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A B S T R A C T . We have studied axisymmetr ic nonlinear αω-dynamo models taking the in-

te rac t ion between even and odd pari t ies fully in to account . It t u r n s out t h a t t he dominat ing 

type of s y m m e t r y is not always determined uniquely, bu t it can vary on a very long t ime 

scale compared to the period of the magnet ic cycle. In some cases t h e frequency of this 

long t e r m variat ion is close to the bea t frequency of the two solutions with purely dipolar 

and purely quadrupo la r pari ty. T h e occurrence of a second frequency is typical of solutions 

whose t ra jec tory describes a torus in the phase space. We argue t h a t th is finding is of rele-

vance for unders t and ing secular variations observed in the Sun. For example measurements 

of sunspots indicate t h a t the spot number on the nor the rn hemisphere a t present exceeds 

the number on the southern hemisphere . T h e reverse seems to have been the case at the 

end of last century. 

1 . I n t r o d u c t i o n 

T h e magnet ic field or ientat ion in sunspot pairs is qui te regular . T h e or ientat ion reverses 

between the nor the rn and southern hemisheres (odd par i ty ) and a l te rna tes with the 22-year 

solar magnet ic cycle (Hale h Nicholson, 1925). Sunspot pairs are usually in terpre ted as an 

indica tor for an az imutha l magnet ic field in the solar convection zone. F lux ropes rise to 

t he surface, because of magnet ic buoyancy, where they can produce a pair of sunspots via 

the Parker (1979) mechanism. 

Fur the r , t he radial component of the solar mean magnet ic field Br shows a similar 

sys temat ic variat ion to the az imuthal field. Stenflo & Vogel (1986) and Stenflo (1988) 

showed t h a t abou t 90% of the radial component of t he magnet ic field is of odd par i ty and 

oscillates with the 22-year period. 10% of the I? r-field is of even par i ty and does not show 

the 22-year per iod bu t there are variat ions on a much shorter t ime scale. 

Deviat ion of the solar magnet ic field from a pure par i ty is of impor t ance for unders tand-

ing the solar dynamo . Tradi t ional spherical mean-field dynamos (Steenbeck Sz Krause , 1969; 

Krause h Rädler , 1980) show pure par i ty magnet ic field configurations when the dynamo 

n u m b e r is close t o the critical dynamo number DCT\t. Only the solution corresponding to 

t h e first DCTit is s table and therefore of relevance (Krause & Meinel, 1988). 
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Recently it has been demons t ra t ed t h a t for aw-dynamos with weakly supercritical 
d y n a m o numbers (D « 1.5Z) c rit) t he first pure solutions are uns tab le and only stable 
mixed parity solutions with contr ibut ions of even and odd par i ty are found (Brandenburg 
et al 1989). T h e pari ty, measured by a par i ty pa ramete r 

can vary quasi-periodically on a t ime scale which is typically 3-30 t imes longer t han the 
magne t ic cycle period (Brandenburg , Moss & Tuominen , 1989). E^ and E^ denote 
respectively the energies in t he symmetr ic (even) and an t i symmetr ic (odd) par t of the 
magnet ic field. 

Oscillatory dynamos wi th mainly odd par i ty have been found which show, for approx-
imate ly one th i rd of t he t ime, s t rong deviat ions from the odd pari ty, see Fig l b . During 
such stages considerable contr ibut ions of even par i ty are present and the to ta l magnetic 
field is weakened. This behavior has been tentat ively associated with the phenomenon of 
G r a n d Min ima (Brandenburg , Krause &; Tuominen, 1989). These models would predict an 
enhanced degree of "pari ty mixing" dur ing a Grand Min imum. 

These results are based on models , in which the a- and ω-effect ope ra t e in t he entire 
sphere . However, these condit ions are not met in t he Sun. T h e purpose of the present paper 
is therefore t o investigate more realistic models where the a- and ω-effect are confined in a 
sheU. 

2 . D y n a m o s i n a s h e l l 

T h e α ω - d y n a m o can opera te only in the convection zone and possibly in t he th in overshoot 
layer below. Because of t he very long diffusion t ime the radia t ive interior can be excluded 
from the computa t ion of solar- type magnet ic cycles. We do this by assuming a perfect 
conductor b o u n d a r y condition a t a radius r = 0.7Ä, where R is t he solar rad ius . We 
assume t h a t the field continues as a po ten t ia l field for r > R. Inside t he computa t ional 
domain 0.7Ä < r < R we solve the d y n a m o equat ion (cf. Krause and Rädler , 1980) 

in spherical coordinates (r , θ,φ) wi th 0 < θ < π , res t r ic t ing ourselves, however, to axisym-

m e t r y (i.e. d/θφ = 0) . Inside the shell we take u = <f>ursm0 wi th dü/dr = Οωη/R3 = 

const and Οω = - 1 0 0 0 . We assume t h a t a depends on Β v ia a = Cacos0 ( 7 / / # ) ( l + 

B2/BQ)~1 wi th Bo = y/μρηΙR. We find the critical d y n a m o numbers for D^£f* = —5620 

and i ^ c r U ^ = ~5570 for even and odd pari ty, where D = ϋαΟω. Note t h a t , in contras t to 
dynamos in a complete sphere, t h e S-type (even) solution bifurcates first from the trivial 
solution. Th i s feature has been found already by Rober t s (1972). (We have investigated 
here only the case D < 0, because only then the field bel ts migra te toward the equator . ) 

T h e min imum and m a x i m u m energies and frequencies for b o t h solutions are listed in 
t he Table 1. Note t h a t these values for b o t h pari t ies lie very close together . Near t o the first 
bifurcation (D = - 5 5 7 0 ) the S-type solution is s table . For D = - 8 0 0 0 . . . - 10 000 only the 
A- type solution is s table . These results were obta ined with a numerical resolution of 41 χ 81 
mesh points . For a lower resolution of only 21 χ 41 mesh points we find t he mixed pari ty 

Ρ = [£(s) - £<A)]/[£(S) + E^l (1) 

dB/dt = curl (u χ Β + aB - η curl Β) (2) 
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solution still a t D = - 1 0 4 ( this solution is shown in Fig. l a ) . Since t h e bifurcation points 

are shifted slightly as the resolution is increased we expect t h a t , for a higher resolution, 

th is mixed par i ty solution corresponds t o D « —6000... - 8000. 

Table 1: Energies and frequencies for even and odd par i ty solutions of t h e αω-dynamo in a 

shell for C„ = - 1 0 3 

Em** frequency 
CQ 6 8 10 6 8 10 6 8 10 
A 
S 

0.040 0.279 0.503 
0.043 0.277 0.499 

0.054 0.339 0.590 
0.059 0.344 0.601 

138.6 150.3 158.7 
138.1 149.6 160.3 

T h e t empora l variation of Ε and Ρ for a mixed solution is shown in t h e figure below 

(left pane l ) . (D = - 1 0 4 wi th 21 χ 41 mesh points . ) For comparison we have included in 

the right panel t he solution for the ent ire sphere for D = —8500 and 41 χ 81 mesh points 

(Brandenburg , Krause & Tuominen, 1989). 
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Fig. 1. Left panel: Evolution of energy and parity parameter for the shell dynamo and Ca = 10. 

Right panel: Same, but for a dynamo operating in the entire sphere 

T h e period of t he mixed so lu t ions is very long (abou t 100 times larger) compared to 

t he period of the basic magnet ic cycle. T h e long t e rm period is in this case close t o the 

bea t frequency between the two pure (uns table) solutions. T h e bea t frequency is in this 

case very low, because the frequencies of the pure solutions He very close together . 

Neglecting the fact t ha t solar Grand Minima occur irregularly (this has been modelled 

by Belvedere and Proc tor (1989) with a highly supercri t ical one dimensional dynamo) it 

seems tha t their recurrence t ime is not much longer t h a n 10-30 magnet ic cycle periods. It 

would be therefore of interest t o look for models with a period ra t io smaller then 100, which 

is the value found for shell dynamos with radially constant o> and u;-profiles. 
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3 . D i s c u s s i o n a n d c o n c l u s i o n s 

T h e shell dynamos discussed in this paper display a somewhat different behaviour t o dy-

namos opera t ing in t he ent i re sphere. T h e critical d y n a m o numbers for even and odd parity 

lie very close together and also t he difference in the magne t ic cycle periods are so small 

t h a t t h e corresponding bea t frequency of the mixed m o d e solution is smaller by a factor 

100 t h a n t h e magnet ic cycle frequency. -

Previous conclusions concerning t h e connection t o Grand Min ima have t o be recon-

sidered in t he case where t h e d y n a m o is confined t o t he ou te r envelope. I t is also very 

i m p o r t a n t t h a t it is now an oscillatory even par i ty mode which becomes first excited. This 

seems somewhat similar t o the 1-D model by Jennings and Weiss (1989), which also shows 

an even m o d e being excited first. This is however a s ta t ionary one. 

T h e shell dynamos have t he p roper ty t h a t t h e fields in the no r the rn and southern 

hemisphere are qui te separa ted , which is not the case for dynamos opera t ing in a full 

sphere where fields can ex tend down to t he center . Th i s is suppor ted also by the very 

similar field geometry found for even and odd par i ty solutions ( apa r t from the opposite 

sign in ei ther hemisphere) . 

Of course we must be aware of t h e high degree of simplifications m a d e in these models. 

These simplifications may account for some impor t an t qual i ta t ive discrepancies between 

our models and the observat ions. For example , G r a n d Min ima appea r irregularly ra ther 

t h a n quasi-periodically. I t is likely t h a t such features occur once t he fields are dynamically 

coupled t o t he differential ro ta t ion . Also the even par i ty contr ibut ions to the solar field do 

not show any periodic variat ions wi th approximate ly t he 22-year cycle per iod , whereas in 

our models fields of b o t h pari t ies oscillate with a common frequency. 
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