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1. In a recent paper, Boudjelkha and Diaz [1] have considered the solutions of the
Dirichlet problems for Laplace’s equation
Aw=0
and for Helmholtz’s equation
A,-Hw=0 (LeR)

in 3 —R". The purpose of this brief note is to show that their formulae may be derived easily
by the use of the theory of multiple Fourier transforms.

2. We shall use the notation z = (z,, z,, ..., z,—,) for the position vector of a point in
R""2 and (x, y, 2) = (X, ¥, 21, 23, - .., Z,-,) for that of a point in R"
We consider the solution of the Dirichlet problem

Aw(x,y,7)=0, x>0, y>0, zeR"? 2.1)
w(x, 0, z) = f(x, z), x>0, zeR*"? .2
w(0, y, z) = g(y, 2), y>0, zeR"? (2.3)
w(x, y,z)»0 as r—oo with x>0,y>0, 2.4)

where the functions f'and g are prescribed and £(0, z) = ¢(0, z) for all ze R"~2; r is the radial
distance defined by r* = x*+y +|z|2.
We also consider the solution of the Dirichlet problem

(A, —ADw(x, y, 2) =0 (x>0,y>0,zeR""32), 2.5)
w(x, 0, z) = f(x, 2) (x>0,zeR""2), (2.6)
w(0, y, z) = g(y, z) (y >0, zeR"™), 2.7
w(x, y,2)—=0 as r—oo with x>0,y>0. 2.8)

To solve the equations (2.1) and (2.5) we introduce two transforms &,-,, and €,_).
Employing the usual notation

F -2 (%, ¥, 2); 2> a] = 2m) """ ! f Sy, Dexp {i(a- 2)}dz,

with a=(a, 0z, ..., 0p_y), (®.2) = (a2, + ... +0,_,2,_3), and

FLfx p, ;x> = (2/7t)*_[: f(x, y, 2)sin(Ex)dx,
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F LS v, 2); x> €] = Q) f: Fx. v, 2)cos (Ex)ds

for the operators of the multiple Fourier transform and the sine and cosine transform, we
define &,_;y and %,_ () by the equations

Loo-1& ¥, ) =L -nlxx, ¥, D x> & 2o a] = F ) [F{a(x, v, 2); x> &} 2> a]
and .

2a-l& ¥, ) =Co-nlxx, v, 2); x> & 2o a] = F o) [F . ¥, ) x> &} 2 4]
respectively. If we denote the inverse of &#,_,, by #,_,), so that

F - F@); e > z] = F - )[F(@); @ > — z],

we can easily show that the inverses #(,_ 1), €n-1) Of L(n-1), €n-1) are defined by the
formulae

X(xs v, D)= 9’?,'.-1)[2?,.-1)(5, yv,a); & - x,0— z]= -g'—z.-z)[ﬁs{ﬁn—l)(é’ y,a); &> x};a—» z]
X(xs y: Z) = (g(’:-l)[zfn—l)(éa y’ G); é_' X, & '—FZ] = 9(’:—2)[5'-c{2€n—1)(f, y,d); 6—) X}, a— Z].

Using the convolution theorem for multiple Fourier transforms and the result
2f F(&)pA&)sin(Ex)dE =f SO{@(| t—x)—d(t+x)}ds, (29
0 0

where F, = #.f, ¢, = F .¢ (cf. [3, p. 63]), we deduce that
‘Sp(‘:—])[f(sn—l)(é’ “)(I‘an-l)(f, V), Eox,a— Z]

= 2'*("‘3)n"*‘""‘)fmdsj s, O{@(| x=s|, y, z—t)—p(x+s, y, z—0}dt. (2.10)
0 R"2

3. If we apply the operator &,_,, to both sides of equation (2.1) and assume that
w(0, y, z) = 0, we find that the equation is transformed to

62
(ﬁ _62_ | a lz) win—l)(éa y, @) =0,
which has a solution

W?n— 1)(63 Vs d) = A(fa a)‘ﬁfn— 1)(5, Y, a)s (31)
where
¢fn—1)(é9 Y, G) =exp{—y\/(§2+|a|2)}. (3'2)
Inverting (3.1), we see that equation (2.1) has solutions of the form
W(X, ¥, Z) = 'SP(*::—I)[A(& a)$En+ 1)(6, Y, a)’ 6_' X, &— Z]. (3'3)

Also, if we write
¢(n—1)(xs s Z) = (g:u-l)[¢fn+ 1)(61 Y G), é_' X, &= Z]
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and make use of a well-known result from the theory of integral transforms ([3, p. 82]), we
see that

Gn-1)(%s ¥ 2) = F (o )[@la- )& ¥, @); E > x, @ 2] = rTVH [ 7],
where 57, is the Hankel transform of order v = 4(n—3) defined by

LS 7] = f " OT. )t

From formula (8) on p. 182, Vol. I of [2], we deduce immediately that
¢(n— ,)(x, Y, L) = 2*"_*"_*1-(‘}")K(n)(x: ¥, 7), (34
where
K, ¥, 2) = y(x*+y*+|z|?) ™" (3.5)
1t follows from equation (3.3) that
w(x, y, 2) = LG [AE, DG (&, ¥, 9); &> x, a > 7]
+‘72',‘,_1)[B(C, “)(Ig(n—l)(cs x,@); >y, a—>z]
is a solution of equation (2.1). Since
w(x, 0, 2) = £-y[AE, a); (x, D)), w0, v, 2) =& (,-1)[BE, ®); (v, 2],
it follows that it will be a solution of the first Dirichlet problem if
A, @) =f(sn—1)(6, a) = y(u—l)[f(x’ z); x> ¢,z al
B, @) = §¢u-1y(& @) = y(n-l)[g(ya z); y—={, 2 a].
In this way we obtain the solution
w(x, y, z) = yz.—l)[f(sp.-l)(f’ OPe-1y(& ¥y, @); £ X, @ z]

+y(‘:l—l)[g‘zn—1)(C9 a)&fn—l)(c’ X, a); C -y, = Z].
From equations (2.10), (3.4) and (3.5) we deduce that

w(x, ¥, Z) = ynJ\ dsf f(S, t){K(,,)(lx—s|, ) z—t)—K(,,)(x+s, Y, Z—t)}dt
0 Rn—Z

+ y,,J‘ dsf 90, 0K m(x, | y—s]|, z—)—K(x, y+s, z—t)}dt, (3.6)
Rn-l

0o
where K,(x, , z) is defined by equation (3.5) and the constant y, by the equation
Vo = 20~ T (4n).
4. Similarly, if we apply the operator #,_;, to both sides of equation (2.5) and make

use of the boundary conditions (2.6) and (2.7), we obtain the solution
E
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u(x, y,z) = y(’fn-l)[f(i—x)(f, “)'ﬁfn-l)(f, vBa;éox,a- Z]

+yzl—l)[é?n—l)(Ca a)lpfn—l)(C9 X, a); C -y, x> Z], (4'1)
where
lﬁfn—l)({, y, &; l) =exP{"‘y\/(52+|¢|2+/‘Lz) (42)
Hence
‘P(n—n(X, Y, Z) = (ga—l)[lan—l)(é’ s a)a (x: Z)] = r_v‘#v[tvexp {_y\/(tZ_*_AZ)}, I‘]
again with v = $(n—3). Making use of formula (19) on p. 31, Vol. II of [2], we find that
lAb(n—l)(x’ Y, Z) = 2*7.[-*/1*"L(n)(x3 Y, Z; A’)’ v
where
L(n)(x: Y, Z; )') = yr-"+3/4K-§n(Ar)! (r2 = X2+y2+ | z |2) (43)

and K, denotes the Bessel function of the second kind of order m. Making use of equation
(2.10), we have, finally,

U(X, ¥, Z) = rnf dsf f(S, t){L(n)(lx_sla Y, z—t)—L(,,)(x+s, s Z—t)}dt
[} R"™2

4T, J dsf 905, O{Lim(x, | y =5, 2= =Ly, y+s, z—t)}dt, 4.4)
0 Rn—Z

where the constant T, is given by the equation
T, = 2i"g~3n)dn, 4.5)

5. There is a simple relation between the kernels K.;, and L. If we write
zt =(zy, 23, ..., Z,-1), then, from equations (3.2) and (4.2), we deduce that

éfn)(c; Y, &, an—l) = lpfn—l)(és y, &, an—l)'
Applying the operator &¢,) to both sides, we find that

¢(n)(x9 V2, 2, y) = y*[lll(n—l)(x’ Vs Z, By 1); Oy g = Zpeys
i.e. that
97[¢(")(x, $2); zp o A] = ll’(n—l)(X, ¥, 2; A)
and hence that

L(n)(x, Y, Z; A-) = 2*("_1)}._*"1—(‘%11-*-%)5’-[1(("*_ 1)(xs Y, Z+); Zp-1 )'] (5-1)
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