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Abstract. In this paper, we study L,-boundedness properties for higher order
Littlewood-Paley g-functions in the Bessel setting. We use the Calderon-Zygmund
theory in a homogeneous-type space (in the sense of Coifman and Weiss)
((0, 0), d, v4), where d represents the usual metric on (0, o) and y, denotes the
doubling measure on (0, co) with respect to d defined by dy,(x) = x***!dx, with
a>—1/2.

2000 Mathematics Subject Classification. 42C05 (primary), 42C15 (secondary).

1. Introduction. In the past years, the Calderon-Zygmund theory has been used
by several authors for the study of operators that occur in harmonic analysis in different
settings (see, for instance, [2-4, 9, 20, 21, 24]). In this paper, we study operators that
appear in the harmonic analysis related to Bessel differential operators viewed as
Calderon-Zygmund integral operators in the spaces ((0, 00), d, y,), where d denotes
the standard Euclidean metric, and for o > —1/2, dy,(x) = x***'dx. These spaces are
homogeneous in the sense of Coifman and Weiss [6].

Suppose that (X, p, y) is a homogeneous-type space, that is, p is a quasimetric
on X and y is a positive measure on X verifying:

(1) y(B(x,r)) <00, x€ X and r > 0.
(ii) There exists C > 0 for which y(B(x, 2r)) < Cy(B(x,r)), x € X and r > 0,

where B(x,r) = {y € X: p(x,y) < r} forevery x € X and r > 0.

Let B be a Banach space. We say that a B-valued function K defined on X x X\
Dy,where Dy = {(x,y) € X x X:x = y}isastandard kernel when there existe, C > 0
such that

@) I1K(x, p)lls < m, x,yeX, x#y.
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(i) 1K(x. ) = Kz, s + 1K@ ) = K0, )lle < 555 smmaamy: 602 € X,
x#y, p(x,z) < €p(x, p).

As usual, the integration of B-valued functions is understood in Bochner’s sense.
Definitions and main properties of the Lebesgue spaces of B-valued functions
L%(X ,¥), 1 <p <o0o, can be encountered in [7]. In the sequel, we write L’(X, y)
to denote Lf.’:(X y). A Calderon-Zygmund operator associated with a standard
B-valued kernel X is a linear operator T that is bounded from L*(X, y) into L2 a(X,y)
and such that for every f € L*(X, y),

Tf(x) = /XK(x, WOy (y),  x¢&suppf. (L.1)

The main results concerning singular integrals on Banach spaces of valued functions
were established in [16]. Function spaces (Lebesgue, Hardy, Lipschitz, etc.) defined on
homogeneous-type spaces (X, p, ¥) and operators acting between them were studied
by Macias and colleagues [10-12]. The corresponding spaces of B-valued functions
are defined in a natural way, and they are denoted with a subindex B ([16]).

The boundedness properties of our Calderon-Zygmund operators can be stated
as follows. Here, as usual, for every 1 <p < oo, we denote by 4,(X, p,y) the
Muckenhoupt class of weights with respect to the measure y on X endowed with
the quasimetric p.

THEOREM 1.1. ([15, Theorem 5] and [16, proposition in Remark 7]) Let (X, p, y)
be a homogeneous-type space and let B be a Banach space. Assume that T is a Calderon-
Zygmund operator associated to a B-valued standard kernel K on X. Then,

(i) for every 1 <p < oo and w € Ay(X, p,y), T is bounded from L7(X, wdy) into

L%(X , wdy).
(ii) for every w € A\(X, p, y), T is bounded from L'(X, wdy) into L[]B;OO(X, wdy).
(iii) T is bounded from L (X, dy) into BM Og(X, p, dy), where L (X, dy) denotes
the space that consists of all the functions in L*(X, dy) having compact support.
(iv) T is bounded from H'(X, p, dy) into L} s(X, dy).

When y(X) = ootoreplace Ly (X, dy) by L*°(X, dy)in the property (iii) presented
in Theorem 1.1, it is necessary to give a new definition of the operator 7' (see
[5, pp. 117 and 118], [8, p. 119] and [22, Proposition 2.1]).

In this paper, we consider the homogeneous-type spaces ((0, 00), d, ). In this
setting, a suitable estimate for the measure y,(B(x, |x — y|)) of the ball B(x, |x — y|),
where x, y € (0, 00), and the arguments developed by Nowak and Stempak [14] lead
to the following result that it establishes sufficient conditions in order that a B-valued
kernel K is a standard kernel.

THEOREM 1.2. Let B be a Banach space and a > —1/2. Assume that K is a B-valued
Sunction defined on (0, 00) x (0, 00) \ Do,0). If K satisfies the following two conditions:

C
(1) ”K(x y)”IB | y|max{x2a+1,y2a+1}a X,y € (Oa OO), X #y’
(ii) d n ad - C
dx Iy B X — y[Fmax{x2ett yRerl}’

x,y€(0,00), x#y,
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for a certain C > 0, where || - ||g denotes the norm in B, then K is a standard kernel in
((Oa OO), da VO()

As a consequence of Theorem 1.1 and Theorem 1.2, we study boundedness
properties of operators appearing in the harmonic analysis associated with Bessel
differential operators.

From now on, we assume o > —1/2. The Bessel operator A, is defined by

A, = —x-2-Ipy2tip — _p2 2a + ID,
X
where D = d/dx. It is not hard to see that
A, = D*D, (1.2)

where D* represents the (formal) adjoint of D in L*((0, o), dy,). In the Bessel setting,
the Hankel transform 7, plays the role of the Fourier transform in the Euclidean one.
The Hankel transform /,f of f € L'((0, 00), dy,) is defined by

ha(f)(y) = /0 () () f () dya(x),  y € (0, 00),

where J, denotes the Bessel function of the first kind and order «. The Hankel
transform /4, can be extended to an isometry of L*((0, 00), dy,). Moreover, for
every y > 0, the function ¢,(x) = (xy) *Ju(xy), x € (0, 00), is an eigenfunction of
A, associated to the eigenvalue ).

The harmonic analysis in the Bessel setting was begun by Muckenhoupt and Stein
[13]. They considered the Poisson kernel P,(¢, x, y) given by

Pult, x.3) = fo T e () (D)) (42) (), 1%y € (0, 00).

Weinstein [25] established the following representation formula for the Poisson kernel:

2 1 b4 : 20¢9
Pu(t,x,y) = *+ t/ S -df, t,x,ye(0,00).
7 0 ((x—p)+72+2xy(1 —cosh))*t2
(1.3)
The Poisson integral P, ,(f) of f € L7((0, 00), dy,), 1 < p < 00, is defined by
Po,(F)(x) = /0 TP, x, y)dya(y), 1, x € (0, 00). (1.4)

Then, {Py }s~0 1s a semigroup of contractions in L7((0, 00), dy,), 1 < p < oo.

In [13], a notion of conjugation is introduced. Taking as a starting point a
suitable Cauchy-Riemann-type equations, Muckenhoupt and Stein defined for every
J e LP((0,00), dyy), 1 < p < 00, the e-harmonic-conjugated extension Q, ,(f) of f by

0 (N() = /0 FO)0ult, x. V)dya(y).  1.x € (0, 00),
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where

Ou(t, x,y) = — do, t,x,ye(0,00).

2a+1/” (x — ycosh)sin®* 6
T Jo ((x— )2+ 24 2xp(1 — cos))*+?

The limit R,f(x) = lim,—.o+ Qo (f)(x) exists for almost every x € (0, co) and for every
feP((0,00),dyy), 1 <p<oo. Weighted inequalities for the operator R, were
established by Andersen and Kerman [1].

Recently, a conjugacy associated with the Bessel operator S, = x %2
Dx2+1 Dx=2=3 has been studied [2]. The procedure employed in [2] uses the Calderon-
Zygmund theory and it is different from the one followed in [13]. From results in [2], it
can be deduced that

Ryf = DALY,

for every f € L7((0, 00), dyy), 1 < p < oo. Thus, according to (1.2), R, can be seen as
a Riesz transform associated to A, in the sense of Stein [18]. Here, the negative power
Ag'"? of A, admits in terms of the Poisson semigroup the representation

AP f(x) = f h Po(f)(x)dt.
0

In this paper, we complete the study of the harmonic analysis associated with
A, showing I-boundedness properties of the Littlewood-Paley g-functions related to
semigroups in the Bessel setting.

Let (k,m) € N x N\ {(0, 0)}. We define the Littlewood-Paley g-function g(k m)(f )
of f associated with the Poisson semigroup { P, };~0 as follows:

% 247\
(km) .
(1100 = (/ t) .

Stempak [19] proved that the g(k O_function is bounded on L7((0, 00), dy,) provided
that 1 < p < oo. He adapted a well-known pattern (see [18]) to the Bessel setting. We

establish that g(k " is the B-norm of a Calderon-Zygmund operator associated to a
B-valued standard kernel for the Banach space B = L((0, oo), 2" +th=14¢).

We consider the operator G4 defined by

k+m

a
k+m ~
t atkaxm Pa,l(f)(x)

) am+k
f— GEM()x) = (3 e a,(fxx))bo. (1.5)

Note that g& " (/)(x) = G " (Nl
The main achievement of this paper is the following result.

THEOREM 1.3. Let (k, m) € N x N\ {(0, 0)}. The B-valued operator f — G&"(f)
defined by (1.5) maps boundedly L*((0, o), dyy) into L3 £((0, 00), dyy), and it is the
Calderon-Zygmund operator associated, in the sense of (1. 1) with the B-valued kernel

m+k

tkoxm

K(k m)( y) < P ([ X, y)) , X,yE€ (0, OO) (16)

t>0
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that satisfies

() [|Ka " (x| g < I y max(pe T %) x,y€(0,00), x#y

C
<
B — |x _ y|2 max{xz"‘“,yz"‘“}’
x,y€(0,00), x£y. (1.7

N
®H§4”ww

a m
+W;$“mw
B y

Note that the derivatives in Theorem 1.2 must be understood in the corresponding
Banach space. However, by taking into account the integral Minkowski inequality, to
see that the B-valued kernel Kg“'") defined in Theorem 1.3 is a standard kernel, it is
sufficient to prove (i) and (ii) in Theorem 1.3 considering pointwise derivatives.

Theorem 1.3 allows us to obtain, as a consequence of Theorem 1.1, the

boundedness properties for gka"") that are stated:

THEOREM 1.4, Let (k,m) € N x N\ {(0, 0)}. Then,
(i) foreveryl < p < ooandw € Ay((0, 00), d, dy,), g&k’m) is bounded on L7((0, 00),
w(x)dVa).
(ii) for every w € A1((0, 00), d, dyy), gka’m) is bounded from L'((0, 00), w(x)dy,) into
L1((0, 00), @(xX)dYa)-
(i) g™ is bounded from L((0, 00), dy,) into BM O((0, 00), d, dy.).

(iv) g™ is bounded from H'((0, 00), d, dy) into L'((0, 00), dya).

The arguments developed here also allow us to generalize results given in [13]
by proving I”-boundedness properties for the higher order Riesz transforms that are
associated with Bessel operators.

Also, a similar procedure can be used to obtain I”-boundedness properties for
g-functions associated with the heat semigroup for the Bessel operator A,. Although
the results in the Poisson case (Theorem 1.4) can be deduced from the corresponding
ones for the heat case, we prefer to present here the complete proof of Theorem 1.4
because both cases (heat and Poisson) can be proved by analogous procedures, but the
manipulations are much more involved for the heat semigroup.

Throughout this paper, C always denotes a positive constant that is not the same
in each occurrence.

2. Proof of Theorem 1.3. The proof of Theorem 1.3 naturally splits into three
parts: Z2-boundedness of G4, association of the kernel K& to the operator Gy

and standard estimates of Kék’m)(x, y). These three parts are proved as Lemma 2.1,
Lemma 2.3 and Lemma 2.4, respectively. In Lemma 2.2, the most difficult part of
Lemma 2.1 is separated.

Assume that f € L*((0, o0), dy,). According to [19, Lemma 2, p. 23], we can write

zmmm=ﬁ<mﬂamwwmmwwmxxemw>

Since h,(f) € L*((0, o0), dy,) by using [24, p. 46, (6)], we can see that P, (f)(x) is
infinitely differentiable on (0, co) x (0, c0).

https://doi.org/10.1017/50017089508004539 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089508004539

60 J.J. BETANCOR, J. C. FARINA AND A. SANABRIA

LEMMA 2.1. Let (k m) € N x N\ {(0, 0)}. Then, G¥™ is a bounded operator from
L2((0, 00), dyy) into L3 (0, 00), dyy).

Proof. According to (1.4), we get
Axmyrk Axm Ytk

am+k 00 am-‘rk
Py (f)(x) = /0 P, x, ) [ (V) dya(y), 1, x€(0,00). (2.1)

To establish that Gka’m) defines a bounded operator from L2((0, o0), dy,) into
L%B((O, ), dyy), we proceed as follows. We split the kernel

m+k o am+k t
Pt x ) = () <(x_y)z+tz>+h(f’ w9 Ly e (0, )
2.2)
and define the operator
HO) = [ HG 3 00, 2.3)

where H(x, y) = (fy° 1h(t, x, y) P2 0=1d)1/2 | x, y € (0, 00). Then, when we show
that 7 is a bounded operator on L*((0, o0), dy,), the proof of this lemma is complete.

Indeed, assume that this is the case. By using the integral Minkowski inequality,
we can write

= Gﬁf‘””(f)(x)||f,3 I

m+k

[ e Paatrto|
([ L7 s (o

o0 o0 o0 2
il el t wr!

: C</0 /(; ./(; atkaxm ((x_y)2+t2>y +'f(y)dy
< [ 00 12 2

+ /0 ( /0 Fo)l ( fo |h(t, x, y)lztz(’””"ldt) dya(y)> dya(x)

< C( f [ (o ey + / IH(f)(X)IZdVa(X)>,
0 0

2(m+k)71dt d}/a(X)

2
t2(m+k)*1dt dya (X)

t2(m+k)—l dt dx

where g™ denotes the Euclidean g-function restricted to (0, co), that s,

) = ( /
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It is well known that g™ is bounded on L*(R, dx) [17, p. 86]. Then, the claim of
Lemma 2.1 follows by using the result of Lemma 2.2. [l

LEMMA 2.2. The operator H defined by (2.3) is bounded on L*((0, 00), dy,).

Proof. Firstly, a few words about the strategy of the proof. We split the function /4
defined by (2.2) as follows:

h=h + h,

where

3m+k 1 1 8m+k 1
hl(ta x’y) 3 k8 mP (t X, y) - _X {x/b<y<bx} (y)(xy) 2 8t’<8xm <(x—y)2 +12> ’

with ¢, x, y € (0, 00), for a certain b > 1 that is specified later. It is then sufficient to
prove that the operators

H)(x) = /0 Hix, p) ()dya(y).

where

172

o0
H,-(x,y):( / |h[(t,x,y)|2t2(’"+")ldt) , x,y€(0,00), i=1,2,
0

are bounded on L*((0, 00), dy,). This is obtained by pointwise estimates of the
kernels H, and H,. The operator H, is further decomposed as H; = H;1 + Hi2 +
‘H1 3 according to the splitting of H(x,y) as Hi = xo<y<x/pyH1 + X(e/p<y<byH1 +
Xibx<y<oo)H1. The L?((0, 00), dy,)-boundedness of the operators H;; and H; 3 is
deduced from the corresponding boundedness properties of certain Hardy-type
operators. We prove that the operator H; » is controlled by a positive operator that is
bounded in L*((0, 00), dyy).

Treatment of H, is similar but much easier since for every ¢ > 0, hy(z, x, y) has
support in the region {(x, y) : 7 <y < bx}°. This property allows to obtain relevant
estimates of H>(x,y)on 0 < y < x/band bx < y < oo, and again Hardy’s inequalities
are applied to obtain the claim.

We start with analysing H;. By using (1.3) and induction on k + #, it may be easily
checked that for every ¢, x, y € (0, 00),

ak+in m  2j—m
apigm Lt X ) = S Z 41,85j.1.p(1, X, y), (2.4)
j= [m+1] 1=0 B= [ ]

where a;; 4 € R and

sin® 6 (1 — cos0)¥—"~!

(2 + (x — )2 + 2xp(1 — cos O))x+2+/+p

m
Sip(t, x, y) = PR (x — pyly¥=m= /
0

We write Sj; 4 = S} gt S? 1. 5» Where Sl 15 and S ,ﬂ are defined as S;; g but taking the
integral in 6 € (0, ”) and 9 € (5, m), respectlvely
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X

Firstly, we study S?, ,. If 0 < 3 <y < bx, then

BB
> 2 2 2k+2m—1 :
+ —
</0 |87, 5(1, x, p)| T2 dt)
1

L2 ; y 00 12m+4ﬂ+1 2
<Cl|x — S ——dt
X —yl'y ((/(; +/y‘_ ) (lz + (x _ y)z + 2xy)2a+3+2_1+2/3 >

D442 i C
+ —2(2a+2+42j—m) <
y = a2

1. 2j—m—I Y
=Clx—yly ((xy)2a+3+2j+2ﬁ

On the other hand, to analyse S’ g i=12 when 0 < y < x/b or y > bx, we can
write

1 1

00 , 2 ssomt | , [’ t2m+4ﬂ+1 2
m— )j—m—
(/(; |Sj,l,/3(t7 X, y)| t dt) <Clx—-yl'y (/(; (Z2 +(x— y)2)2ot+3+2j+ZB dt)
5 %) t2m+4ﬁ+l
— p|gm
< Clx —y| (/0 (2 + (x — y)2)at3+2/42p dl)

1
o t 2 C
<C dt)] < ———;
- </0 (2 + (x — y)2)2t3 ) T x =yt

the same estimate holds when S7, , is replaced by S}, ;.
Hence, we conclude that fori =1, 2

R 2 _
(/(; |Sjl‘,]’}3(lv X, y)| t2k+2m ldl)

Then, at this moment, we have proved that if 0 < x/b < y < bx, then

o=

=

—20( 2’ <X
< C{ 2 s b 2.5)

1

2
12k+2mldt) < C

/°° gtk /” (sin6)* "
o |0tFx™ Jo 0 (x — p)? 4+ 2 4 2xp(1 — cos §))*+3/2

y2a+2
(2.6)
and
1
A Phet2m=1 : xRy < f
_ , ;
( /0 ‘ Pl ) dr) < C{ RESESL g A1)

Now, we complete the study of S! :1.5- Assume in the sequel that £ < y < bxandz > 0.

Since sinf ~ 6 and 1 — cos ~ % for 6 € [0, 7], using the mean value theorem, we
get

| Zﬁ —k+1 . ; z 92a+2(2j7mfl)
Sttt x.) = gy = oA [ -
LA 22-m=1 (2 + (x — )% + 2xp(1 — cos 0))*+2H7+8

92a+2(2j7m71)+2

—do
P+ (x—y2+ xygz)a+%+j+ﬁ

< CZZﬁ k+l|x y|l 2j—m— 1/
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1,2j—m—I 2(a+2j—m—I+1)
< cpptn Y=o (xy) e / - y)2 ("

(12 +(x— y)Z)m+/—j+/3 (1 + 22)a+ 34j+8

28—k+1 1, 2j—m—1 At 2j—m—l+1)+1
PPkl x — y|lyH—m= ) a72j+m+17%< Xy )

@+ =y VIV =P+ 2

provided that (j, [, B) # (m, 0, 0). In the last inequality, we have used the estimation
established at the bottom of [13, p. 60].

Moreover,
[1 —k Z 92a+2m
Shoott:x.0) = S [ 6
00 2m7 fy (22 + (x — )2 + 2x0(1 — cos §))et3>+m
z 620¢+2m+2
< Clkym / —db
0 (P +(x—y)P+xpo2)*tatm
z 0 02a+2m+1
S Ctl_kym/z = 3 1 ” ” d@
0 (X =»)+ 290 (xpe2)*t2t3(2)7
2 0
<C tl—k—m —2a—1 f 4o
- Y o (x—y)7+xp02
2
< Ctlfkfm —2a—3 lo 1 jT_ Xy
= Yo T e )

We take § > 0. We have specified the value of § later. We have that

3y
/o

/ Z 92(¥+2(2j m—1)
X .
0 (24 (x — )2 + 2xp(1 — cos @)yt Hi+h

< C/8y( l2ﬂik+1|x B y|1y2j7m71 >212k+2m_ldl
= 0 (12 + (x _ y)2)m+lfj+ﬂ(xy)a+l+j (t2 + (x y)z)],,7§+1

1 PPk 1 2j—m—1
'Sj,l,ﬁ(h x’y) 22] n— l(x y) S

2
t2k+2m -1 dt

C 8y t2m+l C 82
/ dt§y4(a+1)log<l+( ) G, 1, B) # (m,0,0)

<
- y4(oz+1) 0 ((x_y)2+t2)m+l )2
and
7 2
8y . tlfk " 3 02a+2m et am
[ Ishoottxn = S [ Pl g

(2 + (x — y)? + 2xp(1 — cos @) +3+
C T Xy 2oy C Xy ’
< y—2(2zx+3) (log (1 + T(x —y)2>) / tdt < y—“(““) (log (1 + T—(x y)2>) .
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Using the mean value theorem and proceeding as in the previous estimation, we obtain

8y
/;
0

z 92(14—2(2} m—1)
26—k+1 < / 0
0 (24 (x — )2 + 2xp(1 — cos@))xtati+h

7 92a+2(2_j—m—/) . 2
_/ — d@)(x _ y)ly2j—m—l t2k+2m—ldt
0 (t2 + (X _ y)Z + xy92)a+§+j+ﬁ
sy z 20420j-m—I)+4 2
< C/ Z2/S—k+l(x y)l 2j—m— 1/ — 12k+2m_1dl
0 0 (2 +(x—y)?+ xpe2)etatith

1, @1, B) # (m,0,0)

< T Xy :
= y4(a+l) (]og (1 + TW)) , (i, l, B) = (m,0,0).

By performing differentiation with respect to x and ¢ as in (2.4), we obtain

m  2j-m - 2t ;
35y ety [
j=121 1=0 p=[4] 22}7'"71 0 (24 (x =y + xpp2)et i

Do+ 1 3m+k 5 02a
= t[ -do
o 3k \ o (2 4 (x — ) + xpo2)et2
2a+1 9mth / /°° 02 ”
T 9rkaxm (2 4 (x — y)? + xy02)+2
2 1 3m+k 10> —a—1 00 2u 00 92:1
_ot — (xy)z 22/' = 3dz—l‘/ -do
wo AR\ (x =y 4+ Jo (142t (24 (x— P2+ xph2)et2
B 1 am+k [(xy)—a—% 2 +1 am+k [/oc 92(1 4o
T akdxm \ (x —p)2 + 12 T rkaxm 1 (24 (x — YR + xpp2)ets )

Here aj;p, B = [%],...,k,j: [”’T“],...,m,l=0,...,2j—m,areasin(2.4).
Differentiating again as in (2.4), we get

2o +1 am+k ([/oo 92zx d@)
T Btkax’" z (tz + (x _ y)Z + xy92)01+%

k . 0 §2a+2Q2j—m—1) | .
E 6;1,ﬁtﬁ_+/ ——dO (x — y)y?™",
T (12 + (x _ y)2 + xy92)a+2+]+ﬂ

where €, 5 € Rand

1 gmt+k t (xy)—a—% 1 ( )_a_% gmtk /

- = —(x

7 0tkaxm \ (x — y)* + 2 i Atkox™ (x — y)2 + 12
m—1

P2B—k+1

i k
2 : —a—1 —a—Lmtl . N2s—1
+ E a5y X 2 (X J/) ((X _y)z + t2)1+s+ﬂ
1=0 5= p=15]

being ;5 € R.
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We can find § > 0 and b > 1 such that

n Xy x
gj.1.p(2) < gj,1,5<5,1m>, 0<r<dyand > <y <bx,

where g 4(z) = %, z€(0,00), withj =[2H], ..., m, [=0,....2/ —m, B =
4 :
2

], ..., k. In the sequel, § and b are fixed in this way. Then, we can write

8y
J

sy
ccf
0

o]

2
12(m+k)_1dl |x — y|2ly2(2j—m—l)

o0 92(a+2j—m—1)
PBk+1 /
3 .
P (t2 + (x _ y)Z + xy92)a+§+j+ﬂ

do

—a—2j+m+I—1
PBk+1 (xp) i (=)
((X _ y)2 + t2)m+17]+/3+1

1.2j—m—I
y ]
22(a+2j7m71) 2

x z| A=l gy

— 3.
s [ (L4 2

< e /‘”‘ L g —C g (14 2V
=YD Jy oyt 20T e 08 (x=p?2/)

Also, using the estimate at the top of [13, p. 61], we obtain

i 2(142B)+3 2(142+2)
oz 8y 8y
——dz < | —— 1+log(1+ ,
/0 (1 + Hpen 42 = <6y+ |x—y|) ( g( |x—y|>)
and proceeding as above, we get

3y
/o

—2a—1_-2 142 1 ‘,\-d;yy‘ 22(m+2/3)+1
< Cy “ X o—1+ (l_m) 2(141- / N2

y o\ /5'} S2428)+3 p
_— dz
|X — y| 0 (1 + Z2)2(1+s+}3)
Cy_m_lx_m_l ) ( y )2(m—l—1) ( 5 )2(1+2ﬁ+2)
= I — p20+—m) Ix — | 8y + Ix —yl

8 C 8. /X
< (1+1oe (14 2 )) = o (1 (14 222,
lx — ¥l yHe

|x — ¥l

l2ﬂ—k+1y—a— % X o= % —m+l(x _ y)Zs—l

((x — y)z + 2)1+s+8

2
lZ(m-&-k)— 1 dt

dz

y—2a—1x—2a—1+2(l—m)
|x_y|2(1+l—m) (

By combining the estimates that we have just proved and (2.6), it follows
that

8y % C
(/ |hi(t, x, y)|2t2(’"+")‘ldt> < Serm <1 + log (1 + 2 >> .
0 ¥y a+1)

= (2.8)
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Finally, we deduce
* 1 2 2(m+k)—1
/5 |8}t x, [ 2O dr
v

00 z 92a+2(2j7m71)
< C/ t2/37k+1/‘ — 46 ( _y)l 2j—m—I[
5y 0 ((x =)+ 22+ xpe2)etatith
00
<c
8y

(xy)fa72j+m+lf% /- o \)2+,2 Z2a+2j—m=1)
PRI 2= g

2
[2(m+k)71 dt

2

(2 + (x — p)2yntl=tp+1 —(1 P, dz

X |x

o0 A a+2j—m—1)+2
- C [ l t2(m+2,5+2)|x _ y|21 /_xy i
C
<
- y4(oc+l) ’

where the third inequality is proved by using the estimate at the bottom of [13, p. 60].
Also, by differentiation as in (2.4), it follows that

00
(xy)7(2°‘+ 1) /
dy
t4ﬂ+2m+l

= Clxy)” Cath Z Z X — y|2(21 " (|x y|2+t2)2j+2,5+2dt
J=121 p=14]

< Claxy)™@ D Z Z/ 1t < 4(oz+1)

/ [711+1 ,B [

8m+k t 2

2m+k)—1
drkyxm (x — 2+ ! di

Thus, by using (2.6), we prove that

00 i C
(/{; Ihi(z, x, y)|2[2(m+k)1d[) < }m. 2.9

y

From (2.8) and (2.9), we conclude that

(/ |h1(l,X,J/)|2f2(m+k)_ldl>
0

c
§m<l+log(l+#)), 0<x2<y<2x.  (2.10)

o=

Now, (2.7) and (2.10) lead to

0o ! x"2=2 0<y<y
< / \hi(t, x, y)|212(’”+k)_1dt) < Cly 2 2r(x,y), $<y<bx (2.11)
0 y2e2, bx <y < oo
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where r(x, y) =1 + log(1 + )2) Hence, according to [17, p. 272], the operators

(Y}

Hia(NE) = [ Hix ) 0dya(y) and His()) = [0 Hilx, 0)f 0)dya(y)  are
bounded in L*((0, 00), dy,).

Also, the operator Hi (f)(x) = fxb/; Hi(x,y)f(y)dy,(y) is bounded in
L*((0, 00), dy,). Indeed, note that

bx b 1
/ y—Za—Zr(x, Vdye(y) = / —(1 + log (1 + %))du #0, x€(0,00).
/b /b U 1=

Then, Jensen’s inequality leads to

bx

” Hl(xv y)f()’)dl/a

o0 2
I, Z(f)“y((() 00),dve) — /0 dVa(X)

2
<C/ ( vwmﬂ“%uywmwﬁdma)
sc/ O x e ()dya)

0 x/b

- 2 ~2a-2
_cA wwyﬂb 6, V) dye (e ()
< CI 1720,00.d7)

for every f € L*((0, 00), dvs).
This finishes the proof of boundedness of H; in L*((0, 00), dy.).
. m+k
To treat H since /a(f, x, y) = — 2 x(x <yepge () 4712502 ( GopE ) We write
asin (2.4)

k

h a1 ppkil (X =P
z(t, X, y) = T {5 <y<bxjc (V)(x)’) Z Z G.B (12 + (X _ y)z)/+/3+1 ’
[m+l]ﬂ f

t,x,y €(0,00),

where ¢; g € R.
Then,

l—

mww:(/ WQLMWWWWQ
0

1
00 t2m+4ﬂ+l |X _ y|4j—2m 2
< O <yebr (072 Z Z ( /0 @1 (x = )y dl)

; m+l]ﬂ

< CX{%<y<bx}"(y)(xy)7a7% (/ (t + |X - y|)3dt>
0

l/x,y <3

= Chw)- 0({1/)/ y>bx
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Then, according to [17, p. 272], we can deduce that the operator H(f)(x) =
Jo~ Ha(x, »)f (»)dya(y) is bounded on L*((0, 00), dy,). By combining these results, we
prove that the operator H is bounded on L*((0, 00), dy.). O

LEMMA 2.3. Suppose that f € L*((0, o0), dy,). Then,
G = [ KEM G (0. ae. x ¢ supp).

where K™ is given by (1.6).

Proof. Denote by 4 =supp f. Let g € L*((0, 00), dy,), and assume that g €
L%B(A", dy,) is smooth and has compact support contained in 4¢. Our objective is
to show that

(GE" - 8) 12 4ty = < /0 KEM(x, y)f(y)dya(y),g(x)> : (2.12)

L2(A°,dye)

To see (2.12), we note that
<G((Xk’m)(f), g)L%B(A(‘,dyu) = / . <G[(Xk’m)(f)a g(x, ')>L2((07oo)’t2(m+k)—ldt)dyﬂl(x)
A(

00 3m+k _
- //0 Wpa,;(f)(X)g(x, NP dedy, (x)
00 0O 8m+k
= [ [ et x o 0)in G
x 2 didy, (x)

_ < /0 K, ) )dya(y), g(x)> ,

Ly (A4¢,dya)

provided that the differentiation under integral sign is justified. This differentiation
can be made because, according to (2.4), for every x ¢ 4 and t € (0, 00), there exists
C > 0 depending only on the distance d(x, A) of x to 4 and on ¢ € (0, co) for which

r

m+k

Pt y)H FOdya()

5{/

< Clf Il 220,00, dye)- [

an1+/c
xmyrk

dVa(y)} { / ) dmy)}

LEMMA 2.4. If Kék’m) is given by (1.6), then the properties (1) and (ii) in Theorem 1.3
are satisfied.

Proof. Firstly, note that (2.7) implies (i) provided that 0 < y < 7 or 3 <y < o0,
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Also, by repeating the analysis developed in the proof of Lemma 2.2 without

introducing logarithmic, terms, we get, for 0 < 3 < y < bx,

O )~ R e P !
alls X, - X <y <b X
arkgxm V)= X =r<bn) Y atkoxm \ (x — y)? + 12
C

< .
- |X — yl max{x2a+l’ y2a+l}

B

Moreover, proceeding as in the estimate of H, in the proof of Lemma 2.2, we can

obtain
aerk ¢
‘ itk <(x -+ t2>

Then, for every 0 < 7 <y < bx, (i) holds. Thus, it is established that Kék’m) satisfies
condition (i) for every x, y € (0, 00).

To see that K™ verifies condition (if) we can proceed by differentiating as in (2.4)
and by using the arguments presented in the proof of Lemma 2.2. O

C
5 9
B 1x—Jl

X,y € (0, 00).

Theorem 1.1 implies now that the g-function g&k’m) satisfies the boundedness
properties listed in Theorem 1.4.
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