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SURFACES IN EUCLIDEAN SPACES

BANG-YEN CHEN

1. Introduction

Let M be an oriented hypersurface differentiably immersed in a Eucli-
dean space of n 4+ 1==3 dimensions. The 7-th mean curvature K, of M at
the point P of M is defined by the following equation:

@ det(s;; + tas,) = é}o( K b

where 4;; denotes the Kronecker delta, (’;) =nljr! (n—n!, and a,; are the
coefficients of the second fundamental form. ‘Throughout this paper all
Latin indices take the values 1, - - -, n, Greek indices the values 1, « - -, 2 1,
and we shall also follow the convention that repeated indices imply sum-
mation unless otherwise stated. Let p denote the oriented distance from a
fixed point 0 in E»*! to the tangent hyperplane of M at the point P, and
dV denote the area element of M. Let e, - - -, e, be an ordered orthonor-
mal frame in the tangent space of the hypersurface M at the point P, and
denote by 2; the scalar product of ¢, and the position vector X of the
point P with respect to the fixed point 0 in FE»*!. The main purpose of
this paper is to establish the following theorems:

TueorReM 1. Let M be an oriented hypersurface with regular smooth boundary
differentiably immersed in a Euclidean space E™*'. Then we have

) S P X VKAV + nS UK, — K,K,p)dV + (m — 1)S P K, ay,dV
M M M
= S K, X #d X, r=0,1,--n—1,
M

where m is any real number, VK, is the gradient of K,, 6M is the boundary of M and
* denotes the star operator.
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Formula (2) was obtained by Amur [1] for m =1 in an alternating form.
TueoreM 2. Under the same assumption of Theorem 1, we have

® mS 0, 2 ) o K klela,,k_lhk)eh,dv
== (3 )| pKeneav — -0, 2 )|, oK, 20,

r=0,+¢yn—1,

where e denoles the unit outer normal vector. In particular, we have

@) mS P XK, dV = nS pmeKadV — (Un !)S PGy
M M oM
and
(5) mS pmla;x.e;dV = ns pmK,edV + S pmxd X.
M M oM

Formula (4) was obtained by Flanders [4] for m =1 and M is closed.

Acknowledgement: The author would like to express his hearty thanks
to Professor T. Nagano for his kind help during the preparation of this paper
and his constant encouragement.

2. Preliminaries

In a Euclidean space E**!' of n+ 1=3 dimensions, let us consider a
fixed right-handed rectangular frame X, e, - - -, es+;, where X is a point in
E»*' and ey, - -+, €,+; is an ordered set of mutually orthogonal unit vectors
such that its determinant is

(6) [el’ MY en-ﬂ] =1,

so that e,-e; = 8,5. Let F denote the bundle of all such frames. We also
use X to denote the position vector of the point P with respect to a fixed
point 0 in E»*!, Then we have

(7) dX = 06,e, de, = 0.4€5

where d denotes the exterior differentiation, and 4,, 8, are Pfaffian forms.
Since d*X = d(dX) = d(de,) = 0, exterior differentiation of equations of (7)
find that

(8) dﬂa = 0ﬂ A 0;3::9 doaﬁ = 0ar A 0rp’ 0::3 + 0ﬂa = 0’

where A denotes the exterior product.
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Let M be a hypersurface twice differentiably immersed in E»*!. Con-
sider the set B consisting of frames X, e, -+, e,, e in E™! satisfying the
conditions XM and e, - - -, e, are vectors tangent to M at X. Then we
have a cannonical mapping, said 2, from B into F. Let 2* denote the dual
mapping of 2. By setting
) Of = %00y @ap = 2¥0upy
from (8) we have
(10) do, = 05 \ 0pey A0 = 0 N\ 0rpy  @ap + 05 = 0.

From the definition of B, it follows that .+, =0 and o, - - -, 0, are
linear independent. Thus the first equation of (10) gives

@; N\ @441 = 0.
From which we can write

(11) Wnt1,; = Qij@j, g5 = Gjge

Throughout a point in the space E**!, let ¥y, -« +, V,, J be n + 1 vectors
in the space E**, and V,x---XV, denote the vector product of the =
vectors Vi, + - -, V,. Then we have

(12) J'(le' b XVn) = (_l)"[Jy V19 Yy Vn]9
where - denotes the inner product of E»*!, from which it follows that
(13) e X+ s XEXT + + Xyy, = (—1)"*atle,,

where the roof means the omitted term. In the following, we denote the
combined operation of inner product and the exterior product by (, ), and
the combined operation of the vector product and the exterior product by
[,-++ ] We list a few formulas for easy reference. For the relevant details,
we refer to Amur [1], Chern [2] and Flanders [4].

(14) le, dX, -+ dX]=—mn—1)xdX,
1
n e

where * denotes the star operator.
(15) p=X-e, (de,*dX)=nKdV, (dX, *dX)=ndV,
where dV =@, A + + + A o, 1s the area element of M.

(16) [de,- - -, de, dX,+ - -, dX] =r!(n — r)!(’;)K,edV,'
v n—vr
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r=0,1,--+, n—1,
17 dxdX = —nK,edV.

If £ is a smooth function defined on M. By grad f or Vf we mean
Vf = f.e, where f; are given by df = f,0,, we have

(18) df AN*dX = (Vf)dV.

A self adjoint linear transformation A of the tangent space of M at X
into itself is defined by

(19) Ae,,; = [Zijej,
where the symmetric matrix (a;) is given by (11). It follows that
(20) AdX = Awie; = v;de; = w,a,e; = de

We look for other intrinsic tangent vectors which are obtained as the
result of repeated application of the transformation 4 to dX. Let AdX
denote thé intrinsic tangent vector obtained from dX by applying A repea-
tedly j times. For convenience we write ’

(21) Uy=dX, U;=A4dX, j=1,2-+- n

As in [1], we have

_ 4 if n
(22) or = —rlln—r = DI D=1, 2 )K,-*U,
yr=0,1,:--, n—1,
where
{23) o, =le, de,- -+, de, dX,---,dX].
S———— | S——————
¥ n—yr—1
3. Lemmas
LeEmMA 1. Let
(24) 7, = (=1)"dp A (X-0,) = (—1)*(X-de) A\ (X-0,),
then we have
{25) 7 = (=1)rrlin —7r—1) !i;:) (_1){<r ﬁ i)KT—ixjxlbiajho<kI=;[1ahk—lhk)dV

and
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4 i
2 (=0, 2 ;) Koswsin, (I an, ,n)endV

1

(26) (dp) Ao, = (—Drln —r~—1)!

where r =0, 1, + -, n — 1.
Proof. By (19),(20) and (21) we have

27 U, = (kgl Qn, 1,01 ,Ch
Hence we get

(28) *U, = (=0T an, p)ou A Adn, A~ A e

o

Thus by (22), we get
n 4 % 0 n
T, = (=17l (n —r — 1)!2(})(—1) Hh (r _ Z-)K,_ix,xhi
(ILar, 1 )oness Aov A==+ Ao, A=+ Ao
= (=1)rl(n —r —1)! go(_l)i(r n i)K iy @0, 850 I an, 3,)AV
This proves (25). Formula (26) follow immediately from (22) and (28).
LemmaA 2. Let o, and =, be given by (23) and (24). Then we have

(29) n!p" K, dV — nlpm ' K,dV + (=1)*(m — 1)p™~2r, = d(p™~'X -q,),
r=0,1,«++, n—1,
Proof.  Since
d(p™ X -e, = (—1)**pm~e,; de,- - -, de, dX,+ - -, dX]
4 n—r
+ (m— l)pm—Zdﬁ /\ (X'o"r) + (“D”pm—l[X, dey AERR) dgy dX’ ) d—X::F
r+1 n—r—1
= (m— 1)(—1)*p™2x, — nlp» K, dV + nlp™ K, dV.

This gives (29).
LemMA 3. Let U, and ¢, be given by (20) and (23). Then we have

(80) 7l —r—1) !( :l)[(n — 7K,y — np™ K, — (m — 1)p™ K, 2,2 ja;;1dV

= d(pm X o) + rln —r = DI (=D, * B K, X *T)

- pm—lX'd(Kr—i*Ui)] r= O, l’ te, N — 1,
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Proof. Since by the identities of Newton for the elementary symmetric

functions (see, for instance, [1],) we can easily verify that

31) z:, (1)1, 2 Kmild X, 0 = (P )K,dV.

i=1

Hence we have

v
1=

(=1, 2 @K, X U ~ p X -d(K,-*U)]

1

= S (~Dm— 1pmK,(, " )dp A X T,
é (—1)i<’, ﬁ i)p”"‘K,_i(dX, *,)

1=1

(=D — 12K, 2 )dp A X*Us — ()oK,

+

Il
Me

1

= —(m— Dpn=K( ¥ Yo ja,aV — (1 )pmK,AV

-
I

(m — 1) ] ™",

—(=1n rin—r—1)

Hence, by Lemma 2, it equals to
= -—-(m - l)pm'zK,(¢>xi:vja“dV - T(?)pm—lK,dV + (n - 7)(?)pm r+ldV
— =} )P KAV — Wrln — 7 = DA™ X +a,)

From this formula we can easily get (30).
4. The Proofs of Theorems 1 and 2

Proof of Theorem 1. By (22), we have

or = —rln—r = DI[(")K,*ax + ,-é:f“”i(r L) A

By taking exterior differentiation, we get

r+0(, % DK iedV = n( 2 )K.K edV — (%)x-VK,av
- B0, A, T)

Taking scalar product with X and multiplying by p™!, we get
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(n— r)(’f)Kmp"‘dV - n(ﬁ)KlK,p"‘dV + <’;)pm-1X-VK,dV
= =3 (-, " X d(K, AT,

i=1

Thus by Lemma 3,

123

LHS = —i:';l (=1, 2 )d@™ Ko X HU) — Urln — 7 = ))d(p" "X -o,)

+ (f)[(n —1p"K,yy —np" 'K, — (m—1)p" 2K, ;2 ja,;1dV .

On the other hand, we have

=1

(=0, ™ )™ K X HU) — (Ul — 7 — D)™ X a,)

= 20,2 AKX T + 5D, " )" K X )

= (’;)d(pm-lK,X-*dX).

Therefore we get
" K\ K, — K,)dV — p™ ' X VK, dV — (m — 1)p™ 2K, %% ;a,;dV
=d(p""'K,- X *dX).
By applying the Stokes theorem to this formula, we get formula (2).
completes the proof of Theorem 1.

Proof of Theorem 2. Since we have

d(pmar) = pm[éﬁ' c d€9 dX9 c Ty d—X:]'I" mpm_ldp /\ ar
r+1 n—r—1

=+ Dln—r—11, 1 | )KrriedV + mp™dp Ao,

This

Hence, by the Stokes theorem and Lemma 1, we get (3). Furthermore, by

setting » =xn —1 or 0 and applying formula (31), we get (4) and (5).
completes the proof of Theorem 2.

5. Some Applications

CoroLLARY 1. Under the same assumption of Theorem 1, we have

(32) n!SMpm-l<me—K,>dV~§ PX a,

oM

https://doi.org/10.1017/5S0027763000014392 Published online by Cambridge University Press

This


https://doi.org/10.1017/S0027763000014392

124 BANG-YEN CHEN

i)SMpm—zKr—ixjxh‘ajho(kgl Qn, ) 2" 2dV,

=rln —r—1)1m~—1) Zr} (—1)’“1( "
i=0 r—

r=0,1,++, n—1.
In particular, by setting m =1, we have the Minkowski formulas:

(33) XMpK,HdV = SMKTdV + wa-a,/n! F=0,1,- -+, n—1.

This Corollary follows immediately from (25), Lemma 2 and the Stokes
theorem. This Corollary was obtained by Shahin [8] for r =0, » —1, and
by Yano and Tani [9] for the closed case.

CoRrOLLARY 2. Under the same assumption of Theorem 1, we have

(34) "!S K,“edV:S g,y r=0,1,-++,n—1.
M oM

Two applications of Corollary 1 for the case m =1, one to M and the
other to M+ ¢, ¢ in E**, gives us (34).

CoroLLARY 3. Under the same assumption of Theorem 1, we have
(35) | XV, +a| K o~ KKV = | K, x5ax ~ [, x-aumn,

M M oM oM
=01+, n~—1,

This Corollary follows immediately from Theorem 1 and Corollary 1.

COROLLARY 4.  There is no minimal closed hypersurface in E»*1,

Progf. Set »r =0, then by (32), we know that if M is closed, then the
volume »(M) of M is given by

(36) v(M) = SMpKldV.

Hence, if M is a minimal hypersurface of E»*), then K, =0, hence v(M) = 0.
But this is impossible. This Corollary was proved by Chern and Hsiung.

CorOLLARY 5.  Under the same assumption of Theorem 1, if M is closed,
then

37) SMVK,dV = nSMKlK,edV, F=0,1,+- n—1.

In particular, if the mean curvature K, is constant, then we have
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(38) [ vK.av =0, r=01,-+0,n—1,

Two applications of Corollary 3, one to M and the other to M+ ¢, gives
us (37). Formula (38) follows immediately from (37) if K, is constant. This
Corollary was obtained by Amur [1].
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