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Abstract. In an earlier paper, for ‘large’ (but otherwise unspecified) subsets
A, B,C, D of F,, Sarkézy showed the solvability of the equations a + b = cd with
ae A, be B, ceC,deD. This equation has been studied recently by many other
authors. In this paper, we study the solvability of systems of equations of this type
using additive character sums.
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1. Introduction. In [8], Sarkozy proved that if A, B, C, D are ‘large’ subsets of
Z,, more precisely, | Al|B||C||D| > p?, then the equation

a+b=cd (1.1)

can be solved with ae A, be B, ceC and d € D. Gyarmati and Sarkozy [4]
generalized the results on the solvability of equation (1.1) to finite fields. They also study
the solvability of other (higher degree) algebraic equations with solutions restricted to
‘large’ subsets of [F,, where [F, denotes the finite field of g elements. Using bounds of
multiplicative character sums, Shparlinski [9] extended the class of sets which satisfy
this property. Furthermore, Garaev [3] considered equation (1.1) over some special
sets A, B, C, D to obtain new results on the sum—product problem in finite fields. The
author gave another proof of Garaev’s results using graph theory methods in [11].

In this paper, we will use additive character sums to study the systems of sum-—
product equations in finite fields. More precisely, we consider the following systems:

ag+a; —bg-by =X, ay+a—bg-by = Ay, (1.2)

and
ao+ar—bo-br =i, apt+a—bo-br=2x, a1+a—bi-ba=2;, (1.3)
with (a;, b;)) € A; and A; C [, x [FZ, i=0,1,2,d > 1. Our first result states that the

system (1.2) of two sum—product equations in large restricted subsets of [, is always
solvable.

THEOREM 1.1. Given three subsets Ay, Ay, Ay € F, x [F;’. Suppose that

| Aol A1, [ Aol [Az] > ¢+,
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then for any \i, Ao € Fy, the system (1.2) has

Aol| Al A
1+ o(1)! 0||q21|| )

solutions.

Theorem 1.1 can even be generalized to the system of k equations and k + 1
variables without any costs.

THEOREM 1.2. Given k + 1 subsets A; C F, x [FZ, i=0,...,k Suppose that

| Aol Ail > ¢**?

foralli=1, ...,k and

|Aol* T TIAI > ¢+
iel
foralll C {1,...,k}, |I| = 2. Consider the system L of k equations
ag+a; —bgy-b; = A, (ai,[t),')EAi,iZ 1,..., k.

Then, for any A; € F,, the above system has

k
(1 +o()g [ ] 1A

i=0
solutions.

The system (1.3) of three sum—product equations in large restricted subsets of [,
however, is not always solvable. We will instead show that the system is solvable for
a positive proportion of all triples (A1, A2, A3) € [FZ in the smallest case, d = 1. More
precisely, we have the following theorem.

THEOREM 1.3. Given three subsets Ao, A1, A> € F, x F,. Suppose that

|Aol, A1, 42| > ¢*/2,

then the system (1.3) is solvable for  (* 'Aq‘z”Az') ¢’ triples (A1, 2, 23) € F}.

It is conceivable that we can chop off the term 2 (—V‘ :22” :[Zl) in the above theorem,

or even better, the system is solvable for (1 — o(1))g* triples (A1, A2, A3) € I]:?]. We show
that it is indeed the case when the ambient space [, x [Ff; has dimension d + 1 > 3.

THEOREM 1.4. Given three subsets Ay, Ai, A> C F, x [Ff]’. Suppose that

| Aol AL, A AL, [Aol A | > ¢ 9F2)/2,

then the system (1.3) is solvable for (1 — o(1))q’ triples (A1, A2, A3) € lFf]. Furthermore,
ifd > 3 and

| Aol A1, A AL, [Aol A | > ¢33,
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then the system (1.3) is solvable for all triples (L1, A2, A3) € [F;.

Interested readers can also find some interesting related problems in [1, 2, 5, 6, 7,
10, 12, 13, 14, 15].

2. Sum-product equation — Revisited. For any (ao, bo) € [, x [FZ and a subset
V € F, x F¢, denote N*(a, bo) be the set of all pairs (a, b) € F, x F4 such that

ayt+a—Dby-b=2x,

and let Nj(ag, bo) = N*(ap,bg) N V. The following key estimate says that the
cardinalities of N%(ag, bo)’s are close to |V|/g when | V] is large.

LEMMA 2.1. For every subset V of F, x [Fg then

Vv 2
> <|N£(ao,bo)|—%> <q'IVI.

(a(),[bo)eﬂ:q X []:511

Proof For any set X, let X(-) denote the characteristic function of X. Let x be any
non-trivial additive character of [F,. We have

|N} (a0, bo)| = Z V(a, b)

(a,b)elF, x [Fj[/,[loJra*Ibo-[b*)»:O

= Z lX(s(aoJra—[bo-[b—x))V(a, b)

(a,b)eF, xFd,sek,

V 1
B S Gta a— b b— ) Viab).
q q (a,b)eF, xFd,seF;
Therefore,

2
> (|N£(ao, bo)l — %)

(ao,[bo)e[F,,x[Fﬁll

2
1
== > Y x(stag+a—bg-b—x)V(ab)
q (a0,bo)eFyxFd \ (a,b)eF, xFd, seF:
l / A / /
== Y x((s=5)ao— M)x(sa—sd)x(bo - (sb
q s,8' €l a0,a,d €Fy
[bo,[b,[b’e[Fjl’
—sb)V(a,b)V(d',b")
= ¢! > x(sta —d)V(a,b)V(d, b)
a,a’e[ﬁ,,be[F?,s:s’e[F;;
= ¢ (R + Ry), 2.1)

where R; is taken over ¢ = @’ and R; is taken over a # & (the fourth line follows from
the orthogonality in gy and by and we consider the third line as a sum over a, then by
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implies that all summands vanish unless s = s’ and b = b’). We have

Ri= Y xsla—d)V(a.b)V(d.b)
a=d eF, beFy s=s'eF;
=@-1) >  Vby=(@g-DVl 22)
aeﬂ:,,,[be[F;;
and
Ry, = > x(s(a —d)V(a,b)V(d,b)
ad eFy beFd s=5'eF;
= > x(sa(l — 1)) V(a, b)V(ta, b)
ae[Fq,be[Fg,se[F;,t;éO,1,a’=m
= — Z V(a,b)V(ta, b)
ae[FL,,be[Fglf,r;éo,l
> —(¢—=2IV. 2.3)
The lemma follows immediately from (2.1), (2.2) and (2.3). O

The following result (a generalization of Theorem 1 in [4]) is an easy corollary of
Lemma 2.1.

THEOREM 2.1. For any two subsets V, U C [, x Fe, let N*(U, V) be the set of pairs
(ag,bo) € V, (a1, by) € U such that ay + a; — bg - by = A. Then, we have

VU
‘N*(V, U)— AL Vel lviul.
q
Proof By Lemma 2.1, we have

2 2
Z <|N?,(a1,[bl)l—%) < Z <|N)f/(alv[b1)| —%/'> <41Vl

(a1,b)elU (ay,by)elF,Fd
7q

By the Cauchy—Schwartz inequality,

[V||U| 14
N*(V, U) — < Y |INpa byl - —
q ([ll,ﬂ)])GU q
. 1%
<VIOLL YD (INpan by — —
(a1,by)elU 1

< VeIVIUL.

3. The system of k equations, k + 1 variables. We will prove Theorem 1.2 in
this section (Theorem 1.1 is just a special case of this result). The proof proceeds by
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induction. The base step k = 1 is Theorem 2.1 above. Assuming that the theorem holds
for all systems of / equations and / + 1 variables with / < &, from Lemma 2.1, we have

| A | Al
> (|NA(ao,[bo)|——) < > (|NA(ao,[bo>|— < gl AL
(a().|b())€A(] q (ao,[bo)G[quﬂ::ll q
(3.1

For any k > 2, by the Cauchy—Schwartz inequality, we have

2
n k-1 n n k

1_[ Zau 2 Zl_[az%j Zalzc.j > Znai,j . (3.2)

=1 A=l =1 i=1 j=1 j=1 i=1

It follows from (3.1) and (3.2) that

2

k |.A|
ZIKWW@~H

(ap,bo)e Ay i=1

k
< Y H(NA<ao,u:>o) '“4') <" T]1Al

(ao [bo)EAo i=1

which can be written as

S (e S TV @ b || <

(3.3)
Ic{l,..k} (ag,bo)eAq j¢l iel
Forany 7 C {1, ..., k} with 0 < |I| < k, by the induction hypothesis, we have
S T Vitao. bo) = (1 + o(1)g 1A [T 14 (3.4)

(ag,bo)e Ay i€l iel

Putting (3.3) and (3.4) together, we have

k k
> [T Vitao. bo) = (14 o(g™* T 14| <

(ag,bo)e Ay i=1 i=0

k
¢ T[4l
=1

Since | Ao TTE, |Ail > ¢“*P%, the left-hand side is dominated by (1 +
0(1)g* [T, IAil. This implies that

k k
> TV bo) = (1 +o()g™ [T 1A,

(a9,bg)e Ay i=1 i=0

completing the proof of the theorem.

https://doi.org/10.1017/5S0017089511000425 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089511000425

432 LE ANH VINH

4. The system of three equations, three variables.

4.1. The case d = 1 (proof of Theorem 1.3). Let A7 = A;N [Fj; X [FZ, i=0,1,2,
then

A > ¢,

fori € {0, 1, 2}. For any Ay, A, € F*, it follows from Theorem 1.1 that

q°

H(ai, b)) € A7, i=0,1,2 a0+ a1 — boby = A1, ap + ar — boby = A2}
A .A* A
— a4 (l))| SHAT |

By the pigeon-hole principle, there exists (ag, by) € Aj; such that

{(ai, b)) € A7, i=1,2:a9+4 ay — boby = Ay, ag + ar — boby = A,}]

— (14 (1))'“4*"“42' >q

Let s = IV |.AT||.A§|/Q2 > q‘l/z. Let .A; = {(CI,‘, b,) € AT ap+a; — b()b,' = )\,‘}, i=1, 2,
then | A ||A] > 8%¢*. We assume that | 45| > |A]], then | A} > §q. It suffices to show
that there are at least cd¢q values of A such that the equation

ay+a —biby = A, (a,,b)eA’ i=1,2 4.1
is solvable. For a fix (ay, b)) € A}, we want to solve the following system:

ag + a — bob = 1y,
ay+a—bb=2x,

under the constraint ay + a; — bob; = ;. It follows that (b — bo)b = A, — A+ a; —
ap. Thus, the system has at most one solution unless by — by = A, — A +a; — ay = 0.
Suppose that by = by and A = A, + a1 — ag, then from the constraint ay + a; — bob; =
A1, we have a; = b(z) + A —apand A = Ay + A + b% — 2ay. We consider two cases.
Since |A5| < g, |Aj| > 8%q > 1. Thus, we can choose (a1, b1) € A such that (ay, by) #
(b(z) + A1 — ag, by). Equation (4.1) now has at most one solution for each A. So, there
exists at least | 45| > 8¢ values of A such that equation (4.1) is solvable. This complete
the proof of the theorem.

4.2. The case d > 2 (proof of Theorem 1.4). Let Af = 4,\(0;0,...,0). For any
A1, A2 € Fy, it follows from Theorem 1.1 that

{(ai,b;)) € A7, i=10,1,2:apa; —bg - by = A1, apar — by - by = A2}
|AG AT A5
=1+ (1))—
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By the pigeon-hole principle, there exists (ao, bg) € Aj such that

{((a1, b1), (a2, 2)) € A} x A 1 apar —bo - by = Ay, apaz — by - by = A2}
|ATIA3]
= (1 +o(1))—*%.
q
For any (a,b) € F, x FI\(0;0, ..., 0), set M, (a,b) = {(u,v) e Fy x FY - au— b -
v = A}. Let A} = Iy, (@0, bo) N A} and A, = TI;,(ao, bo) N A3, then

A¥AS
AL = (1 + o(l))"q'# > ¢,

The first part of Theorem 1.4 follows immediately from the following lemma:

LEMMA 4.1. For any (a,b) € F, x [FZ\(O; 0,...,0) and A1, Xy € Fy, suppose that
£ C I, (a, b), F C My,(a,b). Ifd > 2 and |E||F| > ¢+, then

[TI(E, F) := {eafo — &1 - [1 2 (eo, 1) € €, (fo. 1) € F}| = (1 — o(1))q.

Proof The proof is similar to that of Theorem 2.8 in [7]. Define the incidence function
U}»(gv ]:) = {((609 (Bl)a (fo’ [Fl)) € g X f : leO — €1 [Fl = )"}

The Fourier transform of a complex-valued function /" on [FZ with respect to a non-
trivial additive character x on [, is given by

J0) =3 x(—x - bf (). 42)

xe[Fj[’
and the Fourier inversion formula takes the form

160 =3 x(x- R (). 43)

keFd
The Cauchy-Schwartz inequality applied to the sum in the variable (ag, by) yields

YnEFP<IEY. Y. Ela, bo)F(ar, b)F(d;, b))

rely, relFy apt+a—bo-by=A
ao+a’l —[bo-lb’l =i

= €] > E(ag. bo)F(ar, b1)F(d}, b))

(a1—d})—bo-(b; —b})=0

=1€lq! Z x(s(a1—dy — bg - (by — b)))E(ao, bo)F(ar, by)F(a}, b))

s,ag,ay,a €F
bo,bi,bj el

= q71|g|2|f|2+q71|g|q2d+2 Z 5(ao,[b0)|.7:_(s(l,[bo))|2,
A‘;ﬁo,a(]eﬂ:[[,b()EFZJ
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where the last line follows from (4.2). By changing variables ay — a;, s — @y and
sbo — bg, we have

Y F < EPIFP+4MEL )Y &, ay"bo)l Flag, bo)l

Ae[F,, a();éo,alqu,[b()Eﬂ:j

<qUEPIFP +7NEL Y] 1 F (a0, bo)l
ao;éO,[bUe[ngl

< g EPIFP + @ ET Y YT | Fa. by

(aj,bp)eF, xFd

= g 1EPIFI + ¢ IENF,

where the second line follows from the fact that for each a; ', there exists at most
one a; € [, such that (ar, a; 'by) € £ C I, (a, b). By the Cauchy—Schwartz inequality
again, we have

2
EPIFIP = (Z Ux(gv}—)> <ITE, F) Y uil€, F)-.
A A

This implies that

q

nE 7l > — .

[ENF]
This follows that if |£]|F| > ¢?, then [TI(E, F)| = ¢(1 — o(1)), completing the proof of
the lemma. O

If d > 3 and
| Aol AL, | A1l Azl, | Aol Aa| > ¢l 9372,

then

, | A IA3|

AL = (1 +o()7= 2255 .
From Theorem 2.2, for any A3 € F,, there are (a1, b) € A] and (a2, by) € A] such that
ayay — by - by = A3. Therefore, the system (1.3) is solvable for all triples (A1, Ap, A3) €
[FZ. This complete the proof of the theorem.
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