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ISOTROPIC IMMERSIONS 

SADAHIRO MAEDA 

0. Introduction. Recently, Ferus ( [5], [6] ) classified connected Rieman-
nian manifolds with parallel second fundamental form in a real space form 
of constant curvature c = 0. In this paper we may restrict our attention to 
isotropic submanifolds with parallel second fundamental form in the 
Euclidean sphere Sm(k) of constant curvature k. Due to Ferus, we find 
that an isotropic submanifold with parallel second fundamental form in 
Sm is locally congruent to one of compact symmetric spaces of rank one 
and the immersion is locally equivalent to the second or the first standard 
immersion according as M is a sphere or not. In Section 2, we characterize 
the first standard immersion of a complex projective space into a sphere in 
terms of isotropic immersions. We have 

THEOREM 1. Let M be a real 2n(^ ^-dimensional connected Kaehler 
manifold of constant holomorphic sectional curvature and M be a (In + 
pydimensional real space form of curvature 7 > 0. If p = n and M is an 
isotropic submanifold of M, then p = n — 1 or p = n . Moreover, M 
is one of the following: 

(i) M is locally congruent to a complex projective space which is immersed 
in M through the first standard minimal immersion. 

(ii) M is locally congruent to a complex projective space which is immersed 
in some totally umbilical hypersphere of M through the first standard 
minimal immersion. 

In Section 3, we classify submanifolds all of whose geodesies are circles 
in a complex projective space with codimension 2. 

The author wishes to express his appreciation to Professor K. Ogiue for 
his encouragement and help in developing this paper. 

1. Preliminaries. A Riemannian manifold of constant curvature is 
called a real space form. Let M be an «-dimensional submanifold of Mn+P 

with metric g. We denote by V and V the covariant differentiations on M 
and M, respectively. Then the second fundamental form B of the 
immersion is defined by 

B(X, Y) = VXY - VXY, 
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where X and Y are vector fields tangent to M. We call 

£ = (\/n)(tvB) 

the mean curvature vector of M in M. The raea« curvature H oî M in M is 
the length of $ . If § is identically zero, the submanifold M is said to be 
minimal. The submanifold M is totally umbilic provided that 

B(X, Y) = g(Z, 7 )£ 

for all vector fields X and y on M. In particular, if B vanishes identically, 
M is said to be a totally geodesic submanifold of M. For a vector field £ 
normal to M, we write 

Vx£ = -A^X + Z)^, 

where —A^X (resp. Z>̂ £) denotes the tangential (resp. the normal) 
component of Vx£. A normal vector field £ is said to be parallel if Dx% = 0 
for each vector field X tangent to M. The submanifold M of M is called an 
extrinsic sphere if it is totally umbilic and has parallel mean curvature 
vector. We recall the notion of circles in a Riemannian manifold M. A 
curve x{t) of M parametrized by arc length / is called a circle, if there 
exists a field of unit vectors Yt along the curve which satisfies, together 
with the unit vectors Xt = x(t), the differential equations: 

VtXt = kYt and VtYt = -kXp 

where k is a positive constant and V, denotes the covariant differentiation 
V with respect to Xt. We call M a circular geodesic submanifold of M 
provided that every geodesic in M is a circle in M. We define the covariant 
differentiation V of the second fundamental form B with respect to the 
connection in (tangent bundle) + (normal bundle) as follows: 

(vy?)(y, Z) = DX(B(Y9 Z ) ) - B(VXY, Z) - B(Y, VXZ). 

The second fundamental form B is said to be parallel if 

(vy?)(y, z) = o 

for all tangent vector fields X, Y and Z on M. Let £1? . . . , £ be an 
orthonormal basis of the normal bundle T (M) and ^4a be the second 
fundamental form with respect to £a: 

g(AaX, Y) = g(B(X, y), 4 ) . 

||2?|| is the length of the second fundamental form B of the immersion so 
that 

ll̂ ll2 = 2 txA2
a. 

a=\ 

The manifold M is said to be a (X-)isotropic submanifold of M provided 
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that \\B(X, X)\\ is equal to a constant ( = A) for all unit tangent vectors 
X at each point. Let R and R be the curvature tensors of M and 
M, respectively. For later use, we write Gauss and Codazzi equations 
respectively: 

(1.1) g(R(X, Y)Z, W) = g(R(X, Y)Z, W) 

+ g(B(X, W), B(Y, Z) ) 

- g(B(X, Z), B(Y, W)), 

(1.2) {R(X, Y)Z}± = (VXB)(Y, Z) - (VYB)(X, Z), 

where X, 7, Z and W are vector fields tangent to M and {*} =̂> {*} 
means the normal component of {*} => {*}. 

Here we prepare without proof the following two theorems in order to 
prove Theorem 1. For orthonormal vectors X, Y e TX(M), we denote by 
K(X, Y) (resp. K(X, Y) ) the sectional curvature of the plane spanned 
by X and Y for M (resp. for M) and we put 

A z y = K(X, Y) - K(X, Y). 

We call A the discriminant at x G M. 

THEOREM 1.1 ([10]). Let Mn be a X(> 0)-isotropic submanifold in a 
Riemannian manifold Mn p. Assume that the discriminant A at x G M is 
constant. Then the following inequalities hold at x\ 

-((n + 2)/2(n - 1) )X2 ^ A ^ X2. 

Let Nx be the first normal space at x of the above immersion, that is, the 
vector space spanned by all vectors B(X, Y). Then we have 

(1) A = À <̂> M is umbilic at x <=» dim Nx = 1, 

(2) A = - ( (n + 2)/2(n - 1) )A2 ^> M is minimal at x 

<̂> dimNl = n(n + l) /2 - 1, 

(3) - ( (n + 2)/2{n - 1) )X2 < A < X2 <̂> dim N]
x = n(n + l)/2. 

THEOREM 1.2 ( [6] ). Let M be an n-dimensional connected Kaehler 
manifold with complex structure J which is isometrically immersed into a real 
space form M n+p(c). Suppose that 

B(JX, JY) = B(X, Y) for all X, Y. 

Then the second fundamental form of the immersion is parallel. 

Let M be a Riemannian submanifold of a Kaehler manifold M with 
complex structure / . The submanifold M is called a Kaehler submanifold 
(resp. a totally real submanifold) of M if each tangent space of M is 
mapped into the tangent space of M (resp. the normal space of M) by the 
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complex structure J. A Kaehler manifold of constant holomorphic 
sectional curvature is called a complex space form. 

2. Proof of theorem 1. Let M be a real 2«-dimensional Kaehler 
manifold with complex structure / of constant holomorphic sectional 
curvature Ac. Then the equation of Gauss (1.1) is reduced to (2.1): 

(2.1) g(B(X, Y), B(Z, W) ) - g(B(Z, Y), B(X, W) ) 

= c(g(X, Y)g(Z, W) - g(Z, Y)g(X, W) 

+ g(JX, Y)g(JZ, W) - g(JZ, Y)g(JX, W) 

+ 2g(Z, JX)g(JY, W)) - c(g(X, Y)g(Z, W) 

- g(Z,Y)g(X,W)). 

By assumption, all normal curvature vectors B(X, X) at x have the same 
length, say, X. Namely we have 

g(B(X, X), B(X, X) ) = X2g(X, X)g(X, X), 

which is equivalent to 

(2.2) g(B(X, Y), B(Z, W) ) + g(B(X, Z), B(Y, W) ) 

+ g(B(X, W), B(Y, Z) ) = \\g{X, Y)g(Z, W) 

+ g(X, Z)g(Y, W) + g(X, W)g{Y, Z ) ) 

for all vectors X, Y, Z and W tangent to M. 
On the other hand, exchanging X and Y in (2.1), we see 

(2.3) g(B(Y, X), B(Z, W) ) - g(B(Z, X), B(Y, W) ) 

= c(g(Y, X)g(Z, W) - g(Z, X)g(Y, W) 

+ g(JY, X)g(JZ, W) - g(JZ, X)g(JY, W) 

+ 2g(Z, JY)g(JX, W) ) - c(g(Y, X)g(Z, W) 

- g(Z,X)g(Y,W)). 

Summing up (2.1), (2.2) and (2.3), we obtain 

(2.4) g(B(X, Y), B(Z, W) ) 

= (À2 + 2(c - c) )/3 • g(X, Y)g(Z, W) 

+ (X2 - (c - c) )/3 • (g(X, W)g{Y, Z) 

+ g(X, Z)g(Y, HO) + c(g(JX, Z)g(JY, W) 

+ g(JY, Z)g(JX, W) ) . 

Here we put 
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2 = {x e M:\(x) > 0}. 

Since a Kaehler manifold cannot be immersed in a real space form as a 
totally geodesic submanifold, we see that the set 2 is an open dense subset 
of M. In the following, we study at a fixed point x of 2 . Now we 
investigate the first normal space of M by using (2.4). We choose a local 
field of the orthonormal frame 

eh.-.,en9 en + x = Je]9...9e2n = Jen 

around x. Since the curvature tensor R of M is a nice form, we 
immediately find 

g(R(ei9 ej)ej9 et) = c for 1 ^ i' ^ j: ^ n. 

So we may apply Theorem 1.1 to the linear subspace of TX(M)9 which is 
generated by {e]9. . . , en). First we consider the case (1) of Theorem 1.1, 
that is, 

A2 = c - c. 

From (2.2), we have 

(2.5) 2g(B(ei, ej), B(e„ e}) ) + g(B(e„ et), B(ep e;) ) 

= (c - c)(2ÔyÔy + 1), 

where / and y run over the range {1, 2, . . . , In). 
Hence the equation (2.5) yields 

(2.6) 2||£||2 + 4n2H2 = 4n(n + l)(c - c)9 

where \\B\\ is the length of the second fundamental form B and H is the 
mean curvature of M. 

On the other hand the Gauss equation (2.1) shows 

(2.7) - | | £ | | 2 + 4n2H2 = 4n(n 4- \)c - 2n(2n - \)c. 

As an immediate consequence of (2.6) and (2.7), we get 

||£||2 = -2nc < 0, 

which is a contradiction. So we find that À2 ¥= c — ? and either the case (2) 
or the case (3) of Theorem 1.1 must happen at x. Moreover a 
straightforward calculation, by virtue of (2.4), yields the following 
orthogonal relations: 

(2.8) g(B(el9 Jej)9 B(ek, Jet) ) = (X2 - (c - c) ) /3 • 8lk8;/ 

for 1 S / < j ^ n and 1 ^ k < I ^ n\ 

(2.9) g(B(ei9 ej)9 B(ek9 Je,) ) = 0 

for 1 ^ / ^ j g n and 1 ^ k < I ^ n. 
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Then, in consideration of Theorem 1.1, (2.8) and (2.9), we see that the 
codimension 

n(n + 1) n(n - 1) 2 i 
p ^ — 1 + = n — 1 
^ 2 2 

at a fixed point x. Here we take n vectors 

B(ei9Jet) (i = 1 , 2 , . . . , / ! ) . 

A similar calculation shows the following orthogonal relations: 

(2.10) g(B(e„ Je,), B(ep Jej) ) = (A2 - (4c - c) )/3 • 8 fa 

for /, j = 1, 2 , . . . , «; 

(2.11) g(i?(e„ *,), B(ek,Jek)) = 0 

for 1 ^ i t^ j ^ n and 1 = /: ^ «; 

(2.12)g(*(e,,/e,.), B(ek,Jek)) = 0 

for 1 = i < j ^ n and 1 â i = n. 
Now suppose that 

B(eitJei) * 0 (i = 1, 2 , . . . , « ) , 

that is, 

A2 ^ 4c - c. 

Then, in view of (2.10), (2.11) and (2.12), we find that the codimension 

p â (n2 - 1) + n, 

which contradicts the assumption p ^ n2. And hence we have 

(2.13) A2 = 4c - c. 

Substituting (2.13) into the right-hand side of (2.4), we obtain 

(2.14) g(B(X, Y),B(Z, W)) 

= (2c - c)g(X, Y)g(Z, W) + c(g(X, W)g(Y, Z) 

+ g(X, Z)g(Y, W) + g(JX, Z)g(JY, W) 

+ g{JY, Z)g(JX, W) ) . 

The equation (2.14) shows the following: 

(2.15) g(B(X, Y), B(X, Y)) = g(B(JX,JY), B(JX,JY)) 

= (3c - 7)(g(X, Y)f + c ( | | * | | 2 |m | 2 - (g(JX, Y))2). 

(2.16) g(B(X, Y),B(JX,JY)) 

= (3c - c)(g(X, Y)f + c(| |X||2 | |y| |2 - (g(JX, Y))2). 

https://doi.org/10.4153/CJM-1986-021-7 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1986-021-7


422 SADAHIRO MAEDA 

Thus, in consideration of (2.15) and (2.16), we see 

B(JX, JY) = B(X, Y) for all X, 7. 

And hence, from Theorem 1.2 we find that the second fundamental 
form of our immersion is parallel on the open dense subset 2 of M so that 
VB = 0 at each point of M. Therefore, due to the classification of parallel 
submanifolds, we obtain our conclusion (for details, see [6] ). 

3. Flat torus in a complex projective space. Let -P„(C) be an n-
dimensional complex projective space with Fubini-Study metric of 
constant holomorphic sectional curvature 4. Now we construct a flat 
manifold Tn in Pn(C) as follows: We consider 

M" + 1 = S\l/y/rm) X . . . X Sl(\/^/n~Tl) in S2n + \l), 

where Sl(\/\/n + 1) is a circle with radius 1 /\/n +1. 
Making use of this manifold Mn + \ we get a fibration 

s\ -+ M
n+l -> Tn 

which is compatible with the Hopf fibration 

S] -> S2" + 1 ->Pn(C) 

(for details, see [15] ). 
The submanifold Tn thus obtained has various beautiful properties. In 

fact, for each n, we can show that Tn is a totally real minimal submanifold 
with parallel second fundamental form in Pn{C) (cf. [1], [4] ). In our paper, 
we will pay particular attention to the case n — 2. The purpose of this 
section is to provide some characterizations of the flat torus T2 in P2(C). 
We have 

THEOREM 2. Let M be an n-dimensional real space form of constant 
curvature c. If M is a totally real isotropic submanifold of Pn(C), then M 
is totally geodesic (c = 1) or n = 2 and M is locally congruent to 
T2 (c = 0) => T2 (c = 0). 

THEOREM 3. Let M be a (2n — 2)-dimensional submanifold of Pn(C). If 
every geodesic in M is a circle in Pn(C), then n = 2 and M is locally 
congruent to T or QX(C). 

The other model space QX(C) of Theorem 3 is defined as 

e,(C) = { (z0, z„ z2) G P2(C):z0
2 + z2 4- z2 = 0}, 

where {z0, z h z2} is a homogeneous coordinate system of P2(C). 

Remark 3.1. We note that the following problem is still open: Classify 
all circular geodesic submanifolds in a complex space form. When the 
ambient manifold is a real space form, the above problem was solved by 
Sakamoto ( [13] ). 
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Here we prepare three lemmas for Theorem 3. 

LEMMA 3.1. Let M be a submanifold in a Riemannian manifold M. Then 
the following two conditions are equivalent. 

(i) The submanifold M is nonzero (K-)isotropic and the second fundamen
tal form B of M in M satisfies (VXB)(X, X) = 0 for all vector fields X 
tangent to M. 

(ii) M is a circular geodesic submanifold of M. 

Proof, (i) => (ii): Let x(t) be any geodesic with unit tangent vectors Xt. 
Put 

X(0 = \\B(XV Xt) ||. 

Then X is constant along x(t), because, by the second assumption of (i), we 
have 

Xt(\
2) = Xrg(B(XpXtlB(Xt,Xt)) 

= 2g((VtB)(Xt,XtlB(XpXt)) = 0. 

(This, together with the first assumption of (i), yields that the immersion is 
constant isotropic.) 

Here we put 

Yt = (\/\(t))-B(Xt,Xt). 

It follows from the Gauss formula that 

VtXt = B(Xt9 Xt) = \Yt. 

Moreover we get 

VtYt = (\/X)Vt(B(X„ X,)). 

By virtue of the Weingarten formula we see 

%Y, = (l/X)(-AB(XitXi)Xt + D,(B(XV X,))). 

Since M is an isotropic submanifold, we easily find that 

(see [10], Lemma 1) and again by the second assumption we get 

D,{B(X„ X,) ) = 0. 

Thus we find that every geodesic in M is a circle in M. 
(ii) => (i): Let JC(/) be any geodesic on M with unit tangent vectors Xt. 

By the Gauss formula we have 

ltXt = VtXt + B(XP Xt) = B(XP Xt). 

So we obtain 
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(1) l}Xt = -AB{XpXi)X; + Dt(B(Xt, Xt) ) . 

On the other hand, since x(t) is a circle in M by assumption, there exists a 
field of unit tangent vectors Yt along x(t) and k > 0 such that 

S!tXt = kYt and VtYt = -kXt, 

thus 

(2) ?;2^ = -k2xr 

From (1) and (2) we find 

(3) ^B{Xt,xt)^t — k Xt 

and 

(4) Dt(B(Xv Xt) ) = 0. 

Since x(t) is a geodesic in M, 

(V,fi)(^, X,) = 0 

by virtue of (4). And hence, we have 

(VXB)(X, X) = 0 

for all tangent vector fields X to M. From (3) it follows that for any unit 
tangent vector X to M there exists a certain constant k > 0 such that 

AB{X,X)X = k X. 

If 7 is a tangent vector perpendicular to X, then we see 

g(AB(X^X, Y) = 0 

so that 

g(B(X, X\ B(X, Y) ) = 0 

whenever g(X, Y) = 0. This condition implies that the immersion is 
(nonzero) isotropic (see [10], Lemma 1). 

LEMMA 3.2. Let M be a submanifold of a complex space form M(c) of 
constant holomorphic sectional curvature 7 with complex structure J. Then 
the following two conditions are equivalent. 

(A) (VXB)(X, X) = 0 

for all vector fields X tangent to M. 

(B) (VXB)(Y, Z) = (c/4){g(X, JY)JZ + g(X, JZ)JY}^ 

for all vector fields X, Y and Z tangent to M, where {*} =̂> {*} means the 
normal component of {*} =̂> {*}. 

Proof Now we may easily see that 

(VXB)(X, X) = 0 
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is equivalent to 

(1) (VXB)(Y, Z) + (VYB)(Z, X) + (VZB)(X, Y) = 0. 

On the other hand, since the curvature tensor R of M(c) is a nice form, 
from (1.2) we have 

(2) ( V ? ) ( 7 , Z) - (VYB)(X, Z) 

= (c/4){g(/y, Z)JX - g(JX, Z)JY + 2g(X, JY)JZ}^. 

Exchanging Y and Z in (2), we get 

(3) (V?) (Z , Y) - (VZBXX9 Y) 

= (?/4){g(/Z, Y)JX - g(JX, Y)JZ + 2g(X, JZ)JY}^. 

Summing up (1), (2) and (3), we obtain (B). 
The converse is trivial. 

Remark 3.2. It is well known that (VXB)(Y, Z) is symmetric for X, Y and 
Z in case that the ambient manifold M is a real space form. Then we easily 
see that the condition (A) of Lemma 3.2 is equivalent to VB = 0. On the 
other hand, when the ambient manifold M is a complex space form, this is 
not true. In fact, Chen and Vanhecke ( [3] ) proved that any small geodesic 
hypersphere in a complex space form satisfies the condition (A). However 
the second fundamental form of any geodesic hypersphere in a complex 
space form is not parallel (cf. [14] ). 

Finally we prepare the following lemma without proof. 

LEMMA 3.3 ( [7] ). Let M be an m-dimensional isotropic submanifold 
with codimension p of a Riemannian manifold M. If m = 3 and p < 
max{m/2, 3}, then the immersion is totally umbilic. 

4. Proof of theorem 2. First of all we note the following: Naitoh ( [8] ) 
classified totally real isotropic submanifolds with parallel second funda
mental form in Pn(C). So, by virtue of his classification, we have only to 
show that the second fundamental form of the immersion is parallel in 
order to prove Theorem 2. 

Now we rewrite (1.1) and (1.2). Since the submanifold M is a real space 
form which is immersed in Pn(C) as a totally real submanifold, the 
equations (1.1) and (1.2) are reduced to (4.1) and (4.2) respectively: 

(4.1) g(B(X, Y), B(Z, W) ) - g(B(Z, 7), B(X, W) ) 

= (c- \)(g(X, Y)g(Z, W) - g(Z, Y)g(Xy W)\ 

(4.2) ( V ? ) ( 7 , Z) = (VYB)(X, Z). 

Now, by the assumption that the immersion is isotropic, all normal 
curvature vectors at x have the same length, say, À. Namely, we have 
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g(B(X, X), B(X, X) ) = Xlg(X, X)g(X, X). 

Here the same calculation as in the proof of Theorem 1 (see (2.1), (2.2), 
(2.3) and (2.4) ) yields 

(4.3) g(B(X, Y), B(Z, W) ) 

= (c - l ) /3 • (2g(X, Y)g(Z, W) - g(Z, Y)g(X, W) 

- g(Z,X)g(Y, W)) 

+ X2/3 • (g(X, Y)g(Z, W) + g(X, Z)g(Y, W) 

+ g(X, W)g{Y,Z)). 

Now we consider (at a fixed point x of M) two cases À = 0 and X ¥= 0. In 
view of Theorem 1.1, we see that the latter case X ¥= 0 is divided into 
three cases. But the case (3) of Theorem 1.1 does not occur, since 
n{n + l)/2 > n ( = codim M). Hence we have only to investigate the 
following three cases: 

(I) X = 0, 

(II) X2 = c - 1, 

(III) X2 = -(2(n - \)/(n + 2)) • (c - 1). 

Since À is a continuous function on the submanifold of M, we see that X is 
constant on the connected component U of x. And hence, in the following 
we consider the above three cases on U. 

Case (I). We immediately find that the immersion is totally geodesic so 
that the submanifold is locally congruent to Pn(R) which is the real part of 

Case (II). This case means that the immersion is totally umbilic. 
However [2] asserts that the Case (II) does not occur. 

Case (III). Since X is constant on U, differentiating (4.3) with respect to 
any tangent vector field T, we have the following: 

(4.4) g((VTB)(X, Y), B(Z, W)) = -g(B(X, Y), (VTB)(Z, W)). 

By using (4.4) and the Codazzi equation (4.2) repeatedly, we get 

(4.5) g( (VTB)(X, Y), B(Z, W) ) 

= -g(B(X, Y), (VZB)(T, W)) 

= g( (V?) (Z , Y), B(T, W) ) 

= -g(B(Z, Y),(VWB)(X,T)) 

= g( (VYB)(Z, W\ B(X, T) ) 

= -g(B(Z, W),(VTB)(X, Y)). 
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So we have 

(4.6) g((VTB)(X,Y),B(Z,W)) = 0. 

We remark that the above calculation is due to Nakagawa-Itoh ( [9] ). On 
the other hand, it follows from 

n{n + l)/2 — 1 ^ n (= codim M) 

that 

n = 2 and codim M = n(n + l)/2 — 1, 

which yields that the first normal space spans the normal space. This, 
combined with (4.6), shows that the second fundamental form of the 
immersion is parallel. Thus, in consideration of [8], we see that M is locally 
congruent to T2 (for details, see [8] ). 

5. Proof of theorem 3. First of all we note the following: Naitoh ( [8] ) 
classified circular geodesic totally real submanifolds in Pn (C) and Nomizu 
( [11] ) classified circular geodesic Kaehler submanif olds in Pn(C). Due to 
their works, we find that the model space T (resp. Q\(C) ) is a circular 
geodesic totally real (resp. a circular geodesic Kaehler) submanif old in 
P2(C). 

So, in order to prove Theorem 3, we have only to show that the 
submanif old M is a totally real or a Kaehler submanifold. 

Now we shall consider the case of n ^ 3. As an immediate consequence 
of Lemma 3.1 and Lemma 3.3, we see that M n~ is a totally umbilic 
submanifold of Pn(C). However Chen-Ogiue's work [2] asserts that this 
case does not happen. 

And hence, in the following we shall solve our problem by using Lemma 
3.1 and Lemma 3.2 in the case of n = 2. Our aim here is to find that the 
immersion is minimal. Let 2 be the set of all non-umbilic points of M2. We 
remark that 2 is a dense subset of M , since there exists no totally umbilic 
(not totally geodesic) surface in P2(C) (cf. [2] ). Let x be a point of 2 and 
el9 e2 be an orthonormal basis in TX(M). Since x is a non-umbilic point 
and the immersion is (X-)isotropic, we have 

(5.1) B(eh e2) * 0 at x. 

Moreover, again by the fact that the immersion is isotropic, we see 
(cf. [10] ) 

(5.2) g(B{ex, ex), B(ex, e2) ) = g(B(e2, e2), 2?(e„ e2) ) = 0. 

Therefore, in consideration of the assumption that codim M = 2 and the 
equations (5.1), (5.2), we have only to consider the following two cases: 

(I) B(eu ex) = B(e2, e2), 

(II) B(ex, ex) = -B(e2, e2). 
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On the other hand, from (2.2) we have 

(5.3) g(B(eh e,), B(e2> e2) ) + 2g{B(e„ e2), B(eh e2) ) = A2. 

The equation (5.3), together with (5.1), tells us that the Case (I) does not 
happen at a non-umbilic point x, from which we see that the immersion is 
minimal on the open dense subset 2 of M so that our surface M 
is minimal in P2(C). We fix an arbitrary point p of M1. Let Xy Y 
be orthonormal vector fields on a neighborhood U of p such that 
VX = V7 = 0 at/?. Since the immersion is A-isotropic, we see 

(5.4) g(B(X, X)9 B(X9 X) ) = A2 ( * 0) on U. 

We easily find that (5.4) is equivalent to (cf. [10] ) 

(5.5) g(B(X, X\ B(X, Y)) = 0 on U. 

From (2.2), we get 

(5.6) g(B(X, X\ B(Y, Y) ) + 2g(B(X, Y% B(X, Y) ) = A2 on U. 

The equation (5.6), combined with the fact that the immersion is minimal, 
shows 

(5.7) g(B(X, Y), B(X7 Y) ) = A2 ( ^ 0 ) on U. 

These equations (5.4), (5.5) and (5.7), combined with the assumption that 
codim M = 2, imply that the vectors B(X, X), B(X, Y) span the normal 
space at every point on U. On the other hand, since A is constant (see the 
proof of Lemma 3.1), from (5.4) we get 

Y- g(B(X9 X), B(X9 X)) = 0, 

that is, 

(5.8) g( (VYB)(X9 X\ B(X9 X) ) = 0 at />. 

Hence, by virtue of Lemma 3.2, from (5.8) we find 

(5.9) g(Y, JX)g(JX7 B(X9 X) ) = 0 at p. 

Similarly, from (5.7) we have 

(5.10) g(X, JY)g(JX, B(X, Y) ) = 0 at/?. 

Now assume that the tangent space T (M) is not a totally real plane. Since 
dim M = 2, this assumption implies 

(5.11) g(X9JY) ¥= 0 at/?. 

And hence, from (5.9), (5.10) and (5.11) we get 

g(JX, B(X, X) ) = 0 and 

g(JX9B(X, Y)) = 0 at/7. 
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Then, due to the above discussion, we see that T (M) is a holomorphic 
plane. Namely we find that our surface M is a totally real submanifold or 
a Kaehler submanifold of P2(C). Therefore we conclude that M2 is locally 
congruent to T2 or Q^C) (for details, see [8], [11] ). 

6. Another characterization of extrinsic spheres. Nomizu and Yano 
( [12] ) proved that a submanifold Mn of a Riemannian manifold Mn+P is 
an extrinsic sphere if and only if every circle in Mn is a circle in Mn+P. The 
purpose of this section is to provide another characterization of an 
extrinsic sphere Mn(n ^ 3) in an arbitrary manifold Mn^p in the case of 
p < max{«/2, 3}. We have the following 

THEOREM 4. Let Mn be a Riemannian submanifold all of whose geodesies 
are circles in an ambient manifold Mn p.Ifn ^ 3 andp < max{«/2, 3}, 
then the submanifold Mn is an extrinsic sphere of Mn p. 

Proof It follows from Lemma 3.1 and Lemma 3.3 that the immersion is 
totally umbilic, that is, 

B(X, Y) = g(X, Y)$ and (VXB)(X, X) = 0 

for all tangent vector fields X and Y on Mn. Namely we find that the 
submanifold Mn is totally umbilic and has parallel mean curvature vector 
so that Mn is an extrinsic sphere of Mn^p. 

Remark. As an immediate consequence of Lemma 3.1, we obtain the 
following fact: Let M be an extrinsic sphere of a Riemannian manifold M. 
If the immersion is not totally geodesic, then M is a circular geodesic 
submanifold of M. 

However, the converse is not true. Motivated by Theorem 4, we consider 
a circular geodesic submanifold Mn(n = 3) in Mn p with codimension 
p = max{«/2, 3}. Of course the following submanifolds are not extrinsic 
spheres. 

Example 1. f:P2(C) —» S7, where the immersion / is called the first 
standard minimal immersion (for details, see [13] ). 

Example 2. g:S] X S2 —» ^ ( C ) , where the immersion g is constructed by 
Naitoh (for details, see [8] ). 

REFERENCES 

1. B. Y. Chen and K. Ogiue, On totally real submanifolds, Trans. Amer. Math. Soc. 193 
(1974), 257-266. 

2. Two theorems on Kaehler manifolds, Michigan Math. J. 21 (1974), 225-229. 
3. B. Y. Chen and L. Vanhecke, Differential geometry of geodesic spheres, J. Reine Angew. 

Math. 325 (1981), 28-67. 
4. N. Egiri, Totally real minimal immersions of n-dimensional real space forms into 

n-dimensional complex space forms, Proc. Amer. Math. Soc. 84 (1982), 243-246. 

https://doi.org/10.4153/CJM-1986-021-7 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1986-021-7


430 SADAHIRO MAEDA 

5. D. Ferus, Immersions with parallel second fundamental form, Math. Z. 140 (1974), 
87-93. 

6. Symmetric submanifolds of Euclidean space, Math. Ann. 247 (1980), 81-93. 
7. N. Kleinjohann and R. Walter, Nonnegativity of the curvature operator and isotropy for 

isometric immersions, Math. Z. 181 (1982), 129-142. 
8. H. Naitoh, Isotropic submanifolds with parallel second fundamental form in Pm(c), Osaka 

J. Math. 7^(1981), 427-464. 
9. H. Nakagawa and T. Itoh, On isotropic immersions of space forms into a sphere, Proc. of 

Japan-United States Seminar on minimal submanifolds, including Geodesies 
(1978). 

10. B. O'Neill, Isotropic and Kaehler immersions, Can. J. Math. 17 (1965), 905-915. 
11. K. Nomizu, A characterization of the Veronese varieties, Nagoya Math. J. 60 (1976), 

181-188. 
12. K. Nomizu and K. Yano, On circles and spheres in Riemannian geometry, Math. Ann. 210 

(1974), 163-170. 
13. K. Sakamoto, Planar geodesic immersions, Tohoku Math. J. 29 (1977), 25-56. 
14. Y. Tashiro and S. Tachibana, On Fubinian and C-Fubinian manifolds, Kodai Math. Sem. 

Rep. 75(1963), 176-183. 
15. K. Yano, M. Kon and I. Ishihara, Anti-invariant submanifolds with flat normal connection, 

J. Diff. Geom. 13 (1978), 577-588. 

Kumamoto Institute of Technology, 
Kumamoto, Japan 

https://doi.org/10.4153/CJM-1986-021-7 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1986-021-7

