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m-STONE LATTICES 

B. A. DAVEY 

A Stone lattice is a distributive, pseudo-complemented lattice L such that 
a* V a** = 1, for all a in L; or equivalently, a bounded distributive lattice L 
in which, for all a in L, the annihilator ax = {ô Ç L|a A 6 = 0} is a principal 
ideal generated by an element of the centre of L, namely a*. 

Thus it is natural to define an m-Stone lattice to be a bounded distributive 
lattice L in which, for each subset A of cardinality less than or equal to m, the 
annihilator A1- = {b Ç L\a A b = 0, for all a Ç A} is a principal ideal gener­
ated by an element of the centre of L. 

In this paper we characterize m-Stone lattices, and show, by considering 
the lattice of global sections of an appropriate sheaf, that any bounded distri­
butive lattice can be embedded in an m-Stone lattice, the embedding being a 
left adjoint to the forgetful functor. 

1. The definition. Let L be a bounded distributive lattice. Then the lattice 
of ideals of L is denoted by I(L), and the centre of L, the set of complemented 
elements, is denoted by *if(L). The principal ideal generated by x is denoted 
by (x]. 

For basic facts concerning Stone lattices we refer to [1]. 

THEOREM 1. Let L be a bounded distributive lattice. Then the following are 
equivalent: 

(i) for each subset A of L with \A\ ^ m, there is an element a± G të(L) such 
that A1- = (a j ; 

(ii) L is a Stone lattice and fë(L) is an m-complete Boolean lattice; 
(iii) L-1-1 = {(a-1)-1!» G L) is an m-complete Boolean sublattice of I(L) ; 
(iv) for all a, b in L, (a A b)1- = a1- V b±; and L satisfies the condition 
m(*): For each subset A of L with \A\ g m there is an element a± of L with 

A-"- = (ax)-1-; 
(v) For each subset A of L with \A\ ^ nt, A1- V A1-1- = L. 

Proof, (i) => (ii). For all a in L, a1- = (aJ for some a± in fë(L) and hence L 
is a Stone lattice. Further, by Speed [6, p. 734, Theorem 2], L-11- is an m-com­
plete Boolean lattice. The result follows if we observe that, for any Stone 
lattice, # ( L ) ^L-11-. 

(ii) => (iii). Since *l£ (L) ~ L-L±, it only remains to show that L±J- is a sub-
lattice of I(L), but this is true for any Stone lattice by Frink [2, p. 512, 
Theorem 3]. 
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(iii) => (iv). This follows by the results of Speed and Frink quoted above. 
(iv) => (v). If A is a subset of L with \A\ ^ m, then A1-1- = (ai)-1 and 

A1 = A111 = (ai)11 = (a2)
L, for some ah a2 in L, by (iv). Hence 

A± y ^ = (o2)J- V (ai)-1- = (a2 A ai)-1- = ( ( a 2 ) ^ H ( a i ) - ^ = 

( ( a i H H ( « 1 ) ^ ) ^ = !0}^ = L, 

as required. 
(v) => (i). Since A1- V ^l-1-1 = L, we have fli V fl2 = 1, with ai Ç ^l1- and 

a2 G ^l-1-1; further ai A a2 = 0 since ai A a2 £ A1- H A^ = {0}. If x 6 -4-1-, 
then x A #2 = 0, and thus 

x V f l i = (x V fli) A (a2 V ai) = (x A A2) V fli = 0 V fli = «i. 

Hence ^l-1 = (aJ , with ax in ^ ( L ) . 

A bounded distributive lattice will be called an m-Stone lattice if the condi­
tions of Theorem 1 hold. 

Apart from viewing nx-Stone lattices as the objects of a full subcategory of 
Stone lattices, we may also consider a category S(m) whose objects are 
m-Stone lattices and whose morphisms, which we call m-Stone homomorphisms, 
are Stone homomorphisms which are Boolean m-homomorphisms when 
restricted to central elements. Although the definitions and results of this 
paper are stated for the category S(m), very little alteration is needed to make 
them valid for the former category. 

The category of bounded distributive lattices with zero and unit preserving 
lattice homomorphisms (called simply homomorphisms henceforth) is denoted 
b y D . 

2. Sheaves of distributive lattices. Definitions in this section follow those 
in [9] (see also [4] ). 

Definition. A sheaf of sets is a triple (5, ir, X) where 
(i) S and X are topological spaces; and 

(ii) w: S —» X is a local homeomorphism of 5 onto X. 
A sheaf of sets (S, ir, X) is a sheaf of bounded distributive lattices if it also 

satisfies 
(iii) for each x in X, Sx = xir~l is a bounded distributive lattice; 
(iv) the functions (a,b)*-+aV b and (a, b) i—> a A b from the set 

{(a, b) £ S X S\aw = bir} into S are continuous; and 
(v) the functions [0] and [1], which assign to each x in X the zero (0X) and 

unit (lx) of Sx respectively, are continuous. 

X is known as the base space, and the Sx are known as the stalks. If F is a 
subset of X, then T(Y, S) denotes the set of continuous functions a: Y —• 5 
satisfying y air = y for all y in Y. Elements of T ( F, S) are called sections over Y 
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and elements of T(X,S) are called global sections. I t is immediate from the 
definition t ha t T(Y,S) is a distr ibutive lattice for each subset Y of X. 

T h e following lemma is well known (see [9, p . 25, Lemma 1]). 

L E M M A 1. Let (S, ir, X) be a sheaf of sets, and let Y be a subset of X. Then for 
each pair a, r in T(Y, S), the set {y £ Y\ya = yr} is open in Y. 

Let X be a topological space and let 3T be the category of open sets of X 
with inclusion maps. Then a contravar iant functor J^~ from $~ to the category 
D of bounded distr ibutive lattices is called a pre-sheaf of bounded distributive 
lattices. Given a pre-sheaf ^ of bounded distr ibutive lattices a sheaf of bounded 
distr ibutive lattices is constructed as follows: 

For each x in X, let 

Sx = \im^(U), 

where the limit is taken over the set of open sets U which contain x. Now let 5 
be the disjoint union of the Sx and define IT: S —» X in the obvious way. 

For x in U, let <t>x
u : ^~(U) —•» Sx be the natural homomorphism, and for each 

a G <^~(U) define a function [a]: U —» 6* by x[a] = a^*7. 
I t is not difficult to see t ha t (S, 7r, X ) becomes a sheaf of bounded distribu­

t ive lattices when S is endowed with the topology having { U[a] \ U is open in 
X, a G ^{U)\ as a basis. 

Now let (S, 7T, X ) be a sheaf of bounded distributive lattices, and let Y be 
a subset of X . The characteristic function of Y, denoted by XY, is given by 

= < \ (x € F ) . 
X X r ) 0 , (* € F ) . 

Clearly %r is in (the centre of) T(X,S) if and only if Y is clopen in X. 
Fur the r if each stalk has a trivial centre then each central global section a is 
equal to the characteristic function of its support, supp(a) = {x Ç X\xa ^ 0^}. 

A bounded distr ibutive latt ice L is called dense if a A b = 0 implies a = 0 
or 6 = 0. Clearly if L is dense it has a trivial centre. 

T H E O R E M 2. Le/ (5, ir, X) be a sheaf of bounded distributive lattices for which 
each stalk Sx is dense, and assume that X has a basis of clopen subsets. Then the 
following are equivalent: 

(i) T = T(X, S) is an m-Stone lattice; 
(ii) T satisfies the condition m(*) ; 

(iii) The clopen subsets of X form an m-complete Boolean lattice and for each 
a in T, supp(a) is clopen in X. 

Proof, (i) => (ii). This follows by Theorem 1. 
(ii) =» (iii). Let { Ut\i Ç. 1} be a family of clopen subsets of X with | / | ^ m. 

Le t at = xup and let A = {a^i Ç / } . By (ii) there is a ci in Y with 
A-L1- = (ci)-1. I t is easily seen t ha t U = X\supp(<r\) is the required upper 
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bound. Finally, supp(a) is always closed by L e m m a 1, and it follows from (ii), 
with A = {a}, t h a t supp(a) = X\supp(a\). T h u s supp(a) is clopen. 

(iii) => (i). Le t a 6 T, and let F = X\supp(a). I t is clear t h a t %r is the 
central generator of a1. T h e centre of T is m-complete since it is isomorphic 
to the Boolean latt ice of clopen subsets of X. T h e result follows. 

COROLLARY. Under the assumptions of the Theorem, if S is a Hausdorff space 

and the clopen subsets of X form an m-complete Boolean lattice, then T is an 

m-Stone lattice. 

Proof. Supp(a) is always open and since S is a Hausdorff space it is also 

closed. 

3. T h e m - S t o n e e x t e n s i o n . For any bounded distr ibut ive latt ice L, 
L11 = {(a1)-1-^ G Lj is a disjunctive dis tr ibut ive lat t ice; further se"(L) = 
{(^4-L)J-|^4 Ç L] is the complete Boolean lat t ice generated by LL1-, i.e. the 
Dedekind-MacNeil le completion of the Boolean extension of L1-1-. T h u s we 
may define s/m = J</m(L) to be the m-complete Boolean sublat t ice of s/(L) 
generated by LL1-. 

A homomorphism (3: L —» V is called an R-homomorphism if a1- = b1-
implies (afi)-1 = (bfi)1-. T h u s 13 is an i^-homomorphism if and only if the 
induced homomorphism 0: L±A- —» (Lf)L1- given by (a^-1)/? = (a/3)-1-1-, is well 
defined. An i?-homomorphism /3 is called an Rm-homomorphism if /3 preserves 
all existing m-ary joins and meets in L1--1, or equivalently if (3 extends to a 
Boolean m-homomorphism {3\s/m(L) —>Jtfm(Lf). 

Clearly a Stone homomorphism between two m-Stone latt ices is an m-Stone 
homomorphism if and only if it is an i?m-homomorphism. Thus , if we denote 
the category of bounded dis t r ibut ive latt ices and J?m-homomorphisms by 
D ( m ) there is a na tura l forgetful functor F: S (m) —>D(m). T h e remainder 
of this section is devoted to construct ing an adjoint to this functor. 

Let L be a fixed bounded dis t r ibut ive lat t ice and let X denote the set of 
prime ideals ois/m(L). W e equip X with the usual Stone topology: U is open 
in X if and only if U = Xj = {x G X\J $£ x} for some ideal J ois#m. 

For any ideal J oi L the minimal congruence with J as a congruence class 
is defined by (a, b) Ç 6(J) if and only if a V j = b V j for some j in J. T h e 
corresponding quot ient lat t ice is denoted by L/J, with elements a/J. T h u s if 
a: L —>J^m is defined by aa = a±±, we m a y define a pre-sheaf &~ over X by 
sett ing ^{U) = L/(J^oT1, where U = Xj. I t follows t h a t the corresponding 
sheaf (5, 7r, X ) is a sheaf of bounded dis t r ibut ive latt ices for which each stalk 
is dense; in fact Sx = L/xcr1. Fur ther , for all a in L, the m a p [a]: X —> 5 , 
given by x[a] = a/xor1, is a global section and { U[a]\ U is open in X, a G £} is 
a basis for the topology on S. 

L E M M A 2. / w each a in T there exists a\, . . . ,an in L and e\, . . . , en in 

^ (T) such that d A ej = [0] (i ^ j ) , V"-i«< = M ^ ^ = N / U M A e,. 
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Proof. For each x in X, xa = x[a] for some a in L. Thus , by Lemma 1, there 

is a clopen set Ux such tha t a = [a] in Ux, since X has a basis of clopen sets. 

By the compactness of X there is a finite set ah . . . , an of elements of L and a 

finite cover of X by disjoint clopen sets Ui, . . . , t/n such t ha t cr = [a J in £/;. 

T h e result follows with ef = xuv 

Remark. For the case where m is finite it is easily seen t ha t the elements 
of r have the following explicit form: 

a = VU [at] A V , U [btJ]** A [ctj]* (a„ bij9 ctj G L). 

LEMMA 3. r is an m-Stone lattice. 

Proof. By Theorem 2(iii) it only remains to prove tha t supp(a) is clopen 
in X for all a in T. Applying Lemma 2 we have supp(<r) = \Jn

i=i{Ui C\ Xai±±) 
Xai1--1, which is clopen. Alternatively, we may use Lemma 2 to prove tha t 5 
is a Hausdorff space and then apply the corollary to Theorem 2. 

T h e map y : L —> T, given by ay = [a], is a well defined homomorphism ; in fact 

L E M M A 4. y : L —> T is an Rm-monomorphism. 

Proof. U [a] = [ô], then a/xor1 = b/xarl for all x in X. Now 

nixa-^x u i = (n{x\x e x})**-1 = {oja-1 = {o}, 
and hence a = b. T h u s 7 is a monomorphism. 

Since T is an m-Stone latt ice s/m(T) = T-L±. Thus we may define 
y:s/m(L) - > j / m ( T ) by Ay = ( X F ) 1 1 , where Y = XA. y is clearly a Boolean 
m-homomorphism. 

We are now in a position to prove t ha t the embedding of L into V is the 
required adjoint functor. 

T H E O R E M 3. For any bounded distributive lattice L there is an m-Stone lattice 
T and an Rm-monomorphism y: L —» V with the following property: for any 
Rm-homomorphism <t>: L —> 5 of L into an m-Stone lattice S there is a unique 
m-Stone homomorphism <j>f : T —> S such that y o <j>' = </>. Further, the pair 
(7, T) is unique up to isomorphism over L. 

Proof. We show tha t the pair (7, Y) constructed above satisfies the proper ty; 
then s tandard category arguments establish the uniqueness. W e define 
4/ : r - > S be defining 0 ' : Ly -> 5 and 4>' : &(T) -> ^ ( 5 ) , and then appeal 
to Lemma 3. If a G L we pu t (ay)<t>' = a<i>. Since S is an m-Stone lattice we 
m a y define 0 :s/m(S) = S±A--> <if (S) by (5-L-L)/3 = 5**, a Boolean isomor­
phism. Now if e Ç ^ ( T ) we have e = %r, where F = X ^ for some A in 

j/m(L), thus we may pu t £0' = A<j>fi. Finally, if 

o- = \fUaa A e*, 
then 

a-*' = Wni=iai(j> A *<«'. 
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<t> is well defined and is an m-Stone homomorphism since $ is an i?m-homo-
morphism. 

Remark. It is interesting to note that if L satisfies the condition m(*) then 
s/m = L1-1- and X is homeomorphic to the set ~-# of minimal prime ideals of L 
equipped with the Stone topology, and thus Y {*J£, S) is an m-Stone extension 
of L. The particular case of m finite, where m(*) is equivalent to the compact­
ness o f ^ [7, p. 290, Proposition 3.2], is a direct analogue of Kist's result for 
Baer rings [3, p. 157, Theorem 5.3]. The extension of Kist's result to tn-Baer 
rings has been carried out independently by T. P. Speed [8] and D. E. Peercy 
[5], in the latter case using methods similar to those used here. 
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