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Abstract

The purpose of this paper is to study an optimal stopping problem with constraints for a
Markov chain with general state space by using the convex analytic approach. The costs
are assumed to be nonnegative. Our model is not assumed to be transient or absorbing
and the stopping time does not necessarily have a finite expectation. As a consequence,
the occupation measure is not necessarily finite, which poses some difficulties in the
analysis of the associated linear program. Under a very weak hypothesis, it is shown that
the linear problem admits an optimal solution, guaranteeing the existence of an optimal
stopping strategy for the optimal stopping problem with constraints.
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1. Introduction

The purpose of this paper is to study an optimal stopping problem with constraints for a
Markov chain with general state space by using the convex analytic approach. This method
has proved to be very effective for solving constrained versions of different optimal control
problems. Without attempting to present an exhaustive literature review, the interested reader
may consult the surveys [15], [18], and the references therein to obtain a rather complete view of
this research field. The key idea is to reformulate the control problem as a primal linear program
(PLP) in a space of measures in which the main object of interest is the occupation measure of the
controlled process. This approach is well developed for discounted Markov decision processes
(MDPs) and for MDPs with long-run average rewards [1], [11], [12], [17]. Work on MDPs with
total undiscounted rewards has received less attention, although investigations on transient and
absorbing models with discrete state space have been treated in a recent book [1]. Of particular
importance is the fact that, for absorbing models, occupation measure corresponding to each
control policy is finite, while for transient models, it takes finite values on singletons. The
convex analytic approach has also been used for investigating many other models, such as
continuous-time Markov chains and more general Markov processes, including diffusions [5],
[9], [19]. More particularly, optimal stopping problems for continuous-time Markov processes
are shown in [5] to be equivalent to infinite-dimensional linear programs over a space of pairs
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of measures under the assumption that the expectation of the stopping time is finite. In [19],
a simple standard continuous-time controlled Markov chain is studied using the notion of an
occupation measure. A similar approach, but for a more general model, is presented in [9],
where it is also proved that the convex analytic approach is dual to that of dynamic programming;
namely these two approaches lead to a dual pair of linear programs.

On the other hand, there exist very few works devoted to the development of the convex
analytic approach for the optimal stopping of a discrete-time Markov chain. To the best of
the authors’ knowledge, [13] and [14] are the only references addressing such a problem. In
these works, the author investigated the case of a finite state space under conditions which
guarantee that, formally speaking, the model is absorbing, and, for each control policy, the
expected value of the stopping time is finite. We may also mention other references [3], [4],
[6], [16], [21], in which single-objective optimal stopping problems are investigated using
the dynamic programming approach. In particular, a linear programming formulation of the
optimal stopping problem for MDPs is approximated using linear function approximation in [3].
In the book [4], the authors studied optimal stopping problems both in the discrete-time and
continuous-time frameworks in the context of economics and finance applications. In [6],
the authors investigated an optimal stopping problem for the class of piecewise-deterministic
Markov processes and provided a numerical approximation scheme. In [16], the solution of the
optimal stopping problem for processes with independent increments is analyzed. It is shown
that the solution is related to the root of the Appell function associated with the maximum of the
process. Finally, nonstationary stopped decision processes are studied in [21] using operator
theory, rather than martingale theory.

Our work appears to be the first attempt to study the constrained version of optimal stopping
of a discrete-time Markov chain with general state space by using the convex analytic approach.
It can be shown that the optimal stopping problem is equivalent to an MDP with a total
undiscounted cost. Therefore, this equivalence result provides a natural way to analyze the
optimal stopping problem by using the convex analytic approach. In the current paper, all
the costs are assumed to be nonnegative and there is at least one policy with a finite (vector)
performance satisfying the required inequality constraints. It is important to point out that
in our case we do not assume that the stopping time has a finite expectation. Moreover, the
equivalent MDP is not necessarily transient or absorbing. As a result, the occupation measure
is not necessarily finite, which renders the PLP very difficult to analyze. Moreover, admissible
solutions to the PLP can be phantom solutions, i.e. they do not correspond to any control
policy. This means that the linear equation on the space of measures, which usually completely
characterizes the space of occupation measures, defines a wider space in our case.

In Section 2 we formulate the optimal stopping problem and show that it is equivalent to
an MDP with total expected cost. In Section 3 we study the PLP related to the unconstrained
optimal stopping problem through the MDP. We show how to construct an optimal policy from
an optimal solution to the PLP. Moreover, an important property is derived showing that, for
any admissible solution to the PLP, there exists a policy for which the associated occupation
measure provides an admissible solution to the PLP with a better value of the cost. This result
will be crucial for the analysis of the constrained problem provided in Section 5. An example
is presented in Section 4 illustrating all the theoretical issues and, in particular, the existence of
phantom solutions to the PLP. Finally, Section 5 is dedicated to the analysis of the constrained
version of the optimal stopping problem. Contrary to the unconstrained case, it is far from
trivial to show that the PLP with constraints admits an optimal solution. The main result of this
section is to prove that this result holds under a very weak condition guaranteeing the existence
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of an optimal stopping strategy for the constrained version of the optimal stopping problem.
This is done by introducing a suitable topology on a space of occupation measures. For the
sake of clarity, most of the proofs of our results are presented in Appendix A.

The following notation will be used in this paper: N denotes the set of natural numbers,
R denotes the set of real numbers, R4 denotes the set of nonnegative real numbers, and R+
denotes R, U{+o0}. The term measure will always refer to a countably additive, R -valued set
function. Let E be a Borel space and denote by B (E) its associated Borel o -algebra. The set of
measures defined on (E, B(E)) is denoted by M(E)_. For two measures (y1, y2) € M(E)2 R
y1 < y2 means that (') < y»(T") for any I' € B(E). The setwise convergence of a
sequence of measures (,),ecN tO @ measure Yoo is denoted by lim,— o ¥ = ¥o- Let f be
a measurable function defined on E and n € M(E)4. The integral of f with respect to 7, is
denoted by n(f) = [, £ S ()n(dy). Recall that if W and W, are positive kernels on E given E,
the product of Wi and W, is defined by Wi Wy (B | x) = fE Wa(B | y)Wi(dy | x) for any
(x, B) € E x B(E). For akernel W on E given E, the iterates W”" for n € NU{0} are defined
by setting W0(x, B) = 8,(B) for any (x, B) € E x B(E), and, iteratively, W = WWw”"~1,
For any nonnegative measurable function f on E, Wf is the measurable function defined on
Eby Wf(x) = fE f(y)W(dy | x) for any x € E. For a positive measure 1 on (E, B(E)),
nW is the measure defined on (E, B(E)) by nW(B) = fE W(B | y)n(dy) forany B € B(E).
The restriction on a set B € B(E) of a measure 7 is denoted by n?(C) = n(B N C) for any
C € B(E).

2. Problem formulation

In this section we describe the optimal stopping problem using a weak formulation. For
a weak formulation of the optimal stochastic control problem, we refer the reader to [7], [8],
and [10]. We then introduce an auxiliary control problem defined in terms of an MDP and show
that it is equivalent to the optimal stopping problem (see Theorem 2.1). Some basic definitions
related to the occupation measures of the MDP are also presented.

2.1. Optimal stopping

Let E be a Borel space, let S be a stochastic kernel on E given E, and let v be an arbitrary
probability measure on E. In this subsection we define the optimal stopping problem for a
Markov chain {x;} with state space E generated by the Markov kernel S. The objective is to
stop the process at a random time 7 in order to minimize a cost function in the presence of
constraints.

Definition 2.1. The control is defined by

A= (2, F,Q, {Ft}hien, {X1}ren, T)
e (2, F,Q,{F}ten) is a filtered probability space;
o {x;};en is an E-valued {¥;};en-Markov chain defined on (2, £, Q), where S is its

associated transition kernel and v is its initial distribution;
e 7 is an {¥F;};en-stopping time.

The set of previous controls is denoted by A and Eq denotes the expectation under the
probability Q.

For the sake of clarity, different notation will be used for the cost functions of the uncon-
strained and constrained versions of the optimal stopping problem.
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The unconstrained case. Letr: E — Ry and R: E — R, be measurable functions. For a
control A € A, the performance criterion is given by

—1
J() =Eq [Zr(xt) + 1z <o0) R(xr)j|-

t=0

The unconstrained optimal stopping problem, labeled (P1), we are interested in is to minimize
J()) over A.

The constrained case. Let (rp)n—o,....n and (R,)n=o,..., v be R4 -valued measurable functions
defined on E, and let (j,),=o0,.., v be numbers in R;. For a control A € A, the performance
criterion is given by

T—1
Jo(h) = EQ[Z ro(x) + Lz <oo) Ro(xr)},
t=0
and the constraints are given by
-1
Ju(A) = EQ |:Z (X)) + 1{‘E<OO} Rn(xt):|-
t=0

The constrained optimal stopping problem, labeled (P»), we are interested in is to minimize
Jo(A) over A subjectto J, (1) < j, forn e {1,..., N}.

2.2. Auxiliary control problem

Following the notation of [11], we introduce the control model (£ A A, L), where EA =
E x {0, A} is the state space, A = {0, 1} is the control set, and L is the stochastic kernel on
EX given E® x A defined by

LB xC |y, z,a) =SB | yliec) la=0) + Ljaec) La=1)] 2.1

forall B € B(E),C C {0, A}, (y,z) € E2,and a € A.

Let IT be the set of all randomized past-dependent control policies 7 = {m;},en, Where 7, is
a stochastic kernel on the control set A given (E® x A)'~! x E2. A randomized control policy
7w = {m }en € I is said to be stationary if 7; = 7* for any ¢ € N, where 7* is a stochastic
kernel on the control set A given E2. By a slight abuse of notation, if 77* is a stochastic kernel
on the control set A given E2, then the corresponding stationary control policy will be denoted
by 7* instead of {m,};en with t; = 7% for any r € N. Define G = (E x {0, A} x A)*°, and let
4 be its associated product o-algebra. According to [11, Section 2.2], for an arbitrary policy
7 € II, there exists a probability measure P] on (G, $) such that the coordinate projections
¥t, 2t, and a; from G to the sets E, {0, A}, and A, respectively, satisfy

(i) P7[(yo,z0) € B x C] =v(B) Ljoecy;
(i) Plla; € D | §] = (D | g1);
(i) Py [(yra1,2041) € BXC | G Vola}l = LB xC |y, 2, ar),

forany B € B(E), C C {0,A}, and D C A, where §; = o{g;} with go = (yo, z0) and

8r = ()0, 20, A0 - - - » Yi—1, Zr—1, ds—1, Y1, Zr) fort > 1.
A probability on (G, §) is said to be induced by a control policy 7 € IT if it satisfies (i)—(iii),
and it will be denoted by P7 . In this case, E7 denotes the expectation under the probability P7 .
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Introduce the cost functions ¢: E2 x A — Ry and ¢,: EX x A — Ry for the auxiliary
control problem
c(y, z,a) = [r(y) Lia=0y +R(Y) Lia=1}] 1{z=0y, (2.2)

cn(y,z,a) = [ra(y) 1{a=0} +Ry(y) 1{a=1}] 1{z=0}7

for any (y, z) € E® and a € A. As for the optimal stopping problem, two different MDPs are
introduced. The unconstrained version where the performance criterion to minimize is defined
by

o0

V(r) =E] [Z O 21, ao} 2.3)

1=0
and the constrained version where the performance criterion to minimize is defined by

~ 00
Vor) =E | Y cover 2, @)
-1=0

subject to V,, () < j, forn € {1, ..., N} with

- 00 -
Va(m) =B | Y enlyn, 2z a) |-
-t=0 -
Remark 2.1. Note that our model is clearly not assumed to be transient or absorbing and the
stopping time does not necessarily have a finite expectation. The definitions of the transient
and absorbing Markov control models can be found, for example, in [12, pp. 104-105] and

[1,p. 75].
For a policy 7, let us introduce the following expected occupation measures:

(0.¢]

up (D) =Y Pll(yi. 2. a) € T x {0} x {0}], 24)
t=0
(0.¢]

uF(C) = PT{(y. 2. ar) € T x {0} x {1}], 2.5)
=0

for any I' € B(E). In [13] and [14], the measures u] and u7 are called the running and
stopped occupation measures, respectively.

Since c(y, A,a) = 0 for any (y,a) € E x A, the performance criterion for the auxiliary
control problem defined by (2.3) can be rewritten as

Vir) = /E ¢(7,0,0) T (dy) + /E c(r, 0, DU (dy) = 47 (1) + W7 (R).  (2.6)

Similarly, we have V,, () = u7 (rp) + u7 (Ry) forn € {0, ..., N}.
For notational convenience, the measure u) + u7 will be denoted by 1. We note that the
probabilistic interpretation of u” is

W)=Y Pl(y.z.a) €T x {0} x Al, T € B(E).
t=0

The next result shows that the constrained and unconstrained optimal stopping problems are
respectively equivalent to the constrained and unconstrained MDPs previously defined.

https://doi.org/10.1239/jap/1294170511 Published online by Cambridge University Press


https://doi.org/10.1239/jap/1294170511

952 F. DUFOUR AND A. B. PIUNOVSKIY

Theorem 2.1. Forany A = (2, F, Q, {Ft}reN, {Xt}reN, T) € A, there exists a policy m € T1
such that, foralln € {0, ..., N},

Va(m) =Jy(1), V(@) =J®), and pg(E)=Eqlt]l,  u7(E)=Q[r < ol.

Conversely, for any w € T1, there exists a control .. = (R, F, Q, {Ft}ren, {xt}ien, 7) € A
such that, foralln € {0, ..., N},

Jn(A) = Vu(mr), J() =V(r), and pg(E)=Eqlt]l,  u7(E)=Qlr < ool
Proof. See Appendix A.

3. Convex analytic approach for the unconstrained problem

Having shown that the optimal stopping problem can be reformulated as an MDP, we now
study in this section the PLP related to the unconstrained problem. We show how to construct
an optimal policy from an optimal solution to the PLP; see Proposition 3.1 and Definition 3.2.
An important property is obtained showing that, for any admissible solution to the PLP, there
exists a policy for which the associated occupation measure provides an admissible solution to
the PLP with better value of the cost; see Theorem 3.1. A crucial corollary of this result (see
Corollary 3.2) is then derived for the analysis of the constrained problem provided in Section 5.
By using a dynamic programming argument, it is proved in Theorem 3.2, under a very weak
assumption, that the unconstrained PLP admits an optimal solution, guaranteeing the existence
of an optimal stopping time for the unconstrained problem. Finally, we show that admissible
solutions to the PLP can be phantom solutions, i.e. they do not correspond to any control policy.
However, Theorem 3.3 provides a connection between the optimal phantom solutions of the
PLP and the optimal solutions of the PLP associated to a policy.

The unconstrained PLP is defined as follows: minimize u,(r) + . (R) subject to

(Hos 17) € M(E)Y, o + 1r = v + 1,S. 3.1)

A pair of measures (u,, i) on E is called an admissible solution to the unconstrained PLP
if (po, ir) satisfies (3.1). Here (u};, u¥) is called an optimal solution to the unconstrained
PLP if it is admissible and p}(r) + wi(R) is equal to the infimum of w,(r) + pc(R) over
(1o, 1) € M(E)? satisfying (3.1).

Remark 3.1. Note that an admissible pair of measures (u,, (t¢) can take values +o0o and are
not necessarily o -finite.

Definition 3.1. For any stationary policy 7%, the operator T™ : M(E), — M(E). is defined
by

T = v+ [ 7013 0ST 1@y, T e BE),
E
Lemma 3.1. The following assertions hold.

(a) For any policy € T, the pair of measures (1}, , W7 ) is admissible for the PLP.

(b) If7* isastationary policy then W™ is the minimal solution to the equation T™ 7 = 3, 1 €
M(E)+. Moreover, W™ = lim;_ o0 vy, where Vit] = T v, fort > 0and vy = v.
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(¢) If ¥ is a stationary policy then, for any I' € B(E),

pr () = /F 750 |y, 0™ (dy), uF ()= fr (1 |y, 0™ (dy).

Proof. See Appendix A.

Condition 3.1. There exists an admissible pair of measures (L, t7) € M(E )i satisfying

Mo(r) + p-(R) < oo.
Introduce the kernels
I5(C | x) =15(x)8:(C) and Up(C | x) =Y (SIg:)*"'S(C | x),
k>1

forx € E and (B,C) € B(E) x B(E). Here Up(C | x) is the average amount of time the
Markov chain spends in the set C up to the time where the chain enters B for the first time.
Define

ER={x € E: R(x) > 0},

Ef ={x e E: R(x) =0},

E'={x e E:r(x)> 0},

Ey={xe€E:r(x)=0},

F={x € Es: Ugr(E"NER | x) > 0},
D=ERNFUE",

Fo={x € E}: UE§(ErﬂER | x) =0},

E=ERNF,.

Remark 3.2. Note that D, E, and Eg are pairwise disjoint, and that E = DU EU E(If.

Proposition 3.1. Assume that Condition 3.1 is satisfied for the pair of measures (jLo, 7). Then
measures [, and |, are o -finite on D.

Proof. See Appendix A.

Remark 3.3. From Proposition 3.1, the measures M,? and MTD are o -finite. Consequently, the
Radon-Nikodym derivative, du? /d(uP + uD), exists. Clearly, there is no loss of generality
to consider that du? /d(u? + u2) € 10, 11.

Definition 3.2. Assume that the measures (u,, () satisfy Condition 3.1. Associated to (i,
1), introduce the stochastic kernel 7* on A given E2 defined by

dup .
—————-(y) ifyeD,
Y 1 ify € ER,
0 ifyek,

and 70 | y,0) =1—7x°(1 | y,0). Moreover, 7°(1 | y, A) =1 forany y € E.
The stationary control policy 7% will be called the stationary control policy induced by
(Mu» Mf)
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Theorem 3.1. Assume that Condition 3.1 is satisfied for the pair of measures (li,, [t). Then,
the stationary control policy w° induced by (., |1) satisfies

V() < po(r) + pe(R).
Proof. See Appendix A.

Corollary 3.1. Assume that Condition 3.1 is satisfied, and let (w};, %) be an optimal solution
to the PLP. Then there exists an optimal stationary control policy 7* for the auxiliary control
problem such that

inf V(m) = V) = wy) + wi(R).

Proof. According to Lemma 3.1(a), for any control policy =, the pair of measures (u} , u7)
is admissible for the PLP. Consequently, according to (2.6), V(r) = uJ (r) + uf(R) >
wi(r) + pn¥(R). However, combining Theorem 3.1 and the fact that (u;, u¥) is an optimal
solution to the PLP, there exists a stationary policy 7* such that V(7*) = uX(r) + ui(R),
completing the proof.

Remark 3.4. (a) For an optimal solution of the PLP, labelled (u}, u?¥), it can happen that
wi(E) > 1 or u¥(E) = oo. However, for the optimal policy m* induced by (u}, u3),
;ﬂr’* = Q[t < o0] < 1 (see Theorem 2.1). Of course, in such cases, there also exists another
optimal solution to the PLP given by (] 5 754 ).

(b) An admissible solution (u,, iu¢) of the PLP is called a phantom solution if there does not
exist any control policy r € I for which u, = u} and p; = u7. In the case where the state
space is finite, the PLP has no phantom solution [13], [14].

(c) For an optimal solution (15, %) to the PLP, an optimal control policy * can be constructed
according to Definition 3.2.

Corollary 3.2. Assume that Condition 3.1 is satisfied for the pair of measures (i1, 7). Let
7’ be the stationary control policy induced by (1o, pi). Suppose that functions ¥ and R are
suchthat0 <r(y) <r(y)and0 < R(y) < R(ylforally € E. Let \7(7-[5) be the performance
criterion corresponding to the cost functions ¥, R, and associated to 7. Then

V(') < po(F) + 11 (R).

Proof. We can apply exactly the same argument as at the end of the proof of Theorem 3.1,
because R(y) = 0if y € EX and 7(y) = 0if y € E.

Theorem 3.2. Under Condition 3.1, the unconstrained PLP has an optimal solution leading
to the existence of an optimal stopping time for the unconstrained optimal stopping problem

(P1).

Proof. The optimization problem inf, <y V (7r) associated to the unconstrained MDP has a
solution due to Corollary 9.17.1 of [2]. The dynamic programming approach to optimal stopping
of discrete state space process is presented in [20, Section 7.2.8]. Let 7*(a | y, z) be the
corresponding optimal stationary (in fact, nonrandomized) policy. According to Lemma 3.1(a),
the pair of measures (1} " ur ") is admissible for the unconstrained PLP and V (7*) = 75 N+
;ﬂg* (R). Let (uo, tt7) be any admissible pair for the PLP. Without loss of generality, we can
assume that p,(r) 4+ (¢ (R) < co. Now, according to Theorem 3.1, we have (1) + 1 (R) >
V (r*). Now, according to Theorem 2.1, the control A* € A associated to the optimal control
policy * € I is optimal for problem (P;), completing the proof.
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Theorem 3.3. Assume that Condition 3.1 is satisfied. Let (), uk) be an optimal solution
for the PLP, and let w* be the stationary control policy induced by (), u¥). Then, for all
® € B(D),

@) = u™ (©),  ui(O)=ul (©).
Proof. See Appendix A.

4. Example

In this section we present an example that illustrates the fact that (optimal) solutions (y,, y-)
can exist to the PLP for which there does not exist any policy 7 such that y, = u} and y; = u7,
namely there exist (optimal) phantom solutions to the PLP.

The state space is defined by E = {A1, Ap, A3, A4, As, 1,2,...,1,2/,...,17,2", ...}
The transition kernel S of the Markov chain is given by

S(G—-1"1iY=1 foralli’ > 1,

S(@—=1"1i"Y=1 foralli” > 1,

S(A3 | 1) =S(1| A1) = S(A1 | A)) = S(Ay | A3) = S(As | As) =1,
S(A3 | Ag) = S(As | Ag) = 3,

S(AL 1"y =8(A | 1") =1,

S@+1]i)=1 foralli>1.

All other transition probabilities are 0. The initial distribution v is defined by v(A1) = v(A2) =
V(A3) = v(Ag) = v(As) = % The values of loss functions r and R are given in Table 1.

In the proof of Theorem 3.1, it was shown that the state space E of the Markov chain admits
a decomposition into the subsets D, Eée, and E: E= DU E(If U E. Let us denote by E R the
set of states x for which R(x) > 0 and by E” the set of states x for which r(x) > 0. Then the
following assertions hold.

e D contains E” N ER and such states y satisfying R(y) > 0 and r(y) = 0 and for which
there exists a path in the set ER of the Markov chain generated by the kernel S starting
from y and reaching the set E” N ER. This gives D = {A1, A5, 1,2,...,17,2", .. ).

e ERis the set of states x such that R(x) = 0, giving Ef = {A3).
o E=(DUEf)andso E = {As, A5, 1,2/ ).

It is very easy to describe the optimal stopping policy given by

o 7*(1 | Az, 0) = 1 because R(A3) = 0;

e 7*(0 | i’,0) = 1 for all i’ because R(i") = 1, but starting from i’ the process will reach
state A3 and terminate, leading to the zero total loss;

TABLE 1.
A1 Ay A3 Ay As i>1 i'>1 i">1"
P00 10 o (HT" o0 0
R 3 1 0 1 1 3 1 3
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r=0, R=3
Do not stop

r=0, R=1 r=0,R=1 r=0, R=1

o

r=0, R=3

Do not stop Do not stop Do not stop Do not stop
r=0,R=1 r=0,R=1
Do not stop Stop £k Stop Do not stop Do not stop
0

r=%,R=3 D

Do not stop Do not stop Do not stop

FiGURE 1: Example.

o 7*(0 | Ag,0) = 1 because of the same reason;

e 7%(0 | A5,0) = 1 because R(As) = 1 > 0, but, never being stopped, the process,
starting from the absorbing state As, provides no loss;

o 7*(0 | A1,0) = 7*(0]i,0) = 1 for all i > 1 because the total loss on the infinite
horizon in the chain starting from A or from i > 1 does not exceed 2, whereas the cost
of stopping equals R = 3;

e 7*(1 | A2,0) = 1 because the stopping cost R(Az) = 1 is smaller than 2, the total
minimal possible future loss if the process starting from A» is not stopped;

e 7*(0 | i”,0) = 1 for all i” because R(i”) = 3, but starting from i”, the process will
either terminate at A, or will never be stopped, leading to a total expected cost of %

See Figure 1 for a pictorial representation of the above.

Combining parts (b) and (c) of Lemma 3.1, we can compute the occupation measures j17 " and
pf;* given in Table 2, which provide an optimal solution to the PLP, according to Theorem 3.1.

It is interesting to note that the PLP has other optimal solutions (y,, ;) which do not
correspond to any stopping policy. Indeed, itis easy to check that, for any constant ¢ € R U{oo},
the measures (¥,, y;) defined by y,(i’) = ¢ and y,(x) = ,u(’f*(x) forx #i’,i € N, and
v (A3) = % 4+ cand y; (x) = /ﬂ* (x) for x # Az is admissible for the PLP and optimal since
only the values of ¥, (i") and y; (A3) have changed and r (i’) = R(A3) = 0. Hence, the objective
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TABLE 2
X Al Ay A3 Ay As ix>1 i'=1 i">1"
) £ 0 0 %2 o 1 0 0
ey 0+ 2 o0 o0 0 0 0

value does not change and remains minimal. However, for any ¢ > 0, the pair of measures
so defined cannot be associated to any policy 7 because the states i’ cannot be reached and so
U (i") must be 0.

Remark 4.1. (a) At this point, we would like to emphasize the following fact. Let (1., i1) be
a phantom solution to the PLP which is not optimal, and let 7 be the stationary policy induced
by (o, i) according to Definition 3.2. Then it may happen that p, # p7 and pr # u7 on
D, as illustrated in the previous example. Indeed, we can set 1,(i”) = ¢, where ¢ > 0 is an
arbitrary number, with the corresponding modification of measures u, and p, on D. Then
we necessarily have u,(i”) # ulZ (i), since, by using the same argument as above, the states
i” cannot be reached and so p7 (i”) must be 0. However, if (i, t7) is a phantom solution
to the PLP which is optimal then, necessarily, i, = u} and p; = uf on D according to
Theorem 3.3.

(b) Since, for all y € E, max,ea c(y,0,a) > 0, we can consider only the absorption in the
subset {(y, A,a),y € E, a € A}, on which c(y, A, a) = 0. But the optimal policy 7* is not
absorbing because, for t = min{r € N: a; = 1}, we have E’U’*[t] = 00; so the expected time to
absorption E{f*[t + 1] = oo. It is sufficient to look at the initial state A| with v(A;) = % The
optimal policy 7* is also not transient because Z?io PT *[y, = As, T > t] = 00. Therefore,
the auxiliary control problem under consideration is neither absorbing nor transient.

5. Constrained version of the optimal stopping problem

In this section, the constrained version of the optimal stopping problem is investigated
through the related constrained version of the PLP. By introducing a suitable topology on a set
of occupation measures, an existence result (see Theorem 5.1) for an optimal solution of the
PLP with constraints is obtained, guaranteeing the existence of an optimal stopping time for
the constrained optimal stopping problem. This result holds under a very weak assumption
(see Condition 5.1). It must be pointed out that the dynamic programming argument used to
prove the existence result for the unconstrained case cannot be used here in the presence of
constraints.

The constrained version of the PLP (3.1) is defined as follows: minimize p,(rg) + ¢ (Ro)
subject to

(Hos o) € M(E)Y, o+ He = v + oS,

Ho(r) + 1 (Ry) < o forn € {1,..... N}, oD
For notational convenience, let g;: G — E® x A be defined by
g1(@) = (), z:(w), ar (),
and define

ho(@) = (Yo(@), zo(w)) and  hy(w) = (go(), ..., &i—1(®), i (@), 2 (w))
forw € G and t > 1. Denote by & the set of probability measures on (G, $) and by 7 the
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set of probability measures on (G, §) induced by control policies = € I1. Now introduce D7
to be the set of occupation measures (7}, u7) € M(E )3_, where u7 and u7 are respectively
defined by (2.4) and (2.5) for a policy 7 € I1. Let B be the mapping B: 7 — DT such that
B(PY) = (u], u7).

In order to define a topology on &, we need to introduce the set of functions W, as a subset
of bounded measurable functions f: (E® x A)' x E® — R such that, for any (e, ..., ¢;) €
(E®)'1 | the function f (e, ., €1, ., €2, ..., e_1, ., ¢;) defined on A’ is continuous.

The ws*-topology on & is defined as the coarsest topology rendering the mappings P —
fG f(h;(w)) dP(w) continuous, where f € W, and ¢+ > 0. For more details on the ws*°-
topology, we refer the reader to [22]. The set 7 is endowed by the induced topology. Note
that items (1) and (2) of Conditions (S) of [22] are satisfied. Therefore, $7 is compact (see
Theorem 6.6 of [22]).

The topology on D7 is defined as the strongest topology for which the mapping B is
continuous (the final topology on D7 associated to the mapping B).

Lemma 5.1. For any nonnegative measurable functions r and R, and any K € Ry, define D
by
Dy ={(uy, n7) € D" : puy (r) + u7 (R) < K}.
The set Dy is compact and the mapping D: DT — Ry defined by D(u}, u7) = pj (r) +
W t(R) is lower semi-continuous.
Proof. Letus show thatthe set P = (P] € £7: > 2 [ c(g/(w)) dPT (w) < K} is com-

pact in the ws®-topology (where c is given by (2.2)).
Clearly, by definition, the mappings A, : #7 — R defined by

n
8P = Y [ el aPi@
=070
are continuous and so the mapping A: £7 — R defined by
o
@ = [ et ari @
1=07G

is lower semi-continuous because ¢ > 0. However, the set J/’;(r = A‘l([O, K1) and so it is
closed and compact. Since B(Pg) = D, the set DF is compact as a continuous image of a
compact set, completing the first part of the proof.

Now, note that D o B = A. Consequently, for any M € R, the set B (M, 00)))
is an open set of $7 and so D~!((M, c0)) is open in the topology of D7, showing that ID is
lower semi-continuous and completing the last part of the proof.

Condition 5.1. There exist a control policy w and a constant jy < 0o such that
Vo) =jo and V,(w) < j, forne{l,...,N}.

Theorem 5.1. Under Condition 5.1, the constrained PLP has an optimal solution leading to
the existence of an optimal control for the constrained optimal stopping problem (P3).

Proof. Let 7 be control policy, and let jj be the constant satisfying Condition 5.1. Introduce
the sets

DF ={(uf, 17) € D" : i (ra) + w7 (Ry) < jn}-
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Then (pco , ) € ﬂ —0 i)” ,and so according to Lemma 5.1 ﬂ -0 :D;T is anonempty compact
set and the mapping Dy : DT Ry glven by Do(u, u¥) = Mo (ro) + /,Lr (Rp) is lower semi-
continuous. Consequently, there exists 7* € IT such that (/,LO Ny e ﬂ JDZ and

inf - {io(ro) + pue(Ro)) = wj (ro) + 7 (Ro):
(Mn,ﬂr)emn=o i)jnn

However, according to Corollary 3.2 with r = Zfl\’:o rpand R = ZZVIO R,,, it follows that, for
any (U, Ur) € M(E)i satisfying (5.1) and w,(rg) + - (Ro) < jo, there exists a stationary
policy 7% € II such that /LZS (rn) + /L?Y(Rn) < Mo(rp) + e (Ry) forall n € {0,..., N}.
Therefore, the infimum of w,(rg) + 1 (Rgo) over (o, i) € M(E)_z|r satisfying (5.1) is equal
to

inf | {1o(ro) + r (Ro)}.
(Mml/‘r)emn:o Q;l

Now, according to Theorem 2.1, the control A* € A associated to the optimal control policy
* € II is optimal for problem (P;), completing the proof.

Appendix A

A.1. Proof of Theorem 2.1

Consider . € A, where A = (R, F,Q, {F:}ieN, {x:}ren, T). On the probability space
(22, F, Q), let us introduce the random processes {u;};en and {d; };en defined by

Ur = 1{-[51‘}, dt = Mt_lA for ¢ > 1 and d() =0.
Since 7 is an {¥;};eN-Stopping time, then clearly {u;};en 1S {F;}ren-adapted and {d;};en iS
{F:}ien-predictable. Define #; = o{xg, do, uo, ..., xXr—1,di—1, u;—1, x;,dy} fort > 1 and
Ho = o{xo,dp}. Observe that #; Vv o{u,;} C ¥; forallt € N. For any B € B(E) and
C C {0, A}, we have

Ql(xs41,di+1) € Bx C | #; vV ol{u}] = EqlEqix, ey | Fillig,ecy | Hi Vv o{u}]
= S(B | x)[Ljoec) Lju,=0) + Liaecy) Lu,=11]-

Moreover, {u; = 0} C {u;—; = 0} = {d; = 0}, and so
Ql(xr41,di41) € BX C | H; vV olu]l = L(B X C | x¢, dy, uy).

Now introduce the sequence m = {m;};en of stochastic kernels defined on the control set A
given (E2 x A)'~! x E® by

(D | hy) = Elljiepy ur + Loepy(1 —us) | 1
for any D C A, where h; = (xq, do, 4o, . .-, Xr—1, dr—1, Us—1, X¢, dy).
By the uniqueness property in the theorem of Ionescu-Tulcea (see Appendix C of [11,

Section 2.2]), we obtain

Q[(x()’d()’u()v"'axl‘adf’ulv"') € H] ZP]UT[}’O,ZO,GO, ”'7yl" Zty Aty ) € H]

forany H € §, where the processes {y; };eN, {z:}reN, and {a; };cn were introduced in Section 2.2.
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Note that the previous construction of the policy m does not depend on the cost functions.
Observe that {t < 7} = {u; =0} = {uy =0}N{d; =0} and {r = t} = {u; = 1} N{d; = 0},
and so the cost is given by

J(\) =Eq [Zr(xo <oy +R(x;) l{t:,}} = EQ[Zc(x,, dy. u»];

t=0 t=0
hence,
o o0
J(A) = EQ[Z c(xq, dy, Mt)] = EZ [ZC()’ta Zts Clt)i| = V(m).
=0 t=0

Similarly, J,(A) = V, () foralln € {0, ..., N}, completing the first part of the proof.

Conversely, consider a policy 7 and the processes {y;}sen, {2}reN, and {a;};en as defined
in Section 2.2 on the probability space (G, §, P7). Define #; = o{yo, ao, ..., Y, a;}. Clearly,
the process {y;};en defined on (G, §, P]) is an E-valued {¥; };ecn-Markov chain with transition
kernel S and initial distribution v. Now define t = inf{¢t € N: a; = 1}, and if this set is empty
then set T = oo. Then t is an {F;};en-stopping time. Observe that {t < t} = {a; =0} N{z; =
0} and {r = 7} = {a; = 1} N{z; = 0}. Consequently, we have

V() =E] Zc(yt,zl,ao]
-1=0

- 00
=EJ| > () Lig=0) +R() Lg,=1)) l{zt:O}}
-1=0

~T—1
=EJ| Y r(n + <o) R(yf)}.
-1=0

Using similar arguments, we have V,(r) = J,(A) for all n € {0, ..., N}. Therefore, the
control A defined by (G, §, P7, {Fi}ren, {)r}ieN, T) belongs to A, and satisfies J(A) = V («r)
and J,(A) = V, () foralln € {0,..., N}.

In both cases, it is easy to check that t = inf{t e N: ¢, = 1} = Z?io 1ex(oyxi0y s> 215 ar)
and 1{r<oo) = D yo0 1Ex(0)x (1) (1, 21, ar), implying that u7 (E) = Eq[r] and u7(E) =
Q[r < oc]. This completes the proof.

A.2. Proof of Lemma 3.1

(a) Clearly, (u, u7) € M(E)%r. According to Lemma 9.4.3(c) of [12], we obtain, for
I' e B(E),

P (01 )=o)+ [ LA X (0] % A |y 2 p@(r, 2,
X

where the measure p is defined by p(® x C x D) := Z?io PT[(ys, 21, a1) € ©® x C x D] for

® e B(E),C C {0, A}, and D C {0, 1}. However, from the definitions of x and u7 (see

(2.4) and (2.5)), we have p(I" x {0} x A) = ul (I') + uT (I'). Now, using the definition of the

stochastic kernel L (see (2.1)), we have fEAxA LI x{0}x A |y, z,a)pd(y,z,a)) =ursS,

completing the proof of part (a).
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(b) Let ¥ be a stationary policy. Define
t
v (D) =Y (D), A1)

where vi(I) = Pﬁs[yi el, zi =0]forI" € B(E). Let us show by induction that v;1| =
T v,. Fort = 0, we have v (I") = vo(T") + P’VT& [y1 € T, z1 = 0]. By definition, vg = v and

D1(I) = ET [L(T x {0} | yo, z0)]
= Efs [ST | y0) 1iz9=0} Liap=0}]

:/ES(F | »)*(0 | y, 0)v(dy),

showing that v; = 7™’ vg. Now, assume that v, = T”Sv,,l for + > 1. Then, using similar
arguments, it is easy to obtain

Dr1(D) = BT [S(T | yr) 1z, 20} Lja,=0y] =/ ST | y)7* (0 | y,0),(dy).
E
However,

Vg1 (D) = v (D) + B,(0) = T vy + /E ST 7O ]y, 0)b(dy),

which, upon using the definition of 7™ ! completes the induction step.

The operator 7™ is monotone: if ' > n2 then 77 n' > T™ »2. Consequently, we have
Vi41 > vy for t > 0, and so the limit of v, as ¢ tends to co exists, lim;_, o V; = Vo, implying
that Voo = T" voo However, from the definition of vy, it follows that vy, = ;ﬂs, yielding
T]T T _ H/

If > 0is another measure on E satisfying fi = T”' i then, by the definition of 77", we
have v < [i. Since the operator T is monotone, it is easy to show by induction that v, < fi,
implying that ve, = u™ < f, completing the proof of part (b).

(c) Define v, (') = Zf P”x [yiel, zi=0,a =0] for ' € B(E). Similarly to the
proof of part (b), it can be shown by induction that v, Z(F) f %0 | y,0)v,(dy), where v, 1s
definedin (A.1). Moreover note thathmt_>oo Vot = ;ro ,and, from part (b), lim; oo v; = u”
Consequently, ) (1") fr 750 | y,O)u” (dy) The second equality follows by similar
arguments.

A.3. Proof of Proposition 3.1

The proof of this result is very involved and so it is divided into several preliminary results.
LemmaA.l. Fory € E S(D | y)=0.

Proof. Let y € E. Note that S(D | y) = S(ERNF | y) + S(ERNE" | y). Clearly, we
have S(ERNE" | y) = 0 since S(ERNE" | y) < UEée(E’ﬂER | v). We will show by

contradiction that S(ERN F | y) = 0. Assume that S(E RNF | y) > 0. Consequently, it
follows from the definition of F that

/ UER(E’QER | 2)Sdz | y) =f UER(ErﬂER | 2)SIgr(dz | y) > O,
ERnE;, 0 ERNE; 0
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implying that ), (STg&)"S(E" NE® | y) > 0. It follows that Ugr(x, E"N ER) > 0, lead-
ing to a contradiction. This gives S(ERN F | y) = 0, completing the proof.

Lemma A.2. Let n be a positive measure on (E, B(E)), and let W be a positive kernel on E
given E. Assume that nW is o-finite on B € B(E). Then n is o -finite on

{ye E: W(B |y) >0}

Proof. There exists a sequence of pairwise disjoint sets (B;) jen such that nW(B;) < oo
and B = ;.| B;. Define, for j € Nand p € N, B” {y € E: W(Bj | y) > 1/p}. Clearly,
we have

yeE:w®B |y >0=JJ 5

j=1p=1
and
0B < [ Wi, 3y < pow(s) < oo,
B
J
completing the proof.

In what follows, (1., i47) is a fixed pair of measures satisfying Condition 3.1.

Proof of Proposition 3.1. Clearly, i is o-finite on D C ER. Moreover, 1, is o-finite on
E" N ER. Let us show that i, is o-finite on ER N F to obtain the result. Define By = {x €
ER: SUgrS$FY(E"NER | x) > 0} for k € N. Note that ERNF C | J;~ Bk Let us show
by induction that the measure u, is o-finite on By for k € N, and the result will follow.

The measure w,S is o-finite on E” N ER since oS + v = o + e and p, + fr is
o-finite on E” N ER. Consequently, by applying Lemma A.2 we find that 1, is o-finite on Bj.
Assume that i, is o-finite on By for k € N. Since By C ER, Wy 18 o-finite on By and we
find that p, S is o-finite on B;. Again, applying Lemma A.2, we find that p, is o-finite on
{x € E: S(Bx | x) > 0}. However, note that Byy; C {x € E: S(Bx | x) > 0}, which
completes the induction.

A.4. Proof of Theorem 3.1

In order to prove this result, we first need the following technical lemma.

Lemma A.3. Forany © € B(D), the following inequalities hold:
/@ﬂs(O |, 0™ (dy) < 1o(©), (A2)
7y 0 @) < @), (a3)
Proof. Note that, by the definition of =¥, for any ® € B(D), we have
/@ﬂs(o [y, 0) (o + ur)(dy) = 11o(©). A4

According to Lemma 3.1, ,uf’s = lim;_, 0 V;, Where vr | = ™ vy fort > 0 and vy = v. Let
us show by induction that, for all # > 0,

/Oﬂ O] y,0v(dy) < 1o(®). (A.5)
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Since (u,, 1) satisfies (3.1), it follows that

/Orr‘(O | v, 0)vo(dy) < /OHS(O [ ¥,0)(tto + p)(dy) = 1o (®).

Now assume that, for any ® € B(D), f® 750 | y,0)v,(dy) < uo(®) for ¢t > 1. From
Lemma A.1 and bearing in mind that 7*(0 | y, 0) = 0 for any y € EX, we obtain

Vi+1(0) = v(0) +/DS(@ | 7O |y, 0)ve(dy).

Therefore, v;41(®) < vV(O) + fD SO | Yuo(dy) < to(®) + u(0). Using (A.4), we com-
plete the induction. Now by taking the limit in (A.5) we obtain (A.2). Similar arguments can
be used to show (A.3).

Proof of Theorem 3.1. Combining Lemma 3.1(c) and (2.6), it follows that

V') = / 7O |y, 0 (dy) + / ROIT (L |y, 0 @y).
E E
Howeyver, from the definition of 7* and the set D, we obtain

Vir) = fD FO)T O | v, 0 (dy) + /D RG)7 (L |y, 0™ (dy).

From the previous lemma, we obtain

Vir) < / r()to(dy) + / RO e (dy),
D D

A.5. Proof of Theorem 3.3

The proof of this result is divided into several steps.

LemmaAd. For all ® € B8(D), u*(©) = u® (0) and pi(O) < ul (®). Moreover,
W) = u (1) forall T € B(E" NER),

Proof. Clearly, combining Lemma A.3 and Lemma 3.1(c), we have, for all ® € B(D),
uT (©) < pi(©) and u] (©) < ui(O).

Now assume that there exists ® € B (D) such that /L’TT* (©) < u7(®). Then ;HT’* (R) < ni(R)
since R(x) > 0 forall x € D. According to Corollary 3.2 with R(x) = 0 and 7(x) = r(x), we
have pLZ*(r) < pi(r). This shows that ,ug*(r) + ,LL’,T*(R) < pi(r) + pi(R), in contradiction
with the fact that (u, u¥) is an optimal solution for the PLP. Consequently, ;HTT* (®) = ui(®)
for all ® € B(D). Similarly, it can be shown that p}(I") = ,u(’f*(F) forallT € B(E" NER).

Unfortunately, it cannot be shown directly that u*(®) = u *(©) for all © € B(D) as for
Wi and u7 5 mainly because it cannot be claimed that r(x) > O for all x € D. The rest of the
proof is devoted to showing that, for all ® € B(F N EX), i ®) = M’DT*(G)).

LemmaA.5. ForallT € B(E'NE®) and all k > 0,

1 SIp S (M) = p (Ip S (D).
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Proof. By definition, 7*(0 | y,0) =0 forall y € Eg. Therefore, using Lemma 3.1(c), we
have ;L(’,T*(E(If) = 0, implying that, forall " € 8(E) and k > 0,

W SApS)H(T) = /

DU
Note that, since D C ER, STpS)¥(T' | x) < SUgrS)X(T | x) forall x € Eand T €
B(E" N ER). Now by the definitions of E and Fo, S(]IERS)k(F | x) =0 forall x € E and
I' € B(E" N ER), and so, using (A.6),

. SApS* (U | x)pu (dx). (A6)

wr SApS)Hr) = /D SApS!(IT | )™ (dx)

forall " € B(E" N ER), completing the proof.

Lemma A.6. The measures /Lg* Ip $)* are o-finite on E" NER and

u® (IpSHHIT) = piApS)HI)
forallk >0andT € B(E" NER).

Proof. Let us prove this result by induction. Clearly, the result holds for £ = 0 because of
Proposition 3.1 and Lemma A.4, and the fact that E” N ER < D. Now assume that the result
holds for k > 0. Consider any I' € B(E” N EX). Then, using the fact that (/,LZ*, ,u’ff*) is an
admissible solution for the PLP, we obtain

uy (IpS ) + uf (ApS* () = vpS) () + ul SUpS (D). A7)

According to Theorem 2.1, the measure u7 " is finite. Recalling that the measure v is finite and
using the induction hypothesis, we find that the measure Mg* S(IpS)* is o-finite on E" N ER.
However, u}lp < u}, and so we find that the measure M’OT*(]ID $)¥t1 is o -finite on E” N ER.
Now, using (A.7) and Lemma A.5, we have

1w Ip S (T + 1T ApSHHIT) < vIpSHKT) + 1 ApSH (D). (A.8)
However, Lemma A.4 shows that u) T p < u’lp, implying that
v(IpS)* () + 1 (Ip S < v(lpS)K(T) + wk IpS)+(T). (A.9)

Moreover, combining the facts that u3Ip < p} and the pair of measures (u), ur) is an
admissible solution for the PLP, we have

v(IpS) ) + pi Ap ST < vIpSHHT) + piSApS) I
= us(Ip S (M) + i (Ap S (D). (A.10)
According to the induction hypothesis and Lemma A.4, it follows that
1 IpS) ) + wiAIpS)* () = u2 ApS) () + 1t IpSHk (). (A.11)
Combining equations (A.8)— (A.11), we obtain
ui ApS* (D) + u ApSHIT) < vIpSHIT) + ul ApSH+(I)
v(Ip$H () + wiApS) ()
< 1I" ApS* ) + 1T ApS) (D).

A

IA
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Therefore, since the left- and right-hand sides of the above inequalities are equal, we have
v S () + g ApSY (I = v(pSH (D) + 1 IS+ (D),
and since the measure v is finite, the result follows.
Lemma A.7. Forall x € D,
Up<(E'NER | x) = Upp(E" NER | x).
Proof. In order to obtain the result, let us show that
SApSME"NER | x) = Sz FE"NER | x)

for all x € D and k > 0 by induction. This is clearly true for k = 0. Now assume that the
result holds for £ > 0. Consider x € D. Then,

SApSYTUE" NER | x) = SIpSUAp S (E"NER | x)
= SIpSIzr ) (E"NER | x).

Owing to Lemma A.1, we have S(HERS)k(E’ NER|y) = 0foraly e E. Therefore,
I:SUgrSFE"NER | x) =0, and so

SIpSTgrS(E"NER | x) = SUp + 1) SApr HF(E N ER | x).
However, [pr =1p +1 B completing the induction.

LemmaA.8. Forall ® € B(FNER), u*(©) = u7" (0).

Proof. According to Lemma A.6, the measure (] T pUpe is o-finite on E" N ER. Conse-
quently, there exists an increasing sequence of sets (I';);en such that lim; oo I'; = E"NE R
withT; € E'NER and ,ug*]ID Upc(I';) < oo fori > 1. Let us introduce the sequence of sets
(Dj)jen defined by D; = {x € D: Up<(I'; | x) > 0}. Using Lemma A.6, we have, for all
i>1,

wy IpUpe(Ti) = pylpUpe(Iy). (A.12)

Therefore, foralli > 1 and I € 8(D;), we obtain
up (D) = pi(D). (A.13)

Indeed, assume the contrary, namely that there exists a set I' € B(D;) such that u} : ) <
ni(T). Using Lemma A.4 and the fact that IpUpe(I"; | x) > O for all x € I', we have
MZ*HDUDc(F,-) < uslpUpe(T;), leading to a contradiction with (A.12). This proves (A.13).
According to Lemma A.7,

Dit{xeD:Up(E'NER | x)>0}={xeD: UEée(ErﬂER | x) > 0.

However, note that FNER ¢ {x € D: UE§ (E"N ER | x) > 0}, completing the proof.

Proof of Theorem 3.3. The result is a straightforward consequence of Lemmas A.4 and A8,
and the fact that D = (E" N ER) U(F N EX).
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