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ON THE COHOMOLOGICAL COMPLETENESS OF
¢-COMPLETE DOMAINS WITH CORNERS

KAZUKO MATSUMOTO

Abstract. We prove the vanishing and non-vanishing theorems for an in-
tersection of a finite number of g-complete domains in a complex manifold of
dimension n. When ¢ does not divide n, it is stronger than the result naturally
obtained by combining the approximation theorem of Diederich-Fornaess for ¢-
convex functions with corners and the vanishing theorem of Andreotti-Grauert
for g-complete domains. We also give an example which implies our result is
best possible.

Introduction

Let D be a complex manifold of dimension n and let ¢ be an integer
with 1 < ¢ < n. A continuous function from D to R is called g-convex with
corners if it is locally a maximum of a finite number of g-convex functions.
In [D-F] Diederich-Fornaess proved that every g-convex function with cor-
ners defined on D can be approximated by g-convex functions whole on
D, where g := n — [n/q] + 1 and [z] denotes the integral part of x. They
moreover showed that the number ¢ is best possible for any (n,q), i.e.,
there exist an open subset D in C" and a finite number of ¢g-convex func-
tions @1, ..., ps defined on D such that the function ¢ := max{e1,...,¢s}
cannot be approximated by (¢ — 1)-convex functions.

A complex manifold D is called g-complete (resp. g¢-complete with
corners) if D has an exhaustion function which is g-convex (resp. g-convex
with corners) on D. Combining the above theorem of Diederich-Fornaess
with the theorem of Andreotti-Grauert ([A-G]) it follows at once that if D
is g-complete with corners then D is cohomologically g-complete.

Now the following problem arises naturally.

PROBLEM. Is there a complex manifold which is q-complete with cor-
ners but not cohomologically (§ — 1)-complete?
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It is easy to find such examples if ¢ divides n (cf. [S-V], [E-S], [M-1]
and [M-2]). However, it seems that such an example is still unknown if ¢
does not divide n.

The purpose of this article is to prove the following.

THEOREM. Let M be a complex manifold of dimension n and let

D1,..., Dy be g-complete open subsets in M. Let F be a coherent analytic
sheaf on M such that H"(M,F) = 0. Then

H)(DyN---NDy, F) =0 if > G.

Here
Gt :=min{q,t(¢— 1)+ 1}

@\::n—[n_l}:{qﬁv Zf aln
q q—1 if qfn.

Moreover, the number ¢; in the above theorem is best possible for any
(n,q,t). In particular, for any (n, ¢) there exist a finite number of g-complete
open subsets D1, ..., D, in C" such that H9~1(D;N---N D, ©) # 0, where
O denotes the sheaf of germs of holomorphic functions on C™ (see §3).

The author, in general, does not know whether the cohomologically g-

and

complete set D1 N---N D, in the above theorem is g-complete, i.e., it has a
g-convex exhaustion function, even in the case M = C".
81. The key proposition

First we show the following proposition which is a key step to prove

Theorem.

PROPOSITION 1. Let M be a topological space, let {D1,..., D} be a
family of open subsets in M and let S be a sheaf of Abelian groups on M.
Let p € N be fized and suppose that for any k with 1 < k <t —1 the family
{D,..., Dy} satisfies the condition

HI(D;;Nn---ND;,S8) =0

for allj > p and all iy, ... i € {1,2,...,t}.

()

C(k,p)

Then
(1) HY(Din---ND,S)= " YDyu---uD,S) if j>p

(2) HPY(Dyn---ND,S) - H2(D,U---UD;,S)
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Remark. The family {D;, ..., D;} satisfies the condition C(k, p) for all
kE with 1 <k <t —1if it satisfies only C(t — 1, p).

Proof of Proposition 1. We shall prove the proposition by induction on
teN.

Step 1. When t =1, (1) and (2) are trivial.

Step 2. When t > 2, it follows by Mayer-Vietories that the sequence

HY(Din ---NDy_1,8) ® H(Dy,S)
— H/(D1N---NDy_1)N Dy, S)
— H/TY(Dyn---NDy_1) U Dy, S)
— H'YDyn---ND;_1,S)® H YDy, S)

is exact for each j. Since {D,..., D} satisfies C'(t — 1,p) and C(1,p) by
assumption, we have

H)(DyN---NDy_1,8) = H(D;,S) =0 if j>p.
Therefore, if we put E; := D; U D; fori=1,2,...,t — 1, then
(3) H)(Din---NDy,S)=HTYEN---NE;_1,8) if j>p;
(4) HYDyn---ND,S) —» HP(EyN---NE;_1,S).
In particular, this means that the proposition holds in the case ¢t = 2.

Step 3. When t > 3, we assume that the proposition has been proved
for 1,2,...,t — 1. We first show the following.

LEMMA 1. Under the above situation, the family {E1,...,Ei_1} sat-
isfies the condition C(t —2,p+1).

Proof. We shall prove by induction that for any [ with 1 <[ <t —2
the family {E1, ..., Fy_1} satisfies the condition

HIYYE,N---NE;,8) =0

Cl,p+1
( ) for all j > p and all 41,...,4; € {1,2,...,t —1}.
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By the assumption of the proposition { Dy, ..., D;} satisfies C(t — 1, p)
and particularly C'(1,p) and C(2,p). Since the proposition holds in the case
t = 2 we have

HITYE;,,S) = H*Y(D;, UDy,S)
~ H/(D;,ND;,S)=0 if j>p.
Therefore, {E1,..., E;_1} satisfies C(1,p + 1).

Next let 2 < [ <t — 2 and assume that the lemma has been proved
for all m with 1 < m < [ — 1. Then the family {E;,...,E;}, where
Q1,0 € {1,2,...,t—1}, also satisfies the condition C'(m,p+1) for all m
with 1 <m <[ —1. Moreover, since {E1, ..., F;_1} satisfies C(I—1,p+1)
by the inductive hypothesis and since the proposition holds for I,

H*YYE,N---NE,S)
>~ gUuHDH=1(g U... U E;,,S)
=t Yp, U...u D, UD,S)  if j>p.
On the other hand, {D,..., D} satisfies C(l,p) and C(l + 1,p) because
[+ 1 <t—1. Since the proposition holds for [ + 1,

HjJr(lJrl)il(Dil U---u Dil UDt,S)
~ HI(DyN---ND;ND;,S)=0 if j>p.

Hence we obtain
HYE,N---NE,,S)=0 if j>p,

which proves that {E1,..., F;_1} satisfies C(I,p+ 1) for all [ with 1 <1 <
t—2. O

End of Proof of Proposition 1. If t > 3 and if {D,...,D;} satisfies
C(t—1,p) then {E1,..., E;_1} satisfies C(t—2,p+1), where E; :== D;UD;
fori=1,2,...,t — 1. Therefore, by the inductive hypothesis, we have

(5) HTYE N---NE_,S)2HT Y EU---UE_,S) if j>p;
(6) HP(EyN---NE;_1,S) —» H T 2(EyU---UE;_1,S).

Notice here that Fy U---U E;_1 = Dy U---U D;. Then we can obtain (1)
and (2) by (3), (4), (5) and (6).
This completes the proof of the proposition. 0
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§2. Proof of Theorem

Let M be a complex manifold of dimension n, let Dq,...,D; be g¢-
complete open subsets in M and let F be a coherent analytic sheaf on M
such that H"(M,F) = 0.

Since the intersection D; N --- N Dy is g-complete with corners it fol-
lows from the theorem of Diederich-Fornaess and the theorem of Andreotti-
Grauert that

H)(DyN---NDy, F)=0 if j>q.
Here ¢; := min{q,t(¢ — 1) + 1} and ¢ :=n — [n/q] + 1.
We put
. n—11 [ q if qln
q'_n_[ q }_{67—1 if gfn.

For the proof of Theorem it is enough to prove the following.

LEMMA 2. Under the above situation,
H/(Dyn---NDy, F)=0 if j=>q.

Proof. We put m := [n/q] and r :== n — mgq. Then n = mq + r and
0 <r <g-—1. We shall prove the lemma by induction on ¢t € N.
First if t < m,

tlg—1)+1<mg-1)+1l=n—-m+1l—r=q—r.

Ifg|norr=0theng—r =qg=¢;andifgfnorr > 1theng—r < g—1=gq.
Hence if t < m we have t(¢ — 1) +1 < ¢ < q and

gy :=min{q,t(¢ — 1)+ 1} =t(¢—-1)+1<q.

Therefore, by the theorem of Diederich-Fornaess, the lemma holds if ¢ < m.
Next if ¢ > m + 1 and if the lemma holds for 1,2,...,¢t — 1, then for
any k with 1 < k <t — 1 the family {Dy, ..., D;} satisfies the condition

HI(D;;n---ND;,,F)=0

C(k,q
() for all j > ¢ and all 41,...,4, € {1,2,...,t}.

Hence by Proposition 1

HI(DyN---NDy, F) = HT=YDu---.UDy, F) if j>q
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Notice here that if ¢t > m+1 and j > gthen j+t—1> ¢+m > ¢—1+m = n.

Since the set Dy U --- U D, is open in M and since H"(M,F) = 0
by assumption we have H™"(D; U --- U Dy, F) = 0 (see Remark below).
Therefore we obtain

H(Din---ND,F)=0 if j>gq
which proves the lemma. []

Theorem is the direct result of the above lemma and the theorem of
Diederich-Fornaess (cf. [D-F], §5).

Remark. By the theorem of Greene-Wu ([G-W]), a connected complex
manifold of dimension n is n-complete if and only if it is noncompact.
Therefore, if D is noncompact complex manifold of dimension n then by
the theorem of Andreotti-Grauert H"(D,F) = 0 for any coherent analytic
sheaf F on D. It is obvious that if H"(M,F) = 0 then H"(D,F) = 0 for

any connected (and not necessarily noncompact) component D of M.

§3. Example

As in Section 2 we put n = mq+r. In C", consider the complex linear
subspaces defined by

Lz‘ = {(Zl,. .. ,Zn) eCn ’ Z(i—l)q—i—l =...=Zjg = 0}

and put D; ;== C"\ L; for i = 1,2,...,m. Then each D; is g-complete but
not (¢ — 1)-complete (cf. [W]). If g { n or r > 1, we moreover put

L1 :={(z1,...,20) €C" | 2ppgq1 = ... = 2, = 0}

and Dp,y1 := C" \ Ly4+1. Then D,,41 is r-complete and particularly g-
complete because r < q.
The number g in Theorem is best possible for any (n,q,t), where

I [ tlg—-1)+1 if t<m
¢: == min{q, t(q 1)+1}—{g]\ if t>m

and

PO n—1| [ n-m+1 if g|n
7= g | ln-m if qfn.

In fact, we have the following.
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EXAMPLE. Under the above notations, Ht(q_l)(Dl N---NDy,O)#0
fort=1,2... ,m. Moreover, H*"""Y(D; N ---N Dp,11,0) # 0 if g { n.

In the example above, O denotes the sheaf of germs of holomorphic
functions on C™. The example is a part of the following.

PROPOSITION 2. Let ag,aq,...,q and ng be integers such that 0 =
ag <o < - <ap =ng <n. InC", consider the complex linear subspaces
defined by

Li={(z1,...,2,) € C" | Rag 141 = Ra; 142 = 77 = Ray = 0}

and put D; := C"\ L; fori1=1,2,...,t. Then

H™{(Dy---N Dy, 0) #0
Hi(DyN---NDy,0) =0 if j>ng—t+1

Proof. Since codim L; < ng — (t — 1) each D; is at least (ng —t + 1)-
complete. Hence if we put p := ng —t + 1 then H’/(D;,0) =0 for all j > p
and all ¢ with 1 <7 <.

We shall now prove by induction that for any k£ with 1 < k <t —1 the

family {D,..., D;} satisfies the condition
HI(DyNn---ND;,0)=0
C(k.p) ' o
forall j > p and all iy,...,1, € {1,2,...,t}.

First {Dq,..., D} satisfies C'(1, p). Next if it satisfies C(k—1,p) where
k > 2, it follows from Proposition 1 that

H)(D;yn---ND;,0) =2 H YD, u.--UuD,;,,0) if j>p.

Since D;, U---UD;, = C™\(L;,N---NL;, ) and since codim (L;; N---NL;, ) <
no—(t—k) = p+k—1, theset D; U---UD;, is at least (p+k—1)-complete.
Hence for any k with 1 < k <t — 1 we have

H)(D;yn---ND;,0)=0 if j>p,

()

which implies that {D1,..., D;} satisfies C(t — 1,p).
Therefore, by Proposition 1 we obtain

(7) H'(D1N---ND;,0) = HTYDyU-.-UDy,0) it j>p;
(8) HP Y Dyn---NDy,0) - H"2(DyU---U Dy, 0).
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On the other hand,

H™ YDy U---UDy,0) £ 0

HI(D;U---UD;,0) =0 it §>ng
because D1 U---UD; =C"\ (L1 N---NL) and codim (Ly N---N L) = ng.
Since p :=ng —t + 1 we thus obtain

Hno_t(Dlﬂ"'ﬂDt,O) #0
HI(DiN---ND;,O0) =0 if j>mng—t+1.

This completes the proof of the proposition. 0
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