
Note on Tortuous Curves.

By JOHN MILLER, M.A.

The condition that the principal normals of one curve may also
be the principal normals of a second curve is, as found by Bertrand,
that a linear relation with constant coefficients should exist between
the curvature and torsion of each curve. In seeking for pairs of
curves such that the tangents, principal normals or binomials of one
may be the tangents, principal normals or binormals of the other,
there are six cases to be considered. The curves of Bertrand are
furnished by one case, and a second case, that of evolutes and
involutes, is also discussed in the text-books. Of the remaining
four only one gives results worthy of mention. Bertrand's problem
suggests the inquiry into the nature of the pair of curves when the
binormal of one is the principal normal of the other. A certain
quadratic relation of a simple character found to exist between the
curvature and torsion of the second curve led me to a paper in the
Comples Rendus of 1893, by Demoulin, in which the problem had
been generalised. His method of solution is different, and no
explicit results as to the nature of the curves are given in the paper.
Since no indication of the discussion of the problem is given in the
text-books I have seen, I venture to submit a note of some results.

Let (x, y, z) be a point on the curve;

o, ft, y ; I, m, n ; X, [i, v;

the direction cosines of the tangent, principal normal and binormal
at (x, y, z); we shall take these lines to be so directed that by
displacement they may be brought to coincide with the positive
x, y and z axes respectively. Also let 1/R and 1/T be the curvature
and torsion.
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If (£i V' 0 ^ *ne point on the second curve corresponding to
(x, y, z) then

£ = x + aX,

where a carrying its own sign is the distance between the points.

Taking the differentials and putting Xdg + ijdr] + vd( =0 we find
that da — 0, that is, a is a constant.

From Frenet's formulae
da. I dl a. X dX I

we have %

/ am
+

= I a + -=- \ds,

Denote corresponding quantities for the (£, rj, f) curve by the
same letters with suffixes.

Then a 1 = ^ | )

( ^ ) (1)

( an'

ire

By squaring and adding,

, ds
where K = —- .

1
K" =

~*~ r p 3

dsi =

the positive sign of the root being taken so that s and s: increase
together.
Also ad! + /6/?i + yyz = K = COS0
where ^ is the angle between the corresponding tangents.
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I t is seen from the formula -f- = -=- that the torsion is positive
as 1

when the positive binormal rotates round the tangent in the direction

towards the centre of curvature. Hence the positive direction of 6

being that from the tangent to the principal normal, we have

(2)

Differentiation of the three formulae (1) gives

with two corresponding results.

Now let the binormal of the first curve be the principal normal

of the second so that

A. = c£,, n — emu v = en1 where «= + 1 .

By multiplying the three equations (3) by A, /*, v and adding

, tds, OK ,
we have -g - = - -^ds,

Since the curvature is positive in Frenet's formulae, e = - 1 if

a is positive and e = 1 if a is negative.

The squaring and addition of (3) gives, after inserting the value
of K,

1 aT /dTV 2aT> dT T2 a2

R,2 (T2 + a2)3 \ds 1 RCT2 + a-f ds ^ R%T- + a2) T (T2 + a2)2

dT
or aR—

ds

. •. tan"1! — I = — + constant.
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Since o occurs in one of the intrinsic equations of the curve,
there can only be one curve of the second kind associated with it.

If T = T0 when s = 0 and S= | —,
Jo ™>

then T = ——

Let « =/(R); then S = H ̂ - ^ dR,
JR0 K

where R = Ro when s = 0.

A particular curve having this intrinsic equation free from the
trigonometric function is got by putting

R(RtT0+ac)-C(aR,,-CT>)
^ ( R T J + ^ R T + )"

Let ^ be the angle between the tangents at s = 0 and « = « when
the surface formed by the tangents is developed on a plane ;

f ds
then 5̂" = ^ a n d

Jo*1

Since from (2) tan^ = -=-,
tan# = cotf.

.-. ^ = (2» + l ) y . - A

It remains to determine Tj ;

Aj = pini - 7!»», = «(ft v -

dA, efo,

But -j— = 7JTI w^-»ny = X and
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%-Ttt- - ' " (6)

and, from (4), TT,= -atR^

Also ^ _ + _ l _ _ _ _ ± . - - - (7)

where t and a are of opposite signs.

Referred to the tangent, principal normal and binormal at a

point on a curve as axes, the equations of the axis of the osculating

helix which has the same torsion as the curve at the point are

„ R,T,S

Here
 R 7 T T

Also - L _ _ _ l = ^ . from (6).

But — is the tangent of the angle this axis makes with the

tangent to the curve, the angle being measured from the tangent to

the binormal. Hence from the last two results and from (2), the

tangent to the first curve is the axis of the helix which osculates

the second curve and has the same torsion.
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