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ANISOTROPIC PRINCIPAL SERIES AND GENERATORS
OF A FREE GROUP

CARLO PENSAVALLE

In this paper we prove that the equivalence of anisotropic principal series of a free
group I related to different generator sets induces a I'-isomorphism between the
related Cayley-graphs. As a consequence we obtain that a nontrivial change of
generators for I' leads to inequivalent anisotropic principal series.

1. INTRODUCTION

The subject of this paper is discrete noncommutative harmonic analysis, and more
precisely harmonic analysis for anisotropic random walks of a finitely generated free
group I' on homogeneous trees. Various explicit constructions of irreducible unitary
representations of I' may be found in Cartier [3] Figa-Talamanca and Picardello [7],
Pytlik [15], Mantero and Zappa [12, 13], Cowling and Steger [4], Kuhn and Steger [11]
and Figa-Talamanca and Steger [8]. Almost of all the representations constructed may
be realised as boundary representations of I'.

We are particularly interested in the study of the representations belonging to the
anisotropic principal series of I'. This work arises from a generalisation of a result that
was obtained analysing the isotropic case [14]. We fix two bases for ' and construct the
corresponding Cayley-graphs on which I' acts by left multiplication. Now we select two
representations m; and w2, one in each of the anisotropic principal series of I' related to
the fixed bases. We prove that if m; and m; are equivalent as unitary representations,
then there exists a I-isomorphism of trees between the Cayley-graphs considered. As
a consequence of this result we obtain that a nontrivial change of generators in a free
group leads to inequivalent families of anisotropic principal representations of I'. Using
a result of Culler and Morgan on R-trees {5] this is equivalent to the claim that the
length translation function related to the chosen generator sets are inequivalent.
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2. DEFINITIONS AND GENERAL RESULTS

Let (T', A) be a noncommutative free group on finitely many generators, where
A= {a;-kl | @;j € T'with j = 1,..., ¢+ 1} consists of the basis elements and their
inverses. Let ®4 be the Cayley-graph of (I', 4), and Q4 be its boundary. We iden-
tify the vertices of ®4 with the group elements generated by {a,, ..., @41} and the
boundary {24 of ® 4 with the set of all infinite reduced words w = aj, aj, --- . A bound-
ary representation of (I', A) belonging to the anisotropic principal series of (I', 4) is
obtained from a particular pair (v, P) where:

(1) v is a Radon measure on 4, and for every v € (T, A) we have that
dv(y~'w) is absolutely continuous with respect to dv(w).

(2) P mapping (T, A) x Q4 — C is v-measurable in w.

(3) [P(v, w)I* = dv(y~'w)/du(w).

(4) P17z, w) = P(11, w)P (72, 77 'w).

By going through this construction we obtain a boundary representation which
naturally acts on L?(f2, dv). First of all we start characterising the pair (v, P) as
described, for example, in Figa-Talamanca-Steger [8].

On (T, A) we fix a real probability measure p € }(T'), supported on 4 and
symmetric, [10]. Observe that the operator R given by Rf = f*u is bounded linear and
self-adjoint on 1?(T"), with norm not greater then 1. Therefore its spectrum, denoted
sp(p), as an operator on 12(T') is a closed subset of the interval [—1, 1. If z is a complex
number, z ¢ sp(u), then (z — R)™? is a bounded operator on I(T') and it is possible
to see its action as the right convolution operation by some function g, = (2 — p.)—l
defined in the convolution algebra !!(T'). This function g,, which is called the Green
function, is of a special type as proved in the following lemma basically due to Aomoto
[1] and to Gerl and Woess [9, 16].

LEMMA. Let z be complex number not in the spectrum of u. If z # 0 then there
exist w € C, an appropriate choice of +, and a multiplicative function h, on (T, A),
that is: h:(7172) = hz(71)h2(72) when |1172| = Im| + |va|, such that:

(@) 9:(7) = (ha(7))/(2w)

(i) k. (a)=¢§, foreverya€ A
(@) z=—(¢-Nw+ 3 £/’ +ua)

where £ = l/p(a)(:h w? + p?(a) — w) .

The functions g,, as functions of z are defined on C \ sp(u). But they may
be analytically continued on a compact Riemann surface S containing C \ sp(p) as
a subset. This can be used to prove that, for o € sp(u), lina Go+ie(Y) = Go+io(7Y)

& =

and ]in}) 9o—ie(7) = go—io(y) exist, determine continuous functions of o and they are
e—
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distinct, unless o is a branch point of sp(u) [8]. Associated to the function h, we have
the Poisson kernel
. hs (\b_l'l’)
Py(v,w) = }E}v @)
where ¥ € (T, A) and w € 4. Suppose that 4 and w agree through their first s
letters, but not further. Let y = ay, ...aq;, Giyy o Gip and w = a;; ... a;,a5,8j,8jy ...

Choose ¥ = @y, ...a;,8j, ...a;j,. Then we have the following explicit expression for
Py(7, w):

h, ('/’ _17)
P @)

Pz(7’ “’)

-1 -1, )
h,(aj‘ Y P ...a,,,)
ttoco -1 -1 -1 -1
h,(aj‘ ez ...a,-q)

=&;1...£‘7:1£,'.+‘ i

Let o € sp(p) and suppose that o is neither zero nor a branch point of sp(u).
In order to define a positive Radon measure on {24 it is possible to consider only the
following sets Q4(z) = {w € Q4 | w starts with z}, [8]. Let O € $,4 be the vertex
corresponding to the identity element e of I'. We define

2
v0,0(a(za)) = b (2) 1—%

where a € A with |za| = |z| + 1. With |z| we mean the usual length of the reduced
word z, that is the distance of the vertex z from the origin O of ®4.

Let I'(z) = {y € T' | y starts with z}.
PROPOSITION. For every v € (T, A) we have:

(i) 94(z) = Qalyz),if v ¢ T(2)
(i) vy0,0(7E) = vo,s(E)

for every borel set E.
PROOF: (i) follows from the definition of Q4(z).

(ii) v preserves the tree structure, so
v70,5(7824(2)) = v40,5(R14(72)) = vo,+(04(2))-

In particular we get v,-1¢, ,(E) = vo,s(7E). 1]
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Now we can define the anisotropic principal series of I'. Given o € sp(y), neither
zero nor a branch point of sp(p), the boundary representation constructed by (v, P)
acting on L?(f2, dv) is defined as follows:

[ (7)F)(w) = Poyio(7, w)F (77 w).

Conditions (1) and (2) guarantee that m,(y) takes v-measurable functions to v-
measurable functions, condition (3) guarantees that m,(y) acts unitarily on L%(f, dv)
and condition (4) guarantees that 7o (7172) = 7o (711 )70 (72)-

3. MAIN RESULTS

In the sequel, we need to assume the following conditions. We note all of them
with [Q]:

Let 4 be a free group on finitely many generators. Fiz two new bases for ' and let
A) and A; consist of the new basis elements and their inverses. Construct the Cayley-
graphs P, and P4, related to A, and Az on which T' acts by left multiplication.
Let 7, be a representation in the anisotropic principal series of (I', A1) and w2 be a
representation in the anisotropic principal series of (T, A;).

Our goal consists of the following statement

THEOREM 1. We suppose that [(] holds. If m; ~ m; then there exists a tree-
isomorphism j: ® 4, — ® 4, such that the following diagram is commutative for every
veT,

i
_'QA’

QAI
'v(-)l l’r(-)

B, —— B4,

where «(-) means the action of left multiplication by the word v thought of an element
in (T, A1) and (T, A2) respectively.

COROLLARY. We suppose that [{] holds. Then there exists an element 4 € T'
such that A; = 70_1.4110.

In what follows, when z € sp(p), it is convenient to denote the multiplicative
function h; by h only.

Observe that using techniques of Bishop-Steger 2], Figa-Talamanca and Nebbia
[6] and Figa-Talamanca and Steger [8] we get

THEOREM 2. Suppose [Q] holds. Let hy and hz be the multiplicative functions
related to the choice of the sets A; and A;. If m; ~ 72 then

S s a4+ = 4o

~v€er
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for every positive §.
For the proof of this theorem we need the following results.

LEMMA A. Let 7, be a I'-representation in the anisotropic principal series. Con-
struct the self-adjoint operator 7,(p), acting on the T'-representation space, obtained
from the usual extension of m, to I(I'). Then for every € > 0 we have

[0 +ie — mo ()] ™" = 75[(o +ie — I‘)_I]-
PROOF: We have only to note that, for £ sufficiently large
Jotic = (0 +ie —p) ™ € IN(T)
hence
[0 +de — 7o (1)] ™! = 7olgotic]-

Then we extend this result to small ¢, by analytic continuation. 0

LEMMA B. Let m, be a representation in the anisotropic principal series of T'.
For every v; and v;, chosen from the dense set in the representation space H, of linear
combinations of left translates of a cyclic vector, there exists a constant C such that

{ma ()1, v2)| < Clho(7)l.

where h, is the related multiplicative function.

PROOF: Recall that m, has associated to it a positive definite function ¢, defined
as follows:

_ 9o+i0(7) — go—in(7)
¢a(7) - ya+io(8) - ga—a'o(e) )

So for fixed o € sp(p) and for a cyclic vector 1, in the above dense set, we have

[(me (7)1, 1)| = |¢o(7)] € C [Ra(7)]-

Then
(7o (7)v1, v2)| = {mo (7)o (1)1, 7a(7y2)1)]
= |(mo (v *1)1, 1)|
< C |ho (73 1 vm)|
< < Iha().
|ho (75 1)] 1Ro(m1)]
So by taking C = C(m1, 12) = C/(|ho(13")| |ho(71)]) we get the result. 0
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LEMMA C. For every § > 0 there exists €9 > 0 such that

lhotie(7)| < ho(7)/OFD

for every 0 < € <egg and ¥ in T.

PROOF: We have only to prove this on the set A of generators and their inverses.
Fix a € A. Since |h,(a)| < 1 we have |h,(a)| < |h,(a)|l/(l+5). Since

lim, hoic(a) = ho(a)
it is possible to select g9 > 0 such that

. < 1/(1+6) ]
ogaéfo Ihg+;¢(a)| = |ha(a‘)l

By choosing some £, which works for all a € 4, we get the result. 1}

PROOF OF THEOREM 2: We consider the self-adjoint operators
7I'2([l.2): Hz — H2 and 7!'1([1.2): Hl — Hl.

There exists a vector vz # 0 such that ma(u2)ve,2 = 02v0,2 [8]. Because mp ~'m
there exists a unitary map J: H, — H; such that

\ #3(B3) H,

JJ' 11
1 (p3)
1 — H,
is commutative. Then
1 (p2)Jvo,2 = Jm2(p2)vo,2 = Jozve,2 = 02Jv0 2.
As a consequence of Spectral Theorem

weak Lm ie(oz + ie — my(p2)) ™
e—0t

exists and it is not zero.
Hence for all vectors v; and v, chosen from the dense set in H; of linear combi-
nation of left translates of a cyclic vector, let it be 1, we have

lile+(ie[a'z + i — m(p2)) v, v2) #0.
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Fix € > 0. Then
0 # |(ieloz +ie —~ m(p2)] 7 v1, v2)|  (from Lemma A)

= |(ie7r1 [(o2 +ie — p2) "' Jos, ”2)|

Z hoy+ie(Y){m1(7)v1, v2)

2 |‘waz+u|

E |hos+ie(Y)I {m1(¥)v1, v2)|  (from Lemma B)
~€r

> |haytie( h1(7)]  (from Lemma C)
~€r

< Ce Y [l (MNMOFO[[Ry (1) [0+ (for 0 < € < &)
~€r

S 2 |wvz+w|

2 lwo:+u|

By taking the limit as £ goes to zero, we get the result. 1]
So we resolve our initial problem, proving the following theorem

THEOREM 3. Let T' be a free group on finitely many generators. Fix two new
bases for T' and let A; and A, consist of the new basis elements and their inverses.
Construct the Cayley-graphs 4, and ® 4, related to A; and A; on which T' acts by
left multiplication. Let hy and h, be the multiplicative functions related to the choice
of the sets A, and A,. If for every positive §

S A2 (1) O+ |y ()09 = foo
YET

then there exists a tree-isomorphism j: ® 4, — ®4, such that the following diagram
is commutative for every 4 € T

i
Pay — D4,

| |0

Ba — By,

where 4(-) means the action of left multiplication by the word v thought of as an
element in (T', A,) and (T, A;) respectively.

The proof of this result depends on a result of Culler-Morgan on R-trees [5]. Select
a Cayley-graph &4 related to (', A) and assign the following distance on it:

1
d(z, y) = log ——.
&9 = o8
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Then we define the translation length function [ of T as follows:

I:T — [0, +o0)
7T — )= iof d(z,72)

Now we can state the following result [5].

THEOREM 4. (Culler-Morgan) Suppose that Ty x G — Ty and T, x G — T}
are two minimal semisimple actions of a group G on R-trees with the same translation
length function. Then there exists an equivariant isometry from Ty to T,. If either
action is not a shift then the equivariant isometry is unique.

Remember that I' acts by left multiplication on one of its Cayley-graphs, so in a
minimal and semisimple way as required by Culler-Morgan.

In the next section technical results are described, in order to apply the previous
theorem. The proof of Theorem 3 will be exposed in Section 5.

4. TECHNICAL RESULTS
The following useful lemmmas are easily obtained, with small changes, from their
analogues in the isotropic case, so we refer to {14] for the proof.

We want to point out, once and for all, some assumptions that repeatedly occur in
the following.

Let T’ be a free group. We fix two bases for ' and let Ay and A consist of the
basis elements and their inverses respectively. We shall use Ao to define the set L(vy)
and A to consiruct ¢ Cayley-graph ® 4 on which T' acts by left multiplication.

DEFINITION 1: For every v, v' € I' we define the following set:
L(y) = {w € Q4 | w is a limit of points of type ¥y'O where |v¥'| = |7| + |'I}.

(In particular L(e) = Q4).

DEFINITION 2: Fix o € sp(u) where p is a probability measure on A. We define
for every v € T the following function:

B(7) = B, (1) = vo,0(L(7)),

where vo, is the positive Radon measure previously defined on Q4.
LEMMA 1. Fix O € ®4 and o € sp(u). Then there exists a constant C such
that
IK(7)I* < CB(v)

https://doi.org/10.1017/50004972700016282 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700016282

[9] Anisotropic principal series 213

for every y€T.

LEMMA 2. Fix 49 €T and o € sp(u) (where p is a probability measure on A).
Then there exists a constant My, depending only on the last letter of 4, , such that for
7 €T with Inyol = byl + ol and B(x:) < min|éal* /(1 + [6al*) we have

Bn1)  _ xiw)
B(ravgt?)

for all m 2 1 except at most My values.

LEMMA 3. There exists a constant 19 > 0 such that for every v,, a € T with
lal =1 and |ma| = |m|+1
B(n1a)
P
B(w) =™

holds.
COROLLARY. Forevery y€ T with |y|21

B(7) < (1 - (g—1)no]™

holds.

Let T be a free group and Ay, A;, 4, fixed generator sets, with their inverses. As
usual we use Ay to define the sets L(y) for every ¥ € T', A; and A; to define the
following objects:

two Cayley-graphs ®4, and ®4, on which I' acts by left multiplication;
the multiplicative functions k; and h;;

the boundary measures through which we construct the functions B; and
B,.

LEMMA 4. Kfforevery 6§ >0

S B[ Ba(1)] 1O+ = oo
~y€er

then for every natural numbers N and N' and for every € > 0 and ¢ € Ay, there exists
v2 € ' with |y2| 2 N such that v, ends with ¢ and

Bi(727) _ Ba(127m)
Bi(1275)  Ba7270

where |yg| and |yg| < N' and |y2vg| = b2l + w0l and [v270| = |2l + ol-
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5. PROOF OF THEOREM 3
We divide it into two steps.
First of all from Lemma 1, there exists a positive constant C such that for every
v€T
|ha(7)|* < C Bi()
and

lha(7)[* < C Ba().
So for every § > 0

O S (BB )20+ > k()] ha( M)+ = 4o
€T ter

STEP ONE.
Claim:
If for every § > 0
S BN A [Ba(m) 2} 0+ = 4o
~er
then
L) = lL(y)

for every v € T, where l; and l; are the translation length funciions related to hy and
hy.

We prove this by contradiction. Fix 99 € I'. We can choose a unique con-
stant My such that Lemma 2 holds for both the actions of I', one on ®,, and
the other on ®,4,. Fix N' = (24 2My)|y|. From the corollary to Lemma 3,

we can choose N such that |y;| > N implies Bi(m1) < nen}l |£a|2/(1 + lfa|z) and
a€A
. 2 2
By(m) < Jan €al /(1 + |éa| ) . Suppose that
el () # ela(m),

Let 0 < € <1 be such that

Ie—h('ro) — e talw)

> E.

Let ¢ € T be a letter such that |¢| = 1 and |cy9] = 1 + |y0|. By applying Lemma 4,
with N, N', € and c chosen as above, there exists 42 € ' with |y2| > N such that 7,
ends with ¢ and

| Bi(72v) _ Bz(72m)
Bi(727g)  Ba(v270

https://doi.org/10.1017/50004972700016282 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700016282

{11] Anisotropic principal series 215

where || and |1g| < N' and |y2y] = |2l + Il and |v25] = |2l + bl
From this last result, it follows that

Bi(12%") _ _Ba(r2’)

<e
Bi(v27")  Ba(rerett)

for 1 < m € 2M; + 1. Remember, |72| 2 N and B;(m1) < nen}l |£.,|2 /(1 + |£¢|2) and
a€A,;

By(m) < 11611}1 |§¢|2 /(1 + |£¢|2) and that 4, ends with ¢ where |v27| = |72| + [70}-
a€A;

Then from Lemma 2, there are at most My values of m such that

Bi(7275") +1 Ba(7277") +13(0)
2 d {e 1(’Yo)} and — 2t ¢ {eth(0)},
By (1273 tY) By (vavg**?)

Then there exists at least one value of m with 1 < m € 2Mj + 1 such that

Bl(727(,)n) € {e:i:h(-yo)} and B2(7376n) € {eill(‘Yo)}.

By (7276"'“) B, (‘7276"“)
So
Bi(72%5") _ _Ba(r2n") >| ~h(7) —l:('ro)l
- 2 |e —e > €
Bi(v20"')  Bi(vve™)

and this is a contradiction.

STEP TWO.

We think of 4, and $,4, as R-trees endowed with the canonical distance, the
one which assigns distance 1 to two neighbouring vertices. I' acts in a minimal and
semisimple way. Besides the translation length functions of T' on the two R-trees are
the same, so applying the result of Culler and Morgan stated in Theorem 4, we get the
result. 1]

Now we prove the Corollary to Theorem 1.

PROOF OF COROLLARY: From Theorem 1, there exists a tree isomorphism
j : QA[ — QA:
such that for every v € I’ the following diagram is cummutative:

&, — B4,

7(-)1 11(-)

S — s 3,
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where v(-) means the action of left multiplication by the word v thought of as an
element of (T, A;) and (T, A;) respectively.

This is, joy(-) = 79(-) o j for every v € I'. As usual, it is better to identify
the vertices with the corresponding group elements. Let e be the identity element of
(T, A;). Then for every 7 thought of as an automorphism of 4, and $4, we have

i) =v3i(e).

We define j(e) = 0. So j(7) = v7o. The edges of 4, and ®4, are of (v, va)-type
where @ € A, and a € A, respectively. The neighbours of 7 in &4, and &4, are
{va}ac4, and {ya}sca,. Then we have

{i(va)}eea, = {i(7)a}aca,
« {7rav0}eca, = {7r708}aeq,
o {a10}eca, = {10a}ac4,
“ Tod175 ! = Aa.

Hence we obtain an anisotropic principal series of I" equivalent to the original one
if and only if we interchange the generators of I' and their related measure (in this
case 99 = e) or we replace some of them with their inverses (again we have vy, = e)
or we apply conjugation by v € T' (in this case 79 = ) or we combine these kinds of
operations. 1]
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