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1. Introduction. If R is a ringand I is a right ideal
of R then I is called faithful if R - I is a faithful right
R-module, i.e. if {re R: Rr CI} =(0). I is called irreducidle
(1] provided that if I, and J’Z— are right ideals such that

Jiﬂ J2=I, then J’i=I or J, =I1. Let N() ={reRr: rIC T}
and [I:a]={reR:arel} for ae R. We write (a)" for
[(0): a].

DEFINITION t.1 If I is a proper right ideal of R,
then I is almost maximal provided that I is irreducible and

i) if a€ R and [I:a] DI, then acel,

ii) if J is a rightidealof R, J DI, then N(I)N J D1,
and if a € R suchthat [J:a] DI, then [J:a]D L

In a ring with unity a maximal proper right ideal of R is
almost maximal. However, an almost maximal right ideal of R
need not be maximal; for example, the zero ideal is almost
maximal in the ring of integers.

DEFINITION 1.2 Let V be a (left) vector space over a
division ring D and let R be a ring of linear transformations
of V. Then R is weakly transitive provided there is a right
order K in D and a (K, R)-submodule M of V such that

M is uniform [t1] as R-module, DM =V, and such that if {m}” .
gnitorm 7=
is a finite D-linearly independent subset of M and if {y.} "
171

i=1
is a sequence from M, then there exists r€ R, ke K, k# 0,
such that mr=ky , 1 <i<n.
i i - -
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Each primitive ring is isomorphic to a weakly transitive
ring since a transitive ring is obviously weakly transitive. In
[6] it was proved that a prime ring with zero (right) singular
ideal [3] and containing a uniform right ideal is isomorphic to
a weakly transitive ring. A prime ring with zero (right)
singular ideal and uniform right ideal has a maximal annihilator
right ideal which is faithful and almost maximal. The main
result of this paper is that a ring is isomorphic to a weakly

transitive ring if and only if it has a faithful, almost maximal
right ideal.

2. Let Ca be the class of rings R such that R hasa

faithful, almost maximal right ideal.

THEOREM 2.1 If ReC and I is a faithful, almost
a

maximal right ideal of R, then I is a prime right ideal [4]
of R.

Proof. ILet A, B be right ideals of R with B # (0)
such that ABC I. Suppose A €I. Since I is almost maximal,
by 1.1 (ii), we can choose x¢€ N(I) N (A + I) such that x¢ L
x=a+1i for some a€¢ A, i€l, af I. Since I is faithful,
RB(E I. Thus RB+IDI. a(RB+I)CAB+ ICI, since
al = (i - x)I CI. This contradicts 1.1 (T) -

COROLLARY. 1If Re Ca then R is a prime ring.

Proof. This follows from Theorem 2.1 and [4: p. 800].

THEOREM 2.2 If R is a semi-prime ring such that
the (right) singular ideal Rf of R is zero and R contains a
uniform right ideal U then for each u€ U such that uU # 0,

r
(u) is almost maximal.

Proof. Let A be a complement of (u)r. Then A is

a uniform right ideal of R and A @ (u)r is a large right ideal
of R. By |[7: 4.2 p.8], a complement of A containing

(u)r is (u)r. Let a € R such that (a)r D(u)r. Then
(a)r N A #(0) and (a)rg(u)r ® A. Hence a is a singular
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\
element of R. Since a ¢ R: =(0), a=0. Let J bea right
ideal of R such that J D(u)f. If xe€ R such that uxJ =(0),

r r - . o~
then (ux) D(u) . Hence, ux=0. Notice that {uJ)(uJ) # {J)
since R 1is semi-prime. Choose j€ J such that uju # 0.

r r . T 1 - v - \
Then (ju) =(u)” and jue N((u)' )N J. Thus N({u )" 7>
Now if J is a right ideal such that J D(u):, then J 152 iargze

right ideal. Hence, if [J: a] D(u)r for some a € R then

o

[T: a] D(u)r since [J: a] is large and (u) is not large.

THEOREM 2.3 If R is a prime ringand [ is an
almost maximal right ideal of R which is not large, then
is a maximal annihilator right ideal of R.

Proof. Since I 1is not large, there exists a ri :
A #(0)in R suchthat INNA=(0). Let J=IO® A. Le
x€ N(I) N J suchthat x£ I. This choice of x is possible
since 1 is almost maximal. x =i+ a for some i€l
a€e A, a#0. (i+a)lcl. Thus al' € AN I=(0). Hence

-
uQ
[8)
ct

Ig(a)r. Suppose there is be R, b# 0, such that (b) L
Then (b)r is large since I 1is irreducible. Thus R™ £ (0).

Let L=R.ArﬂI1 where I' ={re€R:rl=(0)}. Then L #(0)
since R 1is prime. If y ¢ L then (y)r DI for if (y)r =1 then
v £ Rf. Then y '(y)r C1 implies that y e I; thus L C 1.
This is impossible since R is prime. Hence I = (a)r isa
maximal annihilator right ideal.

COROLLARY. Let R be a prime ring. R contains a
non-large, almost maximal right ideal if and only if R‘t‘ =(0)
and R contains a uniform right ideal. b

Proof. Sufficiency follows from Theorem 2.2 and
necessity follows from Theorem 2. 3.

REMARK 2.4 By Theorem 2.1, in a prime ring an
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almost maximal right ideal which is faithful is a prime right
ideal. However, a prime right ideal of a ring is not necessarily
almost maximal. For example, if R is an integral domain
which is not a right Ore-domain, then (0) is a prime right
ideal, which is not almost maximal.

3. THEOREM 3.1 If R isaringand I is an almost
maximal right ideal of R then:

i) N(I)/1 is a right Ore-domain;

i) N(I)/I is isomorphic to a subring of the centralizer

HomR(R - I, R-1I) of the R-module R -1;

iii) HomR(R - I, R - 1) is a right quotient ring of N(I)/I

in the sense of [3] ;

iv) In case R has a unity, N(I)/I =HomR(R -1, R -1).

Proof.

i) Let X, X, be non-zero elements of N(I)/L
Suppose xi-x2=0. x1 =n1+ 1 and x2=n2+1 for some
> . II i= 11 2- s. N € 3 : .
n, e N(I) nlﬁ i ince n, -n, I, [I ni] o1
Hence by 1.1 i), n1 € I which is absurd. Now
(n1 +I)R N (n2 + I)R =M 1is a non-zero submodule of R -1

since 1 is irreducible. Let M =J - I for some right ideal
J of R. Then J DI Hence there is an element ae¢ N(I) N J

such that a £ 1. a+I=n1r + I=n2r2+ I for some r1 and rz

in R. a - niri €] for i 11, 2. Hence niri € N(I) for
i=1, 2. 1If riI$I for i=1 or i=2, then riI+ ID1I and
ni(riI + I)C I implies that ni € I. This is impossible. Thus
rilg I for i=1, 2; hence r. € N(I). This implies that
(0) # (n1 + I)(r1 + I) = (n2 + I)(l':‘2 +I) and N(I)/I is an (right)

Ore-domain.
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ii) Let X be an element of N(I)/I. Then X =n+1
for some n € N(I). Define fx(r +I)=n-r+ 1 forall reX.

Then fX is an R-homomorphism of R -1 into R - I. Itis
easy to see X — fl is an isomorphism of N(I)/I into

R-I, R-1I).
HomR( )

iii) Let g be a non-zero element of Hom_(R - I, R - I).

Then g(R - 1) =J - I for some right ideal J of R such that
J>I. Let ne N(I) N J suchthat nf . Thereis T € R

such that g(ro +1)=n+1  Letthe kernel of g=K - I for

some right ideal K of R. [If the kernel of g is zero then
r i€l forall ie]l since niel forall i€ . Hence
o

gf =f # 0. We claim that the kernel of g is zero.
r +I  n+l

<)

Suppose the kernel of g is not zero. Then K DI and
[K: ro] DI by 1.1 ii). Let ace¢ [K: ro] such that a ¢ I.

Then g(ro + I)a = g(roa +I1)=0=na+1I, and [I: n]D L
By 1.1 i), nel, whichis absurd. Thus the kernel of g
must be zero.

iv) In case R has a unity {1, the module R -1 is
strictly cyclic, and since (1 + I)r =I and

I={keN(D:kR C(1+1D°}, by[2:p.25] N(D/I is
HomR(R -I, R-1I).

THEOREM 3.2 If I is an almost maximal right ideal
of R then the extended centralizer [3] of the R-module
M =R -1 exists and is a division ring.

Proof. Let f be a non-zero semi-endomorphism (3]
of M and let J', J be right ideals of R such that J' -1
is the domain of f and J - I is the kernel of f. Also let K
be the right ideal such that £(J' - I)=K - 1. Then KD I,
because f # 0. Suppose the kernel of { is non-zero, i.e.
JDOI Let ke N(I)N K, k£ I. Let be J' such that
flb+ 1) =k+I. Since ke N(I), bIC J. By 1.1 (ii),
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[J:b] DI. Let re[J:b], cfI, (0)=f(br+1I)=kr+ 1 implies
kr € I. This contradicts 1.1 (i). Thus the kernel of { is (0).
It follows that each semi-endomorphism of R - I has a unique
maximal extension. Therefore the extended centralizer exists.
The extended centralizer is a division ring because R -1 is a
uniform module, [see 3].

In the sequel, we let I be an almost maximal right ideal
of aring R, M=R -1, and D the extended centralizer of M.

LEMMA 3.3 There exists a (D, R)-module V which is

a quasi-injective [5] extension of M as R-module and such that
DM =V.

Proof. Let M be the minimal injective extension of M..
Let Q= Hom (M, M), and V=QM. If f¢Q, then

Mf ={me M: f(m) € M} 1is a large submodule of M and the
contraction of f to Mf is a2 semi-endomorphism. If ker f # (0),
then ker £ N Mf # (0). In the proof of Theorem 3.2 it was
shown that a non-zero semi-endomorphism has zero kernel.
Therefore either ker f =(0) or ker f?_ M.

Now suppose g€ HomR(V, V), g# 0. We wish to show

that ker g =(0). Let fe€ Q, me M, such that g(f(m)) # (0).
Since ker gfi M, ker gf =(0). Now £f(M)f1 M # (0); hence
M$ker g- Then ker g=(0). It follows that each element d
of D has a unique extension to an element d of HornR(V, V).

The mapping d —~d is an isomorphism of D onto HomR(V, V).

Each semi-endomorphism «a of V has an extension @ in
”~ A
HornR(M, M) and the contraction of @ to V is an extension of

a in HomR(V, V). Thus V is quasi-injective. Clearly
DM=QM=V.

LEMMA 3.4 Let K=N(I)/I. Let J be any non-zero
right ideal of R. If x, ye¢ M such that x-J # (0) and
K-y #(0), then x-J NK-y # (0).

Proof. ILet x=r(x)+ I, y=r(y)+ 1 for some r(x),
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r(y) ¢ R. Since x-J#0, r(x)-J ¢l Thus

(r(x)- T+ )N N(I) DI. Let ae€{r(x)-J+1I)N N(I) such that

afl. Then a=r(x)-j+1i for some jeJ, i€l such that

r{x)-je N(I) and r(x)-j#¢ 1. Let ke K, k#0. Then

k=b+ 1 for some be N(I) and b £1I. k(r{y)+ I)=Dbxr(y)~+1#%# (0).
(r(x)j + I)(br(y) + I) =r(x)j - br(y) + T # (0). =r(x)j-br({y)+Iex J
and since (r(x)-j-b + I){r(y) +I) =(r(x)-j-b-z(y) + I) and
r(x)-j-b+1€¢K, r(x)-j-b-r(y)+1e K-y. Thus x-J NK-y # (0).

LEMMA 3.5 If {x}" , is 2 finite linearly independent
i"i=
subset of V contained in M and y is an element of M, then

y is a D-linear combination of {xi} ?_1 if and only if

- r r
N (x) <y
. i =
i=1
Proof. This is an immediate consequence of [5: 2. 2].
LEMMA 3.6 Let K=N(I)/I. Then K is a right order
in D.

Proof. Let de¢ D, d#0. Let U={me M:dmeM}.
Then U # (0), and U =J -1 for some right ideal J 2 1. Since
I is almost maximal, N(I) N J DI. Choose jo € N(I) N J such

that joﬁ I. Then jo + 1€ K, and (jo + I)me U for all me M.
Thus 0 # d[(jo + 1)) e K.

THEOREM 3.7 A ring R has a faithful almost maximal
right ideal if and aonly if R is weakly transitive.

Proof. Iet I be a faithful almost maximal right ideal of
R andlet M=R - 1. Let D be the extended centralizer of M.
Then D 1is a division ring by Theorem 3.2. By Corollary to
Lemma 3.3, V =D-M 1is a left vector space over D. Let
K =N(I)/I. Then K 1is a right order in D by Lemma 3. 6 and

n
KM C M. Let {xi}i-i be a finite linearly independent subset

of V contained in M. Let {y’,}!_1 L be a finite sequence in M.
i'i=
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n
Let 1.= N (x_)r. Then x.I # (0), by Lemma 3.5, for
i
=1 i ] 3
any 1<j<n. ijjﬂKyj¢(O) for any yj#O, 1<j<n by

Lemma 3.4. Hence Xjaj =ky.# 0 for some aj €I, yj #0,

1<j<n. I y =0, for some 1< j<n, then welet a  =0.
=J = j =J =

m

ﬂ ky R=A 1is a non-zero submodule of M since M is

j=1

uniform, where y #0, 1<j<m<n. Let k =n_+ I, where
J - - - J J

n. € N(I) and y, =r(y,) +I for some r(yj) €R, 1<j<m. Let
J J J - -
A =E -1 for some right ideal E of R. Let bo e (E+ I)N N(I)
suchthat b £I. Then b -nr(y.)'r. €1 for some
o o J ) J
nr(y) r. +Ieky -R. Let x =r(x)+ 1 for some r(x)€R,
J ) J J) J J J

n

for each 1 <j<n. Let r= Z arr(y) and k =bO +I. Then
j=t !

xr=ky forall 1<j<n, since

j =J2

x.'r = xa,r, -rly.) = ky.r r(y,) nr(y)r, -r(y.) +1
VRER) yJ JJJYJ JYJJ J

(njl'(Vj)rj +1)- (r(Yj) + 1)

k-y, 1<j<n.

Conversely, assume V, M, D and K are given as in
Definition 1.2. Let 0 # v, e M and let I=(v )¥. First we
o

prove that I is faithful. Suppose S is a two sided ideal of R
which is contained in I. If ve M then there exist r € R and
ke K, k# 0, such that vor =kv. If S # (0) then there is

s €S5S, s #0 suchthat O=v rs =kvs Since v Rs, =(0),
1 1 o 1 o 1

.

and kvs1 =0 for any ke K implies that vs1 =0, M- s, =(0).

Since V =DM, V-si =(0) and Si =0. To prove I is

irreducible, we note that vOR YR -1 and v R is a uniform
o

R-module. Hence I is irreducible.
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Let J be a right ideal of R such that J DI and let
a € R suchthat aJ CI. Then (voa)r oI If voa # 0, then

{v , v a} 1is a linearly independent set; for otherwise
o o

-1 bs z
dv =va and v =d v a for some de D, and (v ) =(v a) .
o o o o 0 o

Since {v , v a} is a linearly independent subset of M, there
o o

is re€e R, r # o, such that v.E =0 and (voa)r # 0. This implies
that ID(v a)’. Thus v a = 0.

=" o o

Let J be a right ideal of R such that JZI. Then
v j# 0 for some j€J. Thereexist r in R, k in K, k#0,
o
such that v jr=kv # 0. Hence vo(jr)I =0 and jre N{(I)} J

e} o

and jr#l. Now let a2 be an element of R such that a-1ZJ.
If a€¢l then [J: a]=R. Suppose afl. I {voa, vo} is a

linearly dependent set then (voa)r = (Vo)r and 2 € N(I). Hence

JN@-JT+I)NN() DI. Pick xe T N(a-J+ )N N({I) such
that x£ 1. Then x=2aj+1i for some j€J, j¢I and i€ I
aj=i-xfI and ajeJ. Thus [J: a] DI since j£I. If
{v a, v } is a linearly independent set, then by the weak

o o
transitivity property we may find re¢ R, ke K, k# 0 such

that voar=0 and v r=kv # 0. Thus, [J:a]DL
o o
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