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On the Diophantine Equation
nin+d)---(n+(k—1)d) = by

Dedicated to Professor P. Ribenboim on the occasion of his 75th birthday

K. Gy0ry, L. Hajdu and N. Saradha

Abstract. 'We show that the product of four or five consecutive positive terms in arithmetic progression
can never be a perfect power whenever the initial term is coprime to the common difference of the
arithmetic progression. This is a generalization of the results of Euler and Oblath for the case of
squares, and an extension of a theorem of Gy&ry on three terms in arithmetic progressions. Several
other results concerning the integral solutions of the equation of the title are also obtained. We extend
results of Sander on the rational solutions of the equation in n, y when b = d = 1. We show that there
are only finitely many solutions in n, d, b, y when k > 3,1 > 2 are fixedand k + [ > 6.

1 Introduction

In this paper we consider the diophantine equation
(1.1) I=T1(ndk =nn+d)-- (n+(k—1)d) = by

in positive integers n,d, y, b, I > 2, k > 2 with gcd(n,d) = 1, P(b) < k, where for
any integer u with |u| > 1 we write P(u) for the greatest prime factor of u and we put
P(+1) = 1. We also take b to be I-th power free.

First we take [ = 2. In this case, if k = 3, d = 1, then (1.1) has no solution except
when n € {1,2,48}. We refer to [17] for the details and history. Fermat showed that
there are no four squares in arithmetic progression. Euler proved the more general
result that a product of four terms in an arithmetic progression can never be a perfect
square. Oblath [11] extended this result to the case k = 5. Erd6s [4] and Rigge [14],
independently showed that a product of two or more consecutive integers is never a
perfect square. Recently, Saradha and Shorey [19] proved that a product of four or
more terms in an arithmetic progression can never be a perfect square provided that
d is a power of a prime number.

Now we take | > 3. Erd6s and Selfridge [5] proved the remarkable result that
a product of two or more consecutive integers can never be a perfect power. When
d = 1, it was proved by Saradha [16] for k > 4 and by Gy6ry [8] for k = 2,3
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that (1.1) has no solution with P(y) > k. Gy6ry [9] showed that (1.1) for k = 3
does not hold whenever P(b) < 2. His proof depends on the works of Wiles [26],
Darmon and Merel [3] and Ribet [13] on generalized Fermat equations. In this result
by Gy6ry P(b) < 2 cannot be replaced by P(b) < 3; for (k,I) = (3, 3) equation (1.1)
has infinitely many solutions with P(b) = 3, see Tijdeman [25]. Saradha and Shorey
[18] showed that (1.1) with k > 4, P(b) < k implies that d has a prime factor = 1
mod I. Thus (1.1) with k > 4, P(b) < kand I > 3 has no solution, if 4 has only the
prime factors 2, 3 and 5.

In this paper we show that for k = 4,5 and b = 1, (1.1) has no solution. In other
words,

Theorem 1 Equation (1.1) withk = 4,5 and b = 1 does not hold.

This gives an answer to a problem proposed by Guy; see D17 in his book [6]. In
fact, for I > 3 we show more.

Theorem 2

(i) Letk = 4. Then (1.1) with 1 > 3 and P(b) < 2 implies that | has a prime factor
> 3and8 || IL.

(ii) Letk = 5. Then (1.1) with | > 3 and P(b) < 2 implies that | has a prime factor
> 3. Further, we have either 8 || II or 16 || IL

As will be seen below, for certain applications equation (1.1) is interesting also in
the case when n and b are not necessarily positive integers, and P(b) < 3. We present
some results (¢f. Theorems 8—10) with these more general settings in Section 2. The-
orems 1 and 2 will be simple consequences of our Theorems 8 and 9.

Now we consider the equation

(1.2) x(x+1)-(x+k—1) =27

in rational numbers x and z > 0, and integers k > 2,1 > 2 and a with - < a < L
We may restrict ourselves to the case 0 < o < I by replacing in (1.2) o, zby l—«, z/2,
respectively. If x and z are integers and a@ = 0, then by the result of Erdés and
Selfridge, we see that x = —j, z = 0 for 0 < j < k are the only solutions. These
are also the solutions of (1.2) for each «; they will be called trivial. In what follows,
we shall deal only with non-trivial solutions. Equation (1.2) was first considered by
Sander [15], who studied it for 2 < k < 4 and @ = 0. By putting x = n/d and
z = y/y1 with ged(n,d) = ged(y, 1) = 1,d > 0, y > 0and y; > 0, we see that
(1.2) reduces to

(1.3) nn+d)---(n+ (k—1)d) = +2%5 v = 27d"
where (4,v) = (y, y1) and B + v = « for some non-negative integers 3 and . Thus
solving (1.2) for rational values x and z > 0 is equivalent to solving equation (1.1)

with P(b) < 2 for integers n, y > 0 and d > 0 with the additional restriction that
27d* is an I-th power. With the help of our general Theorems 8 to 10 we shall prove:
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Theorem 3 Let2 < k < 18 andl > 3 with gcd(l, k) = 1. Then (1.2) withz # 0
impliesk = 2 and (x,z,a) = (—1/2,1/2,1—2),(=2,1,1), (1,1, 1).

For small values of k we can remove the condition ged(l, k) = 1. In the cases
k = 2,3,4 and o = 0, Sander [15] proved that (1.2) has no solution. We find,
however, in Theorem 4 below that for k = | = 3 there are two solutions which are
missing from the corresponding Proposition 2 of [15]. Hence Conjecture 1 of Sander
[15] stating that for k > 3, (1.2) with @ = 0 has only the trivial solutions, should be
modified accordingly. We also completely solve (1.2) with o = 0 for k = 5, a new
result. Thus we have:

Theorem 4 Let2 < k < 5andl > 3. Then the only non-trivial solutions of (1.2)
witha = O aregivenbyk = 1= 3 and (x,z) = (=2/3,2/3), (—4/3,2/3).

For (1.2) when o # 0 we show:

Theorem 5 Let k and | be as in Theorem 4, with the assumption that | # 4 if k = 2.
Leta > 0.

(1)  Ifk = 2, then equation (1.2) has the only non-trivial solutions
(xa Z, OL) = (_1/25 1/27 l - 2)7 (_27 17 1)7 (la 17 1)

(ii) Ifk = 3,4 then (1.2) has no non-trivial solution.
(i) Ifk =5, then (1.2) implies that | = 5 and o € {3,4}.

Remark The assumption that ] # 4 if k = 2 is necessary. It is well-known that there
are infinitely many triples (p, q, ) of positive integers with gcd(p, g, r) = 1 satisfying
2p* — q* = 1? (see e.g., [12, pp. 152-164] ). By putting x = g*/r%, we see that (1.2)
with k = 2, & = 1 and I = 4 has infinitely many solutions in (x, z).

So far we have given complete solutions of (1.1) or (1.2) for small values of k. Now
we present some finiteness results on (1.1). For a complete survey on such results we
refer to [2, 9, 22, 23, 25]. By applying Faltings’ theorem, Darmon and Granville [2]
showed that (1.1) with b = 1, k > 3, > 4 fixed has only finitely many solutions in
n,d, y. We refine this result and extend it to the case b > 1.

Theorem 6 For fixedk > 3 and | > 2 with k + 1 > 6, equation (1.1) has only finitely
many solutions in n,d, b, y.

Theorem 6 is best possible in the sense that for fixed k > 3,1 > 2 with k + 1 < 6,
(1.1) has in each case infinitely many solutions; ¢f. Tijdeman [25]. From the proof
of Theorem 6, we observe that the above result is valid for the solutions of (1.1) with
n < 0 as well.

Shorey [22] proved that if d > 1 and [ > 4 then the abc-conjecture implies that k
is bounded by an absolute constant. We refine this result as

Theorem 7 The abc-conjecture implies that (1.1) withd > 1, k > 3 and 1 > 4 has
only finitely many solutions in n,d, k, b, y, I.

https://doi.org/10.4153/CMB-2004-037-1 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-2004-037-1

376 K. Gy6ry, L. Hajdu and N. Saradha

We note that if we use an effective variant of the abc-conjecture, then the above
theorem is also effective. The restriction d > 1 is obviously necessary; for d = 1 and
n =1, (1.1) is solvable for every k > 2.

2 A Generalization of Equation (1.1)

In this section we consider the following generalization of equation (1.1):
(2.1) I =1(ndk =nn+d)-- (n+(k—1)d) = by

in non-zero integers n,bandind > 0,y > 0,1 > 2, k > 2 with gcd(n,d) = 1,
P(b) < k. Further, to make the representation byl unique we assume here and in
Theorems 8-10 that y is not divisible by primes < k. Thus while considering (2.1), b
is not taken as I-th power free. We note that if n, d, b, y is a solution of (2.1) then so
is —n — (k= 1)d, d, (=1)*b, y.

In what follows, v/,(u) denotes the order of p in u for any prime p and non-zero
integer u.

Theorem 8 Suppose equation (2.1) holds.
(i) Letk=3andl > 3. Then either

(n,d,b,y) € {(—4,3,8,1),(-2,3,-8,1)},

or 1t v3(b). Moreover, if P(I) > 3, then v,(b) < 5.

(ii) Let k = 4 and suppose that P(I) > 3. Then v5(b) > 0, and either v,(b) = 0,
14 v3(b) or v,(b) = 3.

(iii) Let k = 5. Suppose that P(I) > 3, and that 1 | vs(b). Then v3(b) > 0, and either
vy(b) = 0,11 v3(D) or vy(b) = 3 or 4.

Remark For k = 3, v,(b) <5 is sharp as is shown by the example
22+7)2+2-7) =325

Similarly, for k = 4, v,(b) = 3 is sharp since 1-2-3 -4 = 3- 23, For (k,I) = (3,3)

and v5(b) = 1,2, it is known that (2.1) has infinitely many solutions which can be

seen by taking b = 3, 6, 36; cf. Tijdeman [25].

For the cases | = 3,4 we prove:

Theorem 9

(i) Letl= 3. Then equation (2.1) with k = 4 has only the solutions
(i’l, da ba )’) = (_6a 57216a 1)7 (_97 5) 2167 1)7 (_372a 97 1)) (la 1724a 1)7 (_47 17 247 1)

Further, (2.1) has no solution with k = 5, 3 | vs(b).
(ii) Letl=4and4 | v5(b), 4 | vs(b). Then equation (2.1) does not hold with k = 4, 5.
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Theorem 10 Let d = ZhdI1 (h > 0), 1| vy(b) for each prime p with3 < p < k.
Suppose that 2 < k < 18 ifv,(d) < 4, and let 2 < k < 30 otherwise, i.e., if v,(d) > 4.
Further, in the latter case we suppose that | has a prime factor > 3. Then the only
solutions of (2.1) are as follows: k = 2 and (n,d,b,y) = (=2,1,2,1), (1,1,2,1),
(—1,2,—1,1).

3 Notation and Lemmas

By equation (2.1), we observe that if a prime p > k divides II, then it divides only
one term in ITand v,(II) = 0 mod I Hence we deduce that

(3.1) n+id = a;x

i

with P(a;) < max(P(b),k—1),x; > 0, a; I-th power free for 0 < i < k. Also we have
ged(x;, xj) = 1 foreachi # j if 2! > k. Further,

(3.2) n+id = AX!
with P(4;) < k X; > 0, ged (X, [],<,p) = 1for 0 < i < k. Note that

ged(X;, X;) 1 for each i # j. We need several lemmas for the proofs of our
theorems. We begin with a result by Gy6ry [9].

Lemma 1 Equation (1.1) withk = 3,1 > 2 and P(b) < 2 has no solution.

Gy0ry derives the above result as a consequence of the following statement (cf. [9,
Theorem G]) on a generalized Fermat equation.

Lemma 2 Letl > 3, a > 0 be integers. Then the equation
xl + )/l _ Zazl

in relatively prime integers x, y,z > 1 has no solution for a # 1, and for « = 1 the
equation has only the trivial solution x = y = z = 1. Further, the equation

PNV
has no solution in relatively prime integers x, y, z > 1.

The above result was established by Wiles [26] for « = 0 mod [, by Darmon and
Merel [3] for @ =1 mod ], and by Ribet [13] for & % 0,1 mod land ! > 5 prime.
For the other cases, see Gy6ry [9].

In [18], Saradha and Shorey gave the following result on a more general Fermat
equation by using the contributions of Wiles [26], Ribet [13] and others. The first
such results were due to Serre [10] and Kraus [21]; see also Sander [15, p. 432].
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Lemma 3 Let | be a positive integer having a prime factor > 3. Suppose that a, b, c are
non-zero integers such that either P(abc) < 3 or a, b, c are composed of only 2 and 5.

Then the equation
!

ax' + by = ¢z
in non-zero integers x, y, z with gcd(ax', by', cz') = 1, 1, (by") > 4 has no solution.

Bennett and Skinner [1] proved the following:
Lemma 4 The only solution to the equation
Il _ 52
X +y =2z
in integers x, y, z, L with gcd(x, y,2) = L x > y, 1 > 41is (x, y,z,1) = (3, —1,+11,5).
We shall also use the following consequence of Lemma 4.

Lemma5 The equation

x - yl =27
in integers x, y, z, | with gcd(x, y,z) = 1, x > y and | > 4 even with | # 6 has no
solution.

Proof Suppose that the equation holds. We may assume that x, y, z are positive. Let
I = 2k, with k > 1, 1; odd. If k > 2, we arrive at a contradiction by (iii) of Lemma 7
below. Hence k = 1 and I; > 5 odd. We now deduce that either

£+ yl‘ = sz, P yll = z%

or
X" -i—yl1 = zf, P yll = 22%

with some positive integers z;, z,, which is impossible by Lemma 4. ]

We also need results on several cubic and quartic equations. Cubic equations were
extensively studied by Selmer [20] in a long paper. We present here results on these
cubic equations which we come across in the proofs of our theorems. The study
of quartic equations dates back to Euler. We refer to the book of Ribenboim [12,
pp- 164-177], for the quartic equations we are interested in here.

Lemma 6 The equations
K42y =325 X +4y =37

have no solution in non-zero integers x, y, z with ged(x, y,z) = 1 and |xyz| > 1, and
the equations

x3+y3 = 37% X +)/3 :423; x3+4y3 =97

have no solution in non-zero integers x, y, z with gcd(x, y,z) = 1.
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Lemma 7 Letx, y, z be positive integers with gcd(x, y,z) = 1 and o > 0 an integer.

(i) Ifx*—2* =2z thena =1 mod 4.
(ii) If2°x* — y* = 2% thena =1 mod 4.
(iii) x* — y* = 2922 is impossible.

(iv) Ifx*+y* =292 thenx=y=z=1.

Lemma 8 Let (2.1) be valid, and suppose that | | v,(b) for each prime p with 3 <
p < k. There exist indices i, j with 0 < i < j < k such that in (3.1)

(3.3) ai=T12% a;=712%, j—i=2" for2<k<18

and

(3.4) a; =T, aj =T, j—i=2%3 or 2°5° for 2 < k <30 if d iseven.
Here i, i), 0, 0, € denote some non-negative integers, and ;, 7j may assume 1.

Proof of Lemma 8 The assertion can be easily checked for k < 6. We explain the
case k = 7 and d odd. We observe that in this case 7 { a; for 0 < i < k. Further
we have either 5 not dividing any a; or 5 dividing ay, as or 5 dividing a,, a¢. Suppose
51 a; for 0 < i < k. Then the statement follows withi = 0, j = 1if3 { aga;;i = 1,
j=2if3 ] api=0,j=2if3 | aj. Hence we may assume that 5 divides either
ag, as or ay, ag. The assertion follows withi = 2, j = 3if 3 { aya;, withi =3,j =4
if3 | ay, and with i = 4, j = 5if 3 | a5. This procedure has been programmed and
(3.3) is checked. When d is even we observe that all the g;s are odd and we check that
(3.4) is valid for k < 30. The largest cases k = 29, 30 took 8 hours of computation.

|

4 Proofs of Theorems 8-10

We will use the notation introduced in the previous section without any further men-
tion.

Proof of Theorem 8 Suppose equation (2.1) holds. For k = 3,4 and for k = 5 with
1| vs(b), (3.2) can be modified such that n + id = Ain with

(4.1) A =129 1= £1, X; > 0, ged(X;,6) = 1 for0 < i < k.

Let o = max(a, ..., _1).

(i): Let k = 3. First we show that in this case I { v3(b). We assume that
(42) (”7d7b7)’) ¢ {(_4735871)7(_273a_871)}

Suppose to the contrary that I | v3(b). Then §; = It; with non-negative integers #;
among which at least two are zero. By Lemma 1, we may suppose that n < 0 and
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n+2d > 0. In view of gcd(n,d) = 1 we infer that (n,n+d) = (n+2d,n+d) =1

and (n,n+2d) = 1or2.
If n + d is even, then n, n + 2d are odd and we deduce from (4.1) that

ntd=m12"03"X)), n=—(3"X), n+2d = (3:X,)'
with 77 = +1 and o; > 1. Then
(4.3) —(3"Xy) + (32X,) = 2131 Xy).
By Lemma 2 we obtain that there is no solution in this case.
If n + d is odd then there are two subcases to be distinguished. If n and n + 2d are

also odd then we arrive at equation (4.3) with a; = 0, which leads to a contradiction.
Assume now that #n and n + 2d are even. Then we get from (4.1) that

(44)  n+d=70"X), n=-2%3"X,), n+2d=2%(3"X,)

where 7 = +1, ag, a; > 1 such that one of ayg, a; equals 1, and 3°X,, 3" X1, 32X,
are relatively prime odd positive integers. If a; = 1, then we obtain that

—27(3°X0) + (37X = m (3" X)),
which by Lemma 2 gives ap = 2, 77 = —1,t;, = 0fori = 0,1,2and X, = X; =
X, = 1. We infer from (4.4) that (n,d, b, y) = (—4, 3, 8, 1) which is excluded.
Finally, if g = 1 then
—(34Xy) +2271(32X,) = 71 (3" X)),
and Lemma 2 implies thatay, =2, 71 = 1,4, =0fori = 0,1,2, Xy = X; = X, = 1.
Then, by (4.4) we get (n,d, b, y) = (-2, 3, —8, 1) which is excluded. So if (4.2) holds,
then 11 v5(b).
Assume now that [ has a prime factor > 3. We may suppose that d is odd since
otherwise v,(b) = 0. Further, we have
(4.5) AoXh + A XL =24, X1,
If « = 1, then clearly v,(b) < 2. Assume that o > 1. We observe that

(O‘O; aq, 042) S {(Oé, 07 1)7 (15 07 O[), (Oa «, 0)}

Now we apply Lemma 3 to (4.5) to get o < 4. Hence v,(b) < 5.
(ii): Let k = 4. In case of 5(b) = 0, i.e. if

(ﬂ07ﬂ17ﬂ27ﬂ3) = (O,Oa 0,0)
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we can use the results just proved for k = 3 to show that there is no solution. Hence
v3(b) > 0. Further, we have

(a07 aq, 0, a3) € {(Oa 0, Oa 0)7 (aa 07 1; 0)7 (17 0; «, 0); (07 a, 07 1), (Oa 17 Oa Oé)}

If d is even, then v, (b) = 0. Suppose I | v3(b). Then we have
(505 615 62; 63) S {(tl - 17 07 03 1)3 (17 03 07 tl - 1)}
for some integer t > 0. In both cases we see that
T]Tz(X]Xz)l — TQT3(3tXOX3)l = (I’l + d)(?’l + Zd) — 1’1(1’1 + 3d) = 2d2.

As X; > 0 (i = 0,1,2,3), this equation has no non-trivial solution by Lemmas 4
and 5. Thus I 1 v3(b).

Let d be odd. Then o > 1, whence (ag, a1, 2, a3) # (0,0,0,0). We take
(g, 1,00, 3) = (,0,1,0), in the other cases the proof is similar. We apply
Lemma 3 to the equation

240X} + AsXL = 2n+ (n+3d) = 3(n +d) = 34, X!

to get o < 2. As clearly o > 2, thus v,(b) = 3 and part (ii) is proved.
(iii): Let k = 5and P(b) < 5. Then we have
(Oéo, aq, (i, 03, O[4) € {(07 Oa 07 Oa 0)7 (O[, 07 15 07 2)7 (25 07 15 07 O[),
(]‘3 O’ a? 0’ 1)’ (07 a’ 0’ 17 0)7 (0, 17 0, a? 0)}'
Suppose (ag, a1, ap, a3,a4) = (0,0,0,0,0). Then we argue as in the case k = 4 to
see that I { v5(b). In the next two possibilities, we observe that > 2. On the other
hand, applying Lemma 3 to the equations obtained from the equalities

2n+ (n+3d) =3(n+d)and (n+d) +2(n+4d) = 3(n+ 3d)

we get a < 2, a contradiction. For the last three quintuples we apply Lemma 3 to the
equations obtained from

(n+id)+(n+ (G +2)d) =2(n+(G+1)d),i=1,0,2,

respectively, to find a < 2. Asav > 2, we get 1/,(b) = 3 or 4.
Further, if 3; = 0 fori = 0, ..., 4, then by part (ii) of the theorem, (2.1) has no
solution with k = 5. Thus v3(b) > 0, and (iii) is also proved. [ |
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Proof of Theorem 9 Suppose that (2.1) holds. Since k = 4 or 5, we can modify
(3.2) sothatn +id = Ain and

A; = 712%3% with 7; = £1, X; > 0, ged(X;,6) = 1fori =0,1,...,k— 1.

Further, we have gcd (X;, X;) = 1 whenever i # j.
Assume first that k = 4. Let « = max(ap, a1, s, @r3), and observe that &« = 0 or
« > 2. Moreover, we have

(CY(), ayp, o, CY3) S {(07 0707 0)7 (Oé, 07 17 0)7 (1707 Oé,O), (07 «, 07 1)7 (Oa 1703 Oé)}

Let ] = 3. Suppose first that (5y, 51, B2, B5) = (0,0, 0,0). Then we may apply part
(i) of Theorem 8 to the first three factors of the left hand side of (2.1) to prove that
there is no solution in this case. Thus we may assume that

(ﬂovﬂhﬂz,@) € {(1,030,5)3 (6,070, 1); (O,ﬂ,0,0), (anvﬂao)}

with 3 > 1.
Using one of the equalities

AoXp + ArXs = 241X, ALX; + AsX3 = 2A,X3,
or
2A40X; + A3X3 = 3A1X;,  AoXp +243X; = 3A,X;,

we can reduce each of the 20 cases arising to one of the cubic equations in Lemma 6.
Hence by this lemma, we get all the solutions listed in the theorem in this case.

Let ] = 4. If 4 | §3; for some i and 3; = 0 for each j # i, then we may use again
part (i) of Theorem 8 to conclude that there is no solution. There remains the case

(Bo, 51, B2, B5) = (Bo, 0,0, B5) with positive Sy, 55 such that 4 | (5, + 35). Further,
we have 3 1 d. In what follows, we assume that Gy = 4t — 1 (+ € N), 85 = 1. In the
opposite case Fy = 1, §3 = 4t — 1 (t € N), we can argue in a similar way.
When
(Olo, ay, O, 0[3) € {(07 0; 07 0), (1a 07 Q, 0)7 (aa 07 1; O)}v

by using the relation 240X; + A3 X3 = 3A,X{, we get the equations
2(.’:2t_1X§)2 = 1o X} — o7 X5,
4(32t_1X§)2 = 7on X} — o7 X;5,
2”+1(32t_1X§)2 = 1o X — 17 X3,

respectively, which are all impossible by Lemma 7.
In case of (v, v, vz, at3) = (0, v, 0, 1) we apply AgXg+2A3X5 = 3A,X; to obtain

103" 72Xg + T34X5 = 1 X5,
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which by 2t X; (i = 0, 1, 2, 3) leads to a contradiction mod 16.
Finally, suppose that (Oéo, Qap, 0, 013) = (07 1, 07 O[). We have (Ao,Al,A27A3) =
(7'034t71, 7'12, T2, T32a3). By 2AOX3 + A3X§ = 3A1X?, we get

7034 X + 207X = X

As 2 1 X, the equation mod 16 gives v = 4. However, the relation AgXj + 24;X3 =
3A,X; yields
7'034t72Xg + 7'332)(;1 = ’Tng,

which is impossible mod 16.

Now we take k = 5. If | = 3 then we may apply the statement proved above for
k = 4 to the first four factors of the left hand side of (2.1) and the assertion follows.
When [ = 4, the problem can be reduced to the case k = 4 by considering the first
or last four factors of the left hand side of (2.1), according as 3 | n or 3 { n. Then the
statement immediately follows from the result just proved above for k = 4. ]

Proof of Theorem 10 Suppose first that v,(d) < 4and 2 < k < 18. Write d; =
2" d, with d, odd. Hence d = Zh”hldlz; put by = h + Ih;. By Lemma 8, there exist i, j
with 0 < i < j < ksuch that (3.1) and (3.3) hold. Further, if pﬂ divides x; and x; for
some prime p and integer 3 > 0, then p” | (j — i)d implying p* | (j — i). Hence
pﬂl <17givingp =2, =1,1=3;p =2,8 = 1,1 = 4. Thus we have

72K — 1i2%x] = 2°d = 2" d.

Now we write 2%x! = 2fizl and 2‘”J’x§ = 2”2; with z; and z; odd. Then by the
preceding observation we see that gcd(z;, z;) = 1. Also

O+ho 4l t: 1 ti 1
270 dy = 1,2z — 12z,

Since d;, z;, z; are all odd, it follows that exactly two among d + hy, t;, t; are equal, and
the third is greater than the others. Suppose t; = ¢;. Then

Otho—t; 31 __ 1 1
2 0 dz = T]Z] — Ti%;.

Hence by Lemma 2 we have d, = z; = z; = 1, givingd = 2M S+hy—t; = 1,n+id =
7','25+h“71, n+ ]d — 7.]_26+h071'

Suppose dis even. Thenn +id = 7;, n+ jd = 7jand 0 + hy = 1. Hence hy = 1
givingd = 2, n+2i = —1,n+2j = 1. Itis easy to check that the only solution
to (2.1) is given by k = 2 and (n,d, b, y) = (—1,2,—1,1). Suppose d is odd. Then
hy =0givingd = land§ —t; = L,n+i = 7,2°"", n+ j = 7;2°° 1. Using § < 4,
we get for k = 2 the solutions as (n,d, b, y) = (—2,1,2,1) and (1, 1,2, 1), and for
k > 3 we check that there exists a prime p > 2 with p || II(n, 1, k). Hence equation
(2.1) does not hold if k > 3. The argument for the cases § + hy = t; or § + hy = t; is
similar.

Now let v,(d) > 4 and 2 < k < 30, and suppose that [ is divisible by a prime > 3.
Then by (3.4) we have

zj§ — Tixh = 293°d or 225°d.

We apply Lemma 3 to see that (2.1) has no solution in this case. ]
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5 Proofs of Theorems 1-5

Proof of Theorem 1 Let k = 4,5. When I = 2, the assertion is the result of Euler
for k = 4 and of Oblath for k = 5. We observe from (1.1) that whenever I > 3, we
may assume / to be a prime. The assertion for any prime [ > 5 follows from Theorem
8 and for I = 3 from Theorem 9. Hence the theorem follows for any [ > 2. |

Proof of Theorem 2 (i) Let k = 4. Suppose (1.1) holds with I > 3 and P(b) < 2.
From part (ii) of Theorem 8, we find that 8 || IT whenever [ has a prime factor > 3.
For I = 3,4 we apply Theorem 9 to see that (1.1) cannot hold with P(b) < 2. Hence
the statement follows.

(ii) Let k = 5. We apply part (iii) of Theorem 8 for I > 5 and Theorem 9 for I = 3,4
to obtain the assertion. ]

Proof of Theorem 3 Suppose 2 < k < 18,1 > 3 with gcd(/, k) = 1 and equation
(1.2) holds. Then (1.3) is valid. Further, from the second equality of (1.3) it follows
thatd = ZhdI1 (h > 0) since ged(l, k) = 1. By Theorem 10 we get that (1.2) has only
the solutions

(xu Z,Oé) = (_1/27 1/271_ 2)7 (_27 17 1)7 (17 17 1)7
and the theorem is proved. u

Proof of Theorem4 Assume (1.2) with &« = 0. Hence (1.3) is valid with 3 =
v = 0. By Theorem 3, we need to consider only the cases k = | = 3,4,5 and
k = 2,1 = 4. For k = | = 3, using part (i) of Theorem 8 we get (n,d) €
{(—4,3),(—2,3)}, which gives x = —4/3,—2/3. By part (ii) of Theorem 9 and
part (iii) of Theorem 8 we can exclude the possibilities k = | = 4and k =1 = 5,
respectively. Finally, let k = 2,1 = 4. Then by (1.3) and (3.1) we get

ﬂllel - ﬂoXé = ‘1/27

with apa; = +1. However, by using Lemma 7 one can easily see that there is no
solution in this case. u

Proof of Theorem 5 Assume (1.2) with « > 0. Then (1.3) is valid. By Theorem 3
we get all solutions for k = 2, ] > 3 prime, and we need to consider only k = | =
3,4,5and k = 2,1 = 8. Using part (i) of Theorem 8 we get that there is no solution
withk =1 = 3. Fork =1=4and k = | = 5 by part (ii) of Theorem 9 and part (iii)
of Theorem 8, respectively, we get that the former case is excluded while in the latter
case o = 3, 4.

Finally, suppose that k = 2 and I = 8. Now (1.3) yields that n = +2%x} and
n+d= :tzﬁlx‘l* with (o, £1) = (6,0) or (0,3), x0,x1 > 0 and ged(xg,x1) = 1.
Moreover, - is even, and v* = 27/24. Thus we obtain the equation

+20xd 42772 = 42514t
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By Lemma 2 we get xop = x; = v = 1, whenced = land n = 1 orn = —2. Thus
we obtain the solutions (x, z, ) = (1, 1, 1), (=2, 1, 1) which were already found, and
the theorem follows. [ ]

6 Proofs of Theorems 6 and 7

Proof of Theorem 6 Since k and [ are fixed and the a; in (3.1) are I-th power free
with P(a;) < k, the coefficients a; may assume only finitely many values. Fix a; for
i=0,....,k— 1

We take j consecutive terms from the product II(n, d, k) in (1.1), say n + id, n +
i+1)d,....n+({+j—Ddwithi =0, j =kifk=30r4,andi >0, j =5if
k > 5. It follows from (3.1) and

(n+id)+(n+(G+2)d) =2n+G+1)d)

that
(6.1) Qapixin) = ai) (aixd + aiaxl,).
Further, if k > 4, then we get similarly
(6.2) (2ai3xi3) = (2ai43)" " (—aixt + 3a;,0xL,,),
and if kK > 5, then
(6.3) (@i14%10)) = (aisa) " (—aixd + 2a;0%0,).
Denote by F; (xi, Xi12), Fa(xi, Xiv2), F3(Xi, xi42) the right-hand side of (6.1), (6.2) and
(6.3), respectively.

By assumption, gcd(n, d) = 1. Hence it is easy to see that gcd(n+id, n+ (i+2)d) |
2, which implies that ged (x;, xi32) = 1.

First consider the case when k > 5. Then, by assumption k + I > 6, hence we get
I > 2. Multiplying the equations (6.1) to (6.3) and putting

3
F(xi,xi12) = | [ Fi(xi, xi02),
t=1

we arrive at the equation
I
(6.4) F(xi, xiv2) = 2
with z = 4a,114i43di+4Xi11Xi43%i+4. Here F is a homogeneous polynomial in x;, X;,
with integral coefficients and with 3] > 6 pairwise linearly independent linear factors

over Q). Hence by [2, Theorem 1] we see that x;, xi42, z, and hence also x;11, Xit3,
Xi+a may assume only finitely many integral values. Since this is true for any five

https://doi.org/10.4153/CMB-2004-037-1 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-2004-037-1

386 K. Gy6ry, L. Hajdu and N. Saradha

consecutive terms in the product I1(#n, d, k), we see that all x; with 0 < i < k assume
only finitely many values. Thus n, d are bounded, and so b, y are also bounded.

Next assume that k = 4. Then, by assumption, I > 3. In this case (6.1) and (6.2)
imply (6.4) with the choice i = 0,

2
F(xg,%) = HFt(xO,xz) and z = 4a,a3x,x3.

t=1

Then Theorem 1 of [2] applies again to (6.4) and proves our theorem.
Finally, if k = 3 and | > 4, then we can take in (6.4) F(xo,x;) = Fi(xo,x,) and
z = 2a;x; and the assertion follows in the same way as before. [ |

Proof of Theorem 7 We denote by ¢, ..., cs explicitly computable absolute con-
stants. We assume (1.1) withd > 1,k > 3 and ] > 4. We take (n,d. k) # (2,7, 3).
Then by a theorem of Shorey and Tijdeman [24], P(II) > k, whence P(y) > k.
By a result of Shorey [22], the abc-conjecture implies that k < ¢;. We fix k with
3<k<c¢.For0<i<j<k—1,wehave

G—i)n+(k—-1Dd)+(k—1—j)n+id)=(k—1—1)(n+ jd).

It is easy to see that the greatest common divisor of these three terms is at most k2.
Now we use (3.1) in the above equality and divide by the greatest common divisor to
get

(6.5) ek,lxi_l + eixf = ejxﬂ-,

where e;_1, e;, ej are coprime positive integers composed only of primes not exceed-
ing k. Since P(y) > k, at least one of the numbers xo, . . ., xx—_1, say X;, has a prime
factor greater than k. Put X = max(xx_1, x;, x;). We now apply the abc-conjecture to
(6.5) with e = 1/4 to get

<a(T10)"( 11 #)

p<k Plxk—1Xix;

5/4 < c3X3'5/4.

Thus
1-3.
X737 <.

As X > land ] > 4, we obtain I < ¢; whence X! < ¢5. This means that in (6.5)
xt_,, x and x; can assume only finitely many values. We fix such possible values

of xiil, xf and x;. Then (6.5) becomes an S-unit equation for the set of primes
S = {p | p < k}, which equation has only finitely many solutions in e;_,, ¢;, ej,
moreover max(e;_1, e, ej) < ¢ (cf. [7]). Consequently,

n+(k—1)d=a_1x, | <Ke_1xi_ | <¢.

Thus #,d, b, y are all bounded by c. ]
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Remark In the above proof we used an effective version of the abc-conjecture, when
¢, is explicitly computable. For [ > 7, we could also use the weak abc-conjecture with
€ = 1land c,=1.
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