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Abstract. Bochvar algebras consist of the quasivariety BCA playing the role of equivalent
algebraic semantics for Bochvar (external) logic, a logical formalism introduced by Bochvar [4]
in the realm of (weak) Kleene logics. In this paper, we provide an algebraic investigation of the
structure of Bochvar algebras. In particular, we prove a representation theorem based on Ptonka
sums and investigate the lattice of subquasivarieties, showing that Bochvar (external) logic has
only one proper extension (apart from classical logic), algebraized by the subquasivariety NBCA
of BCA. Furthermore, we address the problem of (passive) structural completeness ((P)SC) for
each of them, showing that NBCA is SC, while BCA is not even PSC. Finally, we prove that both
BCA and NBCA enjoy the amalgamation property (AP).

§1. Introduction. The recent years have seen a renaissance of interests and studies
around weak Kleene logics, logical formalisms that were considered, in the past, not
particularly attractive in the panorama of three-valued logics, due to reputed “odd”
behavior of the third-value. The late (re)discovery of weak Kleene logic regards, almost
exclusively, internal rather than external logics: the latter, in essence, consisting of
linguistic expansions of the former. More precisely, here, for external Kleene logics we
understand the external version of Bochvar logic (introduced by Bochvar himself [4])
and of Paraconsistent weak Kleene logic (introduced by Segerberg [35]).

The idea of considering the external connectives, thus enriching the (internal) logical
vocabulary, is originally due to Russian logician D. Bochvar [4]. His aim was, from the
one side, to adopt a non-classical base to get rid of set-theoretic and semantic paradoxes
(by interpreting them to !/2) and, from the other, to preserve the expressiveness of
classical logic. Although his attempt failed in reaching the former purpose (as it can
be shown that paradoxes resurface [37]). the work of Bochvar has left us with a
logic extremely rich in expressivity and whose potential has yet to be discovered and
applied in its full capacity. Indeed, external weak Kleene logics have the advantage of
limiting the infectious behavior of the third value—the feature making them apparently
little attractive—which is confined to internal formulas only, and to recover all the
consequences of classical logic in the purely external part of the language (this holding
true for Bochvar external logic only). We believe that these features may turn out to
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be very useful in computer science and Al, providing new tools for modeling errors,
concurrence, and debugging.

From a mathematical viewpoint, internal weak Kleene logics show quite a weak
connection with respect to their algebraic counterparts, as they are examples of the
so-called non-protoalgebraic logics. On the other hand, a recent work [6] has shown
that Bochvar external logic is algebraizable with the quasivariety of Bochvar algebras
(introduced in [17]) as its equivalent algebraic semantics. This observation gives a
justified starting point for a deeper, intertwined, investigation of Bochvar external
logic and Bochvar algebras, which is the main scope of the present work.

The flourishing trend of algebraic research around weak Kleene logics has strongly
connected them with the algebraic theory of Ptonka sums (see, e.g., [9]). Recently, the
tools offered by Plonka sums have fruitfully been extended to the structural analysis of
residuated structures, establishing a natural connection with substructural logics (see
[19, 22]). In line with this trend. we will further extend the application of the method.
Not surprisingly, since Bochvar external logic is a linguistic expansion of Bochvar
logic, we will show that the construction of the Ptonka sum will play an important role
in characterizing the structure of Bochvar algebras.

The paper is organized into five sections: in Section 2, we present Bochvar external
logic as the logic induced by a single matrix, and we recall the axiomatization due to
Finn and Grigolia. In Section 3, we first introduce the quasivariety of Bochvar algebras
and prove some basic facts, including that any Bochvar algebra has an involutive
bisemilattice reduct. We then proceed by describing the structure of Bochvar algebras:
the main result is a representation theorem in terms of Plonka sums of Boolean algebras
plus some additional operations. Section 4 is concerned with the study of the lattice of
subquasivarieties of the quasivariety of Bochvar algebras, which is dually isomorphic
to the lattice of extension of Bochvar external logic. We show that there are only
three nontrivial quasivarieties of Bochvar algebras and we address the problem of
(passive) structural completeness for each of them. Finally, in Section 5, we show that
every quasivariety of Bochvar algebras has the amalgamation property. We conclude
the paper with Appendix A, where we provide a new (quasi)equational basis for the
quasivariety of Bochvar algebras. The proposed axiomatization significantly simplifies
the traditional one introduced by Finn and Grigolia [17].

§2. Bochvar external logic. Kleene’s three-valued logics—introduced by Kleene in
his Introduction to Metamathematics [23]—are traditionally divided into two families,
depending on the meaning given to the connectives: strong Kleene logics—counting
strong Kleene and the logic of paradox—and weak Kleene logics, namely Bochvar logic
[4] and paraconsistent weak Kleene logic (sometimes referred to as Hallden’s logic[21]).
Kleene logics are traditionally defined over the (algebraic) language of classical logic.
However, the intent of one of the first developers of these formalisms, D. Bochvar,
was to work within an enriched language allowing to express all classical “two-valued”
formulas—which he referred to as external formulas—beside the genuinely “three-
valued” ones.

The result of this choice is the language L£: (-, V.A.J,.J,.J,.0.1) (of type
(1,2,2.1,1,1,0.0)). which is obtained by enriching the classical language by three
unary connectives J,.J,.J, (and the constants 0, 1). The language £ can be referred
to as external language, in contrast with the traditional language upon which Kleene
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Figure 1. The algebra WK°®.

logics are defined. Let Fm refer to the formula algebra over the language £, and to Fm
as its universe.

The intended algebraic interpretation of the language £ is traditionally given via the
three-elements algebra WK® = ({0, 1, 1/2}, -, V, A, J,.J,.J,.0.1) displayed in Figure 1.

The value 1/2 is traditionally read as “meaningless” (see, e.g., [15, 36]) due to its
infectious behavior. It is immediate to check that the VV, A-reduct of WK is not a lattice
(it is an involutive bisemilattice), as it fails to satisfy absorption, hence the operations
v and A induce two (different) partial orders. In the following, we will refer to < as
the one induced by V (i.e., x < y iff x V y = y). With reference to such order, it holds
0<1<l1fa

The language £ allows to define the so-called external formulas (see Definition 2.3),
namely those that are evaluated into {0, 1} only (which is the universe of a Boolean
subalgebra of WKF), for any homomorphism /: Fm — WK°® (J, ¢. for any ¢ € Fm
and k € {0, 1,2}, are examples of external formulas).

DEFINITION 2.1. Bochvar external logic B is the logic induced by the matrix (WK®, {1}).

In words, B® is the logic with the only distinguished value 1. B is a linguistic
expansion of Bochvar logic B, which is defined by the matrix (WK, {1}), where WK
is the J, -free reduct of WK®. Since B® is defined by a finite set of finite matrices, it is
a finitary logic, in the sense that I -ge o entails A e ¢ for some finite A C T (the
relation among B° and other three-valued logics can be found in [12]).

The following technicalities are needed to introduce a Hilbert-style axiomatization
of B°.

DEFINITION 2.2. An occurrence of a variable x in a formula ¢ is open if it does not fall
under the scope of J, . for every k € {0.1.2}. A variable X in ¢ is covered if all of its
occurrences are not open, namely if every occurrence of X in @ falls under the scope of
J,. for some k € {0.1.2}.

The intuition behind the notion of external formulas is made precise by the following.

DEFINITION 2.3. A formula ¢ € Fm is called external if all its variables are covered.

! The different choice (on the same formula algebra) of the truth set {1, 1/2} defines the logic
Hj studied by Segerberg [35].
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A Hilbert-style axiomatization of B® has been introduced by Finn and Grigolia [17].
In order to present it, let

2
p=y = /\Jl,go < Jw.
i=0
and a, f, y denote external formulas.
Axioms
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Observe that the axiomatization contains a set of axioms (A19-A29), which, together
with the rule of modus ponens, yields a complete axiomatization for classical logic
(relative to external formulas).

The fact that B® coincides with the logic induced by the above introduced Hilbert-
style axiomatization has been proved in [6] (Finn and Grigolia [17, theorem 3.4] only
proved a weak completeness theorem for B®). We will henceforth indicate by (Fm, ge)
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both the consequence relation induced by the matrix (WK°®, {1}) and the one induced
by the above Hilbert-style axiomatization.

The logic B is algebraizable with the quasivariety of Bochvar algebras (BCA)—
which will be properly introduced in the next section—as its equivalent algebraic
semantics. This means that there exists maps t: Fm — P(Eq), p: Eq — P(Fm) from
formulas to sets of equations and from equations to sets of formulas such that

Voo Pn FBe @ <= T(01), ... T(yn) Faea ()

and

o~y JFgca (0 = ).

The above conditions are verified by setting t(¢) = {x = 1} and p(p = y) ==
{¢o = w} (see [6] for details). Moreover, Bochvar external logic enjoys the (global)
deduction theorem, which we recall here.

THEOREM 2.4 (Deduction Theorem). I,y e @ if and only if T Fge J,y — J,

§3. Bochvar algebras and Plonka sums. We assume the reader has some familiarity
with universal algebra and abstract algebraic logic (standard references are [3, 10] and
[18]. respectively). In what follows, given a class of algebras K, the usual class-operator
symbols 7(K), S(K), H(K), P(K), P,(K) denote the closure of K under isomorphic
copies, subalgebras, homomorphic images, products, and ultraproducts. A class of
similar algebras K is a quasivariety if K = ISPP,(K). It is a variety if is also closed
under homomorphic images or, equivalently, if K = HSP(K).

The class of Bochvar algebras, BCA for short, is introduced by Finn and Grigolia
[17. pp. 233-234] as the algebraic counterpart for B°.

DEFINITION 3.1. A Bochvar algebra A = (A.V,N\.—.J,.J,.J,.0.1) is an algebra of type
(2,2,1,1,1,1,0,0) satisfying the following identities and quasi-identities:

(1) pVe=e:

(2) eVy=yVe:

(3) (pVvy)VvomeV(yVi):

4) oAy VI)=(pAy)V(pAd):

(5) (=) = ¢:

(6) —1=0:;

(7) (e Vy)=-pA-y:

(8) OVe=e:

9) JJAga ~ J, . for every k € {0.1,2}:

(10) J,J, o = ~J, . forevery k € {0.1,2}:

(11) J,J, ¢ ~Oforeveryk €{0.1,2};

(12) J, (-wp) ~ 7kgo4for everyk € {0,1,2};
(13)J<P~—'(J Jop) fori# j#Fk #i

(14) kgo\/ﬁJ P~ 1 foreveryke{O 1,2}

(15) (Lo VI, o) N p = Jp. forik e{0.1.2};

(16) go\/ Ago ~ @, fork € {1,2};

(17) Jo(sovw) Jop NIy

(18) (@ V) = (Lo ALw) V (Lo NT,=w) V (J,=p AJ,p):
(19) Jyo=Jw&Jo=Jy&lo=ly = p=y.
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BCA forms a quasivariety which is not a variety [16. 17]. and it is generated by WK°®,
i.e., BCA = ISP(WK?®). This is true in virtue of [13, theorem 3.2.2], upon noticing
that BCA algebraizes the logic B, which is defined by the single matrix (WK®, {1}).
The fact that WK® generates BCA was firstly stated by Finn and Grigolia [16, 17].
Familiar examples of Bochvar algebras can be obtained by appropriately computing
the external functions over a Boolean algebra, as indicates the following example.

EXAMPLE 3.2. Let A be a (non-trivial) Boolean algebra. Setting the functions
JiA— A withk €{0.1,2} as J, = id, J, = 0 (the constant function onto 0) and
J,=.then A = (A.N\.V.—.0.1.J,.J,.J,) is a Bochvar algebra.

227170

For this reason, by B, we will safely denote both the n-elements Boolean algebra
and its BCA expansion obtained according to Example 3.2. Since WK® generates BCA,
a quasi-equation holds in WK° if and only if it holds in every A € BCA.

The original quasi-equational basis for BCA, as provided in Definition 3.1, can
be significantly enhanced by reducing the number of axioms and improving their
intelligibility.” It is known that the operations J,.J, can be defined as J,—¢ and
—(J,¢ V J,~¢p). respectively. Thus, Bochvar algebras can be equivalently presented in
the restricted language (V.A,—.J,.0.1). and this is particularly convenient for our
next goal, namely to provide a new, simpler quasi-equational basis for BCA. This is
accomplished in the next theorem.

THEOREM 3.3. The following is a quasi-equational basis for BCA.

() ¢Ve=e:

) eV =yVe:

) (pVy)Vé=epV(yVé)

) oAy Vi) =(pAy)V(pAd):
) (=) = @:

) =1 =0;

) e V)= - Aoy

) 0V =op:

) o = de

0) o = ~(Jyp VI p):

1) LoV -Jp=1;

2) (e V)= (Lo ANLy)V (Lo AN,=y)V (J,— AJ,p):

) JemJyw &=Ly = o=y,

where J o = J,—p and J, o = —(J,¢ V J,p).

The proof of the above Theorem 3.3 requires a significant amount of computations,
which are included in the Appendix. Notice that, although J.J, are definable from
the remaining operations of BCA, a detailed investigation of the semantic properties
of the full language significantly improve the logical and algebraic understanding of
BCA: this is why in several subsequent parts of the paper we will explicitly refer to the
full stock of operations.

We now introduce the variety of involutive bisemilattices, which plays a key role to
understand the structure theory of Bochvar algebras.

2 We thank an anonymous referee for pointing this out.

https://doi.org/10.1017/5175502032400008X Published online by Cambridge University Press


https://doi.org/10.1017/S175502032400008X

ON THE STRUCTURE OF BOCHVAR ALGEBRAS 279

DEFINITION 3.4. An involutive bisemilattice is an algebra B = (B, A\, V,—,0,1) of type
(2,2,1,0,0) satisfying:

I1. o Vp = p;

2. pVy =wVoyp;

1B. oV (p Vo) = (p V) V:
4. ——¢p = p;

I5. p Ay = =(=p V oy

16. p A(mp V) = ¢ Ay:
I7. 0V p = ¢;

18. 1 = 0.

The class of involutive bisemilattices forms a variety, which we denote by IBSL.
IBSL is the so-called regularization of the variety of Boolean algebras: this is the
variety satisfying all and only the regular identities that hold in Boolean algebras,
namely those identities where exactly the same variables occur on both sides of the
equality symbol. The variety IBSL is generated by the three element algebra WK,
ie. IBSL = HSP(WK) (see [9, chap. 2]. [7. 29]). It is not a direct consequence of
Definition 3.1 (nor of Theorem 3.3) that the J . -free reduct of any Bochvar algebra is an
involutive bisemilattice: indeed Definition 3.1 implies that such reduct is a De Morgan
bisemilattice (the regularization of de Morgan algebras). However, it is immediate to
check that the identity 16 in Definition 3.4 holds in any Bochvar algebra, as it does in
WK°. Although being the variety generated by the matrix that defines B, IBSL is not its
algebraic counterpart, which rather consists of the proper quasivariety generated by
WK. This quasivariety is called single-fixpoint involutive bisemilattices, SIBSL for short.?
as its members are precisely the involutive bisemilattices with at most one fixpoint for
negation, namely those containing at most one element a such that ¢ = —a.

The examples of Bochvar algebras we have made so far (WK® and any Boolean
algebra) consist of algebras having an SIBSL-reduct; this is actually true for any
Bochvar algebra.

PrOPOSITION 3.5. Every Bochvar algebra has a SIBSL-reduct.

Proof. Tt suffices to check that every valid SIBSL-quasi-equation is also valid in BCA.
To see this, let y be a quasi-equation in the language of WK. We have that
SIBSLF y <—
WKE y <—
WK E y —
BCAE y.

The first equivalence holds because WK generates SIBSL, the second one because WK
is the (JO, J,. J2>—free reduct of WK® and the last one because WK® generates BCA. [

Clearly, since SIBSL C IBSL, every Bochvar algebra has an IBSL-reduct. Although
this fact, it is not the case that any (single-fixpoint) involutive bisemilattice can be
turned into a Bochvar algebra: the reasons will be clear in the last part of the section.

3 This quasivariety is firstly investigated in [7], and [26] contains information on its constant-
free formulation.
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The fact that the J, -free reduct of every Bochvar algebra is an involutive bisemilattice
(Proposition 3.5) carries to the relevant observation that any such reduct can be
represented as a Plonka sum of Boolean algebras [7]. Plonka sums are general
constructions introduced by the polish mathematician J. Ptonka [27, 28, 30] (more
comprehensive expositions are [9, chap. 2], [31. 33])—and now going under his name.
In brief, the construction consists of “summing up” similar algebras, organized into a
semilattice direct system and connected via homomorphisms, into a new algebra. In
more details, the (semilattice direct) system is formed by a family of similar algebras
{A;}icr with disjoint universes, such that the index set 7 forms a lower-bounded
semilattice (I, V,ip)—we denote by < the induced partial order—and, moreover, is
made of a family {p;; };<; of homomorphisms p;;: A; — A;. defined from the algebra
A; to the algebra A;. whenever i < j, for i, j € I. Such homomorphisms satisfy a
further compatibility property: p;; is the identity, for every i € I and pj o pi; = pix.
foreveryi < j <k.

Given a semilattice direct system of algebras ({A;}ics. (L V.ip).{pij}i<;). the
Plonka sum over it is the new algebra A = P;(A;);c; (of the same similarity type
of the algebras {A;};c;) whose universe is the union 4 = U A; and whose generic

iel
n-ary operation g is defined as

giar.....ay) = g™ (pir(ar). ... pii(an)). (1)

where k =i; V- Vi, and a; € 4;,....,a, € A
constant operation e, then e? = e*o. The algebras {A;};c; are called the fibers
of the Plonka sum. A fiber A; is trivial if its universe is a singleton. As already
stated above, an element a is a fixpoint when a = —a. Equivalently, using the
Plonka sum representation, a fixpoint can be understood as the universe of a trivial
fiber.

With this terminology at hand, a remarkable result states that any member of
the variety IBSL of involutive bisemilattices is isomorphic to the Plonka sum over
a semilattice direct system of Boolean algebras (see [7. 9]). In a Ptonka sum of Boolean
algebras A = P;(A,);cs. a key role is played by the absorption function ¢ A (¢ V ). in
the following sense. Given a, b € A, itis possible to check that a, b € A; forsomei € [
if and only if a A(aVh) =a and b A (bV a) =b. Moreover, if a € A; and i < j,
it holds p;;(a) =a A (a Vv b), for any b € A4;. In the light of the above observations,
given a Bochvar algebra A we will denote by Pj(A;);c; the Plonka decomposition of
its IBSL-reduct.

It shall be clear to the reader that a Bochvar algebra can not be represented as a
Ptonka sum (of some class of algebras) in the usual sense (recalled above). The reason
is that the operations J, . forany k € {0. 1, 2}, are not computed according to condition
(1). Indeed. if P/(A;);c; is a Plonka sumand a € A;, Axiom (11) entails that Jya € A4,
(with iy the least element of the index set ), while condition (1) requires that Jya € A4;.
Nonetheless, the fact that any Bochvar algebra has an IBSL-reduct (Proposition 3)
suggests that Ptonka sums are good candidates to provide a representation theorem.
Indeed we will rely on the Plonka sum representation of the IBSL-reduct of a Bochvar
algebra to “reconstruct” the additional operations J, and provide a (unique) Ptonka
sum decomposition for any Bochvar algebra. We begin by studying the behavior of the
maps J, with respect to the IBSL-reduct of a Bochvar algebra.

If the similarity type contains any

in*
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LEMMA 3.6. Let A be a (non-trivial) Bochvar algebra and Pi(A;);c; be the Plonka
decomposition of the |1BSL-reduct of A, having iy as the least element in 1. Then:

Ajy .
(1) J, ™ is the constant map onto 0;
A .
(2) J,° =id;

(3) J(?ioa = —a. for any a € Aj,.
Proof. 1t suffices to notice that (1) holds if and only if
BCAE g A0~ 0= J,p~0

and this quasi-equation clearly holds in WK®. The same applies to (2). (3) with respect
to the quasi-equations p AO= 0= J,p=p. p A0 0= J o~ -p. O

Observe that, when one takes into account the whole algebra A, J, in general does
not coincide with the constant function 0, as in WK it holds J| 10=1.
The next result summarizes the key features of the operation J,.

LemMMA 3.7. The following hold for every A € BCA (with Pi(A;)ier the Plonka
decomposition of its |BSL-reduct).

(1) ifa.b € A;. for somei € I, then J a = J,b:
(2) ifa € Aj, then J,a = 0:

(3) ifa = —a then J,a = 1:

(4) piyi(J,a) =a N—a. foreverya € A; andi € I.

Proof. (1). Foreverya,b € Aj,aN(aVvb)=aandb A (bVa)=a. Since
WK EoA(pVy)=p&y Ny Ve)=y=Jp=Jy,

it follows J,a = J| b.
(2). Follows from (1) in Lemma 3.6.
(3). Holds because WK® F ¢ =~ —p = J,p =~ .
(4). For a € A;. it holds p;,;(J,a) = J,a A (J,a V a) and observe that

WK EJ oA (JoVe)=pAp.
so pii(Jia) =JaN(JaVa)=aA-a. O

REMARK 3.8. It follows from Lemma 3.7 that, for every a,b € A; (for some i € I),
i.e.. a.b are elements in the sume fiber of the Plonka sum. J a = J b, thus. in particular.
Javb)=JavJb=Jan]b=J(aNb).

As a notational convention, let us denote by 1; and 0; the top and the bottom
elements, respectively, of a generic fiber A; in a Plonka sum of Boolean algebras.

LemMMA 3.9. Let A be a Bochvar algebra with Pi(A;);cr the Plonka decomposition of
its IBSL-reduct. Then:

(1) Pi(A))ier has surjective homomorphisms:

(2) for every i # iy. pi, is not injective:

(3) foreverya € Aandeveryi € I (witha € A;).J,a € pa)li(a)andjoa € plfoll.(—‘a);
(4) foreverya.b € A;. J,(aVb)=J,aVvJb.
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Proof. Clearly WK®E J o A (J,o Vo) =@, and WK E J o A(Jjp V)= —p,
so. for a € A;. piyi(J,a) =J,aN(J,aVa)=a and p;;(J,a) = —a. This proves
(3) and that p,; is surjective, for every i € I. Let now i < j. Since p;,; = pij ©
Piyi is surjective, also p;; is surjective. This shows that P;(A;);c; has surjective
homomorphisms (1). (4) holds as it is equivalent to the quasi-equation

pA V) =p&y Ny Ve)=y=J@Vy)=leVy.

which is true in WK°,

(2) Suppose. by contradiction, that there is j € I such that j # iy and p; ; is an
injective homomorphism. Thus, by Lemma 3.7 and the fact that J,(p A =) =~ 0 is
true in WK°, it holds J,0; = 0 and J,0; = 0. Moreover, by (12), J,0;, = 1. hence
J.0=J.0;. for every i € {0.1,2}. Therefore, by the quasi-equation (13), 0 =0;. a
contradiction. O

REMARK 3.10. It follows from Lemma 3.9 that, foranyi € I. pj,; o JZAI' = idy,, namely
that J, (restricted on A;) is the right inverse of the surjective homomorphism pj;.

REMARK 3.11. Note that, in general. it does not hold that J,(¢ V y) =~ J.

Lo V Ly (the
identity is falsified in WK®).

Recall that, for any non-trivial Boolean algebra A = (4, A,V,—,0,1) andanya € A4,
one can turn the interval [0,a] = {x € 4| x < «a} into a Boolean algebra [0,a] =
([0, a], A, V., *,0, a), where x* = —x A a. We will refer to such an algebra as an interval
Boolean algebra. In the following result we show that any Boolean algebra in the Ptonka
sum representation of the IBSL-reduct of a Bochvar algebra is isomorphic to a specific
interval Boolean algebra in the lowest fiber.

PRrOPOSITION 3.12. Let A be a Bochvar algebra with Py(A;);c; the Plonka decomposi-
tion of its |BSL-reduct. Then. for everyi € I.J,: A; — [0, T]is an isomorphism onto the
interval Boolean algebra [0, T]1 = ([0, T], A, V.,* .0, T), where T = J,1;. for every i # iy.

Proof. WK® |= J,(p Aw) = J,po ANJ,y. thus J, preserves the A operation. By
Lemma 3.9(4) it also preserves VV when the arguments belong to the same fiber.
This implies that Jz(Ai) is a lattice. To see that is bounded. recall that J,0; =
0 (with 0; the bottom element of A;); moreover, let b € J,(4;). thus b = J,a.
for some a € A4;. then JaVvJ,1; =J,(aV1;)=J,1; ie. Jya <J)1; thus T =
J,1; is the top element of the lattice J, (A;). Finally, observe that, for any
a€diJ,ma=Ja=-JaN—Ja=-JaN(JaVvJa)=-JaN(JaVvJ-a)=
-Jya A (J,(aV—a)) =-J,a NJ,1; = (J,a)*. ie. J, preserves also the complemen-
tation of the interval algebra [0, T]. We have so shown that J, is a boolean
homomorphism. Moreover, J, is injective as p;,; is its left-inverse (see Remark
3.10). To see that J, is also surjective (onto [0, T]). let a € [0. T]. i.e.. a < J,1;. By
Lemma 3.6, J,a =a < J,1; hence a = J,a ANJ,1; =J,(a AN 1;) = J,(pii(a) N 1;) =
J,(piyi(a)). This concludes the proof, because p;,i(a) € 4;. O

REMARK 3.13. Since pj,; is a surjective (but not injective) homomorphism. for any
i€l (andi#iy). then A; /Ker(piyi) = A; (with Ker(pj,i # AMo for i # iy), via the
isomorphism f mapping [X]K”<Pi0z‘) > piyi(x). The proof of Proposition 3.12 shows that
J, isin fact the inverse of f.
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Combining Proposition 3.12 and Remark 3.13 we get that, for any i € I]0, T] &
Aj,/Ker(pi,i). In the following we use the interval characterization proved in
Proposition 3.12 to establish some properties that will be used in the subsequent
sections.

LeMMA 3.14. Let A be a Bochvar algebra with Py(A;);cr the Plonka decomposition of
its IBSL-reduct. Then:

(1) Ifi < j.thenJ,1; < J,1;. Inparticular. J,(A;) = [0.J,1;]1 C [0.J,1;] = J,(A;).
(2) J,(pij(a)) < J,a.foreveryi < janda € A;.

Proof. (1). If 1; < 1; then 1; A1; =1; # 1;. The following two quasi-equations
hold in WK*:

eVop <y Vo= J(wV-oy) <J,(e Vo).
Lo V-p)=J,(yV-y)=pV-ap=yVy.

From the former we have that J,1; < J,1; and, since 1; # 1;, from the latter we
conclude J,1; < J,1;. This entails J,(A;) = [0.J,1;] C [0.J,1;] = J,(A;).
(2) is equivalent to the equation J, (¢ A (¢ V w)) < J,¢. which is true in WK®. [

The following result provides necessary conditions for an SIBSL to be the reduct of
a Bochvar algebra.

THEOREM 3.15 (Plonka sum decomposition). Let A be a Bochvar algebra with Py(A;);cr
the Plonka sum representation of its |BSL-reduct. Then:

(1) All the homomorphisms { pi; }i<; are surjective and p;; is not injective for every
i # .

(2) Foreveryi € I, there exists an element a; € Ajy such that the restriction p;y; on
[0. a;] is an isomorphism (with inverse J,) onto A;. with a; # a; for every i # j:
in particular, if i < j then a; < a;.

Moreover, the decomposition is unique up to isomorphism.

Proof. Let A € BCA. By Proposition 3, the J,_-free reduct (with k € {0, 1.2}) of A is
a single-fixpoint involutive bisemilattice, thus it is isomorphic to a Plonka sum over a
semilattice direct systems ({A;};e;. (1. <). p;;) of Boolean algebras (see [7, 9]), whose
homomorphisms are surjective and p;,; is not injective (by Lemma 3.9). Moreover,
forevery i € I. J,1; is the element in A;; such that A; = [0. J,1;]. by Proposition 3.12
(which also ensures the isomorphisms are given by J, and p;,;). Lemma 3.14 ensures
that, if i < j then J,1; < J,1;. Finally, notice that J,(¢ V) = J,(y V —y) =
¢ V¢ = y V -y holds in WK®. Therefore, since i # j entails 1; # 1;, we conclude
a; = lei 75 lej =da;.

We now show that the decomposition is unique up to isomorphism, namely
that different choices of the element J,a € p,-’oli(a) (for any a € A;) on isomorphic
IBSL-reducts lead to isomorphic Bochvar algebras. Observe that the decomposition of
the IBSL-reduct of A is unique up to isomorphism (see [7. 9]). So, suppose that A and
B are Bochvar algebras whose IBSL-reducts A’, B’ are isomorphic via an isomorphism
®: A’ — B’. We claim that A = B via ®@. To this end, we want to show that ® preserves
also the operations J, , for any k € {0.1,2}. Recall from the theory of Plonka sums
that @ preserves the fibers (details can be found in [5, 8]) in the following sense: for
any fiber A; in the Plonka sum decomposition of A/, ®(A;) = B, ;). where ¢ is the
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isomorphism induced by ® on the semilattice of indexes and B, ;) is a fiber in the
Ptonka sum decomposition of B’. In particular, the following diagram commutes, for
any i € I (with a slight abuse of notation we indicate (iy) with iy as it is still a lower

bound in o (1)).
D,
A; ? Bw(i)
Piot Gige (1)
A, > By,
CDTAiO

We claim that A = Bvia @. Leta € A4;in particular, a € 4;, forsomei € /. By Lemma
39, Jra e p,-‘oll.(a) and JP®(a) € qi)lw)((l)(a)). hence, by the commutativity of the
above diagram, the fact that J, is the isomorphism between A; and A /Ker( p,-oi)
(Remark 3.13) and that @4, and Dy, are isomorphisms) follows that d)(JzAa) =

JZB<D(a). Therefore, we have that @ is a homomorphism with respect to J, (and hence
with respect of J, and gy which can be defined in term of Jz) and this shows that
A = B, namely the Plonka sum decomposition is unique up to isomorphism. O

REMARK 3.16. Observe that, as a consequence of Theorem 3.15, the Plonka sum
decomposition of a Bochvar algebra A admits no injective homomorphism (excluding the
identical homomorphisms p;;). To see this, suppose p;; is injective, for some i < j. Then
Dij is an isomorphism, as it is also a surjective map. Observe that a; = J,1; < a; = J,1;
and pj,;: [0.a;] — A; is also an isomorphism. Therefore, pioi(aj) #1; = pioi(ai) and,
by the injectivity of pi;. pij © piyia;) = pi,j(a;) # 1;. a contradiction.

We now show that the conditions displayed in the above theorem are also sufficient
to equip any SIBSL with a BCA-structure.

THEOREM 3.17. Let A = (A, A\, V.—,0,1) be an involutive bisemilattice whose Plonka
sum representation is such that:

(1) all homomorphisms are surjective and p;; is not injective for every iy # i € I:
(2) for eachi € I there exists an element a; € A;, such that p;,;: [0.a;,] — A; is an
isomorphism, with a; # a; for i # j and, in particular, a; < a; for eachi < j.

Define, for every a € A; andi € I:

o J(a)=p;i(a) €[0.a;];
o Jya=J,(—a):
o Ja=-(J,aVJ,(—a)).
Then B = (A.\.V.—.0.1.J,.J,.J,) is a Bochvar algebra.

1290
Proof. 1t is immediate to check that assumption (1) implies that A € SIBSL. Since
Pigi  [0.2;] — A; is an isomorphism (with inverse Pi L) the maps J,.J, and J, are well
defined and naturally extend to the whole algebra A. It can be mechanically checked
that B satisfies all the quasi-equations in Definition 3.1. O
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The first part of condition (2) in Theorems 3.15 and 3.17 can be replaced by the
assumption that 1/ Ker Pigi is a principal filter, for every i € I. Therefore, we obtain the
following.

COROLLARY 3.18. Let A € SIBSL be with surjective and non-injective homomorphisms.
The following are equivalent:

(1) A is the reduct of a Bochvar algebra;

(2) foreachi eI, 1/ Kerpl.ol. is a principal filter, with generator a; € A;,. Moreover,
ifi # jthena; # ajanda; < a; foreachi < j;

(3) for eachi € I there exists an element a; € A, such that p;,;: [0,a;] — A; is an
isomorphism. Moreover, if i # j then a; # a; and a; < a; for each i < j.

Proof. We just show (2) < (3). Let 1/ Ker), , be the filter generated by a;. for some
a; € Aj,. It is routine to check that p;;;: [0.a;] — A; is an isomorphism. Conversely.
assume that there is an element a; € A4;; such that p;; : [0.a;] — A; is an isomorphism.
Suppose, by contradiction, that 1/ Ker,,io,. is not principal, i.e., there is an element
b € A;, such that a; £ b and p;,;(b) = 1;. Then ¢ = b A a; is an element in [0, a;] such
that p;; (¢) = 1;, in contradiction with the fact that PDiyi 1s an isomorphism. O

We conclude this section with an example which empathizes the role of condition (2)
in Corollary 3.18 and shows an SIBSL that can not be turned into a Bochvar algebra.

EXAMPLE 3.19. Let P(Z) be the power set Boolean algebra over the integers. This
algebra is uncountable and atomic, with Z as top element. Consider now the non-principal
ideal I containing all the finite subsets of 7. Observe that P(Z)/1 is an atomless Boolean
algebra. Let A be the Plonka sum built over the two fibers P(Z), P(Z)/1 and with (the
unique non-trivial) homomorphism the canonical map p: P(Z) — P(Z)/I. Clearly A
satisfies condition (1) of Theorem 3.17 (the homomorphism p is both surjective and non-
injective hence A € SIBSL). However the filter Z.] Ker, (corresponding to the ideal I) is
not principal, as I is not. In the light of condition (2) of Corollary 3.18, A is a SIBSL
which is not the reduct of any Bochvar algebra.

The results included in the subsequent sections will strongly make use of the Plonka
sum decomposition of a Bochvar algebra provided in Theorem 3.15. In the exposition
of many results we will take for granted some of the details introduced in this section.

§4. On quasivarieties of Bochvar algebras. The logic B® is algebraizable with respect
to the quasivariety of Bochvar algebras and it is well known that there exists a dual
isomorphism between the lattice of extensions of B and the lattice of subquasivarieties
of BCA. In this section we characterize such lattices, proving that they consist of
the three-elements chain. In order to do so, we take advantage of the recent results
in [25]. therefore applying general properties of passive structurally complete (PSC)
quasivarieties. PSC is a weakened variant of structural completeness (see, among
others, [11, 14, 32, 34]), a notion defined, in its algebraic version, as follows.

DEFINITION 4.1. A quasivariety K is structurally complete (SC) if. for every quasivari-
ety K’

K €K = V(K CV(K).

https://doi.org/10.1017/5175502032400008X Published online by Cambridge University Press


https://doi.org/10.1017/S175502032400008X

286 STEFANO BONZIO AND MICHELE PRA BALDI

where V(K) = HSP(K) is the variety generated by K. Recall that a quasi-identity ¢; ~
w1 &...& p, =y, = ¢ = y is passive in a quasivariety K if, for every substitution
h: Fm — Fm, there exists an algebra A € K such that A ¥ (p;) = h(y;) for some
1 <i < n. Put differently, a quasi-identity is passive if it is equivalent to a quasi-
identity whose conclusion is x = y, where x, y are variables that do not appear in the
antecedent (see [1, sec. 4.3]) for details.* We take the following as a definition of passive
structural completeness (PSC).

DErFINITION 4.2 [38]. A quasivariety K is PSC if every passive quasi-identity over K is
valid in K.

For a quasivariety K, one of the consequences of being PSC amounts to be generated
by a single algebra, i.¢.. to be singly generated (see [25, sec. 7]). Recall that an algebra A
is a retract of B if there exist two homomorphisms z: A — B and r: B — A such that
r o 1 is the identity map on A. This forces r to be surjective and 1 to be injective: we will
call r a retraction. A is a common retract of a quasivariety K if it is a retract of every
non-trivial member of K. We denote by Res(K,A) = {B € K : A is a retract of B} the
members of K having A as a retract.

The main tool that will be instrumental for our purposes is the following.

THEOREM 4.3 [25, theorem 7.11]. Let K be a quasivariety of finite type and A € K a finite
0-generated algebra. Then Ret(K, A) is a maximal PSC subquasivariety of K.

The following summarizes the properties of the quasivariety BCA with respect to the
above introduced notions.

ProposITION 4.4. The following hold:

(i) BCA isnot PSC:;
(ii) B, is the O-generated algebra in BCA;
(iii) Ret(BCA,By) is a maximal PSC subquasivariety of BCA.

Proof. (i). The quasi-identity
Jo=l=y=l1 (NF)
is passive in BCA. Indeed, for each substitution, the antecedent J, ¢ = 1 is falsified in
every Bochvar algebra containing no trivial algebra in its Ptonka sum decomposition.
On the other hand, it is immediate to check that BCA ¥ (NF).
(ii) Is straightforward, as every Boolean algebra is also a Bochvar algebra (see

Example 3.2). and B, is the 0-generated Boolean algebra.
(iii) Follows from (ii) and Theorem 4.3. O

It is easy to check that, in BCA, (NF) is equivalent to the quasi-identity
prRop = YRI.

Since (NF) is valid in the quasivariety Ret(BCA, B,). it demands that the underlying
involutive bisemilattice of any of its non-trivial members lacks trivial fibers. A stronger
fact is established in the following lemma.

4 Passive rules were originally introduced under the name of overflow rules by Wronski in [38].

K’ is a maximal PSC subquasivariety of K when for every PSC quasivariety K", if
K' C K’ C KthenK’ =K'
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LeMMA 4.5. Let A € BCA be non-trivial. Then A € Ret(BCA.B;) if and only if
Ak (NF).

Proof. (=). By Proposition 4.4, Ret(BCA.B,) is a (maximal) PSC quasivariety
and (NF) is a passive quasi-identity, therefore Ret(BCA,B,) = (NF). (<=). Suppose
A E (NF), therefore its IBSL-reduct lacks trivial fibers. If A is a Boolean algebra, the
conclusion immediately follows. Differently, |I| > 2. Let i > iy and consider the set
X ={a € 4j, | piyi(a) = 1;}:let Fy be an ultrafilter on A containing X (it exists since
the filter generated by X is proper, as the Plonka decomposition lacks trivial algebras).
Since all the homomorphisms between fibers of A are surjective and A lacks trivial
fibers, F; = pj,;[Fo] is an ultrafilter on A;, for each j € I (this readily follows from

the fact that Fy is an ultrafilter extending X). Set F = U Digk[Fol and let r: A — By

kel
be defined, foreach a € A4, as

1,ifa € F,
r(a) = .
0, otherwise.

We want to show that r is a retraction. We show that r is compatible with A, —
and J,. Let a € A4;, b € A; and set k =iV j: we have rlanb)=1 <= anbc
Fy < pula).py(b) € Fi. Suppose, by contradiction, a ¢ F;. Then pi)li(a) ¢ Fy
which entails pjx (pi)li(a)) ¢ Fi. However, by the composition property of Plonka
homomorphisms, pio (p;;(@)) = pu (piyi(p;i(@)) = pi(a) € Fy. a contradiction. So
a € F;. The same argument applies to b, and we conclude b € F;. Therefore r(a) A
r(b) =1=r(anb).

Let r(a) = 1, for some a € A4, then a ¢ F;, for some j € I and, since F; is an
ultrafilter on A;, —a ¢ F;. thus r(—a) = 0 = —r(a).

Finally, we show the compatibility of r with J,. For any a € 4;. we have
r(,a)=1 < Jya e Fy < pii(J,a)=a € F; <= J,r(a)=1.So ris a sur-
jective homomorphism. Setting 1: By — A such that :(1) = 1,:(0) = 0, we have that r
is a retraction. This shows B, is a retract of A, so A € Ret(BCA,B,). O

COROLLARY 4.6. Ret(BCA, B,) is the quasivariety axiomatized by adding (NF) to the
quasi-equational theory of BCA. Moreover, a Bochvar algebra belongs to Ret(BCA, B,)
if and only if its Plonka sum decomposition lacks trivial fibers.

In analogy with the terminology introduced in [26], we call the quasivariety
Ret(BCA, B»): nonparaconsistent Bochvar algebras, NBCA in brief. Since NBCA is
a (maximal) PSC subquasivariety of BCA, we know that NBCA, as a quasivariety,
is generated by a single algebra A, namely NBCA = ISPP,(A) = ISP(A) (see [25.
theorem 4.3]). We now introduce an example of a Bochvar algebra which will play an
important role.

ExamprLE4.7 (B4 @ B,). Let By ® B, denote the involutive bisemilattice whose Plonka
sum consists of a system made of the four-element Boolean algebra By, the two-element
one By, the two-element lattice as index set as in the following diagram (where the arrows
stand for the homomorphism pj;: B4 — B,).
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T

1 1

N

a -d

N

0

It follows from the structure theory developed in Section 3 that the unique way to turn
B4 ® B, into a Bochvar algebra is by defining J, T =a.J, 1=0,J,T =J, L= —a and
J,T=0J,1l=a (recall that J, is the identity on By, J| is the constant onto 0 and J,
is negation). With a slight abuse of notation we will indicate this unique Bochvar algebra
by B4 @ By, as its IBSL-reduct.

THEOREM 4.8. The quasivariety NBCA is generated by By ® B;.

Proof. We show that NBCA = ISP (B4 @ B,). The right to left inclusion is obvious,
as subalgebras of direct products of an involutive bisemilattice without trivial fibers
preserve the property of lacking trivial fibers.

For the converse, the proof is an adaption of [26, theorem 7], and we only sketch
its main ingredients (leaving the details to the reader). Preliminarily recall that for
quasivarieties K, K’, K C K’ if and only if every finitely generated member of K belongs
to K’. Moreover, for algebras A, B, A € ISP(B) if and only if that there exists a family
H C Hom(A.B) such that ﬂ Ker(h) = AA. Tt is possible to show that, for a finitely

heH
generated A € NBCA, there exists a family of homomorphisms H C Hom(A, B4 @ B,)
such that ﬂ Ker(h) = A*.Indeed. By & B, = WK® x B, and WK° generates BCA, so
heH
there exists H C Hom (A, WK) such that ﬂ Ker(h) = A*. Moreover, by Lemma 4.5,

heH
B, is a retract of A, so there exists a retraction r: A — B,. Now, the family H x {r} is

a family of homomorphisms from A to B4 & B,. defined for each 4 € H and a € 4 by
a— (h(a),g(a)). It is easy to check that ﬂ Ker(h.g) = A*. so A € ISP(B4 © B»).

heH
as desired. O

Upon noticing that every non-trivial NBCA lacks trivial subalgebras (this amounts
to say that NBCA is Kollar), [25, corollary 7.8] ensures that B, is the unique relatively
simple member of NBCA, namely it is the unique algebra in the quasivariety whose
lattice of relative congruences is a two-element chain. Moreover, By & B, is a relatively
subdirectly irreducible member of NBCA which is therefore not simple. In other words,
NBCA is not relatively semisimple, unlike BCA.

Observe that any Bochvar algebra satisfies the absorption law ¢ ~ ¢ A (¢ V ) if
and only if its involutive bisemilattice reduct is a Boolean algebra. We call JBA the
quasivariety axiomatized by adding the absorption law to the quasi-equational theory
of BCA. It is immediate to verify that JBA and BA are term equivalent by interpreting
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the operation J, as the identity map. The next theorem characterizes the structure
of the lattice of non-trivial subquasivarieties of BCA, proving that it consists of the
following three-elements chain.

BCA

NBCA

JBA

THEOREM 4.9. The only non-trivial subquasivarieties of BCA are NBCA and JBA. They
form a three element chain JBA € NBCA C BCA.

Proof. We already proved JBA € NBCA C BCA. We only have to show that these
are the only non-trivial ones. Suppose that K C BCA and K ¢ NBCA. Therefore there
exists A € K and A ¢ NBCA. This entails A € BCA and A has a unique trivial fiber
with universe {a}. Clearly g: WK® — A mapping 1WX° — 14 0WK* 5 0A 1/2 — 4 is
an embedding. Therefore WK® € S(A), whence WK°® € K. Since WK® generates BCA,
K = BCA.

Suppose now K C NBCA and K ¢ JBA and let A € K, A ¢ JBA. This entails that
the Plonka sum decomposition of A has at least two fibers A;,. A;(ip < i) and no fiber
is trivial. Moreover, by Lemma 3.9, A, has cardinality > 4 (for otherwise A; would be
trivial). Let i: By @ B, — A mapping 1B4®B2 — 1A B4®B2 _ 0A 1B2 5 1, 0B2 — 0,
a — J,(1;).—~a — —J,1;. Clearly h is an embedding. so B4 & B, € S(A). which entails
K = NBCA. O

COROLLARY 4.10. The quasivariety NBCA is structurally complete.

Proof. The only proper subquasivariety of NBCA is the variety JBA, so V(JBA) =
JBA C NBCA C V(NBCA). O

Moreover, from the fact that BCA is not SC we can infer the following.
COROLLARY 4.11. V(NBCA) = V(BCA).

Let now switch our attention to the logical setting, relying on the bridge results
connecting an algebraizable logic (and its extensions) with its algebraic counterpart(s).
Let NB® be the logic obtained by adding to B° the rule

Jotwy. (EFJ)

This logic is a proper extension of B®, as (EFJ) is the logical pre-image of (NF)
via the transformer formula-equations transformer 7 and (NF) is not valid in B® (a
counterexample is easily found in WK°). In the light of Theorem 4.9 we obtain the
following.

CoROLLARY 4.12. NB® is complete with respect to the matrix (Bsy & By, {1}).
Moreover, the only non-trivial extensions of B® are NB® and CL.
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In a logical perspective, the notions of PSC and SC have been investigated in several
contributions, such as [2, 32, 34, 38]. For a logic I-, being SC amounts to the fact that
each admissible rule is derivable in . In other words, I is SC if for every rule (R) of
the form (T, y):

(Fp <=Fre)=>THy.

where I is the extension of - obtained by adding (R) to I-. Clearly, the converse
implication in the above display is always true. A passive rule is of the form (T, y),
where no member of I contains occurrences of y, namely y ¢ Var(I'). Accordingly,
we say that a logic - is PSC if every passive, admissible rule is derivable.

The following corollary emphasizes the logical meaning of the previous results on
the subquasivarieties of BCA.

COROLLARY 4.13. B® is not PSC, while NB® is SC.

Proof. In order to prove the first statement we show (EFJ) is passive, admissible
and non-derivable in B®. That (EFJ) is passive and non-derivable in B® is clear. Let
now ¢ be a theorem of NB®, and remind it is the logic obtained adding (EFJ) to B°.
Suppose ¢ is not a theorem of B®. Then BCA ¥ ¢ =~ 1, and NBCA F ¢ ~ 1. However,
this contradicts Corollary 4.11. So, B® is not PSC.

That NB° is SC follows straightforwardly upon noticing it has CL as unique proper
(non-trivial) extension, and that ¢ V =y is not a theorem of NB®. O

§5. Amalgamation in quasivarieties of Bochvar algebras. In the context of alge-
braizable logics, several logical properties can be established by means of the so-called
bridge theorems, whose general form is

a logic L has the property P <= K has the property Q,

where the quasivariety K is the equivalent algebraic semantics of L. A valid instance
of the above equivalence can be obtained by replacing P with “Deduction theorem”
and Q with “Equationally definable principal relative congruences” (see [13, theorem
Q.9.3]).

In the light of the results of Section 4, BCA and NBCA are the only interesting
quasivarieties of Bochvar algebras. In this section we show that they enjoy the
amalgamation property (AP) or, equivalently, that their associated logics enjoy the
Craig interpolation property. The strategy for proving (AP) for BCA consists in
providing a sufficient condition implying (AP), established in [24, theorem 9] for
varieties, and that naturally extends to quasivarieties (Theorem 5.2).

Recall that a V-formation (see Figure 2) is a 5-tuple (A,B,C,1i, j) such that A, B, C
are similar algebras, and i: A — B, j: A — C are embeddings. A class K of similar
algebras is said to have the amalgamation property if for every V-formation with
A, B. C € K there exists an algebra D € K and embeddings /#: B— D,k : C— D such
that ko j = hoi. In such a case, we also say that (D, /. k) is an amalgam of the
V-formation (A, B, C, i, j).

The following lemma is originally due to Gritzer [20] (it can be also found in [24]),
while the subsequent theorem is the obvious adaptation to quasivarieties of a theorem

% In the context of finitary algebraizable logics. the fact that the logical definition of PSC is
the “right” translation of the algebraic one can be inferred by comparing [25, corollary 3.3]
and [32, theorem 7.5].
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Figure 2. A generic amalgamation schema.

A 3D

by Metcalfe, Montagna, and Tsinakis [24, theorem 9]. We insert the proofs for the
completeness of the exposition.

LemMma 5.1 [20]. Let Q be a quasivariety. The following are equivalent:

(1) Q has (AP):

(2) for every V-formation (A.B.C.i,j) and elements x #y € B (x #y € C,
respectively) there exists Dy, € Q and homomorphisms hy,: B — Dy, and
kyy: C — Dy, such that hyy(x) # hyy(p) (kyy(x) # ki, (¥), respectively) and
hoi=koj.

Proof. (1) = (2) is obvious.
(2) = (1). Let (A,B,C.,i,j) be a V-formation in Q. Define D = 1_[ D,,. By
x#yEB
assumption, for every x # y € B there exist /,,: B — Dy, and k,,: C = D,, s. t.
h(x) # h(y) and hoi = k o j. By the universal property of the product, D and the
homomorphisms 4 and k, where 7y, o h = hy, and 7y, o k = ky, (with 7: D — Dy,
the projection) is the amalgam. O

The following provides a sufficient condition for a quasivariety to have the (AP) and
it reduces somehow the search for an amalgam to a subclass of a quasivariety. As a
notational convention, by Coit we denote the lattice of K-congruences on an algebra
A, namely the congruences ¢ on A such that A/0 € K. Let {0;};c; be a family of
K-congruences on an algebra A € K. We say that A is subdirectly irreducible relative
to K. or just relatively subdirectly irreducible. when /\;.; 0; = AA entails ; = A for
somei € I. Moreover, given a quasivariety K, by Kzs; we indicate the class of relatively
subdirectly irreducible members of K. If K is a variety, we simply write Kg;.

THEOREM 5.2 (essentially [24]). Let K be a subclass of a quasivariety Q satisfying the
following properties:

(1) Qrsr CK;

(2) Kis closed under | and S:

(3) for every algebras A, B € Q such that A < B and every 0 € Coj such that A/6 € K
there exists ® € COE extending 0 with respect to K, i.e., B/® € Kand ® N A% = 0;

(4) every V-formation of algebras in K has an amalgam in Q.

Then Q has the (AP).

Proof. We show that Q satisfies the condition (2) in Lemma 5.1. Let (A. B, C. i, j)
be a V-formation in Q and x # y € B. By Zorn lemma, it is possible to find a relative
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congruence ¥ of B maximal with respect to the property (x. y) ¢ V. Let = ¥ N A2,
and define the map f: A/0 — B/, [a]y — f([a]p) = [a]y. Observe that f is an
injective homomorphism. Indeed, for [a]y # [b]y. i.e.. (a,b) € 0, hence (a.b) ¢ ¥
(¥ is maximal with respect to this property), i.e., [a ]\y # [bly. B/Y¥ € Qgrs; (since
Y is completely meet-irreducible), thus, by hypothesis (1), B/‘P €K; A/0 <B/Y,
hence A/0 € K (by hyp. (2)). Since A < C (upon identifying A with j(A)) and
0 € Co. by hyp. (3). there exists ® € Cof s.t. ® N 4> = 0 and C/® € K. The map
g: A/ — C/® defined as [a]y — g([a]y) = [a]e is an injective homomorphism.
Therefore (A/0,B/¥.C/®, f,g) is a V-formation of algebras in K. By hyp. (4).
there exists an amalgam (4. k,D) in Q. Define the homomorphisms #': B — D
and k': C - D as i’ =hony and k' =k ong (ny and ng the projections onto
the quotients B/¥ and C/®, resp.). Observe that A'(x) # h'(y) and h'oi =
k'o j. Indeed, h'(x) = h(ny(x)) = h([x]e) # h([ylw) = h(ng(y)) = h'(y) (where
we have used the injectivity of /4 and the fact that [x]y # [y]¢). As for the
latter.leta € 4, 1" oi(a) = h(ny(i(a))) = h([i(a)ly) = k([j(a ) o) = k(no(j(a))) =
k'(j(a)) = k"o j(a) (where we have used the fact that (D, f.g) is an amalgam).
Finally, by Lemma 5.1, we conclude that Q has the (AP). O

REMARK 5.3. B is a finitary logic with a Deduction Theorem (Theorem 2.4): this is a
stronger property than the local deduction, which implies that the logic enjoys the filter
extension property (see [13, theorem 2.3.5)). This translates into the relative congruence
extension property (by the algebraizability of B, the lattice of logical filters is dually
isomorphic to that of the relative congruences).

THEOREM 5.4. BCA has the Amalgamation Property (AP).

Proof. We show that K = BCAgs; = {WK°’, B, } satisfies the assumptions (1)—(4) of
Theorem 5.2. (1), (2) and (4) are immediate. As concerns (3): suppose that A, B € BCA
with A < B, 0 ¢ CoQ and Ay € K. B decomposes into a Plonka sum Pi(B;);cs and,
since A < B, and S(P:(B;)) C Pi(S(B;)). then A decomposes into a Ptonka sum P;(A ;)
of subalgebras of B;, over a semilattice of indexes J < I, thus, in particular, iy € J.
Observe that, for every i € I, 8, =0 N A% is a (Boolean) congruence on A;. The
hypothesis that A /) € K implies that 6;, is a maximal congruence on A;, (a congruence
corresponding to a maximal ideal). Since BCA has the relative congruence extension
property and A < B then there exists a relative congruence ¥ on B extending 6
(Y NA4*=0). ¥, =¥n B, is a (Boolean) congruence on B;: let ®;, (one of) its
maximal extension on B;, and @ the congruence on B defined as follows: (x, y) € ®
iff (J,x.J,y) € ®;,. It is immediate to check that ® € Cof and B/® € K. Finally, it
also holds that ® N A2 = 0: 0 C ® N A2 follows by construction. On the other hand,
let a.b € A (with a € 4; and b € B;) and (a.b) € @, ie., (J,a.J,b) € ®;,. hence
(Jya.J,b) € 0, (by construction), thus J,a.J,b € [1]y or J,a.J,b € [0]y. Suppose
Jya.J,b € [1]y (the other case is analogous), therefore a = p;,;(J,a) € [1;]p and
b = pjy;(J,b) € [1;]p. The assumption that A/6 € K implies that [1;]9 = [1,]y. from
which (a.b) € 0. O

We conclude this section by proving that also the quasivariety NBCA has the (AP).
Before proceeding further, it is worth noticing that we cannot apply the same strategy
used in the case of BCA. This is a consequence of the following remark, which also
proves that the logic NB, does not have a local deduction theorem.
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REMARK 5.5. Observe that NBCAgs; C IS(Bs @ B,), because ISP(Bs & B,) =
IPsS(By © By). So, the only relatively subdirectly irreducible members of NBCA are
By ® By and By. The class K = {By ® By, By} does not satisfy condition (3) of Theorem
5.2, consider the algebra By ® By depicted in 4.7, where J (1) = —a. Observe that
B, < B4 @ B, and consider 0 = Cg,l:‘éCA(l, —a). Clearly B4 /0 = B, but, for each NBCA-
congruence ® on B4 © By, if (ma, 1) € ® then ® =V # 0N Bﬁ. This shows that NBCA
fails the relative congruence extension property or, equivalently, that NB, fails to have a
local deduction theorem.

Nonetheless, (AP) holds for NBCA, as shown in the following.
THEOREM 5.6. NBCA has the amalgamation property.

Proof. Let (A.B,C, f.g) be a V-formation in NBCA. By Theorem 5.4, there exists
an amalgam (A, k, D) with D € BCA. If D has no trivial fibers, then (4, k, D) is also
an amalgam in NBCA. Otherwise, let u € I be the index of the trivial fiber D, with
universe {u}, where 7 is the underlying semilattice of D and homomorphisms p;; for
every i < j. Observe that k(b) # u and h(c) # u, for each b € B, ¢ € C. Consider
an ultrafilter Fy over D;; (the lowest fiber in D) and F; = Diyi[Fo]. for each ip < i and
set F = U F;. Each F; is an ultrafilter over the algebra D; (since homomorphisms

i<u
are surjective). Consider the algebra D’ = D x B,, which shares with D the semilattice
structure / and whose homomorphisms are denoted by g;; for i < j. Observe that this
algebra does not contain trivial fibers as u is the top element of 7 and D/, is the two-
elements Boolean algebra with universe {(u, T), (u, L)}. This entails that D’ € NBCA.
Define the map k’: B — D’ such that, for any b € B:

k(). T).ifk(b) € F

kb) = (k(b), L), otherwise.

Similarly, consider 4’ : C — D’ defined by the same rule when applied to elements in C.
We show that k' is an embedding. Clearly the map in injective, as k is. It is also clear
that k’ preserves the Boolean operations. Moreover, for b € B,
kK'(J,b) = (k(J,b). T) <
k(J,b) = Jk(b) € F <
k(b) e F —
Lk (b) = J,((k(b). T) = (L,k(b).J,T) = (k(J,). T).
where the second equivalence is justified because, for any i € I and d; € D;,
J,d; € poi(d;). This, together with an analogous argument applied to A’. show
that k', h’ are embeddings. In order to conclude the proof, recall that for a € 4.
ko f(a)=hogl(a),so the following equivalences hold:
k'o fla)= (ko f(a). T) <
kof(a)e F —
g'ogla)=(g"ogla). T)= (ko f(a).T).

This proves k' o f(a) = h' o g(a), as desired. O
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§A. Appendix. Thisappendix isdevoted to the proof of Theorem 3.3. Let us denote
by BCA, the quasivariety axiomatized by (1)—(13) in Theorem 3.3.

LemmA A.1. The following identities hold in BCA,.
(1) 1A@ = .

(
(3) J. o A—J, @ ~ 0.k € {0.1.2}.

(4) J,(pV—p) x TV J,-p.

(5) J,J ¢ = J, . forevery k € {0.1.2}.

(6) J,J ¢ = —J, p. forevery k € {0.1.2}.

(7) Jop =S, oV I, ) fori#j#k#i.

(8) (Lo VI ) ANJ ) = J . forik €{0.1.2}.

Proof. Let A € BCAyand a,b € A.

(MW1Aa==(-1V-a)==(0V-a)=-(-a)=a.

(2) The case k = 0 follows immediately by the case k = 2 (which holds by Definition
33).Fork =1:J,aV—J,a=~(J,aVvJa)V (JaVvJa)=(~J,an~Jya)V(J,aV
Jya) = (=JyavJavJa)N(=JaVJavJa)=1VJa)A(1VJa)=(JaV
=Jya v Jya) N(JaV—JyaVJa)=(JaVv-Ja)N(JaVv—Ja)=1A1=1.

(3) Follows from (2) (and De Morgan laws).

4) J(aV-a)=(J,aNJ,~a)V (J,ma NJ,—a)V (J,a NJ,a) = ((J,a ANJ,—a)V
J,ma)V Jya = ((J,a Vv J,—a) A\ (J,—a ANJ,—a)) Vv Ja = ((J,aVJ,—a)AJ,—a)V
Jya=(J,aVvJ,~av Ja)A\(J,~aV Ja)=(J,aVJ,—a)\(J,~aV J,a)=J,aV
J,—a. where we have used (12) and distributivity.

(5) k = 2: it follows directly from —J,a = J,—J,a, which holds as ~J,a = J,J,a =
J,~J,a (where we have used (9) and the definition of J). k = 0: J,J,a = J,J,—a =
Jma=Ja. k=1 JJa=J-(,aVvJa)=J(J,aVJa)=J(J,aVvJ,-a)=
J,J,(aV —a) ==J,(aV —a)=~(J,aVJ,~a)=-(J,aV J,a) =J a. wherewe have
use the previous (4).

(6) k =2 is included in Definition 3.3, k = 0 follows immediately by (9). For
k=1 JJa=J~Ja=J,,avJa)=,J,an],Ja)V(J,~J,aNJ,Ja)V
(S, J,a NJ,—Jya) = (JaNdya) v (U, J,a NJya) Vv (Jya NJyJya) = (Jya A (Ja Vv
-J,a))V (J,a N=Jya) = (J,a A1)V (Ja A—~Jya) =Jya NV (Ja AN—Jya) = (JaV
L)NUyaV-dya)=JaVvI) ANl =JaVvJ],=-Ja.

(7) We only have to show the case J o ~ —(J,po VJ @) (as the others hold
by Definition 3.3 and by the definition of J,). Jya = J,—~a = =(J,—a V ~J,—a) =
=(J,a Vv J a).

(8) We just show the case i =2, k=0 (as the others are analogous).
Jyan(JavJa)=JaN~Ja=~(JaVvJa)N-Ja=-JaN-JaN-Ja=
-Jya N—Ja=—(J,aVJa)=Ja. O

Observe that, by Lemma A.1 (in particular, (8) and (9)), it follows that the image
J,(A) (and hence of J, and J,) of a Bochvar algebra forms the universe of a Boolean
algebra: a fact that we will use several times (in the proofs) of the next lemma, where
we will indicate with < the order of the mentioned Boolean algebra.

LEMMA A.2. The following identities and quasi-identities hold in BCA,.

(1) L,1=1.J0~1J,0~0.J,1~0.
(2) JeVie~J,(1Ve).
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J,(1Ve) =~ J(l —p).

J(lvso) L1V (0A ).
J(pgﬁJcap,foreveryl#k€{051,2}.
(e A0) =~ 0.

(IV(pAy) = ,(1Ve) ALV y).
(pAy)=J @VJI//
(soM/)%(2<pAJu/) (Jyp A= ).
(so/\w)%ﬁ( Lo NIw) NIy A=J .
( )=y ANy

( ) ~ %WAJW

VJ, o=, fork e{l.2}.
perJy&Jo=Jy&l o=y = pry.

\'G O I,

—_— — — —

Proof. Let A € BCA;and a.b € A.

(1) L1=J,(,aV~Jya)=(JJ,aV J,~J,a)\N(J,~J,aV J,~J,a)V (J,],aV
JJya) = (JandJa)VvJJ,aN Ja=(J,aN—J,a)V—-J,aVvJ,a=0V
~JyaVvJ,a=0v1=1.

'JZO =(J,0Vv J,0) =—(1VvJ1) =—1=0. The last equality follows from
this one.

(2) S,(0va)=1ATa) V(LN a)V (J,0NT,a) = (1 AJa) Vv (1VJa)V
(OAJya)=J,avJaVv0=JaVJa.

(3) It follows directly from the previous point, upon observing that J,¢ ~ J,—¢.

(4) Observe that 1V(0Aa)=(1VOA(IVa)=1A(1Va)=1Vva (by
Lemma A.1(1)).

(5) Immediate from Lemma A.1(7).

(6) Observe that, by the previous point., J,(0Aa) < —-J,(0Aa)=-J,(1V
—a) =-J,(1V a). Therefore J,(0Aa) < —J,(1Va)=-J,(1V(0Aa)) =
=(L0Aa) VI, (0Na)) =—-J,(0Na) A=J,(0Aa) <—J,(0Aa), hence
J,(0Nna)=0.

(7) Applying De Morgan laws and 12, we have

JL(1v(anbd))=J,(1V-av-b)
=J,((1V=a)Vv-b)
= (J,(1V=a) AJb) vV (J,(1V =a) Adya) v (J,(1V —a) A Jyb)
:(Jz(l\/a)/\‘lob) v (/. ( Va)nJya)v (Z(OAa)/\Job)
= (L,(1va)andb) Vv (J,(1Va)AJya) VO
= (L (1va)nd,b) v (,(1va)AJa)
=J,(1va)A(J,bV J,b)
=J,(1va)AJ,(1VD).
(8) The claim is equivalent to (7). Indeed J, (¢ A w) = J, o V J,y iff =J, (o A
w)=-Jip Ay it Lo Aw) VI (e Ay) = (Lo VIe) ALy VI y)
iff L,(1V (e Aw)) = J,(1Ve) AN (1Vy).

(9) Easy calculation using (12), De Morgan laws, distributivity and Lemma
A.1(6).
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(10) By Lemma A.1(6), we have

-J,(a Nb) =J,(a Nb)V J (aND)
= (LanJb)V (JyaN—Jb)VJ(aNnb) 9)
=(LanJb)V(JjaN—Jb)VJIbVJa (8)
= (Landb)Vv ((JyaVvJb)N(=J bV I b))V Ja
=(Landb)Vv ((JyaVvJb)A1)VJa
=(LanJb)VIavJbVJa

= (L,anJb)V~J,aVvJb.

thus the conclusion follows by De Morgan laws.
(11) By the previous point, we have

J(anb)==(J,a NJb) NJ,a N—Jb
= (=JyaV-Jb) NJ,a N=Jb
= ((=Jya NJya) Vv (=J,b A Jya)) N=J, b
=0V (=J,b AJya)) N—J\b
=-JbNJyaAN-Jb
=J,a NJ,b.

(12) J,(a Vv b) =J,(ma AN=b) =J,—a NJ,~b = J,a NJb.

(13) Weshow that the antecedent of the quasi-identity (13) is satisfied, so is the con-
sequent. J,(a V J,a) = (J,a NJ,J,a)V (J,ma NJ,J,a)V (J,a NJ,~J,a) =
(Lyandya)Vv (JyaNdya) Vv (Ja NI Ja)=J,aV (JyaNJya)V (Jya A
Jya) =J,aV (Jya A J,a) = J,a, where in the last passage we have used
the dual version of (9).

Jy(aV J,a) = Joa NJyJya = Joa N=Jya = Ja N (JyaVJa)=J,a.
Thus, by the quasi-identity (13) we have the conclusion.
The case of k = 1 is proved analogously.

(14) We just have to show that Jyp=Jy & J,o~J,y implies J o =
Jyw &Jo=Jy&J,p~J,y. Suppose Jja =J b and J,a = J,b. Then
Joa=-(J,aVvJa)=-(,bVJb)=1Jb. O

Proof of Theorem 3.3. The original axiomatization of BCA (Definition 3.1) includes
all the identities (1)—(13); all the remaining identities (and quasi-identities) appearing
in Definition 3.1 but not in Theorem 3.3 have been shown to follow, from the
axiomatization provided in Theorem 3.3 in Lemmas A.1 and A.2. O
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