr/(0) N {v |
o(v) =7} € A’(77). By appealing to part (3) of the previous remark, we can find a direct extension
(¢, T*) of (¢,T") which further satisfies that for every s € T* for which v, := n’,l(s) € by \ b, is defined,
vs € succr-(0) N {v | o(v) = i}, and there exists some s’ € T* which end extends (v;), such that
b~y =bi~sandT; C T . Let5=s"\vs+1.

Qs (5) is defined, since sz C T”s = dom(Q"). Moreover, since (t U {vg},T"s, Q") is assumed
to be a condition in Qj ., the value Q"*(5) does not depend on the choice of a sequence s” and its
associated subsequence § € T satisfying b;~ (. y~5 = by~y = b1—~.

We turn to define the function Q* on T*. We follow the convention from the last paragraph, where
for s € T* with o(s) > 77, we denote v, = Jr’,_l(s). We set

Bie,QV(0) [ Ax ! S(v) € Vi=s () and #'” 5 (v) is an inaccessible cardinal
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0" (s) = 07 (5) ifo(s) 27,5 € T” satisfies by~ (y,)~5 = b1~
Q'(s) ifo(s) <7

We claim that O*(0) forces that (¢, 7%, Q*) is a condition that extends (z,7, Q). We show first that
Q*(0) forces (¢,7*, Q") is a condition of Q. ., which requires verifying the first three conditions in the
definition of the poset. Conditions (i) and (ii) are clearly satisfied as (z,7*) € Q.. To verify condition
(iii), we need to check that for every s, s’ € T*, if s” extends s, then Q*(s) = Q*(s") | Axnx' $(s’). The
verification breaks down to three cases.

Case I: If o(s),0(s’) < 7, then s,s" € T*(< 77) and, as described above, the result is an immediate
consequence of the fact that s’ € T’(< 77) end extends s.

Case II: If o(s) < 7 and o(s") 2 7, then v/ = xt *(s') € A{(7). As 7' *(s) = ' *(»') and
(tu{v'}, T”,Q”) € Q; ., it follows that

0 (s") 1 Ax ' (s") =
Q" () T Ax (") =
Q" (0) T Ax S () = Q'(s) = Q' (s).

Caselll: If o(s) > 7, then there exists some 5 € Ty, C T suchthat b;~,y~5 = b~y and Ty C T7

(vs) 735"
In particular, Q*(s) = Q*(5) and s’ € T<*V -5 S T)*.Since Q" is (tU{vs}, T"*)-coherent, we conclude
that ’

Q" (s") I Axn" *(s) =
Q7 (s") T Axal *(s") = Q™ (3) = Q" (s).

This concludes the proof that p* = (,T", Q) satisfies the property (iii) of the definition of Qj .,
and thus, that 0*(0) € Coll(4, < «) forces it as a condition of Qj . It is immediate from its definition
that p* is a direct extension of p. Finally, our choice of the tree 7* above, obtained from 7" using fact
(3) from Remark 6.6 above, implies at once that Q*(0) forces {(+™(v),T”,Q") | v € A’(1)} to be
predense above p*. O

Lemma 6.7. Q; . satisfies the Prikry Property.

Proof. Suppose otherwise. Working in V[G * H], let (¢,T, Q), o be condition and statement of Qj, .,
respectively, such that no direct extension of (¢, T, Q) decides 0. Back in V[G], let ¢ € H be a condition
which forces this statement about (¢, 7, Q) and o. Since g forces (¢, T, Q) to be a condition of Q5 .,
we have that g > Q(0). Therefore, by moving to a direct extension of (¢,7,Q), we may assume that
q = Q(0). For notational simplicity, we make the assumption that + = (. The proof for an arbitrary
sequence ¢ is similar.

Let A = succy (0). We may assume that g € V,,,, where uo = min({ng’(v) | v € A}). For each
v € A, we choose a condition g(v) € Coll(4, < k), extending g U Q(v), which decides the Coll(1, < «)
statement of whether there exists a direct extension p” = ((v),T”, Q") of p~(v) which decides o,
and if so, whether p" forces o or —o. Let A be the sets of v € A for which ¢(v) forces p” exists,
and ‘p” I 0. Similarly, let A' C A consist of v such that g(v) forces p” exists, and ‘p” F -0 and
A% = A\ (A°w A'). The proof splits now into three main cases:

Case 0: There exists some 77 < 7 such that A” € Uy, 57(0).

Let A’(7) = A° N {v | o(v) = 77}. By applying Lemma 6.5 with respect to the family of conditions
{p” =), T”,0%) | ve A’(7)},wecanfinda p* = (0, T*, Q") which is forced by Q*(0) to be a direct
extension of (0,7, Q), and to have {p” | v € A’(77)} be a predense in Q} . /(0,T~,Q"). It follows that
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0*(0) = Q(0) = g forces p* = (0,T*,Q*) is a direct extension of p which decides o. This contradicts
our assumption.

Case 1: There exists some 77 < 7 such that A' € U, ;3(0).

The argument for this case is similar to the previous one and leads to an extension ¢* > ¢ in
Coll(4, < «) and a direct extension p >* p, such that g* forces p Irg; = —o . Contradiction.

Case 2: A2 € (N, Ux 5 (0).

Let A%2(0) = AN {v | o(v) = 0}, and apply Lemma 6.5 with respect to A>(0) and {p™(v) | v €
A?(0)} to obtain a direct extension po = (0,75, 0p) of p, with {p~(v) | v € A?(0)} being predense in
Qk.-/ Py

Denoting gj, = O (), we define A? to be the set of all v € A? for which g forces there is no direct
extension p” >* p’~v which decides o. Note that A?> must belong to My<z Uk, (0), since otherwise,
there would be some 17 < 7, and a set A’() C A? consisting of v for which some ¢*(v) > qy, forces
there exists a direct extension of pz‘)ﬁv which decides o. This, in turn would allow us to repeat the
construction of one of the previous cases 0 and 1, to show that there is g* >* g;; which forces some
direct extension p* of p; to force either o~ or -0, contradicting the choice of g;.

Let ¢' := gj and p' = (0,T"',Q") be the direct extension of pj obtained by shrinking succ..,; (0)
to points in A2, It follows from the construction ¢' forces that for all v € succy1(0), p'~(v) does not
have a direct extension in Qj . which decides o.

Next, we move up to the second level of the tree. To each u € succyi1(0), we can repeat the above
analysis with respect to ¢(u) = ¢' U Q'(u) and p' ™ (u) = ((p),Tg#), Q}w). Accordingly, we split
B = succy1(0) into three sets, BY, B!, B2, based on whether the analysis for ¢(u) and p' ™ (u) has
produced an extension ¢*(u) > g(u) which forces some direct extension p'*# >* p!~(u) to decide o
(B® and B! for forcing o= and o, respectively). The argument above shows that if B® or B! belongs
to Uy, (0) for some 5 < 7, then there exists some ¢* > g' which forces that p! has a direct extension
which decides o, contradicting our assumptions.

It follows that B> € (<7 Uk.;;(0), and by repeating the argument from the beginning of Case 2 for
each p! ™ (u), u € B2, we can find for each u € B2, conditions ¢*(u) > g' (1), g*(u) € Coll(2, ﬂg’(,u)),
and p;, = ((u), T}, QL) >* p'~pu, such that g*(u) forces there is no direct extension of p,~ v which
decides o, for any v € succy,; (0). We may assume g*(u) = QL((Z)) and apply Lemma 6.5 with respect
to B%(0) and {p}, | u € B*(0)}, to conclude, similarly to the above, that there are extensions ¢* > ¢'
and p? = (0,72, Q%) >* p', such that ¢ forces that for any pair (vo, v;) € T2, p%w»w) does not have a
direct extension which decides o.

The construction is now repeated level by level, for all n < w. This produces sequences of extensions
gq=¢"<q"'<---<qg"-- inColl(q,< k) and p = p® <* p! <* ... <* p™--- in Q} ., such that for
each n < w, writing p™ = (0,T", Q"), we have that ¢" forces that for all sequences s € T" of length
|s| < n, p""s does not have a direct extension which decides o. Finally, let g« € Coll(4, < k) be a
union of all ¢", n < w, and p* € Q; . be adirect extension of p” foralln < w. Writing p* = (0,7*, Q"),
it follows from the construction that p¢ forces that for no s € T* such that p*~ s has a direct extension
which decides o-. This is, of course, absurd. O

We conclude that (Qj ., <,<") is a Prikry-type forcing whose direct extension order <* is A-
closed. In particular, it does not add bounded subsets to 4. Moreover, like QF, (Q,*(’T, <) introduces a
generic club b7 C « of order-type ot(b}) = w”. Finally, since Uy, » C Fy () is clearly contained
in D, . for every coherent sequence ¢, it follows from a standard density argument that if b7 is a
Q. -generic sequence over V[G * H], then for every V-set A € F,, there exists some § < k such

that b7 \ B C A.
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6.2. The forcing C 7.

Our goal now is to introduce a poset Cx, which is equivalent to C, , and further has a dense subforcing
C%. ., which is of the Prikry-type, and its direct extension order is A-closed. We first introduce the poset
C}K, obtained from Qj‘(’ ,and Cgx,..

Recall that G = H is V generic for P % Coll(4, < k). Working in V[G = H], we consider the two-step
iterations Q7 .1 * Cr, consisting of conditions (g, x) so that ¢ ko, X € (C} Note that when forcing
with Cx, over a V|G =* H]-generic extension by Q}, _p» We require that the bounded closed sets ¢ C « in
the conditions x = (¢, A) € Cx, are actually ground model sets, from V[G = H]. In particular, for every
condition (g, x), there exists an extension ¢’ > ¢ and a pair x € Cx, so that ¢’ I x = X.

Let b! C k be a Q. generic club in k. We know that ot(b) = A and that b} is almost contained
in every set A € F,. Working in a Q;/l generic extension V[G = H = b?] of V[G = H], we see that for
every condition x = (c, A) in Cx_, there exists some 8 € A \ (maxc + 1) such that x" = (c¢’, A), with
¢’ = ¢ U{B}, extends x and satisfies that b \ (maxc’ + 1) C A.

Definition 6.8 (C/Jl'-} ). Working inaQj, , generic extension V[G*H x b of V[G*H], let C/Iﬂ denote the
subset of C, , consisting of conditions x” = (¢’, A’} so that max(c’) € b, and b\ (max(c’)+1) C A"

It follows from the above that C’}K is a dense subset of Cz,. Since b} C « is closed of order-type

= cof (k)Y [G*H*b3] and no sequences of ordinals of length < A are introduced by b7, it follows that

the restriction of the C r, order to C” is A-closed.
With this observation, we move back to V[G = H] to define the poset C*

Definition 6.9 (C”. ). LetC’. be the two step iteration C%. = Qz *C’l . We define the direct extension
ordering <* of C% to be the extension of the usual direct extension order of Q¢ with the standard order
on the second C’l component

Corollary 6.10. C}K is a dense subforcing of Q, , * Cx, which satisfies the Prikry Property, and its
direct extension order is A-closed.

Note that for every dense subset D of Cx, and a condition (g, x) € C*- , there exists a direct extension
R * * ® B P P s ’r *
(g*,x*) =* (¢, x) such that ¢* I+ x* € D. Similarly, it is olear that the set of conditions (¢”,x") € C% ,

for which the second component is a canonical name x’ of a condition x” € Cx,_, is dense in C*

The map (g’,x’) + x’ defined on this dense set naturally induces a forcing projection 7 from C*
the boolean completion of Cx,. This projection sends a condition of the form (g, x) to the join of the
collection of all y € Cx, such that there is some extension of ¢, g’ that forces x = y.

Next, we follow Gitik’s machinery from [13], to form a Prikry-type forcing notion C, which is
equivalent to Cr, , from C%

Definition 6.11 (C,). We define a Prikry-type forcing notion (Cx,, <’, <*) as follows.

o C 7 =C%
o the partlal ordering <’ is defined by p’ >’ pif n(p’) > n(p) and
o <* is taken to be the same direct extension order of Cj,_.

It is immediate from the definition that (Cx,, <) is equivalent as a forcing notion to (C,, <) and
that the direct extension order <* of C £, is A-closed. To show that (C £, <’, <*) satisfies the Prikry
Property, it suffices to verify that for every statement o in the forcing language of Cr, and every
condition p € Cg,, there is a direct extension p* >* p such that 7(p*) decides 0. Indeed, defining
Do={p’ € C%r. | n(p’)ro}tand D ={p’ € C%. | 7(p’) + =0}, itis clear that Dy U Dy is dense in
C%. and that a generic filter G* of C* will have a nontrivial intersection with exactly one of the two
sets Leto™: G*N Dy # 0. Then o™ is a statement for the forcing language of C% . Moreover, it is clear
from our construction that for a condition p* € C* which decides o, we have that p* I o implies
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that 7(p*) v o, and p* I+ =™ implies that 7(p*) I+ o . Since C%, satisfies the Prikry Property, every
condition p has a direct extension p* >* p which decides o*.

We note that, similarly to P % Coll(4, < «) * Cx,, the forcing P * Coll(1, < «) =* C}K is cone
homogeneous. In most applications of homogeneity, moving to an equivalent forcing does not change
the main properties of its iterations. In order to apply the results from section 8.1 and argue that the
iteration P * Coll(1, < «) * C F, is cone homogeneous, we need to verify that this poset meets the
assumptions of Lemma 8.5.

Lemma 6.12. Denote P + Coll(4, < k) = C}K by W, and its regular and direct extension orders by <wy
and <y, respectively.

For every wo,wy € W there are direct extensions wg, w| of wo, w1, respectively, and a cone
isomorphism ¢: W /wy — W/w] which respects the direct extension order <g,.

In particular, the forcing P x Coll(1, < k) * C F, is cone homogeneous.

We observe that assuming the coherent sequence U (by which W = P+ Coll(4, < k) * C is defined)
is ordinal definable in V, then the statement of the lemma guarantees that W satisfies the requirements
of the iterated poset Q, from Lemma 8.5.

Proof. Let us start with the last assertion. Since the identity is a projection from C*ﬁ to Cx,, an
isomorphism of a cone of elements in C*}.K naturally induces an isomorphism of the corresponding cone
in @ Frc

Let wo = {(po, co, (g0, X0)) and w; = {p1,c1,{q1,Xx1)), where the conditions go = (to, Tp, Qo) and
q1 = {t1,T1, Q1) belong to Q:F(,/r

By [5, Theorem 4.6] applied to the iteration P + Q, 4, there are direct extensions (pg, (t0,T)) of
(pos (t0,T0)), and {p7, (t1,T)) of {p1,(t1,T1)), with a common top tree 7, and an isomorphism ¢
between the cone below (pg, (0, T)) and the cone below (p7, (t1,T)). We record here that the map
constructed in the proof of [5, Theorem 4.6] satisfies two additional properties. First, it does not make
any changes to the F-trees S appearing in conditions p~ (s, §) € P=Qy . Second, it respects the direct
extension order of P * Qy 1.

Next, we move to examine the Levy collapse condition and the suitable functions in the conditions
from W. Since the collapsing forcing Coll(4, < k) is evaluated in the generic extension by P, ¢ naturally
acts also on the P-names co and Qy that appear in wg. As usual, we denote the resulting names by c(‘)” and
Q(”)” . Let 79 be a P-name of an automorphism of the Levy collapse poset which maps an extension ¢, of

cg' to an extension ¢} of ¢y, and define ¢y = (cé)‘”*] . Note that since c; forces Q;(0) € H, we may extend

Q0(0),01(0) to Q;(0), Q7(0) so that ¢; = Q7 (0) fori = 0, 1. Next, for each s € T and i = 0, 1, define
dom; (Q;(s)) = {@ < k | Qi(s) 1 Ax {a} # 0} and pi, = sup(dom; (Qi(s))). Set p; = max(p2. pl).
By moving to a direct extension tree 7" of T, we may assume that for every s € T* and v € succy-(s),
ﬂ(t)As (v) > ps where the projection is computed in both generic extensions. This leaves enough space
between the conditions Q;(s), Qi (s (v}), i = 0, 1, to define autormorphisms taking an extension QO (s)
of Qo (s) to an extension Q7 (s) of Q1 (s), without conflicting with Q;(s™(v})), 7 = 0, 1. We can therefore
define by induction on the lexicographic order <;., on 7" (where two sequences are compared from their
top elements down) automorphisms 7y, s € 7%, of Coll(4, < ), and collapse extensions Q7 (s) > Q;(s),
i =0, 1, with the following properties. For all s € T*,

7 is supported in Coll(4, < pg),™
7,((Q) Y (5)) = Q7 (s), ~

If s” € T, then 7 [ Coll(4, < 7y *(s)) = 75,
If 5 € T* and b;y~5 = byy~5, then 74 = 75.

O O O O

Let W = P * Coll(4, < «) * Q| be the initial forcing iteration of
W =P * Coll(4, < k) # C_=Px Coll(d, < k) * (Q}_, * C).

14.e., for every p € Coll(A4, < k), if p = po U p1 where pg = p | A X ps, then 74 (p) = 74(po) U pi1.

https://doi.org/10.1017/fms.2023.15 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2023.15

Forum of Mathematics, Sigma 21

Let wo [ W = (po, o, {to, To, Qo)) and wi | W = {p1, c1,{t1,T1, Q1)) be the restrictions of wg, wi to
W, and consider their direct extensions w,,, w; in W, defined by w; = (pg, c(*), (to,T", Qg)), i=0,1.

Our choice of cone isomorphism ¢ for P * Q, ., together with the collection of Levy-Collapse
automorphisms T = {7, }ser~, naturally induces a function @ on the cone W/, defined as follows. For
a condition w = (p, ¢, (s, S, Q)), we set ¢(w) = (p’, c’,(s’, S, Q")) to be:

P/ A", SN =y (P (5.9, ¢ =75(c?), Q'(5) = 7~5(Q(5))

We claim that (p’, c’, (s’, S, Q’)) is a condition in W. First, it is immediate from our choice of p, ¢
that (p’,c’) € P« Coll(4, < «). It therefore remains to verify that (s’, S, Q’) is forced by (p’,c’) to
be a condition in Q) _, . The fact that (s", S, Q') satisfies requirements (1) and (2) of definition 6.3
is immediate. To verify the coherency requirement (3) of definition 6.3, we note that Q” is forced by
p’ to be (s, S)-suitable. Indeed, it follows from our choice of 7y that its support is bounded below
the projection n(s)ﬂsl(v), for any v € succr-(s”). Property (4) follows from the fact that the statement
“C Fcol(a,<x) Q(0) € H” is forced by p € P, which implies that 7¢(c?) I 79(Q(0)¥) € To(HY) is
forced by p’. This, combined with definition of ¢’ and Q’, and the fact that the name H is a fixed point
of both 7y and i, guarantees that requirement (4) is satisfied. Next, (s’, S, Q") satisfies requirement (5)
of definition 6.3 by a similar argument to the previous one, using the fact that (s, S, Q) satisfies property
(5) together with the last property listed above for {7 }s<7r. Having verified that (p’, ¢’, (s’, S, Q")) isa
condition in W, it is straightforward to check that it extends v and thus ¢: W/wy — W/ is a well
defined function. In order to show that it is cone isomorphism, we need to show that it is order-preserving.

Let us remark that the automorphism i modifies the values of b for s € T* by changing the value
of their initial segments. Since those initial segments do not affect the definition of 75, we will ignore
it and write always by instead b;p.

Let w; = (p1,c1, (51,81, Q1)), w2 = {p2, 2, {82, 52, Q1)) be a pair of conditions in the cone above
wo. We need to show that ¢(w) < @(w,) if and only if w; < wy.

For direct extensions, this is clear, as the tree S; does not move under ¢. Let us assume that w,
is a one-point extension of wy, by the point (v). By moving to a dense subset, ¢, > c¢1,Q({v)) and
bs, = bg,~ (. Let us apply ¢ on wi, w». The trees S; and S» do not move, so we must verify that (v)
is still a legitimate choice for an one-point extension of ¢(w;). Indeed, Tby, (c3) is (by the definition of
Tb,, ) stronger than 7, (Q1({v)). Thus, we conclude that ¢(w,) is an one-point extension of @(w;) by
(v). The other direction is the same.

Finally, to obtain a desirable cone isomorphism ¢ for W = W « CZ, it remains to extend ¢ to the final
additional components X0, X1 of C’}K. The proof Lemma 4.9 shows that there are W-names 2)(’), Vi of

extensions of gc(‘)p , X1 respectively, and a name of a cone isomorphism o: C%/ Yo — C}/y1. Accordingly,

51 - - * * * * * *
we set yo = (y;)¥  and define direct extensions wy; >* wo, w] >* wy and amap ¢: W/wg — W/w]
by wi =w;"y; and

o((7,y) = (@(7), o (%))

The fact that w(*), w‘{, @ satisfies the result stated in the lemma is an immediate consequence of the fact
that wg, w1, ¢ satisfies similar properties for W and our choice of ¢,yg, y;. O

7. Strong measurability at successors of singulars

Suppose that V = HOD, « is a supercompact cardinal and A > « is a measurable cardinal with a normal
measure /. We would like to construct a cone homogeneous poset in V which will collapse A to be the
successor of «, change the cofinality of « to w and add a closed unbounded subset of 1 whose restriction
to the set of {@ < A | a is regular in V} is almost contained in every set A € U.

It is natural to attempt obtaining this result by starting with an indestructible supercompact cardinal
k, and forcing with a Levy collapse of A to x* followed by a Prikry forcing at « and a club forcing at A.
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The difficulty with this approach is in its second step, where the choice of the measure on x depends on
the generic filter for the Levy collapse and might lead to a Prikry generic sequence which will introduce
to HOD information about the collapse of A to ¥, and in particular prevent from HOD to witness that
A is a measurable cardinal.

Instead, our approach will be based on recent use of the supercompact extender based forcing,
introduced by Merimovich ([21]). Given a supercompact cardinal «, we derive a (k, 1)-supercompact
extender E from a supercompact embedding j: V — M for which*M C M. LetPg be the supercompact
extender based forcing associated to the extender E of [21]. The conditions of P are pairs of the form
(f,T) where f is roughly a condition in the Cohen forcing and T is a tree, with large splittings. We
denote by P, the Cohen part.

The forcing Pg preserves A and singularizes all the regular cardinals in the interval [k, 1). We will
follow the definitions and notations of [21]. In [15], Gitik and Merimovich show that this forcing is
weakly homogeneous (and therefore cone homogeneous).

Let ¢/ be a normal measure on A in the ground model. We would like to force a club to diagonalize
U relative to the set of V-regular cardinals below A. Note that the ordinals of uncountable cofinality
below A in the extender based forcing extension are of measure zero in {/. Therefore, our club shooting
poset has to allow V-singular ordinals as well. Moreover, since the set of previous inaccessible cardinals
below A does not reflect at its complement, it is impossible for the generic club to avoid ground model
singular cardinals of countable cofinality. Thus, we restrict our club forcing poset to diagonalize I/ only
relative to the set of the regular cardinals in V. To make this precise, we denote by Sing the set of all
ground model singular cardinals below A and define &/ = {Sing UA | A € U}. We force with the poset
Cy, consisting of pairs (c, B) where ¢ C A is a closed bounded set and B € /. The extension order is
as in the previous section.

We start by recalling a fundamental and useful fact, which lies in the heart of the proof of the Prikry
Property of Pg.

Lemma 7.1. Let M be an elementary submodel of H, for some large x such that M N A =6 € A is
inaccessible cardinal and M<% C M. Let p € M N P.

Then, there is a condition f* € Py, which is M-generic (namely, it belongs to every dense open subset
of Py, in M) and dom f* = M N0 A. Moreover, if p* = (f*,T) is a condition in Pg, then there is T* C T,
E(f*)-large such that T* C M and D € M is a dense open subset of Pg, then there is a natural number
n such that for every (vq, ..., Vy_1) in the n-th level of T, p?vo e D.

----- Vn-1)

Proof. The first claim follows from the closure of P}.. Let us focus on the second part.

Let f* be as in the lemma. Let D € M be dense open. For each (vg,...,v,-1) € M and for
each g € P}, N M, we can ask whether there is a condition g € D of the form (4, S) € D such that
h >* g¢y,....var)- The set of conditions that decide this statement is dense open and definable in M,
and thus f* decides whether there is such extension or not (for each possible (vg,...,v,-1)). Let D3
be this set, and let us split it into two parts Dg U D}? according to the decision, where conditions in Dg
are direct extensions that enter D after the nondirect extension.

Let p* = (f*,T). Since a typical point v in a measure one tree 7, associate with the measures E (f*)
is a finite sequence of elements contained in M each has size |v| < k, we may assume that T C M.
There is an extension ¢ > p* in D. By the definition of the order of Pg, g is obtained by taking first
some Prikry extension and then a direct extension, and therefore the Prikry extension is done using
some ¥ € M. Thus, for this specific Prikry extension, f* € Dg. We conclude that already p7; € D.

We can now shrink 7 in order to stabilize the length of the extensions that enter D. O

Lemma 7.2. U extends to a A-complete filter in the generic extension by Pg.

Proof. Assume that this is not the case. Since « is singular, the closure of Z/ must drop to some cardinal
p < k.Let (A; | i < p) be a sequence of names of elements in ¢/ which are forced to have non-measure
one intersection.
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Using the strong Prikry Property, we can find a sequence of direct extensions p; and natural numbers
n; such that any n;-length Prikry extension of p; decides the value of A;. Since there are fewer than A
many such extensions, we can find aset B; € U such that pi + B; C A;. Inparticular, p, - (B; € () Ai,
but ﬂ B; € Z/_{ . O

Lemma 7.3. C;; is A-distributive in the generic extension by Pg.

Proof. Since « is singular in the extension by P, it is enough to show that the forcing C;; is p-distributive
for every p < k.

We first work in V. Let 5 =(D; | i < p) be asequence of Pr-names for dense open subsets of Cy,
p < k.Let{p, q) be acondition in Pg *C;. Let us define an increasing sequence of models (M; | i < p)
such that:

é’PEvCL—{ e M.

M; < H,, for some large x, M; N A = ¢§; € A inaccessible.
M=% C M; and §; € N{A e U N M;}.

(M; | j<i)eM,.

O O O O

This chain of models can be easily obtained using the same argument as in Lemma 3.1.
Next, let us pick by induction, for each i < p, an M;-generic condition f;* € P}, such that f* € M;4,
and f" C fj’.“ fori < j. We will define a sequence of names ¢; and a sequence of conditions p; such that:

pi ={f.Ti) € Miv1, qi € M;.

Pi+1 ¥ qiv1 € D;.

The sequence of conditions p; is <*-increasing. Let p,, be their limit.
D, forces that the conditions g; are increasing and they have a limit g,,.

O O O O

In M;, let D} be the dense open set in Pr of all extensions of p; that force for some condition
q = (¢?,B?) > g; to be in D;, and decide its maximum and its large set B¢ from U{. By applying
Lemma 7.1 inside M;, we conclude that there is an E( f;")-large tree T; € M; and a natural number n;
such that, for the condition p; = (f;*,T;), for every v € Lev,,(T;), (p;)y € D}. In particular, it picks a
condition g;,; 3 > g; from Cy, which is going to be in M;. Since this condition is in M;, it is going to
be bounded below §;, and its large set belongs to I/ N M;.

Note that the collection of all n-step extensions of a fixed condition in Pgr is always a maximal
antichain above this condition and thus, we can define g7, to be equal to g;,1,; above (p;)y, and trivial
below any condition which is incompatible with p;. Finally, we define gi+1 tO be the extension of glf "
by the single ordinal §;. By the construction, this is indeed an extension, as §; € B for all B € U N M;.

At limit steps, we define ¢; to be the limit of previous conditions. This is possible since the filter I/
is still A-complete and since the maximal element of the closed set in ¢, is forced to be & ;. Therefore,
the maximal element of ¢; is §; which is singular strong limit cardinal in the limit case. O

Lemma 7.4. Let B’ € U. Then, B’ is stationary in Pg * Cy;.

Proof. Let C be a name for a club. We show that every condition g € C; has an extension which forces
that C N B’ # 0. Working in V, let M < H,,suchthat M N1 =6,Pg,Cy,C,q, B’ € M,and 6§ € B’ is
inaccessible. Moreover, let us assume that M is obtained as a union of a chain of models of length §,
M;, such that M; N A = §; and M50 C Miy1 and 6141 € (U N Misy).

For each i, let f;" be M;-generic for P, such that f* C f; fori < j.Let f*=UJ f

Let G C Pg be a generic filter that contains a condition p* = (f*, A), A C M. InV[G], cf 6 = w. Let
{6n | n < w) be acofinal sequence in 8. For each n, for sufficiently large & < ¢, M ¢ contains the dense set
of conditions in Pg that decide on some condition g € C;; that forces some ordinal y,, > 6, to be in C.

Following the same arguments as in the previous lemma, we can define a condition g,, by going over
some maximal antichain. The maximum of the closed set of g,, is always J,1. Finafly, the sequence
of conditions ¢& has an upper bound, by attaching & on top of the union. Let g,, be the upper bound.
Clearly, g, forces 6 € C, as wanted. m}
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Finally, the following proposition finishes the proof of Theorem 1.6.

Proposition 7.5. Let k be A-supercompact, where A is measurable. Then, there is a generic extension

in which cf k = w, k is a cardinal, A = k* and it is ((Sfeg)v , 1)-strongly measurable cardinal.

We can now finish the proof of Theorem 1.6.

Proof of Theorem 1.6. The iteration Pr * C;; is cone homogeneous as an iteration of two cone ho-
mogeneous, ordinal definable forcing notions. Since Pg preserves cardinals below « and > A and Cy;

preserves cardinals, the result follows. The set S;Ieg is stationary by Lemma 7.4. O

The result that we obtain for the successor of a singular cardinal is weaker than the result for a
successor of a regular cardinal. The reason is that, in order to get the closed unbounded filter to be
sets from the intersection of some ground model normal measures, we will have to obtain a situation
in which the regular cardinals between the supercompact cardinal x and the measurable cardinal A are
going to change cofinalities into values which differ from the cofinality of « in the generic extension.
This is also the reason that such a method cannot work for getting an w-strongly measurable successor
of a singular cardinal of uncountable cofinality.

We remark that Woodin in [39], proved that it is consistent relative to the large cardinal axiom I that
a successor of a singular cardinal is w-strongly measurable.

Question 7.6. Is it consistent that there is an w-strongly measurable cardinal A*, where cf 2 > w is a
limit cardinal?

At )HOD

Question 7.7. Is it consistent that there is a cardinal A¥, where cf 4 > w is alimit cardinal and (S,

contains a club in V?

8. Appendix - homogeneity

In this section we review some basic facts related to homogeneity and develop some basic tools in order
to preserve homogeneity of iterations of Prikry-type forcings.

8.1. Homogeneity and HOD

When dealing with HOD, we would like to modify the universe (via forcing) while not adding objects to
HOD. The main method to obtain this is to force with posets which satisfy a certain weak homogeneity
property. The main results of this work will focus on the notion of cone homogeneous posets.

Definition 8.1. We say that a poset P is cone homogeneous if, for every p, g € P, there are extensions
p*, q* of p, g, respectively, and a forcing isomorphism ¢ from the cone P/p* (i.e., of conditions extending
p*) to the cone P/q*.

This notion can also be found under different names in the literature concerning weak forms of
homogeneity. Our terminology follows Dorbinen and Friedman, [9] for the most part. It is easy to
see that cone homogeneous posets satisfy most standard properties of homogeneous posets concerning
ordinal definability sets. In particular, the following well-known result holds.

Fact 8.2 (Levy, [19]). If P is cone homogeneous and belongs to HOD, and G C P is generic over V,
then HOD ¢! ¢ HODV .

If ¢ is an isomorphism of two cones P/pg and P/py, and o is a P/py name, then by recursively
applying ¢, we obtain a P/p;-name, which we denote by o¥.

Let P = P, where (P,, Q. | @ < «) is an iteration of cone homogeneous posets Q, and moreover,
let us assume that all cone automorphisms of P, do not modify Q, as a poset. For simplicity, we may
assume that Q. and its order are ordinal definable.
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Given two conditions p = (py | @ < k), § = {go | @ < k) in P, it is natural to try forming extensions
pr = (pt |a<«k)>p, q = (q% | @ < k) > ¢, and an isomorphism ¢: P/p* — P/q* as follows.

By induction on 8 < k, we attempt defining extensions p# = (p%, | @ < B) of p | B, and
g% =(q | @ < B) of G I B, and an isomorphism ¢g: Pg/pP — Ps/gP. Our inductive assumptions
further include pP! | By = pPo, GP1 | Bo = G50, and @p, | Pp, /PP = pp,," for all By < Bi.

For 8 = 0, where Py = {Op, } is a trivial forcing, we take ¢ to be the identity. At a successor step,
assuming 5, G? and g have been defined, we have that ¢g(pP) = GF forces that p*” and gg are

conditions of the cone homogeneous poset Qg. There are therefore Pg-names p ”8 and g //38 of extensions

of P;ﬁ and gg, respectively, and a name of a cone isomorphism g : Qg/ p[’g — Qp /q[’g, We stress that
we use the maximality principle and do not extend the conditions 5# and ¢# in order to determine the
values of pb, qk and yg.

Let p;, = (pp)#* and g = q,. Clearly, 5P ,g° force that pj;, g, extend pg, qp, respectively. We set
PP =Py, @' = 4% (qp) and define gpi1 : Pgat /PP — Ppat /G by mapping a condition
72 ? rﬁﬁ(rﬁ> (S P,3+1/ﬁ'8+1 to

eps1(F) = 9p(F T B Wip(rg”)).

It is immediate from our assumption of g and choice of Yz that ¢, is an isomorphism. Finally, for
a limit ordinal § < «, p° (similarly §°) is determined by the requirement p° | 8 = pP forall 8 < ¢
(similarly for g°), and ¢ 5 by the requirement ¢ s | Pg/pP = ¢g forall B < 6. See [9] for a more detailed
proof for the validity of this construction.

We conclude that, for this construction to succeed, the following conditions need to hold for all
B < k: (i) pP, gP are well-defined conditions in Pg which extend p [ B,G | B, respectively, and (ii) ¢p
is a well-defined cone isomorphism.

If the construction succeeds throughout all stages 8 < «, then the final conditions [;* = pX, cf* = g~
and cone isomorphism ¢ = ¢, satisfy the required properties. It is easy to see that condition (i) and (ii)
may only fail at limit stages 6 < «, where the precise formation of the iteration (e.g., its support) may
prevent 5° from being a condition in Ps. Similarly, the definition of the limit order <p, might prevent
the defined map ¢ s from being an isomorphism.

This problem does not occur for finite iteration.

Lemma 8.3 ([9]). A finite iteration of ordinal definable cone homogeneous forcings is cone homoge-
neous.

Since our proof of Theorem 1.4 is based on a construction of a Magidor Iteration P = (P,,Q,, |
a < 0) of Prikry-type forcings (Qq, <g, Séa)’ we conclude this section with a description of a specific
variant of cone homogeneity for the posets Q,, which guarantees that the Magidor iteration P is cone
homogeneous as well.

Definition 8.4 (Prikry-type forcing, [13]). (P, <, <*) is a Prikry-type forcing if

o <2<* are partial orders on P and
o (the Prikry Property) for every statement o~ in the forcing language for (P, <), and a condition p, there
is a condition p*, p <* p* such that p* I o or p* I 0.

Conditions in the Magidor iteration P = (P,,Qq | @ < «) of Prikry-type posets (Q,, <g, S&a )
are sequences p = {(pq | @ < k), which beyond the standard requirement of p [ @ IF po € Q, also
satisfy that for all but finitely many ordinals @ < «, p [ @ I pg 2(’@0 0Oq,, - We note that, in particular,
the definition allows using full-support conditions, as long as almost all components p, are direct

extensions of the trivial conditions. Similarly, for the definition of the ordering <p, we have that 1;’ >p

Bie., the restriction ¢p, I Pgy/ pPo is obtained by identifying conditions 750 e Pg,/ pPo with their extension 781 =
PR (PP gy 1)-
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requires both that 1;’ I'a  p, >q, Pao for all @ and that for all but finitely many ordinals @ < «,

];’ I'a Ik pl, = pa. See [13] for a comprehensive description of the Magidor iteration style and its
main properties.

Lemma 8.5. Suppose thatP = (P,,Qq | @ < k) is a Magidor iteration of Prikry-type posets {Qq, <q,,
Sa ) so that the following conditions hold for each a < k:

(i) Qq, <q, and <7, are ordinal definable in 'V, and
(ii) it is forced by Op_, that for every two conditions p,q € Q,, there are p* Za p and q* 2@ q and
a cone isomorphism o : Qo /p* — Qu/q* which respects the direct extension order <

*

Qo’

Then P is cone homogeneous.

Proof. Let p,q € P,andlet (5P, G, g | B < «) be the sequence obtained form the procedure described
above. It suffices to verify inductively that conditions (i) and (ii) are satisfied by the sequence.
-1
We note that, in the successor step construction of pb, p; = (pb)‘pﬁ , qz, = qb, and g, we may
- % g > « . * . . PR

assume that (p[g(pﬁ) - p’B ZQB pﬁﬁ, > 6{;3 >* gg, and that g is SQB-preservmg. Since SQ,; is
ordinal definable in V, Op, I STQ[f (S&ﬂ)‘pﬁ , and therefore by applying the automorphism 90[;1 we
get pP I p}; Zéﬁ pp, and p — Yg(p¥#) is forced by PP to be séﬁ—preserving in the cone below
pj;- In particular, assuming g is order preserving and PPl > P € Py /P, PP = B (rp),
§P*1 = 587 (sp), we have that if 78 I rg ZfQﬁ sp then g (7F) zpﬁ(r;f”) Z&ﬁ zﬁﬁ(rﬁfﬁ) = @pe1 (5F1)g.
The same conclusion holds for <g, which is also ordinal definable in V.

We conclude that, first, pg, q; are forced to be direct extensions of Og, whenever pg, gg are, which
in turn, implies that p®, g¢ are conditions of P, for all @ < k. Hence, (i) is satisfied. Second, for every
75 € Po/p®and B < a,if 7 | BIF rp 2&6 s, then @ o (F) I B+ ¢o(F¥)p ZE% ©a(5%)p, and
similarly, when replacing 5(5,; with <g. It follows at once from this and the definition of the ordering
<p, of the Magidor iteration that ¢, is a cone isomorphism. Hence, (ii) holds. O

8.2. Homogeneous change of cofinalities

Our approach to construct a model with an w-strongly measurable cardinal « is to force over a ground
model satisfying V = HOD with a weakly homogeneous poset (i.e., therefore also cone-homogeneous)
to form a generic extension V[G] with a cardinal «, which satisfies the conditions of Lemma 2.4. In
light of Lemma 2.5 above, we see that many regular cardinals in V need to change their cofinality in
V[G]. The main challenge in that regard is to change the cofinality of many cardinals with a weakly
homogeneous forcing.

Fortunately, such forcing has been constructed in [5], where the theory of nonstationary support
iteration of Prikry-type forcings is developed and employed to form a weakly homogeneous variant of
the Gitik iteration ([11]). We note that, as opposed to an Easton-style version of the Gitik iteration,
which has a good chain condition (i.e., k-c.c. when iterating up to a Mahlo cardinal «), the nonstationary
support variant of [5] has a weaker, fusion-type property.

We briefly describe the construction of the nonstationary support iteration P of iteration of Prikry-
type forcings Q, from [5]. The iteration, which is based on the given coherent sequence of measures
(Ug.r | @ < k,7 < 0% ()), is nontrivial at each & < «, 0% (@) > 0. As this a, the forcing Q, adds a
cofinal closed unbounded set b, to a of order-type w?(® (ordinal exponentiation). More specifically,
given a V-generic filter G, C P, which adds clubs bg, for 8 < «, oY (B) > 0, one considers finite
sequences ¢ = {vp,...,vik_1) with the property that for every i < k — 1, if o (v;) < o“(v;;1) then
v; € b, and b,,,, Nv; = b,,. Such sequences are called coherent (with respect to G ). If p is an
ordinal so that o(v;) < p for all i < k, then we say ¢ is p-coherent. Otherwise, we denote by ¢ | p to be
the subsequence of v; € ¢ so that o(v;) < p.
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Working at V[G ], one constructs posets Qq.+, T < 0¥ (a) and simultaneously shows by induction
on 7 < oY () that, for each r-coherent sequence t, U, . € U extends to Ug, . (t). We define Q¥ to be
the trivial poset, and given that the measures U, ./ (#’) have been defined for every 7/ < 7, and every
7’-coherent sequence ¢’, the forcing Q7, consists of pairs ¢ = (¢,T) where ¢ is 7-coherent, T C [a]~% is
a tree whose stem is () and forevery s € 7, succy (s) :={u <k | s (u) € T} € Npecr Ua o (t"s I 7).
Direct extensions and end extensions of Qf, are defined as usual. Q}, is a Prikry-type forcing whose
direct extension is a-closed. With Q, , determined, we consider the V-ultrapower by U, -, by taking
Ja.r:V—= Mgy =Ult(V,U,. ), and define for each 7-coherent sequence r a V[G ] measure U, . ()
by X = X, € Uy, (1) if there exist p € G, and a valid tree T such that

P T Jac(P)\(@+1) I, &) &€ ja(X).
Fact 8.6.

1. For each a such that o (@) > 0, b, is a cofinal sequence at a of order type w°" (@ (ordinal
exponentiation).

2. For each a < «, (Pg, <, <) is a Prikry-type forcing.

3. For every y < a < «, the quotient (P, /P,, <, <*) is a Prikry-type forcing whose direct extension
order <* is y-closed. In particular, the quotient P, /P,, does not add new bounded subsets to .

4. For every y < a, the iteration P, /P, is weakly homogeneous.

Acknowledgements. We are grateful to Sandra Miiller and Grigor Sargsyan for valuable conversations concerning the Inner
Model Program and the study of HOD. We are also grateful to the anonymous referee, whose suggestions helped us to improve
the paper considerably.

Conflict of Interest. The authors have no conflict of interest to declare.

Funding statement. The first author was partially supported by the Israel Science Foundation Grant 1832/19. The second author
research was partially supported by the Lise Meitner FWF grant 2650-N35 and by the Israel Science Foundation Grant 1967/21.

References

[1] D. Adolf, O. Ben-Neria, R. Schindler and Z. Martin, ‘On mutually stationary sequences and iterations of distributive posets’,
to appear.
[2] A. Andretta, I. Neeman and J. Steel, ‘The domestic levels of K. are iterable’, Israel J. Math. 125 (2001), 157-201. MR
1853810
[3] J. Bagaria, P. Koellner and W. H. Woodin, ‘Large cardinals beyond choice’, Bull. Symb. Log. 25(3) (2019), 283-318. MR
4022642
[4] O. Ben-Neria, ‘On singular stationarity I (mutual stationarity and ideal-based methods)’, Adv. Math 356 (2019), 106790.
[5] O. Ben-Neria and S. Unger, ‘Homogeneous changes in cofinalities with applications to HOD’, J. Math. Log. 17(2) (2017),
1750007, 24. MR 3730563
[6] T. Benhamou, M. Gitik and Y. Hayut, “The variety of projection of a tree-prikry forcing’, Preprint, 2021, arXiv:2109.09069.
[7] J. Cummings, S. D. Friedman and M. Golshani, ‘Collapsing the cardinals of HOD’, J. Math. Log. 15(2) (2015), 1550007,
32. MR 3447936
[8] K.I.Devlin and R. B. Jensen, ‘Marginalia to a theorem of Silver’, in Lecture Notes in Mathematics, \FISILC Logic Conference
vol. 499 (Proc. Internat. Summer Inst. and Logic Colloq., Kiel, 1974), 115-142. MR 0480036
[9] N. Dobrinen and S. D. Friedman, ‘Homogeneous iteration and measure one covering relative to HOD’, Arch. Math. Logic
47(7-8) (2008), 711-718. MR 2448954
[10] A.Dodd and R. Jensen, ‘The core model’, Ann. Math. Logic 20(1) (1981), 43-75. MR 611394
[11] M. Gitik, ‘Changing cofinalities and the nonstationary ideal’, Israel J. Math. 56(3) (1986), 280-314. MR 882254
[12] M. Gitik, ‘On closed unbounded sets consisting of former regulars’, J. Symbolic Logic 64(1) (1999), 1-12. MR 1683890
[13] M. Gitik, ‘Prikry-type forcings’, in Handbook of Set Theory vols. 1, 2, 3 ( Springer, Dordrecht, 2010), 1351-1447. MR
2768695
[14] M. Gitik, ‘On k-compact cardinals’, Israel J. Math. 237(1) (2020), 457-483. MR 4111878
[15] M. Gitik and Carmi Merimovich, ‘Some applications of supercompact extender based forcings to HOD’, J. Symb. Log. 83(2)
(2018), 461-476. MR 3835073
[16] R.Jensen, ‘Inner models and large cardinals’, Bull. Symbolic Logic 1(4) (1995), 393-407. MR 1369169

https://doi.org/10.1017/fms.2023.15 Published online by Cambridge University Press


https://arxiv.org/abs/2109.09069
https://doi.org/10.1017/fms.2023.15

28 O. Ben-Neria and Y. Hayut

[17] R. Jensen, E. Schimmerling, R. Schindler and J. Steel, ‘Stacking mice’, J. Symbolic Logic 74(1) (2009), 315-335. MR
2499432

[18] K. Kunen, ‘Some applications of iterated ultrapowers in set theory’, Ann. Math. Logic 1 (1970), 179-227. MR 277346

[19] A. Lévy, ‘Definability in axiomatic set theory I', in Logic, Methodology and Philos. Sci., Proc. 1964 Internat. Congr.
(North-Holland, Amsterdam, 1965), 127-151. MR 0205827

[20] D. A. Martin and J. R. Steel, ‘Iteration trees’, J. Amer. Math. Soc. 7( 1) (1994), 1-73. MR 1224594

[21] C. Merimovich, ‘Supercompact extender based Prikry forcing’, Arch. Math. Logic 50(5-6) (2011), 591-602. MR 2805299

[22] W.]. Mitchell, ‘Inner models for large cardinals’, in Sets and Extensions in the Twentieth Century, Handbook of the History
Logic, vol. 6 ( Elsevier/North-Holland, Amsterdam, 2012), 415-456.

[23] W.J. Mitchell, “The core model for sequences of measures. I’, Math. Proc. Cambridge Philos. Soc. 95(2) (1984), 229-260.
MR 735366

[24] W.J. Mitchell and J. R. Steel, ‘Fine structure and iteration trees’ in Lecture Notes in Logic vol. 3 (Springer-Verlag, Berlin,
1994). MR 1300637

[25] J. Myhill and D. Scott, ‘Ordinal definability’, in Axiomatic Set Theory, Proc. Sympos. Pure Math. vol. XIII, part I (American
Mathematical Society, Providence, 1971), 271-278. MR 0281603

[26] 1. Neeman, ‘The determinacy of long games’, in De Gruyter Series in Logic and its Applications vol. 7 (Walter de Gruyter
GmbH & Co., Berlin, 2004). MR 2111287

[27] 1. Neeman and J. R. Steel, ‘Equiconsistencies at subcompact cardinals’, Arch. Math. Logic 55(1-2) (2016), 207-238. MR
3453585

[28] A. Rinot, ‘A cofinality-preserving small forcing may introduce a special Aronszajn tree’, Arch. Math. Logic 48(8) (2009),
817-823. MR 2563820

[29] G. Sargsyan, ‘Descriptive inner model theory’, Bull. Symbolic Logic 19(1) (2013), 1-55. MR 3087400

[30] G. Sargsyan and N. Trang, ‘Tame failures of the unique branch hypothesis and models of ADR + @ is regular’, J. Math. Log.
16(2) (2016), 1650007, 31. MR 3580892

[31] G. Sargsyan and N. Trang, ‘The exact consistency strength of the generic absoluteness for the universally baire sets’, Preprint,
2019.

[32] E. Schimmerling and J. R. Steel, “The maximality of the core model’, Trans. Amer. Math. Soc. 351(8) (1999), 3119-3141.
MR 1638250

[33] E. Schimmerling, ‘The ABC’s of mice’, Bull. Symb. Logic 7(4) (2001), 485-503. MR 1867953

[34] R. D. Schindler and J. R. Steel, “The core model induction’, Preprint, 2014.

[35] J. H. Silver, ‘Some applications of model theory in set theory’, Ann. Math. Logic 3(1) (1971), 45-110. MR 409188

[36] J. R. Steel, ‘“The core model iterability problem’, in Lecture Notes in Logic vol. 8 (Springer-Verlag, Berlin, 1996). MR
1480175

[37] J.R. Steel, ‘An outline of inner model theory’, in Handbook of Set Theory vols. 1, 2, 3 (Springer, Dordrecht, 2010), 1595-
1684. MR 2768698

[38] J.R. Steel and W. H. Woodin, ‘HOD as a core model’, in Lecture Notes in Logic, Ordinal Definability and Recursion Theory:
The Cabal Seminar Vol. I1I vol. 43 (Association for Symbolic Logic, Ithaca, NY, 2016), 257-345. MR 3469173

[39] W. H. Woodin, ‘Suitable extender models I, J. Math. Log. 10(1-2) (2010), 101-339. MR 2802084

[40] W. H. Woodin, ‘The weak ultimate L conjecture’, in Infinity, Computability, and Metamathematics: Tributes vol. 23 (Coll.
Publ., London, 2014), 309-329. MR 3307892

[41] W. H. Woodin, ‘In search of Ultimate-L: the 19th Midrasha Mathematicae Lectures’, Bull. Symb. Log. 23(1) (2017), 1-109.
MR 3632568

[42] W. H. Woodin, J. Davis and D. Rodriguez, “The HOD dichotomy’, in Appalachian Set Theory 2006-2012, London Math.
Soc. Lecture Note Ser. vol. 406 (Cambridge Univ. Press, Cambridge, 2013), 397—418. MR 3821636

[43] M. Zeman, ‘Inner models and large cardinals’, in De Gruyter Series in Logic and its Applications vol. 5 (Walter de Gruyter
& Co., Berlin, 2002). MR 1876087

https://doi.org/10.1017/fms.2023.15 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2023.15

	1 Introduction
	2 Variations of strong measurability
	3 ω1 is strongly measurable from one measurable cardinal
	4 Strongly measurable successor of a regular cardinal
	5 Many ω-strongly measurable cardinals
	6 Embedding CFκ in suitable Prikry-type forcings
	6.1 The forcing Q*κ,τ
	6.2 The forcing C̄Fκ

	7 Strong measurability at successors of singulars
	8 Appendix - homogeneity
	8.1 Homogeneity and HOD
	8.2 Homogeneous change of cofinalities


