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Abstract. Methods from fibrewise homology theory are illustrated by compu-
tations of cohomology rings of certain mapping spaces arising in the geometry of
loop groups, specifically the spaces of maps from S' to the classifying space BSO(n)
of SO(n) and maps from S? to BSU(n).
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1. Introduction. This note is concerned with the application of fibrewise
homology theory to two specific computations: the calculation of (i) the mod 2
cohomology ring of the classifying space of the loop group LSO(n)=
map(S', SO(n)), and (ii) the integral cohomology ring of the space map(S2, BSU(n))
of maps from S? to BSU(n) (or “space” of principal SU(n)-bundles over the
Riemann sphere, [12, p. 157]). The interest lies in the method, which interprets the
complicated cohomology rings as duals of fibrewise homology groups admitting an
easily described Hopf algebra structure; the results themselves are mostly known, at
least in special cases.

The relationship between the two problems will be clarified if we identify the
classifying space BLSO(n) of the loop group with £LBSO(n) = map(S', BSO(n)); see
[1]. (The space of maps is connected.) For any integer m > 1 and compact Lie group
G, the space map(S™, BG) fibres over BG by evaluation at the basepoint:
map(S”, BG) — BG, with fibre Q"' G. The following description of this fibration is
well known; see, for example, [6].

LeEmMA 1.1. There is a fibre-homotopy equivalence

map(S™,BG) =~ EG xgQ™ G

N e
BG

over BG, where the action of G on Q"~'G is by conjugation on G, and the righthand
map EG xG Q"~'G — BG is the projection to EG/G = BG.

One way of seeing this is to look at the homotopy functors classified by the two
spaces. A pointed homotopy class X — map(S™, BG) classifies principal G-bundles
over X x S™ together with a trivialization of the bundle over * x S”. (We denote
any basepoint by *.) Such a bundle can be described, in the usual way, by its
restriction to X x %, which is a principal G-bundle P — X (with a trivialization over
the basepoint of X), and a clutching map S”~! — Aut(P). It is precisely this data
which is classified by EG x¢ Q" 'G. ]
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In the two examples we are thus concerned with the cohomology of

(i) ! and  (ii) ! :
BSO(n) BSU(n)

More generally, let us fix a finite complex B and an n-dimensional vector bundle

& over B, where cither
(1) & is real and equipped with a Euclidean inner product, or

(i1) €& is complex, with a Hermitian inner product.

In case (i), we write O(§) — B for the orthogonal bundle of &; its fibre at a point
b € B is thus the group O(&;) of orthogonal automorphisms of the fibre &, of the
Euclidean bundle. The sub-bundle of special orthogonal groups is written as
SO(§) — B. In case (ii), we are interested in the bundles U(§) — B and SU(§) — B
of unitary and special unitary groups. These are pointed fibre bundles (with base-
point the identity in each fibre) and we can form the fibrewise loop spaces
QpU(E) — B and Q23SU(§) — B, which are (locally trivial) bundles whose fibre at b
is the loop space QU(§,) or QSU(§,), respectively.

We shall see that (i) the mod 2 cohomology ring H*(O(&); F,) and (ii) the inte-
gral cohomology ring H*(QpU(§); Z) have the structure of Hopf algebras over
H*(B; F,) or H*(B; Z). These Hopf algebras or, to be exact, their duals are descri-
bed explicitly in Sections 3 and 4, respectively.

The cohomology of £BSO(n) and map(S?, BSU(n)) is obtained in Section 5
from these general results by taking B to be a finite skeleton of BSO(n) or BSU(n).
The cohomology of LBSO(n) (= BLSO(n)) is surely well known; for computations
of LBG (or BLG) for other connected compact Lie groups G see [8]. The computa-
tion for map(S2, BSU(2)) can be found in [9], [10].

2. Fibrewise homology and cohomology. The Pontrjagin ring structure of
H.(O(n); Fy) and H.(QU(n); Z) is simpler to describe than the cohomology ring
structure of H*(O(n); F,) and H*(2U(n); Z). We shall approach the fibrewise com-
putation in the same vein, and to do this we need to review some facts about fibre-
wise homology and cohomology. More details, including proofs, can be found in [4]
(Part II, Section 15).

Fix a base space B, which will be a finite complex. We work with locally trivial
fibrewise pointed spaces over B, which we shall call pointed fibre bundles, with fibre
a finite pointed complex. These will be denoted generically by X — B, Y — B and
Z — B. The fibre of X — B at b € B is written as Xj. Fixing coefficients, [, in case
(i) or Z in case (ii), we denote the Eilenberg-MacLane space K(F,, n) or K(Z, n) by
K.

We define the fibrewise cohomology groups for i € Z, following [5], as direct
limits of sets of fibrewise pointed homotopy classes over B:

Hy{X; Y} = lim [SpX; (B x Kuri) Ag Y,

n

where Xp is the fibrewise suspension. There are composition and product maps:
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HW(Y: Z)® Hi(X: Y} — H(X: Z),
Hi{X; YYQ HW(X'; Y'Y = H (X AgX'; YApY'),

with the usual properties. The fibrewise homology category over B has as morphisms
X — Y the “homology maps” H%{X; Y} over B.

If B is a point, we drop the suffix and write simply H*{X; Y}. In that case,
H{X; S° is the (reduced) cohomology H(X) of the pointed space X, and
H'{S°; Y} is the homology H_/(Y) of Y.

In general, we refer to H%{X; B x S°} as the fibrewise cohomology of the fibre-
wise pointed space X — B, and to H%{B x S°; Y} as the fibrewise homology of Y
over B. The fibrewise cohomology group is easily seen to be just the (reduced)
cohomology group of X modulo the subspace B included as the fibrewise basepoint:

Hu{X; Bx S° = H(X/B). 2.1)

There is no similar classical interpretation of fibrewise homology groups.
Our homology computations will rest on the Leray-Hirsch lemma.

LEMMA 2.2. Suppose that there exist classes

e e HR{X; Y} (1 <i<m),

which restrict to a basis of the cohomology H*{Xy; Y} of the fibres for each b € B.
Then Hy{X; Y} is free over the graded ring R := H*(B) on the basis ey, ..., ep.

This can be established in the same way as the classical Leray-Hirsch lemma in
cohomology. For a discussion of this result and of the next lemma, see [4] (Part II,
Lemma 15.14).

LEMMA 2.3. The following conditions on a pointed fibre bundle X — B are
equivalent.
(1) The bundle is isomorphic in the fibrewise homology category to a trivial bun-

dle B x F with fibre F a wedge of spheres.

(i1) There exist (homogeneous) classes e;, 1 < i < m, in the fibrewise cohomology
group H3{X; Bx S% = H*(X/B) that restrict to a basis of the cohomology
H*(X») of each fibre, b € B.

(i) There exist (homogeneous) classes e., 1 <i <m, in the fibrewise homology
group Hy{B x S°; X} that restrict to a basis of the homology H.(X,) of each
fibre, b € B.

DEFINITION 2.4. We say that a pointed fibre bundle (with fibre a finite pointed
complex) X — B satisfying the equivalent conditions (2.3) is H-free over B.

The Kiinneth theorems for H-free pointed fibre bundles follow directly from
Lemmas 2.2 and 2.3.

LEMMA 2.5. Let X — B and Y — B be H-free pointed fibre bundles (with fibres
finite pointed complexes). Then
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H3{X; Y} = HomG(H3{Y; B x S°), H3{X; Bx S°))
= Hom%(H%{B x S°; X}, H%{B x S% Y}).

In particular, there is duality between homology and cohomology over B:
H%{B x S° Y} = Hom%(H%{Y; B x S°}, R).

LEMMA 2.6. Suppose that the four pointed fibre bundles (with fibres finite pointed
complexes) X, X', Y and Y' over B are H-free. Then there is a Kiinneth isomorphism

HYX A X's YApY') = Hi(X: Yy @g Hi{X': Y').

3. The cohomology of O(&). In this section we work in the framework (i) of
Section 1; P will be used for the real projective space, and H will denote homology
with F>-coefficients.

The reflection map P(R") — O(n) includes the real projective space as the gen-
erating variety into the component of determinant —1. Writing x; for the generator
of Hy(P(R™"), 0 < i < n, we have an inclusion

n—1

H,(P(R") =H,(P(R"),) = P Fox; —
part 3.1

I}*(O(H)Q = Fy[xo, ..., xn,l]/(xé =1, xf =0:0<i<n).

For the sake of the generalization, it is convenient to adjoin a basepoint to the two
spaces, and this is denoted by a subscript “+”’. The class xy takes care of the two
components.

We can make exactly the same calculation over B. A subscript “4+B” denotes
adjunction of a basepoint in each fibre; that is, disjoint union with B. The projective
bundle P(£) is included as a sub-bundle in O(£), and the pointed fibre bundle P(§)_
is included in O(§), 3. Now

H{P§), p; Bx S°) = H*(P(§) = R/ (" +wit"™ 4 ...+ wy),

where the w; are the Stiefel-Whitney classes of &, ¢ is the Euler class of the Hopf line
bundle, and R as in Section 2 is H*(B). From Lemma 2.5,

n—1
H3{B x S% P(£), 3} = Homg(H*(P(£)), R) = @ Rx;,
i=0

where the basis (x;) is dual to the basis (#/) of the cohomology: (x;, /) = &,
0 < i, j < n. Note that the generator x; € Hz'{B x S; P(&), 5} has negative degree
—i. We use the inclusion P(§) < O(&) to map x; to a class, which we denote by the
same symbol, in Hz'{B x S°; O(§),}.

The fibrewise multiplication

0@ xpOE) > 0E)  or 0@ A O0@E) 3= O@),p
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determines a Pontrjagin multiplication on the fibrewise homology group

A= H3{B x % 0(&),4),

which thus becomes a graded R-algebra. Using the Leray-Hirsch lemma (2.2), we see
that A4 is free as an R-module with basis x; x;,...x;,,0<ij <bh < ... <i <nh.

By Lemma 2.6, H%{B x S°; O(§),5 A O(§), 5} is equal to A®p A, and the
diagonal determines a co-multiplication A : 4 — 4 ®r A that makes 4 a Hopf-
algebra over R, because the group structure translates formally into the structure of
a group object in the category of graded R-algebras. The diagonal can be computed
on P(£¢) and then extended to 4 as an R-algebra homomorphism. We have

Axi= ) (Ax, ! @ 1) ®x;

0<j,k<n (3 2)
i+k '
= E (xi, 7YX @ xi = E Wijtk Xj & Xic,
0<j,k<n 0<jk<n

where the coefficients w; ;, 0 < i < n, j > 0, are defined by

['/ = Z W,‘JI[ (33)

0<i<n

in R[[A]/(t" +wit" ' + ...+ wy). Thus, w; ; = §;; for j < nand w;, = w,_;.

To describe the ring structure of 4 we need to show that the multiplication is
commutative and to compute the classes x?. This can be done by including & as a
summand of a trivial bundle: £ @ &- = B x RY. Let us write the standard generators
of H,(O(N)) as X;, 0 <i < N, and look at the maps in homology induced by the
inclusion of P(¢) in B x P(RY) and O(¢) in B x O(N). Since (x;, /) = wj,j, we have

X; = Z Wl"jA/j:Xj-f— Z w,-,ij (O§l<ﬂ)

0<j<N n<j<N
Hence x;x; = x;x;, x; = 0 for i > 0 and x3 = 1, by (3.1).
The antipode involution 4 — A, induced by the inverse O(&) — O(§), is the

identity, because the inverse is the identity on the space of reflections P(§).
It is also routine to calculate the action of the dual Steenrod squares: we have

(S xis 1) = (xis Sg*(E) = (x, ({{) iy — (2) Wik

These results can be summarized as follows.

PROPOSITION 3.4. As a Hopf algebra over R = H*(B), the fibrewise homology of
0() is

Hy{B x S% 0&), 5} = R[x0, ..., xp1]/(3 =1, X} =0:0 <i<n),

with co-multiplication given by (3.2). The sub-algebra R[x\, ..., X,_1] is the fibrewise
homology of SO(&). The action of the dual Steenrod squares is determined by

https://doi.org/10.1017/S0017089501020055 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089501020055

204 M. C. CRABB

(XSq)kxi: Z <;€>W[’j+kxj‘. ]

k<j<n

In principle we have thus obtained, by duality, a description of the cohomology
ring H*(O(§)).

4. The cohomology of QzU(&). We work now in the framework (ii) of Section 1.
In this section H will denote homology with integral coefficients and P will be used
for complex projective space.

The complex projective space P(C") is included as a generating variety in QU(n)
and, if we write ﬁzi(P(C”)+) = Zx;, then

H*(QU(H)+) = Z[xo’ xal][xl’ s xn—l]
as a Pontrjagin ring. The components of QU(n) are indexed by the degree (in Z) of
the determinant: QU(n) — QS'. The classes x; lie in the degree 1 component and
multiplication by xy moves from one component to the next.
We can now argue almost exactly as in the previous section (ignoring, for the
moment, the fact that QU(n) is not a finite complex). We have

H{P(E), 5 Bx S°) = H*(P§) = RIA/(t" + 1" + ...+ ),

where the ¢; are the Chern classes of & and ¢ is the Euler class of the (dual) Hopf line
bundle. The dual fibrewise homology is

n—1
Hy{B x S P), 5} = EP Rx:,
i=0

where (x;, /) = 8;;, 0 < i, j < n, x; € H™*. Again, let us write

ll = Z Ci,jti (41)

0<i<n

in H*(P()). From the homotopy-commutativity of QzU(&), we deduce that the
Pontrjagin multiplication is commutative.

PROPOSITION 4.2. As a Pontrjagin algebra over R, the fibrewise homology of
QpU(§) is given by

Hy{B x 8% (QpU(&)), 5} = Rlxo, X3 1x1, X2, ..., Xp1],
and admits a natural Hopf algebra structure with co-multiplication

Ax; = Z Ci,jrk Xj @ X
0<j, k<n

and antipode involution x\—X; determined by the n equations:
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Z Cioir XX, = 1 ifi=0,
bk Sk 0 if0<i<n. O

0<j,k<n

An explicit description of the dual H*(QpU(€)) is not so clear, but formulae can
be written down without too much trouble when n = 2. The space QzU(£) is a dis-
joint union

QsUE) = |25 U®

deZ

indexed by the degree d of the component of the fibre. Thus QS?’ U(§) is (homotopy-
equivalent to) QpSU(§). Let us specialize to the case n = 2 and write y = xj'x1, so

that
H3{B x 8% (QSU&)) 5} = R[]
Then
AXxy) = X0 ® X9 — c2X1 ® X1, Ax1 = X9 ® x1 —c1x1 ® X1 + X1 ® Xo,
and so

Ay =(Ax)) 'Ax1 =(1—cp®») 1@y —ciy®y+ry® 1),
A=y =(-cyen*ley-—arey+ye .

As a delS for H*(Q(d) U(S)) we take the dual (over R) b(d),] > 0, to the homology
basis xdy', i > 0. Now (xdyk, b; () ‘l)) (A(xdy"), b(d) ®b d)) This yields the follow-
ing description of the cup product which was ﬁrst obtamed (for the case d =0,
¢; = 0) by Masbaum, [9], [10].

PROPOSITION 4.3. For n =2, the ring H*(Q(d) U§)) (= S say) is free as an R-
module, with basis b(d) i > 0, and multiplication described in terms of the formal power
series fD(X) =3 b(d)X’ € S[[X]] by the identity

BOX) - BOUY) = (1 — XYY BUFX, Y)) € S[LX, Y]],
where F(X, Y) is the formal group law (X + Y — 1 XY)/(1 — c;XY). O

Although the discussion in Section 2 was restricted to bundles with fibre a finite
complex, there is no real problem in dealing with the cohomology of bundles such as
QpU(&) with fibre of finite type. But in fact there is a nice, U(n)-equivariant, geo-
metric filtration (due to Mitchell, [11]) of QU(n) by compact sub-ENRs, as dis-
cussed, for example, in [3], [13]. The filtration originates from the generating variety
P(&) € QpU(&). The image of the k-fold product P(§) xg--- xp P(§) = QgU(§) is a
sub-bundle, which we denote by Si(&§) C QpU(§), with fibre a compact algebraic
variety, and its fibrewise homology can be computed by another application of the
Leray-Hirsch lemma as the module of homogeneous polynomials of degree k:
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Hy{B x S Sk(€),5} = (R[X0, - - -, Xn—1]s- (4.4)

To construct a filtration we use the section ¢ of Qg’) U(§) that restricts to the
inclusion S' — U(&,) of the centre in each fibre, b € B. Multiplication by ¢ gives a
bundle isomorphism between SZ(I;I) U(&) and QS_,;H") U(€), and we can filter QS_;” U(§) by
the finite-dimensional bundles ¢~"Syy,,(§) with d+ rn > 0. In particular, the com-
ponent of degree 0 is filtered as

B=S& 'S S CrSmE c - c QVUE).

Writing z for the class in H4{B x S°; (Qp U(§)), p} determined by the section ¢, we
have, by the Leray-Hirsch lemma again,

HE{B X SO; (é‘_rdeLrn(g))+B} - Z_"(R[Xo, ey xnfl])dJrrn- (45)
To compute this class z we can use a splitting principle argument.

LEMMA 4.6. The cohomology class z € HY{B x S% (QpU(E)), 3} is given by

=[]0 =pyix,

j=1 0<i<n

where c; is the ith elementary symmetric function in Iy, ..., 1,. In particular, for n = 2
we have z = x3 — ¢1x0X1 + ¢2x3.

For suppose that & is a direct sum of complex line bundles: A; & ... ® A,. Let
1j : P(A;) — P(&) be the inclusion, and let xo(A;) denote the canonical fibrewise homo-
logy generator in HY{B x S P(})),z}. Then z is the product ¢;(xo(%1)) - - - t(xo(An)).
In cohomology ¢ maps ¢ € H(P() to ¢ = (=) € H*(P(,)) = RIA/ (1 + 1),
where /; = ¢i(%)). Dually in homology we have t;(xo(*)) =Y -;_,(—/)'x;. This
establishes the result. - m

REMARKS 4.7. (i) If A is a complex line bundle over B, then we can identify
U(r ® &) with U(&) by taking the tensor product with the identity on a fibre of A. In
the case n = 2 the corresponding generators are related by

Xo(A ® &) = xo(§) + c1(A).x1(5), x1(A ® &) = x1(8).

(i) The connective complex K-theory (and, indeed, the M U-theory) of QpU(§)
can be calculated by the same method, with little more than changes in notation. For
Grothendieck’s description of the cohomology of the projective bundle P(&) as a free
module over the cohomology of the base generalizes to any complex-oriented coho-
mology theory. See [4] (Part II, Section 15) for a brief introduction to fibrewise K-theory.

5. Classifying spaces. We shall deal only with O(n) and QU(n); the two cases of
(1) SO(n) and (i1) 2SU(n) discussed in Section 1 are slightly easier. As in Lemma 1.1,
a group G is understood to act on ”~!'G by conjugation on G. The cohomology of
EO(n) x o) O(n) is simply the inverse limit of the groups H*(O(§)) where & is the
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restriction of the universal bundle to a finite skeleton B of the classifying space
BO(n); for the inverse limit in a given dimension stabilizes. We can think of
H*(EO(n) x o) O(n)) as the O(n)-equivariant Borel cohomology H7,,(O(n)) of the
group O(n). (See [7] for an account of Borel homology and cohomology and [4], for
example, for a discussion of the relation between fibrewise and equivariant homol-
ogy.) The Borel homology group o H (5% O(n) +} 1s, similarly, the inverse limit of
the fibrewise homology groups H3{B x S°; O(£),z}, because the limit again stabi-
lizes in each dimension.

PROPOSITION 5.1. The O(n)-equivariant Borel homology of O(n) is

omH*{SY; 0.} = Fallwi, ..., wulllxo, X1, -, Xp 1 ]/(3 =1, 32 =0: 0 <i<n)
as a Hopf algebra, over the graded ring Hp,) (%) = Fo[[wi, ..., wa]l, with co-multi-
plication given by (3.2). O

The Borel cohomology H7,,(2U(n)) = H*(EU(n) Xym QU(n)) is again the
inverse limit of groups H*(QpU(§)). More care is needed in the discussion of the
Borel homology of the infinite-dimensional space QU(n). The homology group of a
CW-complex of finite type is the direct limit of the homology groups of its finite
skeleta. We can define the equivariant homology of the dth component Q) U(n) to
be the direct limit of the equivariant homology groups of the compact U(n)-ENRs
Sy (Ch), for d + rn > 0, in the filtration described in Section 4. (Here ¢ is simply
the inclusion of the centre S' — U(n) and Si(C") is the image in QX U(n) of the k-
fold product of the generating variety P(C").) From (4.5) we find that

v H* (S (T Suem(C"),} = 27 Zen, - - -, calllX0s X1 - -+ s Xnmt )gsmm-

Forming the direct limit, and assembling the components, we obtain the equi-
variant homology of QU(n); it is non-zero in every even dimension, positive or negative.

PROPOSITION 5.2. The U(n)-equivariant Borel homology of U(n) is

vy H* (S (QUN)),} = Zl[c1, . .., calllXo, X1, + -+, Xp1][27]

as a Hopf algebra over the graded ring H’z,(”)(*) =/7[cy,...,cull, with co-multi-
plication as in Proposition 4.2. The generator x; has dimension —2i and the class z, in
dimension 0, is defined in Lemma 4.6. O

The Borel cohomology rings of O(n) and QU(n) may be deduced, in principle,
by taking duals.
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