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1. Introduction. If R is a ring and I is a r ight ideal 
of R then I is called faithful if R - I is a faithful right 
R-module, i . e . if { r € R: Rr C 1} =(0). I is called i r reducib le 
[ i ] provided that if J and J a re right ideals such that 

J ( 1 J =L then J =1 or J = I. Let N(I) = { r € R: r I C l } 

and [I: a] = { r € R: a r € 1} for a € R. We write (a) for 
[(0): a]. 

DEFINITION 1.1 If I is a proper r ight ideal of R, 
then I is a lmost maximal provided that I is i r reducib le and 

i) if a e R and [I: a] D I, then a € I, 

ii) if J is a right ideal of R, J D I, then N(I) O J D I, 
and if a « R such that [J: a ] D I , then [J: a] D I. 

In a r ing with unity a maximal proper right ideal of R is 
a lmost maximal . However, an a lmost maximal r ight ideal of R 
need not be maximal ; for example, the zero ideal is a lmost 
maximal in the ring of in tegers . 

DEFINITION 1.2 Let V be a (left) vector space o^/er a 
division ring D and let R be a ring of l inear t ransformat ions 
of V. Then R is weakly t rans i t ive provided there is a right 
o rde r K in D and a (K, R)- submodule M of V such that 

M is uniform [ l ] as R-module, DM = V, and such that if { m.} " 

is a finite D-l inearly independent subset of M and if {y } 
i i= l 

is a sequence from M, then there exis ts r « R, k€ K, k # 0, 
such that m r = k y , 1 < i < n. 

i i — — 
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Each primit ive r ing is isomorphic to a weakly t rans i t ive 
ring since a t rans i t ive ring is obviously weakly t r ans i t ive . In 
[6] it was proved that a pr ime ring with zero (right) singular 
ideal [3] and containing a uniform right ideal is i somorphic to 
a weakly t rans i t ive ring. A prime ring with zero (right) 
singular ideal and uniform right ideal has a maximal annihilator 
right ideal which is faithful and a lmost max imal . The main 
resul t of this paper is that a r ing is i somorphic to a weakly 
t ransi t ive ring if and only if it has a faithful, a lmost max ima l 
right ideal. 

2. Let C be the c lass of r ings R such that R has a 
a 

faithful, a lmost maximal r ight ideal . 

THEOREM 2. 1 If R € C and I is a faithful, a lmos t 
a 

maximal r ight ideal of R, then I is a p r ime right ideal [4] 
of R. 

Proof. Let A, B be right ideals of R with B i- (0) 
such that ABC L Suppose A <£l. Since I is a lmos t max imal , 
by 1. 1 (ii), we can choose x« N(I) f) (A + I) such that x i I. 
x = a + i for some a € A, i € I, a { I. Since I is faithful, 
R B £ l . Thus RB + I D I. a(RB +.1) CAB + I C I , since 
ai = (i - x ) I C I . This contradic ts 1. 1 (i). 

COROLLARY. If R € C then R i s a pr ime r ing. 

Proof. This follows from Theorem 2. 1 and [4: p. 800]. 

THEOREM 2. 2 If R is a s e m i - p r i m e r ing such that 

the (right) singular ideal R of R is zero and R contains a 
r 

uniform right ideal U then for each u€ U such that uU # 0, 
(u) is a lmost maximal . 

r 
Proof. Let A be a complement of (u) . Then A is 

a uniform right ideal of R and A O (u) is a large right ideal 
of R. By [7: 4. 2 p. 8], a complement of A containing 

r r r r 
(u) is (u) . Let a ^ R such that (a) D(u) . Then 

r r r 
(a) f| A i (0) and (a) D (u) 0 A. Hence a is a singular 
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element of R. Since a € R"* - (0), a = 0. Let J be a right 
r 

ideal of R such that J D ( u ) r . If x € R such that u x J = ( 0 ) , 
r r 

then (ux) D (u) . Hence, ux = 0. Notice that (uj)(uj) t (0) 

since R is s e m i - p r i m e . Choose j € J such that uju i 0. 

Then (ju)1* = (u) r and ju« N((u) r) fl J. Thus N((u) r) f| J :: (u) r 

Now if J is a right ideal such that J D (u) , then J is a large 

right ideal. Hence, if [J: a] Z> (u) for some a € 3. then 

[J: a] D (u) since [J: a] is large and (u)" is not l a rge . 

THEOREM 2. 3 If R is a pr ime ring and I is an 
a lmost maximal right ideal of R which is not la rge , then I 
is a maximal annihilator right ideal of R. 

Proof. Since I is not la rge , there exis ts a right ideal 
A i (0) in R such that I f] A = (0). Let J = I © A. Let 
x€ N(I) (1 J such that xjé I. This choice of x is possible 
since I is a lmost maximal , x = i -r a for some i € I and 
a 6 A, a ^ 0 . (i + a)I £ 1 . Thus ai1 6 A 0 I = (0). Hence 

I C ( a ) . Suppose there is b e R, b i 0, such that (b)*" DL 
r _̂  

Then (b) is large since I is i r reducible . Thus R i (0). 
r 

Let L = R A n r ^ where I* = { r « R : r l = (0)} . Then L 4 (0) 
r 

r r 
since R is pr ime. If y « L then (y) DI for if (y) =1 then 
y ^ R ." Then y * (y) C I implies that y € I; thus L C I . 

r 
This is impossible since R is pr ime. Hence I = (a) is a 
maximal annihilator right ideal. 

COROLLARY. Let R be a prime ring. R contains a 

non- la rge , a lmost maximal right ideal if and only if R = (0) 

and R contains a uniform right ideal. 

Proof. Sufficiency follows from Theorem 2. 2 and 
necess i ty follows from Theorem 2. 3. 

REMARK 2. 4 By Theorem 2. i , in a pr ime ring an 
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a l m o s t m a x i m a l r i g h t i d e a l w h i c h i s fai thful is a p r i m e r i g h t 
i d e a l . H o w e v e r , a p r i m e r i g h t i d e a l of a r i n g is not n e c e s s a r i l y 
a l m o s t m a x i m a l . F o r e x a m p l e , if R i s an i n t e g r a l d o m a i n 
w h i c h i s no t a r i gh t O r e - d o m a i n , then (0) i s a p r i m e r i g h t 
i d e a l , wh ich i s not a l m o s t m a x i m a l . 

3. T H E O R E M 3 . 1 If R i s a r i n g and I i s an a l m o s t 
m a x i m a l r i g h t i d e a l of R then : 

i) N( I ) / I i s a r i g h t O r e - d o m a i n ; 

ii) N( I ) / I rs i s o m o r p h i c to a s a b r i n g of the c e n t r a l i z e r 
Horn (R - I, R - 1) of the R - m o d a l e R - I ; 

R 

iii) Horn (R - 1, R - I) i s a r i g h t quo t i en t r i n g of N ( I ) / 1 
R 

in the s e n s e of [3] ; 

iv) In c a s e R h a s a un i ty , N ( I ) / I = Horn (R - I, R - I) . 
R 

Proof . 

i) Le t x , x be n o n - z e r o e l e m e n t s of N ( I ) / I . 
1 Z 

Suppose x - x = 0 . x = n + 1 and x_ = n_ + I for s o m e 
1 Z 1 1 Z Z 

n. € N(I) , n j I, i = 1, Z. S ince n • n € I, [I: n ] D I. 
i l 1 Z 1 J 

Hence by 1. 1 i ) , n € I w h i c h i s a b s u r d . Now 
1 

(n +I)R fi (n + I)R = M i s a n o n - z e r o s u b m o d u l e of R - I 

s ince I i s i r r e d u c i b l e . Le t M = J - I for s o m e r i g h t i d e a l 
J of R. Then J D I. Hence t h e r e i s an e l e m e n t a € N(I) 0 J 
such tha t a ^ I. a + I = n r + 1 = n ^ r + I for s o m e r and r 

1 1 Z Z 1 <L 
in R. a - n . r . € I for i = 1 , Z. Hence n . r . e N(I) for 

i i i i 

i = 1, Z. If r . I ct I for i = 1 o r i = Z, t h e n r . I + I D I and 
i - ^ i 

n . ( r . I + I) C I i m p l i e s tha t n. c I. T h i s i s i m p o s s i b l e . T h u s 
i i — i 

r . I c I for i = 1, Z; h e n c e r . € N(I). T h i s i m p l i e s t h a t 

(0) i ( ^ + I)(r + I) = (n + I)(r + I) and N ( I ) / I i s an ( r igh t ) 

O r e - d o m a i n . 
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ii) Let X be an element of N(I)/L Then X = n t l 
for some n € N(I). Define f (r + I) = n- r + I for a l l r € R. 

Then f ^ is an R-homomorphism of R - I into R - I. It is 

easy to see X — fy is an i somorphism of N(I)/I into 
A— 

Horn (R - I, R - I). 
R 

iii) Let g be a non-zero element of Horn (R - I, R - I). 

Then g(R - I) = J - I for some right ideal J of R such that 
J D I . Let n € N(I) 0 J such that n t I. There is r € R 

o 
such that g(r + I) = n + I. Let the kernel of g = K - I for 

o 
some right ideal K of R. If the kernel of g is zero then 
r i € I for all i € I since ni € I for all i € I. Hence 

o 
gf = f $ 0 . We claim that the kernel of g is zero . & r +I n+I 

o 
Suppose the kernel of g is not zero. Then K D I and 
[K: r ] DI by 1. 1 ii). Let a € [K: r ] such that a M . L o o 
Then g(r + I)a = g(r a + I) = 0 = na + 1, and [I: n] D I. 

o o 
By 1. 1 i), n € I, which is absurd. Thus the kernel of g 
must be zero. 

iv) In case R has a unity 1, the module R - I is 
r 

s t r ic t ly cycl ic , and since (1 + I) =1 and 

I = { k € N(I) : kR £ (1 + I ) r } , by [2: p. 25] N(I)/I is 
Horn (R - I, R - I). 

R 

THEOREM 3. 2 If I is an almost maximal right ideal 
of R then the extended cent ra l izer [3] of the R-module 
M = R - I exis ts and is a division ring. 

Proof. Let f be a non-zero semi-endomorphism [3] 
of M and let JT , J be right ideals of R such that J ! - I 
is the domain of f and J - I is the kernel of f. Also let K 
be the right ideal such that f(JT - I) - K - I. Then KD I, 
because f j- 0. Suppose the kernel of f is non-zero , i. e. 
J D I. Let k c N(I) O K , k /I I. Let b € J' such that 
f ( b + I ) = k + I . S ince k c N ( I ) f b I C J. B y l . l ( i i ) , 

67 

https://doi.org/10.4153/CMB-1966-008-0 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1966-008-0


[J: b] D I. Let r € [J: b], r i I, (0) = f(br + I) = kr + I impl ies 
kr € I. This contradic ts 1. 1 (i). Thus the kernel of f is (0). 
It follows that each semi- endomorphism of R - I has a unique 
maximal extension. Therefore the extended cen t r a l i ze r ex i s t s . 
The extended cen t ra l i ze r is a division ring because R - I is a 
uniform module, [see 3]. 

In the sequel, we let I be an a lmost maximal r ight ideal 
of a ring R, M = R - I, and D the extended cen t r a l i ze r of M. 

LEMMA 3. 3 There exis ts a (D, R)-module V which is 
a quasi- injective [5] extension of M as R-module and such that 
DM = V. 

Proof. Let M be the min imal injective extension of M. 
Let Q » Horn (M, M), and V = Q M . If f € Q , then 

R 
M = { m € M: f(m) € M} is a large submodule of M and the 

contraction of f to M is a semi-endomorphism. If ker f # (0), 

then ker f H M i (0). In the proof of Theorem 3. 2 it was 

shown that a non-zero semi-endomorphism has zero ke rne l . 
Therefore ei ther ker f = (0) or ker f D M. 

Now suppose g€ Horn (V, V), g f 0. We wish to show 
R 

that ker g = (0). Let f € Q, m € M, such that g(f(m)) i (0). 
Since ker gf±) M, ker gf =(0). Now f(M) fl M i (0); hence 
M ulker g. Then ker g = (0). It follows that each e lement d 
of D has a unique extension to an element d of Horn (V, V). 

R 
The mapping d -* d is an i somorphism of D onto Horn (V, V). 

R 
Each semi-endomorphism a of V has an extension ~5 in ^ >N 

Horn (M, M) and the contraction of a to V is an extension of 
R 

a in Horn (V, V). Thus V is quasi - in ject ive . Clear ly 
R 

DM =QM = V. 

LEMMA 3.4 Let K=N( I ) / I . Let J be any non-zero 
right ideal of R. If x, y € M such that x- J i (0) and 
K - y ^ ( O ) , then x • J f> K • y ^ (0). 

Proof. Let x = r(x) + 1 , y = r(y) + I for some r(x) , 
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r(y) € R. Since x - J ^ O , r ( x ) ' J £ L Thus 
(r(x) • J + I) H N(I) D L Let a € ( r(x) • J + I) H N(I) such that 
a t I. Then a = r(x) • j + i for some j € J, i c i such that 
r ( x ) - j € N ( I ) and r ( x ) - j j H . Let k € K, k i 0. Then 
k = b + I for some b € N{I) and b M - k(r(y) + I) = br(y) * I i (0). 
(r(x)j + I)(br(y) + I) = r(x)j • br(y) + I i (0). r(x)j • br(y) r I € x J 
and since (r(x) • j • b + I)(r(y) + I) = (r(x) • j • b • r(y) + Î) and 
r ( x ) - j - b + l€ K, r (x ) . j . b - r ( y ) + I € K • y. Thus x - J f] K - y i (0). 

LEMMA 3. 5 If { x } A is a finite l inearly independent 
i i = l 

subset of V contained in M and y is an element of M, then 

y is a D-l inear combination of { x.} if and only if 
î i = i 

n 

fl (x.)rc(y)r -
i = l l 

Proof. This is an immediate consequence of [5: 2. 2]. 

LEMMA 3. 6 Let K = N(I)/I. Then K is a right o rder 
in D. 

Proof. Let d € D, d f 0. Let U = { m € M: dm € M} . 
Then U i (0), and U = J - I for some right ideal J D L Since 
I is a lmost maximal , N(I) 0 J D I . Choose j € N(I) 0 J such 

o 
that j t I. Then j + I * K, and (j + I)m € U for all m € M. 

o o o 
Thus 0 i d[(j + I)] € K. 

o 

THEOREM 3. 7 A ring R has a faithful a lmost maximal 
right ideal if and only if R is weakly t rans i t ive . 

Proof. Let I be a faithful a lmost maximal right ideal of 
R and let M = R - I. Let D be the extended cen t ra l i ze r of M. 
Then D is a division ring by Theorem 3. 2. By Corol lary to 
Lemma 3. 3, V = D * M is a left vector space over D. Let 
K = N(I)/I. Then K is a right order in D by Lemma 3. 6 and 

KM C M. Let { x . } . be a finite l inearly independent subset 
— i i = i 

of V contained in M. Let {y.} be a finite sequence in M. 
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n 
Let 1 = 0 (x ) . Then x.I. i (0), by Lemma 3 . 5 , for 

j . , . , . i J J 
i = l i ? J 

any 1 < j < n. x.I. f) Ky. # (0) for any y. ^ 0, 1 < j < n by 
- - J J J J - ~ 

Lemma 3.4. Hence x.a. = k.y. i 0 for some a. € I., y. i 0 , 
J J J J J J J 

1 < i < n. If y = 0, for some 1 < j < n, then we let a. = 0. 
- - *j " - J 

m 
H k y R = A is a non-zero submodole of M since M is 

j = i j j 

uniform, where y ^ 0, 1 < j < m < n. Let k =n + I, where 
j - - - J j 

n « N(I) and y = r(y ) + I for some r(y.) € R, i < j < m. Let 
j j J J - -

A = E - I for some right ideal E of R. Let b € (E + I) 0 N(I) 
such that b i I. Then b - n.r(y.) • r . « I for some 

o o J J J 
n r(y.) • r + I « k.y. • R. Let x. = r(x.) + I for some r(x.) * R, 

J J J J J J J J 
n 

for each 1 < j < n. Let r = 2 a r r(y ) and k =b + I. Then 
j = 1 j j j 

x r = ky for al l 1 < j < n, since 
j j - -

x • r = x .a . r . • r(y.) = k .y . r . r (y ) = n r (y . ) r . • r(y.) + I 
J J J J J J J J J J J J J 

= (n.r(y.)r . + I) • (r(y.) + I) 

= k - y . , 1 < j < n . 

Conversely, a s sume V, M, D and K a r e given a s in 
Definition 1.2. Let 0 i v € M and let I = (v ) r . F i r s t we 

o o 
prove that I is faithful. Suppose S is a two sided ideal of R 
which is contained in I. If v € M then there exist r « R and 
k € K, k i 0, such that v r = kv. If S # (0) then the re is 

o 
s € S, s ^ 0 such that 0 = v r s = kvs . Since v Rs = (0), 

1 1 o i l o 1 
and kvs =0 for any k « K implies that vs = 0, M • s =(0) . 

1 1 1 
Since V = D * M , V - s =(0) and s = 0 . To prove I is 

1 1 
i r reducib le , we note that v R ? R - I and v R is a uniform 

o o 
R-module. Hence I is i r reduc ib le . 
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Let J be a right ideal of R such that J D I and let 

a « R such that a j C I . Then (v a) D I. If v a i 0, then 
— o o 

{v , v a} is a l inearly independent set; for otherwise 
° ° -1 

dv =v a and v =d v a for some d € D, and (v } = (v a)*. 
o o o o o o 

Since {v , v a} is a l inearly independent subset of M, there 
o o 

is r « R, r i o, such that v r = 0 and (v a)r r 0. This imsi ie : 
o o 

that IZ>(v a) . Thus v a = 0. 
— o o 

Let J be a right ideal of R such that J D I. Then 
v j i 0 for some j € J. There exist r in R, k in K, k i 0, 

o 
such that v j r =kv ^ 0. Hence v (jr)I = 0 and j r e N{I) M J 

o o o 
and j r £ I. Now let a be an element of R such that a * î £ J . 
If a € I then [ j : a] = R. Suppose a i I. If {v a, v } is a 

o o 
. r . r l inear ly dependent set then (v a) = (v ) and a € N(I). Hence 

o o 
J H (a • J + I) H N(I) D I. Pick x € J n (a • J + I) (] N(I) such 
that x/É I. Then x = aj + i for some j « J, j ^ I and i € I. 
aj = i - X/É I and aj * J . Thus [J: a] D I since j / I. If 
{v a, v } is a l inearly independent set, then by the weak 

t ransi t ivi ty proper ty we may find r * R, k € K, k ^ 0 such 
that v a r =0 and v r = kv # 0. Thus, [J: a] DI . 

REFERENCES 

1. A. W. Goldie, Semi-pr ime Rings with Maximum Condition, 
P roc . London Math. Soc. , 10 (1960), 201-220. 

2. N. Jacobson, Structure of Rings, Amer . Math. Soc. 
Colloq. Publ. , vol. 37, Providence 1956. 

3. R. E. Johnson, The Extended Cent ra l izer of a Ring over a 
Module, P roc . Amer . Math. Soc. 2 (1951), 891-895. 

4. ^_, P r ime Rings, Duke Math. J. , 18 (1951), 
799-809. 

71 

https://doi.org/10.4153/CMB-1966-008-0 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1966-008-0


5. and E. T. Wong, Quasi- inject ive Modules and 
Irreducible Rings, J. London Math. Soc. 36 (1961), 260-268. 

6. K. Koh and A . C . Mewborn, P r ime Rings with Maximal 
Annihilator and Maximal Complement Right Ideals , 
P roc . Amer . Math. Soc. 16 (1965), 1073-1076. 

7. Y. Utumi, On Quotient Rings, Osaka Math. J. , 8 (1956), 
1-18. 

North Carolina State University at Raleigh 
and the 
University of North Carolina at Chapel Hill. 

72 

https://doi.org/10.4153/CMB-1966-008-0 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1966-008-0

