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Abstract

We show that every ergodic Davies generator associated to any 2D Kitaev’s quantum double model has a nonvan-
ishing spectral gap in the thermodynamic limit. This validates rigorously the extended belief that those models are
useless as self-correcting quantum memories, even in the non-abelian case. The proof uses recent ideas and results
regarding the characterization of the spectral gap for parent Hamiltonians associated to Projected Entangled Pair
States in terms of a bulk-boundary correspondence.
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1. Introduction

In the seminal works [2, 15], it is shown that the four-dimensional (4D) toric code is a self-correcting
quantum memory, that is, it allows to keep quantum information protected against thermal errors (for
all temperatures below a threshold) without the need for active error correction, for times that grow
exponentially with the system size N. As interactions become highly nonlocal after mapping the 4D
toric code to a 2D or 3D geometry, it has been a major open question whether similar self-correction
is possible in 2D or 3D, where the information is encoded in the degenerate ground space of a locally
interacting Hamiltonian in a 2D or 3D geometry. We refer to the review [7] for a very detailed discussion
of the many different contributions to the problem that still remains open up to date. Before focusing
on the 2D case, which is the main goal of this work, let us briefly comment that in 3D, this question
motivated the discovery of Haah’s cubic code [5, 19], which was the opening door to a family of new
ultra-exotic quantum phases of matter, currently known as fractons [37].

In 2D, it is a general belief that self-correction is not possible. There is indeed compelling evidence
for that. For instance, Landon-Cardinal and Poulin [30], extending a result of Bravyi and Terhal [6],
showed that commuting frustration-free models in 2D display only a constant energy barrier. That is,
it is possible to implement a sequence of poly(N) local operations that maps one ground state into an
orthogonal one and, at the same time, the energy of all intermediate states is bounded by a constant
independent of N. This seemed to rule out the existence of self-correction in 2D.

However, it was later shown in [8] that having a bounded energy barrier does not exclude self-
correction, since it could happen that the paths implementing changes in the ground space are highly
nontypical, and hence, the system could be entropically protected. Indeed, an example is shown in [8]
where, in a very particular regime of temperatures though, entropic protection occurs.

Therefore, in order to solve the problem in a definite manner, one needs to consider directly the
mixing time of the thermal evolution operator which, in the weak coupling limit, is given by the
Davies master equation [14]. Self-correction will not be possible if the noise operator relaxes fast to
the Gibbs ensemble, where all information is lost. As detailed in [1] or [28] using standard arguments
on Markovian semigroups, the key quantity that controls this relaxation time is the spectral gap of the
Davies Lindbladian generator. Self-correction in 2D would be excluded if one is able to show that such
a gap is uniformly lower bounded independently of the system size. This is precisely the result proven
for the toric code by Alicki et al., already in 2002, in the pioneer work [1]. The result was extended for
the case of all abelian quantum double models by Komar et al. in 2016 [28]. Indeed, up to now, these
were the only cases for which the belief that self-correction does not exist in 2D have been rigorously
proven. In particular, it remained an open question (as highlighted in the review [7]) whether the same
result would hold for the case of non-abelian quantum double models. In this work, we address and solve
this problem, showing that non-abelian quantum double models behave as their abelian counterparts.
The main result of this work is summarized as follow: for any finite group G, we consider Kitaev’s
quantum double Hamiltonian H of group G defined on Zy X Zy . We consider a thermal bath at inverse
temperature S < oo, acting independently on each site of Zy X Zy in a translation invariant way,
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described by a Davies semigroup. This is given by a family of single-site jump operators {S,}, and
positive coupling functions g, satisfying detailed balance. The resulting generator £ is then given by

c@= Y 355 @I Sea@)] + [S]4().01Seal@). (LD

eELNXIN @,

where w runs over the Bohr frequencies of H, that is, the differences between eigenvalues of H, and
Se.a (w) are the Fourier coefficients of S, acting on edge e, with respect to the evolution by H. As these
vanish for all values of w outside of a finite set Q, we can without loss of generality restrict the sum
to w € Q. See Section 5 for a more complete explanation of the construction. We state and prove the
theorem for the case of a translation invariant Lindbladian for simplicity: with minor adaptations, our
proof could be extended to the non translation-invariant case, as long as it is possible to obtain uniform
estimates on the behavior of the local generators (see Remark 5.14).

Theorem 1.1. Suppose that the jump operators satisfy {Sq},, = CL, where ' denotes the commutator.
Then the Davies generator L defined above is ergodic, and its spectral gap has a lower bound which is
independent of the system size N. Specifically, there exist positive constants C and A, independent of B
and the system size, such that

~  _CeB —~ o~
2ap(L£) = Zmine ¢ A, Zmin = min min 2o (). (1.2)

The constant A will depend both on the group G and on the choice of the jump operators {Sq } . Note
that while in principle gmin could also scale with 3, there are examples where it can be lower bounded
by a strictly positive constant independent of the temperature. The dependence of our bound on S is
worse than the ones obtained in the previous works for the case of an abelian group G [1, 28] (double
exponential instead of exponential): we believe this dependence is an artifact of our proof and therefore
is probably not optimal.

The tools used to address the main theorem are completely different from those used in the abelian
case in [28]. There, following ideas of [38], the authors bound the spectral gap of £ via a quantum version
of the canonical-paths method in classical Markov chains. Instead, we go back to the original idea of
Alicki et al. for the toric code [1]: construct an artificial Hamiltonian from the Davies generator £ so that
the spectral gap of L coincides with the spectral gap above the ground state of that Hamiltonian, and then
use techniques to bound spectral gaps of many body Hamiltonians. This trick has already found other
interesting implications in quantum information, especially in problems related to thermalization, such
as the behavior of random quantum circuits [4] or the convergence of Gibbs sampling protocols [23]. In
particular, we will follow closely the implementation of the idea used in [40], and reason as follows. We
purify the Gibbs state pg and consider the (pure) thermofield double state | p’lg/ 2) (i.e., the cyclic vector
of the Gelfand-Naimark-Segal (GNS) representation of the algebra of observables with state pg). The

commutativity of the terms in the quantum double Hamiltonian H makes | pl/ 2) a Projected Entangled
Pair State (PEPS). We will show then (see Proposition 5.15) that the gap of L can be lower bounded by
the gap of the parent Hamiltonian of |p ;g/ 2) in the PEPS formalism.

This opens the door to exploit the extensive knowledge gained in the area of tensor networks during
the last decades. Tensor networks, and in particular PEPS, have revealed themselves as an invaluable
tool to understand, classify, and simulate strongly correlated quantum systems (see, e.g., the reviews
[13, 34, 39]). The key reason is that they approximate well the ground and thermal states of short-range
Hamiltonians and, at the same time, display a local structure that allows to describe and manipulate
them efficiently [13].

Such a local structure manifests itself in a bulk-boundary correspondence that was first uncovered in
[12], where one can associate to each patch of the 2D PEPS a 1D mixed state that lives on the boundary
of the patch. It is conjectured in [12], and verified numerically for some examples, that the gap of the
parent Hamiltonian in the bulk corresponds to a form of locality in the associated boundary state.
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This bulk-boundary correspondence was made rigorous for the first time in [25] (see also the
subsequent contribution [35]). In particular, it is shown in [25] that if the boundary state displays a
locality property called approximate factorization, then the bulk parent Hamiltonian has a nonvanishing
spectral gap in the thermodynamic limit. Roughly speaking, approximate factorization can be defined
as follows. Consider a 1D chain of N sites that we divide in three regions: left (L), middle (M), and right
(R). A mixed state py pr is said to approximately factorize if it can be written as

pLmMRr = (Qry ® 1g)(1r ® Amr),

where, for a particular notion of distance, the error in the approximation decays fast with the size of M.

It is one of the main contributions of [25, 35] to show that Gibbs states of 1D Hamiltonians with
sufficiently fast decaying interactions fulfill the approximate factorization property. Indeed, this idea has
been used in [29] to give algorithms that provide efficiently Matrix Product Operator (MPO) descriptions
of 1D Gibbs states.

We will precisely show (Theorem 4.2) that the boundary states associated to the thermofield double
PEPS | p’llg/ 2) approximately factorize. In order to finish the proof of our main theorem, we will also
need to extend the validity of the results in [25] beyond the cases considered there (injective and MPO-
injective PEPS), so that it applies to | pllg/ 2). Indeed, it has been a technical challenge in the paper to
deal with a PEPS which is neither injective nor MPO-injective, the classes for which essentially all the
analytical results for PEPS have been proven [13].

Let us finish this Introduction by commenting that the results presented in this work can be seen as
a clear illustration of the power of the bulk-boundary correspondence in PEPS, and in particular, the
power of the ideas and techniques developed in [25].

We are very confident that the result presented here can be extended, using similar techniques, to
cover all possible 2D models that are renormalization fixed points, like string net models [31]. The
reason is that all those models have shown to be very naturally described and analyzed in the language
of PEPS [13]. We leave such extension for future work.

This paper is structured as follow. In Section 2, we recall some elementary properties of a quantum
spin system, and explain the strategy we will use to estimate spectral gaps of 2D quantum Hamiltonians.
Moreover, we will explain under which assumptions we can estimate the spectral gap of a model on
a 2D torus with the spectral gap of the same model with open boundary conditions. In Section 3,
we give a general introduction to the tensor networks and PEPS formalism, and explain the graphical
notation we will use to represent tensors. We will then recall the results from [25] that connect the quasi-
factorization property with the spectral gap of a parent Hamiltonian of a PEPS, and present the necessary
modifications of these results that we will need in this paper. In Section 4, we introduce the Quantum
Double Models, and present the PEPS representation of the thermofield double state |p [l;/ 2). From this
construction, we will compute the corresponding boundary state, prove the approximate factorization
condition, construct a parent Hamiltonian and estimate its spectral gap. In Section 5, we recall the
definition and elementary properties of Davies generators. We will then show that we can lower bound
the spectral gap of an ergodic Davies generator by the spectral gap of a parent Hamiltonian for |p /13/ 2),
which will imply our main result.

2. Quantum spin systems

In this section, we are presenting some of the concepts and auxiliary results that we will use for the
main result of the paper. Since we expect that they are useful in other contexts, we decided to present
them in a more general setting.

2.1. Notation and elementary properties

We use Dirac’s bra-ket notation. Vectors in a Hilbert space H will be represented as “kets” |¢), and
the scalar product between |¢) and |¢) is written as (¢|) (which is antilinear in the first argument).
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The linear functional |) — (¢|y) is then denoted as a “bra” (¢|. Rank-one linear maps will be written
as |y Xol.

Let us consider an arbitrary set A, and associate to every site x € A a finite-dimensional Hilbert
space H, = C4 for a prefixed d € N. As usual, for a finite subset X C A, we define the corresponding
space of states Hx := Qyex H. and the space of bounded linear operators (observables) Bx := B(Hx)
endowed with the usual operator norm. We denote by 1x € By the identity. We identify for X ¢ X’ c A
observables By < Byx- via the isometric embedding Q — Q ® 1 x+ x. Given an operator Q, the minimal
region X C A, such that Q € By is called the support of Q. Let us observe that if Q € By is a self-
adjoint element, then Q ® 1x. x and Q have the same eigenvalues A, and the corresponding eigenspaces
are related via V; — V,; ® Hxs\x. In particular, ker (O ® 1x,\x) = ker (Q) ® Hx'gx. We define the
spectral gap of such Q, denoted gap(Q), as the difference of the two lowest (unequal) eigenvalues of Q.
If O has only one eigenvalue, we set gap(Q) = 0.

A local Hamiltonian is defined in terms of a family of local interactions, that is, a map @ that
associates to each finite subset Z c A a self-adjoint observable @, = CD; € Bz. For each finite X C A,
the corresponding Hamiltonian is the self-adjoint operator Hy € By given by

HX=ZcI>Z.

zZcX

Next, let us introduce some further conditions on the type of interactions we are going to deal with.

First, we are going to assume the lowest eigenvalue of @ is zero for each Z. This means that ®, > 0,
and thus Hx > 0, for each finite subset X C A. In general, from an arbitrary local interaction @,
we can always construct a new interaction satisfying this property by shifting each local term @ to
@ —cz 17, where ¢z is the lowest eigenvalue of @;. As a consequence, each local Hamiltonian Hy is
shifted to Hx — (3, zcx ¢z)1lx, and its eigenvalues A are then shifted to 2 — (3, x ¢z), although the
corresponding eigenspaces and the spectral gap are preserved. It should be mentioned that this shifting
procedure introduces an energy constraint that can significantly impact certain physical properties of
the original system. However, since our sole focus is on studying the spectral gap properties in relation
to the orthogonal projectors onto the ground spaces, this argument appears reasonable for reducing the
overall problem to this particular setting.

On the other hand, we are also going to assume that the local interaction @ is frustration-free, namely,
that for every finite subset X C A, it holds that

Wyx = ﬂ ker(®y) # {0}.
zZcX

Let Px € Bx be the orthogonal projector onto Wx. As a consequence of

(¢lHx|9) = D (glDz]¢) 2 0, @.1)

zZcX

we immediately get that ker (Hx) = Wy, and that the frustration-free condition is equivalent to each
Hx having zero as the lowest eigenvalue. In this case, Wy is the ground space of Hx, Px is the ground
state projector, and the spectral gap of Hy, in case the latter is nonzero, can be described as the largest
positive constant satisfying that for every |¢) € Hx

(¢IPx|¢) - gap(Hx) < (¢|Hx|¢), (2.2)
where Py = 1x — Px.
We conclude by remarking that for every X ¢ Y c A, we have Wy C Wy, where we are identifying

Wx = Hy\x ® Wx, and therefore Py Px = Py.
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2.2. Spectral gap of local Hamiltonians

We will now recall a recursive strategy to obtain lower bounds to the spectral gap of frustration-free
Hamiltonians described in [24], which we will also slightly improve over the original formulation. The
main tool will be the following lemma, which is an improved version of [24, Lemma 14] in which the
constant (1 — 2¢) has been improved to (1 — ¢). The argument here is different and inspired by [26,
Lemma 14.4].

Lemma 2.1. Let U,V,W be subspaces of a finite-dimensional Hilbert space H with corresponding
orthogonal projectors Iy, Iy, Iy, and assume that W c U NV. Then,

Hf, +I; > (1-¢) H‘ﬁ, , where ¢ := ||IIyIly —Iw||.

Moreover, ¢ € [0, 1] always holds, and c € [0, 1) ifand only ifUNV =W.

Proof. Let us start by observing that, since W c U, it holds that [Ty Iy = Iy Iy = Iy, and similarly
for V. Thus, the constant ¢ can be rewritten as

¢ = ||y —Mw) (ITy —Tw)||

(11T, Ty Ty Iy, ||

sup { [{a|lly Ty My Oy |b)] : lall < 1, [|b]] < 1)} (2.3)
= sup { [{a|lly Ty |b)| : a,b € W, |lall < 1, [|b]| < 1)}

=sup{|{alb)|: ac UNW*, be VW |a| <1, |b] <1}

From here, it immediately follows that ¢ € [0, 1]. Moreover, since H is finite-dimensional, the set over
which the supremum is taken is compact, meaning that the supremum is always attained. Therefore,
¢ = 1 if and only if there exists a € U N W=+ and b € V N W+, such that |[{a|b)| = ||al|||b||. As the
Cauchy—Schwarz inequality is only saturated by vectors which are proportional to each other, ¢ = 1 is
equivalent to the fact that there exists ana € (U NV N W)\ {0}, or equivalently, that W ¢ UNV. The
first observation also implies that ITy; = Iy + 11y, ITy IT;;, and [Ty = Iy +I1;;, Iy I;,, and therefore

I + 11y = 210y, — Iy, (TMy + Oy,

This allows us to reformulate the original inequality we aim to prove as
O +1Iy > (1-0) 1y, & (1+0)y, > Iy, (Hy +Iy)IT;, . (2.4)
Let |x) be a norm-one eigenvector of ITy, (ITy + ITy )II;;, with corresponding eigenvalue 1 > 0. Note
that IT;;, [x) = |x) necessarily, since eigenvectors with different eigenvalues are orthogonal, and W is
contained in the kernel. Thus, to show that the right-hand side inequality of (2.4) holds, it is enough to

check that 4 < 1 + ¢ necessarily. For that, let us write

Iy |x) = Ay |xy) forsome |xy) € Unwt, (xylxy)=1,Ay =20,
Iy |x) = Ay |xy) forsome |xy)eVNW?!, (xylxy)=1,dy >0.

On the one hand, we have

A= (x[Iy +Ily |x) = x[Hy |x) + x|y |x)
= (x| |x) + (T, )

_ 2 2
= Ay + 4y,
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and, on the other hand

22 = (x|(Iy +1y) (Iy +y) |x)
= A7, + A3 + x|y Ty |x) + x|y Ty |x)

=A% + A% +2y Ay Relxylry).

Combining both equalities we get, denoting c := | Re{xy |xy )|,

(1+c)d—A2 = cx(zfj + ﬂv) —20pdy Re(xy )
> (A3 + 23 = 20pdy) = cx(Ay — Ay)? > 0.
Since A > 0, we conclude that
A<1+cy < 1+c,

where the last inequality follows from (2.3). This concludes the argument. )

This lemma has important implications for frustration-free local Hamiltonians, when applied to
the ground state subspaces Wx and their associated orthogonal projections Px. The frustration-free
condition yields that, for X,Y C A, the ground state subspaces satisfy Wxyy € Wx N Wy. As a
consequence of Lemma 2.1,

IPxuy — PxPyll = ||(Pxuy — Px)(Pxuy — Py)|l € [0,1].

Moreover, Wxuy = Wx N Wy if and only if ||Pxuy — PxPy|| € [0, 1). This happens whenever A is a
metric space, @ has finite range r > 0, namely, that ®x = 0 if the diameter of X is larger than r, and the
distance d(X \ Y,Y \ X) is greater than r, since in this case, every subset Z C X UY with ®z # 0 is
either contained in X or Y, so that

Wxuoy = m ker®, = ﬂ ker®dx N ﬂ ker®dz = Wx N Wy .
ZCcXuy zZcX zcy

Definition 2.2 (Spectral gap). For each finite subset Y C A, let us denote by gap(Hy ), or simply gap(Y),
the spectral gap of Hy, namely, the difference between the two lowest unequal eigenvalues of Hy . If it
has only one eigenvalue, then we define gap(Y) = 0. Given a family F of finite subsets of A, we say
that the system of Hamiltonians (Hy )y ¢ r is gapped whenever

gap(F) :=inf {gap(Y): Y € F} > 0.

Otherwise, it is said to be gapless.
The following result allows to relate the gap of two families. It adapts a result from [24, Section 4.2].

Theorem 2.3. Let F and F' be two families of finite subsets of A. Suppose that there are s € N and
6 € [0, 1] satisfying the following property: for eachY € F’\ F, there exist (A;, B;);_, pairs of elements
in F, such that:

(i) Y=A;UB,; foreachi=1,...,s,
(ii) (A;NB;)N(A; NB;) =0 wheneveri # j,
(iii) ||[Pa,PB, — Py|| < S foreveryi=1,...,s.

Then,

. 1-6 s 1
gap(F’) > - gap(F) > exp|l-— - -| gap(F).
1+ 3 (if 6<1) 1-6 s
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Proof of Theorem 2.3. LetY € F'\ F, and let (A;, B;);_, be the family of pairs satisfying (i)—(iii)
provided by the hypothesis. To prove the first inequality, we can assume that § < 1 and gap(F) > O,
since otherwise, the inequality is obvious. Applying Lemma 2.1, and using (2.2), we can estimate

S

wIPE) = Y (clPpbo

i=1

IA

IRl
52 T (IPE 1) + P 1)

IA

1 1 1
-6 Z g (ClHAND) + (el )

1 1 1<

—_— - Hy + Ha;nB;
5 0 5 ;m v+ Hanp, )

1 S
(x|Hy + " Zl: Ha,ng; |x)

IA

b
1 -6 gap(F)

IR S
1 -6 gap(F)

IA

IA

(1 + 1) (x|Hy|x) .
s

Notice that in the third line, we have used that Ha, + Hp, < Hy + H4,np;, which holds since all the
local interactions are positive semidefinite. Therefore, again by (2.2), it holds that

1
gap(Y) > " gap(F) whenever Y e F'\ F.

1
N
On the other hand, if Y € F’ N F, then gap(Y) > gap(F) by definition. Hence, we conclude the that

the first inequality holds. To obtain the second inequality, we simply use twice that (1 +x)~! > ¢~ for
every x > 0. O

In the next section, we will apply Theorem 2.3 in order to bound the spectral gap of a quantum spin
Hamiltonian on an arbitrarily large torus (with periodic boundary conditions) in terms of the spectral gap
of the same model on a finite family of rectangles with open boundary conditions. This is reminiscent to
the bounds on the spectral gap based on the local gap thresholds [3, 18, 20, 21, 27]. The reason for which
we are following a different approach is that the constants appearing in the spectral gap thresholds are
highly dependent on the specific shape and range of the interactions of the Hamiltonian, and in our case,
we will have to consider S-dependent interaction length. Therefore, it will be unfeasible to verify the
local gap threshold conditions for our models. The connection between the control of quantities of the
type ||Pxuy — Px Py|| and spectral gap estimates originated in the seminal work on finitely correlated
states [16], later extended to more general spin models [32]. The main difference between that approach
and the one of [24], which we are following here, is due to the way in which we are growing the lattice:
while the methods of [16, 32] consider a single increasing sequence of regions, Theorem 2.3 permits
more rich families of subsets, thus allowing us to keep the shape of their intersections more well-behaved
(i.e., they will always be rectangles or cylinders).

2.3. Periodic boundary conditions on a torus

To describe the periodic boundary conditions case, we have to introduce further notation. For each
natural N, let us denote by Sy the quotient R/~, where we relate x ~ x + N for every x € R. Note that
we can identify Sy = [0, N).

We will take as Ay, the set where the spins of the system are located, the set of midpoints of the
edges £y of the square lattice on the torus S X Sy (as this is the setting in which the quantum double
models are defined). We will identify each point of A with the corresponding edge from &£y, so that
we will indistinctly use Ay or €y (see Figure 1).
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I XX)
"o 0 0 0 0
o600 0
e 0600 0

Figure 1. The square lattice on the torus (left), and the quantum spin system with spins on the midpoints
of the edges (right). The marks on the borders of both squares represent the pairwise identification of
edges, a standard depiction of the torus in topology. A similar notation will be used for the cylinder,
where only one pair of edges is identified.

> & o
> ¢ o
> & o

> o o
> l:ib
> 6 o
> l:ib
> @ -0
> ¢ '0
> 6 ¢ o o
> & ¢ o o

L

Figure 2. Examples of rectangles as a subset of the square lattice Ay = En. Above, two examples of
proper rectangles, whereas below, two examples of cylinders. In each case, we present two pictures: on
the right, we highlight the spins belonging to the region, while on the left, we highlight the edges. We
will use this latter representation in the forthcoming pictures.

Let us recall the notion of a (closed) interval in Sy . Given x,y € Sy, we denote by d,(x,y) the
unique 0 < ¢ < N, such that x+c¢ ~ y. Then, we define the interval [a, b] asthe set {x € Sy : d;(a,x) <
d+(a,b)}. We are only going to consider intervals with integer endpoints, that is, a, b € Zy. A proper
rectangle R in R or Sy x Sy is a Cartesian product of intervals R = [ay, b1] X [a2, b2] (with integer
endpoints). Its number of plaquettes per row is then d,(ay, b1) and per column is d, (ay, by). Shortly,
we say that R has dimensions d.(ay, by) and d.(ay, by). A cylinder is a Cartesian product of the form
SNy X [a, b] or [a, b] X Sy . We will refer simply as rectangles to proper rectangles, cylinders, and the
whole torus Sy X Sy . In an abuse of notation, we will identify R with R N A and often write R C A
and Hr to denote the associated Hilbert space (see Figure 2).

We are going to define, for every N,r € N with N > r > 2, the following sets of rectangular regions
inEn:

> Fy is the set of all rectangular regions having at least two plaquettes per row and per column.
> F1¢"S is the family consisting of only one element, the whole torus.
> ]_-]cvy ln s the family of all cylinders having at least two plaquettes per row and per column.

> Frrel is the family of all proper rectangles having at least two and at most r plaquettes per row and
per column.

Martingale condition on local projectors

For each X € Fy, let ITx be an orthogonal projector onto a subspace of Hy, such that (ITx)x satisfies
the frustration-free condition: IlxIly = Ilyllx = Ily for every pair of rectangular regions X C Y.
Notice that the family of projectors (Px )x associated to a frustration-free Hamiltonian, as it was defined
in Section 2.1, satisfies this condition.
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Definition 2.4 (Martingale condition). We say that (Ilx )x as above satisfies the martingale condition
if there is a nonincreasing function ¢ : (0, c0) — [0, 1], such that lim,;_,, 6(€) = 0, called the decay
Sfunction, satisfying for each N > 2 the following properties:

(i) For every proper rectangle R split along the rows (respectively, columns) into three disjoint parts
R = ABC as in the next picture
LA Bl | €] LA | [B]] {

| | |
| | | [ | 2.5)

o ‘

so that R| = AB and R, = BC are proper rectangles and R; N R; = B is a rectangle containing
at least ¢ plaquettes along the splitting direction, it holds that

IMagc — Taglpcll < 6(¢).

(ii) For every cylinder R split along the wrapping direction into four disjoint parts R = ABCB’ as in

the next picture
C B Y} B B’
(2.6)

— —
4 4

so that R = B’AB and R, = BCB’ are proper rectangles, and B and B’ are rectangles containing
at least ¢ plaquettes along the wrapping direction, it holds that

IMagcr —Mpapllpep |l < 6(0).

(iii) For every torus split along any of the two wrapping directions into four disjoint parts 5 = ABCB’
as in the next picture

A|lB|C|H A B c B’
— —
¢ ¢ 2.7

so that Ry = B’AB and R, = BCB’ are cylinders whose intersection consists of two cylinders B
and B’ containing at least ¢ plaquettes along the splitting direction, it holds that

IMagcp —Hpapllpep |l < 6(L).

Estimating the gap from below

Let us fix a local interaction ® on the torus £y defining a frustration-free Hamiltonian. For each
rectangular region X C &y, let us denote by Px the orthogonal projector onto the ground space of Hy.
Let us, moreover, assume that the family of projectors (Px)x satisfies the martingale condition for a
decay function ¢§(¢) as in Definition 2.4.

Theorem 2.5. If ([N /2 — 1]) < 1/2, then

¢ 1 cylin 1 c
gap(Fy"%) = Zgap(f,vy ) > Egap(fﬁf,&).
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Proof. Let us first compare gap(F3""*) and gap(.Flc\',y li"). We consider a decomposition of the torus
Ay into four regions A, B, C, B’ as in (2.8), so that C; := B’AB and C, := BCB’ are cylinders having
dimensions N — 1 and N belonging to F” lin_and whose intersection consists of two cylinders B and
B’, each having N plaquettes per column and at least | N/2 — 1] plaquettes per row.

2 |N/2-1] 2[N/2-1].  (2.8)
Applying the martingale condition from Definition 2.4 (iii), we deduce that
1
1Pe,Pe, = Payll < 6(IN/2-1]) < =, (2.9
and so, by Theorem 2.3 with s = 1 and § = 1/2, we can estimate

g cylin
gap(FN™) = — gap(Fy™™).

o=

Next, we compare F; i and F N - Given a cylinder C € F’ lin " we can split it along the wrapping
direction into four regions A, B, C, B’ as in (2.10), so that R| := B’AB and R, := BCB’ are proper
rectangles having N plaquettes along the splitting direction, belonging to 3, and whose intersection
consists of two proper rectangles B and B’ having at least |[N/2 — 1] plaquettes along the splitting

direction.

A B c| |’

N 2 |N/2-1] 2 |[N/2-1], (2.10)
Thus, applying the martingale condition from Definition 2.4(ii), we deduce that
1
1PR, PR, = Pell < 6(LN/2-11) < 5.

and so, by Theorem 2.3 with s = 1 and 6 = 1/2, we can estimate

1

gap(Fy"") = 7 ap(FRS). (2.11)
Combining (2.9) and (2.11), we conclude the result. m]

Theorem 2.6. For fixed integers N > r > 16, let us denote 5y := 5(| 5(+/9/8)%]) and si := | (+/4/3)*]
for each integer k > 0. Then, we can estimate from below

r 7 1- Ok r
gap(F'y) = (1_[ o )gap(fN‘i{;I .
k=0 Sk

Notice that the infinite product that appears in the previous expression is convergent to a positive value
whenever the decay function §(£) decays polynomially fast, namely, §(£) = O(£~%) for some a > 0.
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Proof. The idea of the proof is inspired by [9]. Fix N, r as above, for each k > 0, let G be the family
of all proper rectangles in 7,7, of dimensions a and b satisfying

a,b>2 and a-b<r(3/2)F.

Observe that Gy C G, for every k > 0 and that G, = }“Ir\f% for k large enough. Next, letY € Gy \ Gk
of dimensions a and b. Then

r(3/2)% <a-b < r(3/2)K".

We can assume without loss of generality that a < b, so using the previous inequalities, we can estimate
from below (recall that r > 16)

4 <vr(\3/2)F <b. (2.12)
Let us define
sk = L(v4/3)K] and & = [b/(4s0)] .

Observe that by (2.12)

b || s | SR = | E B 21, @.13)

4sy

and forevery j =0,...,s¢ — 1
. b
(27 + D)l < 2sply — € < i 1. (2.14)

Next, let us identify our rectangle Y with [0, b] X [0, a], and consider the subrectangles (see Figure 3)
A =[0,[b/31+ (2j+ D) 1 x[0,a] , Bj:=[[b/3]+2jl,b]x[0,a].

Note that, applying (2.14), we deduce that A; is contained in a rectangle of dimensions a and [b/3] +
b/4—1 < 2b/3. Similarly, B; is contained in a rectangle of dimensions a and b — [b/3] < 2b/3. Since
a>2,2b/3>2,and a- (2b/3) < r(3/2)%, we conclude that Aj, B € Gy by definition. Moreover, the
intersections

A;NB;=[[b/3]1+2jt,[b/3]+(2j+ 1)t ] x [0,a]

are disjoint, that is A; N B; N Ajy N Bj» = 0 whenever j # j’, and have {; plaquettes per row and a
plaquettes per column. Using the martingale condition from Definition 2.4(i) and (2.13)

IPa, P, - Pyl < 6(&) < 5(LYE(+/9/8)%)) .

Applying now Theorem 2.3, we deduce that

k
1 -0k 1-96;
gap(Gis1) = —— @ap(G) = ... = | [ [ — | eap(Go).
1+ S =0 1+ E
Finally, noticing that Go C 7S, we conclude the result. O

https://doi.org/10.1017/fms.2023.98 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2023.98

Forum of Mathematics, Sigma 13

[b/3] 143 Ck Uk C lk > b/3

Figure 3. Split of the rectangle Y in the proof of Theorem 2.6. The thick subrectangles correspond to
the intersections A; N B;, being disjoint and having width equal to {y.

3. PEPS and parent Hamiltonians

In Section 2, we introduced some general results that allow us to estimate the spectral gap of a quantum
spin Hamiltonian. In particular, in order to apply Theorem 2.3, we need to verify condition (iif) for a
specific family of local ground state projections. PEPS constitute a class of quantum spin models for
which there exists tools that allow to control the bound in condition (iii). In the current section, we will
briefly recall their definition, and how to evaluate condition (iii) of Theorem 2.3 in the case of a specific
kind of local Hamiltonian, known as a PEPS parent Hamiltonian.

3.1. Tensor notation

Let us denote [d] := {0,1,...,d — 1} for each d € N. Recall that a tensor with n indices is simply an
element T € Cld11X-xldn] \where each d i € Nis called the dimension of the j-th index. We will employ
the usual notation

Ta/:Ta]...ozn . a=(ag,...,ay) € [di] x...X[dn].

By definition, a tensor with zero indices will be a scalar 7 € C. We can represent tensors in the form of
a ball with a leg for each index:

Let us describe the basic operations that we will perform with tensors. Given a tensor with (at least)
two indices, say @) and a; with dimensions d; and d5, respectively, we can combine them into one
index vy of dimension d; - d3, so that the resulting tensor has one index less. This process can be iterated
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to combine several indices into one index. Graphically, we have the following example:

@ Y

\ -

a3 —
/ (T(ll Q34 (1/5)

a5 as
ay ay

ay

0%} (Ty Q34 Qs )

Given two tensors T = (T,) and S = (Sg) with m and n indices, respectively, we define its tensor
product as the unique tensor with n + m indices given by T ® S := (T - Sg). For instance:

[0%
@ (Saas) :
\ o .
s ——_./ ® /\ = a3 (Talazag : Sa4a5) .
as a
(Taq (1/2(1/2) @y @y ’

If a tensor (T, ) has two indices with the same dimension, say «| and a5, then we can contract them,
resulting in a tensor with n — 2 indices Sq,...a, = 2 iTjjas...an- Combining this operation with the
tensor product of tensors, we define the contraction of tensors: given two tensors (7,,) and (Sg) having
both an index with the same dimension, say @ and 31, we can contract these indices to generate a new
tensor (X ; Tja,...ay * Sjps...5m)- Graphically, we have the following example:

an (S ) “
L1825 (ZjTjarasSjps)

as A " § \h — a3 ——
B3 B3

(T(h @ a3 ) B2 B2

If two tensors have the same indices with the same dimensions (7 ), and (S, ), We can define their
tensor sum 7 + S := (T4 + Sa)o. Given a tensor (T, ), and a scalar A € C, we define AT := (AT,)q.

If we identify each index j with a Hilbert space C%/, we can interpret a tensor T as the coefficients of
a ket |¢) in the computational basis

|l//>€®7:]©dl , )y = Z Toy..ap |1 ... an).
Ay

1> n

More generally, if we split the set of indices into two subsets A and B called input and output indices,
respectively, we can then associate to T the operator

T:®;eaCl — ®;csCh ) Talap)aal,
a

where ;) = ®;cy|a;) for any subset of indices J. Following the graphical description, we will represent
input (respectively, output) indices with arrows that will point at (away from) the ball. For instance, in
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the case of a tensor with five legs (T,...o5), We can consider

@
@y
K D Ty ...a5lasas){aas
CE3—+__ al,a2,@3,04,Q5 “ ‘l5| >< | .
.,
@y

We will take advantage of these multiple interpretations to find easy descriptions of tensors. For instance,
the tensor 7" with four indices of dimension two given by Toooo = T1111 = 1, To110 = T1001 = —1 and
T, aya3a4 = 0, otherwise, can be represented as

[0%) (03}
as a4
Simple descriptions of a tensor can also be obtained by taking linear combinations of tensors having

the same number of indices and the same dimensions. For instance, the tensor 7 with four indices of
dimension two given by Toooo = 71111 = 1 and T, 0y a3, = 0, otherwise, can be represented as

Xl

Finally, we can also represent the previous tensor as the contraction of two tensors, namely
[0%) 03]
/T \ h 111®<0|+ 1Z®<1|
= where = — — .
V2 V2
a3 (071

Let us recall the notation and main concepts for PEPS [10, 11]. Let us consider a finite graph consisting
of a finite set of vertices A and a set of edges E. At each vertex x € A, consider a tensor in the form of
an operator

| =

@3.1)

3.2. PEPS

i) V, 1 (CP)y®ox _, cd
Ji
. d D .
J3 . Ve = Z Z T]kl’jz’j%h|k><.].1j2j3j4|
J4 k=1 j1,j2,J3,ja=1 ’

Here, C¢ is the physical space associated with x and each CP is the virtual space corresponding to an
edge e € Ox, the set of edges incident to x (in the figure, we have shown the case |0x| = 4).

For a finite region X C A, we can assign the tensors V to each site x € X and perform contractions
between pairs of sites x,y € X that share an edge e. Specifically, we contract the two virtual indices
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from V, and V, that are associated with the same edge e. The contraction of the PEPS tensors gives a
linear map from the virtual edges dX connecting X with its complement to the bulk physical Hilbert
space, which we denote as

Vx : Hox — Hx,

where we can identify Hax = (CP)®9X and Hx = (C?)®X. The image of Vy is the space of physical
states which can be represented by the PEPS with an appropriate choice of boundary condition.

[ O

'7‘[)( 7'{(S'X

The boundary state on region X is defined as
pax =V Vx € B(Hax). (32)

If psx has full rank, we say that the PEPS is injective on region X. If the PEPS is injective on every
sufficiently large region X, we will simply say that it is injective. We will denote by Jyx the orthogonal
projector onto the support of pgx .

If we replace the physical space C¢ with a space of operators B(C%), then we talk of Projected
Entangled-Pair Operators (PEPOs) instead. If we fix a basis of matrix units {|iX j|}ff ., for B (c9
(although we will find it convenient to sometimes work with different bases), then the single-site tensor
V, takes the form:

Ve 1 (€P)® — B(CY)

d D o '
Ve = X liXjl ® y T (ki kaksks]
¥ i,j=1 ki.ko k3, ka=1 ki,ka k3, ks

In the formula, we have separated the physical indices, given by the matrix units |i)j|, from the virtual
indices. In the figures, we add arrows on the physical indices to indicate which spaces correspond to the
“ket” and “bra” part of |i)j|, see, for example, (3.1). A particularly simple case of a PEPO is when the
lattice is simply a 1D ring of  sites, in which case, it is also called an MPO. These will be the building
blocks for our PEPO constructions. An MPO is any operator that can be written as

d2

> MM ]B e B,

where, for each site k = 1,...,n, we have fixed a basis {B;k) };1:21 of B(C4) and a set of d* matrices

{M [.(k) }l.dzz1 of dimension D X D. To pass from an MPO to a PEPO representation, it is sufficient to check
that the single site tensor

2 D
k k
BM e > (M")epleBl,
i=1 a,B=1

d
Vi =

where (Mi(k))a, 5 denotes the matrix units of Ml.(k), represents the same operator. It will be convenient

to have a “hybrid” representation of a PEPO, in which the virtual level is still represented as a matrix,
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that is by writing
d2
Vi = ZBI'(k) ® M[.(k),
i=1

as this allows a more direct calculation of the tensor contractions.

Note that we can always represent a PEPO as a PEPS with physical space C¢ ® C¢, by choosing an
orthonormal basis of B(C?) in order to identify that space with C¢ ® C?. If we choose the basis given
by matrix units {|i)J |};1,j:1’ then this identification can be done as follows. Let |¥) = (Z;’z1 |i,i))®RI
be a maximally entangled state on Hz ® H . Each operator Q € B(Hr) can be represented in “vector
form” by

10) =(QeD|¥) e Hr @ HR .

The map Q +— |Q) is an isometry between B(Hz) with the Hilbert-Schmidt scalar product and
Hr ® Hr. We should mention that, if p € B(H ) is a positive PEPO (in the sense that it is a positive
operator in the range of the map Vx for some region R), it is not always true that it admits a local
purification, in the sense that there exists a PEPS on a doubled physical space Hr ® Hr, such that we
recover p when we trace out one of the copies of 7. On the other hand, in the case when p?isa
PEPO, then |p'/?) is a PEPS and a purification of p. Therefore, when studying the case in which 0B
is the Gibbs state of a local, commuting Hamiltonian at inverse temperature 3, we will write a PEPO

representation for pllg/ 2 (which is proportional to pg/> up to normalization), and from it, we will obtain

the PEPS representation for the thermofield double state | pl/ 2).

Let us briefly discuss some characteristics that the PEPS description of the thermofield double state
will have. It will be convenient for us to consider a more general definition of PEPS in which the
underlying graph (A, E) can be a multigraph. This means that there might be multiple edges joining
the same pair of different vertices of A. Of course, we might combine virtual indices joining the same
pair of sites into only one virtual index, adhering to the original definition of PEPS on graphs, as we
represent in the next picture:

TN N

\DQ_D/D \D/\D/ :

However, as we will see in Section 4, when finding the PEPS description of the thermofield double state,
it is more natural and useful using the representation with the multigraph, especially when applying
results, such as Theorem 3.5, that require a suitable arrangement of the set of all virtual indices of Vx
for a region X into several subsets. In the setting of the quantum double model, recall that Ay is the set
of edges £y of the squared lattice on the torus. It is important not to confuse this set of edges with the
set of edges En joining the sites in Ay and define the PEPS. In this case, every site x € Ay will be
connected to the other four sites via two edges of E as in the next picture:

NN

NONN
AR
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If G is the finite group from which the quantum double model will be constructed, then the individual
tensor V, will have as physical space C!G!, and each virtual space will correspond to C/C!:

V, : (ClGhes —, clol

3.3. Parent Hamiltonian

A parent Hamiltonian of a PEPS is a local, frustration-free Hamiltonian whose local ground state spaces
Wx coincide with the range of Vi for all sufficiently large regions R.

There are well-known conditions that can be imposed on the local PEPS tensors V,, that ensure that
a parent Hamiltonian exists (in which case, it will not be unique), one of which is injectivity [36], and
which can be generalized to G-injectivity and MPO-injectivity. Since the PEPS we will consider will
not satisfy any of them, we omit further details in this direction, and we will prove directly the existence
of a parent Hamiltonian in Section 4.5.

For a given PEPS, there is a canonical construction of a local and frustration-free Hamiltonian whose
local ground spaces contain the range of V. For every finite subset X of A, let Px : Hx — Hx be
the orthogonal projector onto Im(Vy). Note that if X C Y, then Im(Vy) c Im(Vx) ® Hy\x. Thus, the
projectors satisfy the frustration-free condition Px Py = Py Px = Py, or also, Pj( > P;.

Next, let us fix a certain family X of subsets of A having small range, for example, rectangular
regions in A = 72 of dimensions r X r for a fixed value r. Then, consider the local interaction defined
by the operators P)l( :=1x — Px, X € X. Note that for each finite region R, the local Hamiltonian

Hp= > Px
XeX,XCR

satisfies Im(Vg) C ker Hg, so that the PEPS is in the ground space of this Hamiltonian. For this to
be a parent Hamiltonian, we need a condition ensuring that this is indeed an equality for large enough
regions. We will now show that such condition can be obtained starting from the martingale condition
(see Definition 2.4). As the result is not specific to PEPS, we will state it here in its full generality.

Let us consider the setting of a quantum spin system over a finite set A that we presented at the
beginning of Section 2.3. Let us assume that for each finite subset X, we have an orthogonal projector
Px onto a subspace of Hx satisfying the frustration-free condition Px Py = Py Px = Py for every pair
of subsets X C Y. In the case of a PEPS, these projections will be the ones onto Im(Vy).

Lemma 3.1. Under the setting just described, fix a family X of finite subsets of A, and consider the
local interactions Py = 1 — Px, X € X defining for each finite R C A the local Hamiltonian

If R1, Ry C A satisfy the following properties:

(i) ker(Hg,) =Im(PxR,;) fori=1,2,
(i) IPr,ur, — PR\ PRyl < 1,
(iii) for every X € X with X C R1 U Ry, we have that X C Ry or X C R,

then ker(Hg,ur,) = Im(PRr,uRr,)-
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Proof. Letus denote R := R U R,. Applying (iii), we get

ker (Hp) = ﬂ ker (Py)
XeX,XCcR

= ﬂ ker (Pyx) N ﬂ ker (Pyx) = ker(Hg,) Nker(Hg,).
XeX,XCcRy XeX,XCR,y

Combining the previous equality with the frustration-free condition Pr Pr, = Pg and with (i), we
obtain that

Im(Pr) C ker(Hr) = Im(Pg,) NIm(Pg,) .

It remains to prove that this is indeed a chain of equalities, which is a consequence of the last statement
of Lemma 2.1 together with (if). O

Let us now restrict to the case in which A is the torus Ay and the family of projectors Px satisfies
the martingale condition from Definition 2.4 with decay function 6(£). Let 3 < r € Nwith N > 2(1+r)
and such that 6(£) < 1/2 for every € > r — 2. Then, let us consider the family X = F I’V“r’ of all proper
rectangles in F having at most r plaquettes per row and per column

a[ 1<a,b<r,

>

b

and the set of local interactions (Py)xcx, where Py = 1 — Px.

Proposition 3.2. Under the previous hypothesis, for every rectangular region R € Fy containing at
least r plaquettes per row and per column, we have that the associated Hamiltonian

Hp = Z Py satisfies ker(Hr) = Im(PR) .
XeX XcR

In other words, Pr is the orthogonal projector onto the ground state space of HR.

Proof. We are going to prove that every rectangle R having a plaquettes per row and b per column with
a,b > r satisfies ker (Hg) = Im(Pp) arguing by induction on a + b. The first case is a + b = 2r, for
which we necessarily have a = b = r and so R € X. In this case, the frustration-free condition of the
projectors and the fact that P, is one of the summands of Hr immediately yields the equality.

Let us assume that @ + b > 2r and that the claim holds for all rectangular regions R’ with dimensions
a’, b’ satisfying a’+b’ < a+b. We claim that there exist rectangular subregions R, R, C R, such that:

(i) R=R1URy,

(ii) R; has dimensions a;, b; satisfyinga; + b; < a+ b foreach j = 1,2,
(iii) If X € X is contained in R,then X € Rj or X C R,
(iv) |Pr,Pr, — PrIl < L.

If this claim holds, then by Lemma 3.1, we immediately conclude that ker(Hz) = Im(Pg), and so the
proof is finished. Let us the show the validity of the claim, distinguishing three possible cases according
to whether the region R is a proper rectangle, a cylinder, or the whole torus.

Case I: If R is a proper rectangle, we can assume without loss of generality that b > r, where we
recall that b is the number of plaquettes of each row. Then, we split R along the rows into three disjoint
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parts A, B, C, as in the next picture

A B C
D — —
b b-2

so that R1 = AB and R, = BC are proper rectangles of dimensions a and b — 1, and thus they satisfy
(i)—(ii). They also satisfy (iii), since if X C R is a rectangle contained neither in R nor in R, it must
have b plaquettes per row, but b > r, so X cannot belong to X. Since R| N'R, = B is, again, a rectangle
of dimensions a and b — 2, we deduce from the martingale condition that

|1PRr, PR, — PRiUR,II < 0(B—2) < 1.

Case 2: If R is a cylinder, we can assume without loss of generality that its border lies on the
horizontal sides, so that it contains N plaquettes per row. We then split R along the rows into four
disjoint regions A, B, C, B, as in the next picture, where A and C correspond to columns of horizontal
edges, and B, B’ have horizontal dimension greater than [N /2 — 1]

A B c| |

N > |N/2-1] = |[N/2-1],

Taking R = B’AB and R, = BCB’, we immediately get that these are proper rectangles satisfying (i)
and (ii). They also satisfy (iii), since | N/2 — 1] > r by the hypothesis. Property (iv) follows from the
martingale condition, since it yields that

IPeaBPBcB — Papcew|l < 0(IN/2-1]) <1.

Case 3: Assume R is the whole torus Ay . Then, we can split it into four regions A, B, C, B, as in
the next picture, where B and B’ have dimensionsa = N and b > [N/2 — 1]

>[N/2-1] >|N/2-1],

Taking R; = B’AB and R, = BCB’ as rectangular subregions, we can argue analogously to the
previous cases to deduce that they satisfy (i)—(iii) and

PR, PR, = Payll < 6(IN/2-1]) < 1.
This concludes the proof of the claim. O
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Figure 4. An example of three regions A, B, C.

3.4. Spectral gap of a parent Hamiltonian

We will now recall the relationship established in [25] between boundary states and the spectral gap of
a parent Hamiltonian of a PEPS.

3.4.1. Boundary states and approximate factorization

Let us consider three (connected) regions A, B,C C A and assume that B shields A from C, so that
there is no edge joining vertices from A and C (see Figure 4). Let us consider the boundary states
PAABC» POAB> POBC, and pgp. In the case, where they are all full rank, the approximate factorization
condition is defined as follows.

Definition 3.3 (Approximate factorization for injective PEPS [25]). Let € > 0. We will say that the
boundary states are e-approximately factorizable, if we can divide the regions

z
f | ||
—{ }—
a A a B Y C c
—{ }—
T Tt
b4

and find invertible matrices Az, A ¢, Qq7, Q5 With support in the regions indicated by the respective
subindices, such that the boundary observables

T9AB = szAaz 0oBC = A7cQqz

OHABC = Achaz O9B = szgarz

approximate the boundary states

||p;/7§a'5713pg/7§ —1|| <& foreach R € {ABC,AB,BC},
-12 ~12

“paB 00BPsyp — ]1“ <e.

The approximate factorization of the boundary states implies a small norm of the overlaps of ground
space projections.
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Theorem 3.4 [25, Theorem 10]. Ifthe boundary states are e-approximately factorizable for some € < 1,
then

IPagPsc — Pascll < 8¢.

3.4.2. Approximate factorization for locally noninjective PEPS

In [25], the approximate factorization condition was extended to noninjective PEPS satisfying what
is known as the pulling through condition, which holds in the case of G-injective and MPO-injective
PEPS. Unfortunately, the PEPS representing the thermofield double state | p[];/ 2) will neither be injective
nor satisfy such a condition. At the same time, it will turn out to have some stronger property which
will make up for the lack of it: it can be well approximated by a tensor product operator. We will now
present the necessary modifications to the results of [25] required to treat this case.

There are three geometrical cases we need to consider in our decomposition of the torus Zy X Zy
into subregions: two cylinders to cover the torus, two rectangles to cover a cylinder, and two rectangles
to cover a rectangle. The following theorem is an adaptation of [25, Theorem 10] that covers each of
these three cases.

Theorem 3.5. Let A, B, C be three disjoint regions of A, such that A and C do not share mutually
contractible boundary indices. Let us, moreover, assume that the (boundary) virtual indices of ABC,
AB, BC, and B can be arranged into four sets a, c, a,y, as in the next picture, so that

— B — A+ B HC—

0A\d0Bca , dC\dBcc , 0ANdBca , ICNIBcCvy
0ABC=ac , 0AB=ay , 0BC=ac , 0B=ay.

Let us also assume that the orthogonal projections Jor onto the support of pgr admit a factorization
in terms of projections Jg, J¢, J o, J,, (subindices indicate their corresponding support), namely

Joapc =Ja®Jc J(?ABzJa@Jy , Jopc=Ja®Je , Jop=Ja®Jy,

and there also exist positive semidefinite operators oy, O, 0o, 0y With full-rank on Jo, J4, J5, Jc, such
that

O9ABC ‘= 04®@ 0 , O9AB =048 0y , O9BC ‘= 0o ® 0 , OpB =0 @0y
satisfy for some 0 < & < 1

1/2 _— 1/2
lJor — Py oakpuell <& . Re{ABC,AB,BC},

-1/2 -1/2
1on = Py canpy |l <e.

Here, inverses are taken on the corresponding support. Then,
|IPasPsc — Papcll < 8¢.

In case the region R consists of the whole lattice (e.g., torus), then the sets a and ¢ would be empty.
Consequently, o, and o would be simply scalars.
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Proof. Let us define the approximate projections
Or :=VroyrVi . Re{BC,AB,ABC}.

172

Note that Vg p5 '~ is a partial isometry from the support of psr to Im(Vz), since

-1/2 -1/2

1/2 1/2 1/2
/)TV RPor =~ Por VTV p(?R/ _pBR/ P RpgR/ =Jor,

(VRP OR
and

12

1/2 — T
VRO (VRpd ) = VRppL Vi = PR,

where the last equality is a consequence of the fact that VRpg;zV;2 is a self-adjoint projection whose
image is exactly Im(Vz ). As a consequence

IPR — Orll = [VRpzL Vi — VRos L VE
1/2 1/2 -1 2
= Vroyn (Jor = pyrTakPy)Pan Vel (3.3)
2 1/2
= lJor — phaTakpuRll < €.

We are going to denote by V_,p the tensor obtained from V¢ by taking all input indices that connect
with B into output indices, so that

Vapc =VagVc-p and Ve =VgVcop.
Analogously, we define V4_, p satisfying

Vapc =VecVasp and Vap =VpVa_p.
Then, we can rewrite

1yt +
Qusc =VascoynpcVige = Vapcoy, o'V,

—VABVC_,BO' T, 1VIZ—>BVI'3C
=Vapo, Veon Vi z0o' Vi

At this point, we can use the local structure of the projections to write Vap = VapJoap = VapJoapJy =
VapJdy = VABO'y Analogously, Vec = VBCo'aO' . Inserting both identities above, we can rewrite

-1
QABC—VABO— O’ VZ_)BO'}/O'QVC_,BO' O, VT
=Vagos VI oo Veogosk Vi
= VABUgAB YApY0BYC-BYspC VpC -

Similarly, we handle
-1 it
0a0OBc = VABo'aABV VecTapcVpe
=VagoghaVi ViVeVegoak Vi
= VABUgABYA»B VB "B YC-BYsBC"BC
=Vagoyi Vi Veop 0ok Vi
= VABO3ABY A PIBYC—B TppcVpc -
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To compare the expressions for Q apc and Q 4 O pc, we introduce

v 12

— -1
AaB =VaBTyap VA g Psp >

) -1 12
Apc :=VBc Typc Vg_use pa/B :

It is easy to check that
Oasc —QapQsc = Aag( (P,gllg/zo'aBpgll;/z —Jop) )AL - (3.4)

Since Q%C = ABCAEC, we can apply (3.3) to estimate

IAscl? = 1AscAL Nl = 110561 < 105cl* < (1+8)?.

+

ap> and so [|A sp[| < 1+&. Combining these inequalities with (3.4), we get

Analogously, 0% , = AagA

1Qasc — QupQrcll < (1+8)lan — (0, Tanpzy ) | < e(1+8)2. (3.5)

Finally, we combine the previous inequality with (3.3) to conclude

IPapc — PapPrcll < |[Papc — Qascll+ 1Qasc — QasOscll
+|IPaPrc — QarQscll

<e+e(l+&)” +||Pag — Qasll IP5cll
+[1Qasll IPBc — @scll

<e+e(l+e)’+e+(1+e)e= (62 +3c+4)e < 8¢,
which gives the result. O

3.4.3. Gauge invariance of the approximate factorization condition

An interesting observation, omitted in [25], is that the property of e-approximately factorization is
gauge invariant if the transformation does not change the support of the boundary state. Indeed, for
every vertex x € A and every edge e € E incident to x, let us fix an invertible matrix G(e, x) € cPecCh.
We assume that for every edge e with vertices x, y, we have

G(e,x) =G(e,y)™". (3.6)

We will simply write G(e) when the site is clear from the context. Let us assume that we have two PEPS
related via this gauge, namely, for every site x € A, we have that the local tensors V, and V, are related
via (see Figure 5)

V,=V.0G, ,where G, := ® G(e,x).

ee€dx

For a region R C A, when contracting indices to construct Vg, we Eave, as a consequence of (3.0),
that contracting inner edges of R cancel the gauge matrices. Thus, Vg and Vxz are related via (see
Figure 6):

VR=Vr o Gor  with Gor = (X) G(e). 37

e€dR
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o

(@) Vy (b) Vi

Figure 5. Tensors with (right) and without (left) gauge.

(@) Vg (b) Vg

Figure 6. Tensor network with (right) and without (left) gauge (physical indices are not shown).

The boundary state after the change of gauge is transformed as
por = Gy PorGor ,
where pgr = \7;;\77@
Proposition 3.6. Assume that [Jor,Gor] = 0. Let 0gr supported on Jor, and define
oor = G}y Tor Gor.
Then, oar is also supported on Jgr, and it holds that

12 -1 12 1/2——1 ~1/2
Hpan OarPor ~ JﬁR” ”ng OorPor ~ JaR”-

Proof. Since Jyr and Ggr commute, we have that pgr, par, Cor, and ogr all have the same support,
namely, Jor, and so

Tor = 95 Tor ga;z] :
Therefore, if Pz denotes the orthogonal projection onto Im(Vg) = Im(VR), then we can write
Pr = VRPaR VR = VRP&R VR
From the definition of o4z, we similarly see that

VRoGR Vi = VR Ogn Vi
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The statement then follows from the fact that

Wr (P TakPar — Jor)Wh = VRosR Ve = VRPZR VR

= VRO—&RV - V’RpmgVR

~1/2~-1 ~1/2 7
= Wr (Pya0amPym — Jor) Wi

where Wg = Vgpg;zﬂ and VT/R = Vnﬁggz are isometries. |

Corollary 3.7. Let A, B, C be three regions of A, as in the definition of approximate factorization
(Dqﬁnition 3.3), and assume that [Jor,Ger] = 0 for R € {ABC, AB, BC, B}. If the PEPS generated
by V is e-approximately factorizable, then so does the PEPS generated by V.

Proof. Let us assume then that the PEPS with local tensors V, is g-approximately factorizable. Because
of Proposition 3.6, it is sufficient to verify that o5 satisfies the necessary locality properties. If J~3R and
ogr are product operators (as in Theorem 3.5), then so are Jy and oy, and there is nothing to prove.

Let us now consider the case in which o5 is not in a tensor product form (as in Definition 3.3). Let
a,a,z,y,c be the regions dividing the boundaries 0ABC = azc, 0AB = azy, 0BC = azc, B = azy,
and let Ay, Az, Qoz, Q7 be the corresponding matrices. Note that the gauge matrices Ggr can be
rearranged according to the boundary subregions, for example

gﬁABC = gazc = gazgc = gagzc .

If we define

Auz = gz Zaz guz, Azc = gjc ch gc )

.= : = 3.8)
Q(lz = g(y Qa/zgaz’ sz = gzy sz gy )
then, we can directly check that oy satisfies
O9AB = szAaza 05BC = A7cQqz,
09ABC = AzcAgy, 0oB = QZ’)/Q(ZZ'
This finishes the proof. O

4. PEPS description of the thermofield double
4.1. Quantum double models

Let us begin by recalling the definition of the quantum double models. They are defined on the lattice
A consisting of midpoints of the edges of the square lattice Zx X Zp (see Section 2.3). Let us denote
by V = Vu the set of vertices, and by £ = En the set of edges of Zx X Zy. Each edge is given an
orientation: for simplicity, we will assume that all horizontal edges point to the left, while vertical edges
point downwards.
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Let us fix an arbitrary finite group G, and let £,(G) be the complex finite dimensional Hilbert space
with orthonormal basis given by {|g) | g € G}. At each edge e € £, we have a local Hilbert space H,
and a space of observables B, defined as

He =0(G) and B, =B(H.) = Mg/ (C).

We will use the alternative notation Hx = He and By = Be.
Given g € G, we define operators on £,(G) by

L8 = Z lghXh|. .1

heG

Then g — LS is a representation of the group G, known as the left regular representation.
For each finite group G, the quantum double model on A is defined by a Hamiltonian Hf\ySt of the form

H == 3 Aw) = ). B(p);

v vertex p plaquette

where the terms A (v) are star operators, supported on the four incident edges of v, which we will denote
as dv, while B(p) are plaquette operators, supported on the four edges forming the plaquette p. Both
terms are projections, and they commute, namely

[A(v), A()] = [B(p).B(p")] = [A(v),B(p)] = 0

for all vertices v, v’ and plaquettes p, p’. We will now explicitly define these terms, and a straightforward
calculation will show that they satisfy these properties.

Let v be a vertex and e an edge incident to v. For each g € G, we define the operator T8 (v, ¢) acting
on H, according to the orientation given to e as

> lehxl AT |

T8(v,e) = heG or heG
+—— +——

In other words, the operator T8 (v, ¢) acts on the basis vector of H, by taking % into gh (respectively,
hg~") if the oriented edge e points away from (respectively, to) v. It is easily checked that

Té(v,e)T"(v,e) =T%"(v,e) and TE(v,e)' = 78" (v,e) 4.2)

forevery g,h € G.
With this definition, the vertex operator A(v) is given by

1
A®v) = el Z X1 (v.e) |

g€G e€dv

Using (4.2), it is easy to verify that A(v) is a projection.

The plaquette operator B(p) is defined as follows. Let us enumerate the four edges of p as e1, €2, €3, €4
following counterclockwise order starting from the upper horizontal edge. The plaquette operator on p
acts on ®j=17'le_,» and is defined as the orthogonal projection B(p) onto the subspace spanned by basis
vectors of the form |g1828384) with 0, (g1)0,(82)0,(g3)0(g4) = 1. Here, 0, (g) is equal to g if the
orientation of the corresponding edge agrees with the counterclockwise labelling, otherwise, it is equal
to g_l.
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For the orientation we have previously fixed, we can give an explicit expression in terms of the regular
character g — x"“%(g) = Tr(L#) = |G| 64,1 , namely

1 4
B(p) = 1 D X (ger'e) XleiXesl

81,82,83,84€G J=1

Fixed 8 < oo, the associated Gibbs state at inverse temperature 3 is given by
syst syst
pg = e PHN Tr(ePHA ) .

Since the star and plaquette operators commute, we can decompose

oS [ e3AW) [1 5B 4.3)

v vertex p plaquette

Using the fact that A(v) and B(p) are projections, we can rewrite the last expression as

B = [ (1042 -1 am) ] (d+e2 -1 B(p).

Vv vertex p plaquette

4.2. PEPO elementary tensors

We will now construct a PEPO representation of the interactions A(v) and B(p) (which will actually
be a MPO representation). From this, we will obtain a very similar PEPO representation for Id +(ef/? —
1) A(v) and Id +(e#/? — 1) B(p). Combining the single-site tensors of each, we will derive the PEPO

sys!
H/\

B t
representation of e™ 2 and the corresponding PEPS representation of | pllg/ 2). We will use the notation

P -1
YB = AT

along the section. It is also recommended to review the tensor notation that was introduced in Section
3.1, as we will be using it extensively in the upcoming sections.

4.2.1. Star operator as a PEPO
The star operator A(v) admits an easy representation as a PEPO, namely

1 1
A(v) = el Z ®Tg(e,v) = 5 ,

g8€G eedv

where each individual tensor consists of four indices: two physical indices colored in black and two
virtual indices colored in red. All indices have the same dimension and are identified with £,(G). These
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tensors can be explicitly described using the notation introduced in Section 3.1 as follows:

Z lgXgl
= Tg ® .
4G /\
Since A(v) is a projection,

eTA0) = Td+(eP2 1) A(v) = 1d+yg)2 |Gl A(v).

or equivalently

eTA) = (14y5) Q)T ey + (vp0) D Q)T (e,v).

eedv g€G e€dv
g#1

Comparing with A(v), we find a natural description as a PEPO

Saw) _

>

where we are adding to the above representation for A(v) suitable weights

G+ ys X i Zeot el

—<—O—<— = (1+)’ﬁ/2) — <t (%3/ —_— 4.4)

Therefore, we have a PEPO decomposition of ¢240) into four identical tensors acting individually on
each edge

G lgXel G+
= Z T* ® /\ ;
geG
where we can expand

Gi1gXelGy = (6g.1 +vp2) " lgXal .

4.2.2. Plaquette operator as a PEPO
The plaquette operator

1 4
Bp) = 15 D XS aizes'er) QleiXell
j=1

81,82,83,84€G
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admits an easy PEPO representation. Using that
X'4(g18283"83") = Tr(LO LELS LS,

W€ can decompose

B(p) = — -

where

L8

= lgXel
g;; o @e A

and L&” is a shorthand for L (®): it s either L& or L8 = (L8)", depending on whether the orientation
of the edge agrees with the counterclockwise orientation of the plaquette (L&), or is the opposite (LS8 - ).
As in the case of the star operator, B(p) is a projection so

eTB(P) = 1d+(eP1 — 1) B(p)
4
= Z (1 + Vg2 Xreg(glgzg§]gll)) ®|gj)<gj|.
81,82,83,84€G j=1

Recall that left regular representation is in general not irreducible [22]. Let us denote

1
Pl=— Z L,. (4.5)
|G &

By direct calculation, one can verify that P; is an orthogonal projection on a subspace of dimension 1
(since Tr Py = 1). Moreover, since L, P1 = Py for every g € G, the regular representation acts trivially
on this subspace (P is the orthogonal projection onto V; the unique trivial irreducible subrepresentation
of the regular representation). As a consequence of this, we get that for every g € G

Te(P{L8) =Tr Py = 1.
If we denote Py := P = 1 — Py, then we have for every g € G
L8 = P\L8P| + PyL8Py = Py + PyLE Py, 4.6)
and so
L+ (vp2) X% (18285 ' 85") = 1+ (vpj2) x"“%(gag385 ' &1")

= 1+ (ypp) Te(LSLELS L8)

L @.7)
= (1 +ygp2) Te(Py LS LS LS L8T)

+ (vg2) Te(Po L8 LS LS L81) |
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Comparing with B(p), we have then the following decomposition

s

where we are adding to the above representation for B(p) suitable weights

90 = (L+ygp)'® h + (vp)"® _._._PO
—~—0O— —— ) (4.8)

Therefore, we have a PEPO decomposition of ¢2B(P) into four identical tensors acting individually
on each edge and given by

g L& g0

- Xl @ ©
g;G ENE /\

where we can expand
* 1/4 +
gDLg QD=(1+73/2)1/4P1 + (73/2) / PoLS Py.

The choice of the sign is given according to the next picture

so that the order in the composition of the maps fits with (4.7).

4.2.3. PEPS tensor on an edge

We have decomposed each star operator 546 , respectively, plaquette operator 3B , into four tensors
acting, respectively, on the incident, respectively, surrounding, edges. Let us now fix an edge e with
orientation:

On this edge, we will have four tensors acting, two coming from the plaquettes and two coming from
the stars which the edge belongs to. Each of these four tensors has a component acting on the physical
space H., which in the graphs has been denoted as a solid black ball, and a component acting on some
virtual space (which is also isomorphic to £, (G)), which we denoted as colored lines (either red or blue).
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> .
Figure 7. The contraction defining the slim edge tensor. Note that the resulting tensor depends on the

ordering of the product of the four original tensors. Here, we have convened to set the two tensors
coming from the plaquettes below the two tensors coming from the vertices.

All four tensors act on the same physical space, but each of them has a separate virtual space distinct
from the others. We want now to contract the indices of these tensors acting on the physical space. As
the weights tensors (the white dots in our graphical notation) act only on the virtual indices, we can for
the moment ignore them. The resulting tensor will be called slim (as it is lacking the weights), and will
be denoted by V, € B(H.) ® B(£,(G))®*.

Graphically, the situation is represented in Figure 7: on the left side, we have shown (in perspective)
the four tensors acting on the given edge following the specific order for their contraction (see Remark
4.1). On the right-hand side, the graphical representation of a tensor in B(H,) ® B(¢2(G))®* (seen from
a top-down view): here, the black square represents an element of B(#,), while each of the four colored
lines is an element of B(¢,(G)). Performing the contraction, we obtain the following decomposition of
the tensor 176.

[h)h|
AT XEIG
g,h.keG
3 . (4.9)

This tensor defines a PEPO, and as discussed in Section 3, we can realize a local purification to obtain
a PEPS with physical space ”Hg = H, ® H,, via the purification map Q — |Q) = O ® 1|¥), where
W) = X, |hh). It will be convenient to also represent the virtual spaces B(£2(G)) as 2(G) ® £(G),
using the same purification map. With a minor abuse of notation, we will denote also by V, the linear
map from the virtual space Hg, = £>(G)®? to the physical space H2 given by

(hh|
VeiHoe —H; Vo= > |hgk™)]g) <Lg|> <<L8*‘|
g.h.keG
(k k| . (4.10)

The full tensor V, is then constructed from v, by adding the corresponding weights G and G on

the boundary indices. Indeed, adding the weights to the representation (4.9) leads to the corresponding
representation for V,, simply replacing

[hXh] — Gy |hXh|G , L% — GHL8G,
whereas adding the weights to (4.10) leads to the same expression but replacing

(hh| = (hh|(Gr®Gy) . (L¥| = (L*[(Go®Fn).
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Using this last representation, we can relate
Ve=V, gae s

where G, is a suitable tensor product of (positive and invertible) operators of the form G ® G and
G+®G4.
We will use a simpler picture for this slim tensor as well as for the full edge-tensor:

B G

Remark 4.1. The tensor V, we constructed depends on the way we have ordered the four components

coming from the plaquette and star terms. Choosing a different order would have given us a different
By

PEPO tensor representing the same operator e~ 2Ix . This choice will be irrelevant for our purposes,

as they all give rise to equivalent boundary states.

4.3. Boundary states

4.3.1. Edge

In the previous subsection, we have described the slim and full tensors of the PEPS associated to an
edge, namely, V, and V,, both depending on the prefixed orientation. Next, we are going to construct
the corresponding boundary states pg. and pg. by contracting the physical indices. Let us first consider
an edge with fixed orientation:

The slim boundary state is constructed as pg, = VJ Ve, or equivalently, by considering V. ® VJ and
contracting the physical indices:

xR [k XK
Poei= Y. ((We'khgk™) (g'lg)) j E I
g h,keG
g’ .0 k'eG | )R] [k Xk |

Note that the scalar factor given in terms of the scalar product will be zero or one, the latter if and only if
g=g =) g (k7" K)

so if we denote b := k~'k’ and a := h~'}’, then we can rewrite

kbXkb
L 1! ha)(hal IKb)KD]
; o ey [ ey
Poe = Z
o Ls 187! heG keG
g-a.b€G: Ik )k |
v—gbg n)(h|
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Let us introduce some notation for a, g € G

|ha)hal
L8
aa = Z I s Jg =
heG L8
[ )R]

This allows us to rewrite the slim boundary state in the simpler form:

Pa
N———
Poe = Z lF/;g> <l//81 .
a,b,geG RN
a=gbg™! ¢v 4.11)

It will also be convenient to introduce the weighted version of these tensors. For that, we introduce
-~ -~ . . . . B
the analog of ¢, and ¥, when contracting with the weights of the PEPO representation of e A(s) and

egB(P), namely

|ha)hal
da =, (Ona+vpn)" (Gnar+ypn)"
heG
| )(h|
and P,L5 P,
1/4 1/4
e Y ) ()
m,ne{0,1}
Pr”LgPIH.

Thus, analogously to the slim case, we can represent the full boundary state

Pa
~_~
Poe = Z ‘/’g> <‘/’g“
a,b,geG TN
a=gbg™! % (4.12)

For the sake of applying the theory relating boundary states and the gap property of the parent Hamilto-
nian of a PEPS (see Section 3), we should look at the boundary states p, and pg. as maps Hge — Hoe-
We could have taken the PEPS expressions for V, and V, described in the previous section as maps
Hoe — ’H,g, see (4.10), and calculated py, = Vj V, and Pde = VeT V.. This can be obtained also from
(4.11) and (4.12) by reinterpreting for a,g € G

Ga= Y hadlha)(hl(hl . G = ILENLE],
heG
and so
ba= Y (001 +782) " Gnat +v2)""* 1ha)lha)(hi(hl,
heG
be= Y. (ntyp) M m+ypn) AP LEP) (P LEP,].
n,me{0,1}
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We will use this notation for the rest of the paper. Recall that
$a=(G+®G+) 64 (G+®Gy) , Yg=(G0®G) ¥ (G ®G).

Defining Gs, as G4 ® G+ ® G ® G, up to a reordering of the tensor factors, we obtain that ps, =
Gae ,Ee gﬁe-

4.3.2. Plaquette
Let us next describe the boundary state of a plaquette, constructed by placing the boundary state of each
edge, as it was described in the previous subsection, and contracting indices accordingly:

N——"

7=

W OU

=d

/4~

For a more precise description, let us first label the edges and vertices of the plaquette ey, ez, e3, €4
and vy, va, v3, v4 counterclockwise, as in the next picture

V2 €1 Vi

el €4

V3 es V4

At each vertex v ;, when contracting the indices of ¢, and ¢, coming from the two incident edges, we
have

= Z Z Gt +vp2) " Ot +vp2) " (Ot +vp2)*-

da heG hWeG
(Swar1 +yp)"* - (hall’a’y (K'Y - |ha)|W'a’y (RIKH| .

Note that this contraction will be zero unless a = a’, and in that case, only the summands with & = i’
will be nonzero. We will denote this tensor as ¢£,2), being

d’» &= > Ona+ ) Onan +vp2)' " Iha)ha) (hICh] .

heG

Hence, we can expand

81
2 2
¢gz) el ¢(al)

Ny P
1/
pp — Z ‘/’gz >/ Q \< 84
81,82,83-84 D /4
ay,az,as,as @7 V0
as ag
83!
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We remark that the elements g; and a; satisfy some compatibility conditions for the corresponding
summand to be nonzero, namely

wm=gllaig , az=g'amg ., ar=giazgy' . ar = gaasg;'. (4.13)

The whole circle corresponds to the full contraction of the inner y;’s placed on the edges, so it is a
constant factor

lpgl’l

4
Vet Ow& _ Z n(f’lj +yp) 't (my+yp) 'V

my,...my€{0,1} j=1
¢g3 ny,...ns€{0,1}

S Tr(Pp, L& Py, Py, LS Py, Py, LS2 Py Py L8T Py,
S TE(Ppyy L8 Prypy Py LS Py Py L2 Py Py LT Py )

Since Py Py = 0 whenever k # k" and Py L8 = L8 Py, we can simplify

l//gf]
l// 4
-1
s Yoo = Z n(nj+7ﬁ/2)1/4'(mj+7/ﬁ/2)1/4
ml,...m4€{0,l} j=1
l,bg3 n],...n46{0,1}

S Tr(Pp, L% Py, Py, L8 Py Py LE2 Py Py LET Py
S Tr( Py, LE Py, Py LS Ppy Py L2 Py P LST P

And the last expression can be simplified further using (4.7)

l//g;l

2
Yoyt O Vo = (1 +Yp/2 x’eg(glgzgg_lgll))

1/ (4.14)

Note that, since y"“8(g)/|G]| is equal to zero or one, we have for every g € G

65/2_1 reg : ef -1 reg
(1+TX Z’(g)) = 1+Wx (g) - (4.15)

Therefore, we can take the scalar out and rewrite

az _\
. Ve
pp = Z (1 +7'8Xreg(g1gzg31g4l)) lvbg2> < 8y
81,82,83:84 2, VJ \ ) 2
ai,as,a3,a4 23) -~ 514)
8

https://doi.org/10.1017/fms.2023.98 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2023.98

Forum of Mathematics, Sigma 37

Again, it should be noted that the sum expands over elements g; and a;, satisfying the compatibility
conditions (4.13). They yield, in particular, that knowing g; for j = 1,2,3,4 and one of the a;’s, we
can determine the rest. As a consequence, we can rewrite

4
o o
. 1/
pp =, 2 (1+7,8Xreg(8182831841)) ‘//g2>, \( &
acG £1,82,83-84 %—g

where the sum is taken over a, g; satisfying

(818285'¢:) a(g18285'¢,) ' =a. (4.16)

It will also be useful to consider the slim version p,, of p,, obtained by “removing” the weights from
the boundary virtual indices:

lpgl
Y 2
¢§2) N, &1)
N L
5!1 = Z Z <1+7ﬁ)(reg(glg2g3_1g;1)) ‘/’gz}/ A g ’
aeG 81,82-83-84

where, once again, the sum is taken over elements satisfying the compatibility condition (4.16).

4.3.3. Rectangular region
We aim at describing the boundary of the rectangular regions R ¢ A = £. We are going to make the
details in the case of a proper rectangle, since the cylinder case follows analogously with few adaptations.
First, we need to introduce some further notation regarding the edges and vertices that form R:
Er := edges contained in R,
Ear = edges with only one adjacent plaquette inside R,
& = edges with both adjacent plaquettes inside R,
Vr := vertices contained in R,
Vor := vertices with some but not all incident edges in R,
Vs := vertices with all four incident edges in R,
ng = number of plaquettes contained in R .

To formally construct the transfer operator or boundary state pr on R, we must place at each edge e
contained in R the transfer operator p, that was constructed in the previous subsection and contract the
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indices:
Pa
~—_
. 1/
R
a,b,geG TN
a=gbg™! ¢

The philosophy is similar to the plaquette case, although more cumbersome to formalize. We are
going to expand the expression for pgr

Vs ba

\

,\
Q
(

o
<

3
o

POR =

N
\

€ o
(

)

VI
>
fan)
\J
N
\%
fany
[P
Il
S

~J

)
N
+

)
N
v

a:Vg—G

>— NS>~ NS>~
OO0
& OO
~~ -~ ~~

as a sum over maps
g:r—G , a:Vr—G

satisfying a certain compatibility condition. Let us explain the notation: at each edge ¢ € £x, we set a
value g := g(e) according to whether we have

Ve

e
¢ No—
N ) wg> (wg’l
Ve

At each vertex v € Vg, the contraction of indices coming from incident edges and corresponding to
say ¢, and ¢, will be zero unless a = a’. Thus, a nonzero contraction will be determined by a unique
av)=a=a’"

&= DT Gna+vp)' " Onan +vp2)' " Iha)lha) (hICh]

heG

heG

% D = > Gna+72" Gnaa +vp2)* |halha) (hi(hl |

= Z (6,1 +¥p/2) (Bna,t +7p12) = Sayt +27p12 +1G| (vp2)
heG

B _
2_4 A 1\? e —1
:6,1+2(—eﬁ )+|G|(—) = g1+ ——— =Sa1+7Y5-
‘ <l <l “ G| ol (4.17)

Moreover, the sum in the aforementioned expression for pgr is taken over maps g and a satisfying the
compatibility condition: for every edge e € Ex
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g a~—
¢ 29 Lg , g such that a = ghg™".

b~

The notation for the rectangles with ¢z and ¢z is the obvious. They specifically refer to the tensor
product of operators ¢(aj ) and ¢ (respectively) that are present in the boundary. They do not encompass
the entire circles (constants) that are observed within the plaquettes:

3 3
Ve Yo Vg @ g}) 512> ®
N N N as \ R R / aj
J/ N N A\
)OO0 v
B DD D (T 4®
as N NNV <L Pay
selee
gAY N M rdp
P anS P anS

— @ 7 7 (e

\
a 3 (3) a
Vo' Vo' Vg ) a  Pay ’

The compatibility condition yields an interesting consequence that we also pointed out for plaquettes
in Section 4.3.2. For each pair (a, g), the map a can be reconstructed, knowing only its value at one
vertex using g. In particular, if we fix a vertex, namely, the lower right corner, we can rewrite the above
expression of pgr as

e = YY)

aeG g:&g—G )

Ny
D
Ny
n
Ny
o

7

)| OO«

)| OO

)| OO
®

Here, @ is the only map compatible with g and the choice a in the prefixed vertex. In particular, all the
elements a(v), v € Vi belong to the same conjugation class. This means that we have two possibilities:
If a = 1, respectively, a # 1, then a(v) = 1, respectively, a(v) # 1, for every vertex of Vg, and thus by

4.17)
ba ba
) VAR Y VAR Y L ) VALY L) L
oo g o———
4 #V, A L
N AN AN A N a
oo = (5a,1 + VB) K D e
H5—O—a—c H—NO—aa—a
a a

where we have extracted the constant factor resulting from full contraction in the inner vertices of the
rectangle. Analogously, we can argue with the 5 factor, where now we get a constant factor for each
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inner plaquette by (4.14) and (4.15):

vz Vg

( e ) (
= (T+ysx"%(3lp)) - ,
( 1_[ ) (

p inner
plaquette

OO
elell
OO

where we are denoting for each plaquette

€]

ex| P oles Xl = x°%(g18285'8)"), g =8(er).

€3

Note that the definition is independent of the enumeration of the edges, as long as it is done
counterclockwise (y"¢¢ is invariant under cyclic permutations) and respect the inverses on the lower
and right edges.

We have then the following representation for the boundary state p of the rectangular region R

oo Yz o ‘\¢a
Vi - ) ( Y a
poR = Z Z (601 +75) %! cp(2) ) I ¢
4eG §:bmmG B L S S
where we are denoting
cp(8) = [ (+vpx™=@l)). (4.18)
p inner
plaquette

We are going to deal with the slim version of the boundary state resulting from removing the weights
acting on the boundary indices:

—p—p

(
(
(
oe)

L N g
—0—f

®
g——q

oy

L1 A, (419)

Defining Gy to be the suitable tensor product of G , 9_3'_ and G corresponding to the boundary indices

appearing in R, the two versions of the boundary state are related by

por = GorporGor -

4.3.4. Leading term and approximate factorization

Finding a short explicit formula for the boundary states pgr and psr is not going to be feasible. But
we will show that, after rearranging summands, there is a dominant term that we can explicitly describe
in a short way. For that, let us introduce

- 1
A=ig Z Ve = G S I

geG
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and consider the (product) operator

§aq{ = ; ( ® .
L e (4.20)

h——¢

—t
o— N

We will later show that this is indeed an orthogonal projection on H s made of local projections A and
¢7 on £>(G) ® £2(G). We next state the first main (and most involved) result of the section.

Theorem 4.2 (Leading term of the boundary). Let us define the scalars
Vel
k= (1+yp) VR |GIERL er 1= 31GP (—1 7 ) :
+¥B

Then, we can decompose
PR = KR (Savz +Shn )

rest

for some observable gg%s’ with ||<S~’6R | < er.

Before proving the theorem, let us discuss two useful consequences. Recall that the full boundary
state pgr and its slim version pgr are related via a transformation Gy consisting of a tensor product
of the (positive and invertible) weight-operators (see Section 4.3.3):

por = Vi Vr = Gor Vi, Vr Gar = Gor Par Gor -

Denote by Jsr and Jyr the orthogonal projections onto (ker pgr)* and (ker pgr )™*, respectively.

Theorem 4.3 (Approximate factorization of the boundary). Following the notation of the previous
theorem, let us assume that eg < 1. Then, the following assertions hold:

() Jor = Jor = §a7g. In other words, 5,973 is the orthogonal projection onto the support of the slim
boundary state and the full boundary state.
(ii) The operator

oor = kR (GorJor Gor ).
satisfies

12 -1 _1/2 P o -
”pa/RO-mlzpa/R _J‘aR” SR> ”p(m/ 0-573'0672/ B JaR” =1- R’

where, here, the inverses are taken in the corresponding support.
In particular, JoR, J~3R, and ogr inherit the tensor product structure of Sgr, Gor.

In the rest of the subsection, we will develop the proofs of the above results. We have divided the
whole argument into four parts. The first two parts are Tool Box I and Tool Box 2 that contain some
auxiliary results. Then, we will first prove Theorem 4.2, and finally Theorem 4.3.

Tool Box 1: Boundary projections _ _ _
We start with a few useful observations on the operators ¢ and y. Using the explicit formula ¢, =
Ynec |hay|ha)(h|(h|, it is easy to check that

> baba = 5,1/“ for each a,a’ € G,
> ¢ is a projection.
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Forevery g,g' € G
o il 7_1 )/ 7_1 I/
(LE|L8 ) =Tr(L® L&) =Tr(L® &) =0g4¢IGl. (4.21)

This means that vectors ——|L8) are orthonormal in £[G] ® £;[G], so

ViGl

%J = ﬁ |L8)(L#| is a one-dimensional orthogonal projection,
Vs

> and ﬁ&g are mutually orthogonal if g and g’ are distinct.

1
TGI
These facts will be used throughout the forthcoming results.

Proposition 4.4. For each f 1 Eor — G, let

1 — — ~

3 = —_— ) (
Paor(f) : Gl ( ®

)|
)
g

B
—0—

¢
9

Then, Por (. f) is an orthogonal projection on Haor. Moreover, if ﬁ and f; are different, then Par ( ﬁ )
and Pyr (f2) are mutually orthogonal, that is

Por (1) Por (f2) = Por(f2) Por(fi) =0

Proof The first statement is clear, since Por (f ) is by definition a tensor product of projections ¢,
and i G\‘/’g Moreover, if fl and f2 are different, then there is a boundary edge e € Eyr, such that

fl(e) * fz(e). Thus,

since LZ 7(e) and LZ (e ATC mutually orthogonal by the above observations. O

Proposition 4.5. For each f: Eor — G, let us define

N
=
Q)

P

e e 'f
—~ 1 ’ 1
Qor(f) = ———" € ®
|G|\5mz| ) ( |G| aez‘é

o4

f S N
—0O—

H—O

S

Recall that for each a € G, the element a that appears on the right-hand side is the only choice
compatible with f and the fixed a. Then, Qar ( f) is an orthogonal projection. Moreover, if f1 and fz
are different, then Qar ( fl) and Qar ( fz) are mutually orthogonal.

Proof. Let us first check that Qg ( f) is an orthogonal projection. For that, it is enough to check that
each of the two (tensor product) factors is a projection. The first factor is indeed a tensor product of
projections ﬁtﬁg. For the second factor, we just need to check that it is self-adjoint and idempotent.

Since for every a, the adjoint of ¢, is ¢,-1, it holds

o Pa

ot
o—

-

—
¢
g——q

b N N
—0—

S

oy
—O—6

¢

o1

B N N
——€

oy
O—
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and that the latter is, again, compatible with f since at each edge, the condition ar = ga;g~! is
equivalent to a; I = ga[1 g~!. Thus, summing over all ¢ € G, we get self-adjointness, and so the first
statement is proved. To see the second statement, note that

oo ¢ a oo (p b p—o—o— ¢ ba
1 r D g — D a
P € o ¥ g = P <
B W N o W o “H-O—D—¢ (s W, L N -
) £ € a ——a—¢ ) —O—A— ha s

and that the resulting element ‘ZE& is compatible with g, since a> = ga;g~" and b, = gbg™! yield that
arby = ga1 by g‘l. Hence, summing over a, b € G in the previous expression, we get

o—p—4 ¢a g4 ¢b —po—p—4 ¢C

o > = 161 )

a beG HH—H b ceG

o4

Py
g—o—

2,

aeG

4 M d
—o

N _Mm 4
—

o4

4 M d
—o

o o
O— O—

This finishes the argument that Qan(ﬂ is an orthogonal projection. Finally, if ﬁ and f; are different,
then we can check that Qsr (f1) and Qgr (f2) are mutually orthogonal, arguing as in the proof of
Proposition 4.4. O

Lemma 4.6. The operator
Rim o 20 = g ) IO
g€G 2€G
is a projection on £,(G) ® 6>(G) satisfying

AYg=Ueh =y, forallge G (G ®GmA = A(Gnegn).

Proof. 1tis clear from the above observations on ﬁ{ﬁg that A is actually the projection onto the vector

subspace generated by vectors of the form |L8), and that ZJg = Jgg = Jg for all g € G. To prove the
last identity, let us apply (4.6) to decompose

[L8Y(L8| = |P1){P1| + |P1){PoLE Po| + |PoL8 Po){P1| + |PoL& Po){PoL3Py| .

Since Py = ﬁ 2gec L8 (see (4.5) and the subsequent discussion), we get after summing over g € G
in the previous expression
~ 1 1
A= Y ILENLE| =[PP+ = > |PoLE Po){(PoL# Py .
Gl &2 Gl &2

Note that
(G ®Gr)IP1) = 1GP1Gm) = (1 +y2) 4 |P1),
(G ® G)IPoLE Po) = |1GPoLEPoG ) = (vp2) ' /* [PLE Py),
that is |P1) and |PoL8 Py) are both eigenvectors of G ® G. As a consequence

~ 1
AGO®Gr) = (1+yp2) HIPOP + (vp2)* G > IPoLE Po)(PoL® Py
geG
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and so taking adjoints, we immediately get that
A(Gn®Gn) = (Gn®GoA.

This concludes the proof. O

Proposition 4.7. The operator

REHR e
— ) == (A g4 ¢1
Sor = ) ( ® b g
is a projection on Har satisfying
Por = Por Sor = Sor Por - Gor Sor = Sor Gor-

Proof. The first statement is clear, as it is a tensor product of projections A and ‘;T' Let us check that
Sor Par = por- In view of the representation of pgr given in (4.19), it is enough to prove that

.o Yz ba e o Vg i Pa
—_— l \J \J \
Sﬁﬂ o ) ( 24 N & = ) ( 24 B €
v A
) ( N AN AN A4 ) ( 0. ‘!"\' o ‘f"

(4.22)

for all possible choices of g and a. ‘The composition on the left-hand side of (4.22) is, again, a tensor
product of f operators of the form ¢, ¢a ¢a and A zﬁg zﬁg, so (4.22) holds. Analogously, we can argue

that ppr Sor = Par- _ _ _
Finally, to see that Gor Sor = Ssr Gar, note that both Gar and Sspr have a compatible tensor
product structure, so that their product Gor Spr is, again, a tensor product of elements of the form

GoedmA . (GLed)d . (G580 )e.

and analogously for Sor Gors

AGreGn) . ¢1(GLeG) . #(GEed?).
By Lemma 4.6, we know that (G ® QD)K = Z(QD ® G). For the others, we only need to check that

(G+®Gy) b1 = Z(5h,1 +yp2) Y RY(RICH] = 61 (G+ ® Gy .

heG

This finishes the proof. O

Tool Box 2: Plaquette constants
We need a couple of auxiliary results. First, let us introduce the notation

X %(g)=x"%()-1=|G|6g1 -1, geG.
If P, is the projection onto Vj, then

X"8(8) =Tr(L8(1 - Py)).
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Lemma 4.8. Let us fix u,v € G and complex numbers ag, by, ay, b, € C. Then,

Z (ao +bo x"“4(ug1 ...gm)) (641 +b1 Y °%(g;, - ~-gz_lgl_lv))
= |G|m (apa; + b()bl)?reg(uv)) .

Proof. Note that the left-hand side of the equality can be rewritten as

DD (ao+bor ) (ar + b (g Y)

b}

= 1GI™" Y (a0 + box" (ug)) (a1 + b1 7% (g7'v)
geG

so we can restrict ourselves to the case m = 1. First, let us expand

D (a0 + boi (ug)) (a1 + 51775 (™'v))
geG

= apa1|G| + aob; Z)?eg(g_lv) + boay Z)?eg(ug)
geG geG

+ boby ) XE(ug) T (7).
geG

The second and third summands are equal to zero, since

DR = 3 (16101 = 1) = 1G] - 1G] =0.

heG heG
Moreover,
DR ug) eV = D (1G] Sugn = 1) (G181, = 1)
geG geG
= D IGP Sug16g101 = 1G] )" (Bug.1 +641,.1) +IGl
geG geG

=1G|*6uv,1 —2IG| +|G]|
=G| (IG|6uv1 — 1) = |G| (x" 4 (uv) - 1),

so the fourth summand in the aforementioned expansion is equal to byb x" 8 (uv), leading to the desired
statement. ]

Next, we need a result which helps us to deal with the constants

cp(@) = [ | (+vpx @)

p inner
plaquette

that appear in pgr , see (4.19). Let us first extend the notation y"“2(g],,) from plaquettes to the boundary
of the rectangle R: let us enumerate its boundary edges Esx counterclockwise by fixing any initial edge
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e1, e, ...,er. Given a map f: Eor — G associating e; — g, let us define
83 82 &1
84 810
reg( T8 (01,02
2 2 X B =x"5(8, 8,7 ),
86 87 88
where o; = 1 if e} is in the upper or left side of the rectangle, and o-; = —1 otherwise. We will also use

the notation
Y = x5 () - 1.

As in the case of plaquettes, note that the definition is independent of the enumeration of the edges
as long as it is done counterclockwise (y" ¢4 is invariant under cyclic permutations) and respects the
inverses (0; = —1) on the lower and right edges.

Proposition 4.9. For fixed f: Eor — G, we have that

S @ = [GI% (14 5)"™ 4y ()
§:€R—>g
8leyr=f

Proof. 1f the region R only consists of one plaquette, then the identity is trivial since there is only one
summand g = f, so that

cp(@) = 1+ypx @lp) = (1+vp) +75 X (&lp) -
Let us denote to simplify notation
a,3:=1+yﬁ , bﬁZZ’}/ﬁ.

For multiplaquette rectangular regions, the key is Lemma 4.8. Let us illustrate the case of a region
‘R consisting of two (adjacent) plaquettes.

l//gz d/gl
N~ e
SIQIDIE
T~ T~
d’g;l l//g;l
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Then, as a consequence of the aforementioned lemma

> (1 + 73)(’eg(gzg3g21h‘1)) (1 + mx’eg(hgglgglgl)) =
heG

= Z (Clﬁ +bp X (228385 hi])) (aﬁ +bg )?’eg(hg;'gglgl))
heG

G| (afg + b X% (gzgsgllgs‘lgglgl)) :

The procedure is now clear and can be formalized by induction. Let R be a rectangular region. We
can obviously split R into two adjacent rectangles sharing one side R = AC as below. The induction
hypothesis yields that the identity is true for A and C. Let us set some notation for the boundary edges
of A and C:

a:=8a\Esc . v:=Esc\Esa ., z:=8E3aNEsC .
—{ %
@ Z Y
—
—{ %
R A C

Fix a boundary function f Eor > G (note that Egr = ay), let us consider the sum over all choices
g : Er — G, such that g coincides with f on the boundary edges of R

Dow@= > [ (ap+bpE@l) =

§:Er—G g:€r—G PpCR
glor=f Zlay=f Plaquette
- Z H (ag +bpx % (8lp)) 1—[ (ap+bpX 4 (2lp)) - (4.23)
g:€r—G pcA pcC
Zlay=f Plaquette plaquette

Next, we want to apply the induction hypothesis on each subregion A and C. For that, we have to make
the right expression appear. We can split the sum

Y-Y X-% 3 % a2

§Er—>G  hiz—G &Er-G hiz—G &&€a>G g:€c—G
§‘a7:f ’g&‘(ty:f gltt:fia §|y:f |y
glz=h glz=h glz=h
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Hence, we can rewrite (4.23) as

ST (ap+ 04 El) =

§:5R—>G PCR
Elay= J’; plaquette

= 2 (X T wvbarres@)

hiz—G &&a—G  pcA

Slo=f |, Plaquette
gl.=h
(2 T (assrescai)
gigc—>G pcC
gl,=f, Plaquette
§|z:i{
Ur === = ey
) ( wy) ,
) ( ) (
) ( ) (
) ( ) (
= ,\A,\ _ AC,\

Applying the induction hypothesis, we have that the above expression can be rewritten as

D 1GIEA a4 b 7% @lah) ) GIE (apc + 5 7o (Rgl)
h:iz—>G
= 1GI1Eatleel 37 (agt + bt s @lah)) (i + ki 75 (REl)
h:iz—G

where n4 and nc are the number of inner plaquettes of A and C, respectively; §|aﬁ isthemap Egp — G
that coincides with g on a and with % on z; and & gl is the map E5c — G that coincides with g on y

and with /2 on z. Finally, we use Lemma 4.8 to rewrite the above expression as
(GIIEAlHEC Izl (gpasne 4 prasne res g],5),)).

Finally, observe that the set £ of inner edges of R is actually formed by the disjoint union of £4, £
and z, whereas the number n of inner plaquettes of R is indeed the sum of n4 and nc, so that

Yo 1 (ap+bs 7e@) = 161! (ap® + b= 774(F)).
8:Er—G R
gg‘:j _ f pl,;qcuette

This finishes the proof of the proposition. O
Proof of the Leading term of the boundary Theorem 4.2
We are now ready to prove our main result about the boundary state of the thermofield double. Our

starting point is (4.19). We can replace the sum over g : Er — G with a double sum, the first one over
f : Esm — G (fixing first the values at the boundary), and the second one over g : Er — G with
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8lesm = £, so that

vvv‘;f )uutﬁga
-~ — |(ka| A ) ( N a
oR = a1 + cg(f) ® 3 ¢
g uéz‘é ( ‘ yB) r Z g f ) ( b
f:SaR—>G —~ ~ ~ a .
where, from Proposition 4.9, it follows that _
cp() = D cp() = IGI=[(1+yp)™ +y5= X5 (F)].
§8R*>G
Bleyn=F

49

(4.25)

Let us now split the sum over a € G into a first summand with a = 1 (which forces a(v) = 1 for every

v € Vg, as we argued in previous sections) and a # 1:

[Vl —~ """JfA o t.T
por = (1+yp) " Z cp(f) : ® 3 ¢ +
F18ar—G === B¢
- - vl;f e '\f;a
[Vl 7 ( 5 )l
+ C [ D q
(Yﬁ) - Z s(f) ( Z AN N
F:89r—G === acG a
|(V | —~ ) == "lff p—o—p—¢ T
- (vg)' " cg(f) ® 3 ¢
(re) > (] ) ( ] :
f:Ear—G == b
In the first summand, we can, moreover, decompose _
- )vvvl/(/f |&] )vvvff
cg(f) = |GI%r] (1 +yp)"™*
3 ed T oY (
f:8or—G = = = f:E8or—G = = =
o V5
+ 1G18] yr s ) (
B Z X E S y (
f:8or—G ===
Thus, combining both expressions _ B
A == "wf o 1
o~ 5 n o
por = (1+75)"*! (1+75)"™ |G|I%#l Z ; ; ® 3 ¢
Fi8or—G === L NI N
v """wf o6 |
2 n Es ~ -~ E y
+ (L+yp) " ()™ G114 Z X"4(f) ; ; ® 3 ¢
fi8or—>G === 0
VVV‘Z? —— ,ﬁa
| Vil 7 ) ( 5 e
=+ ’y C ( ) ® D 9
() AZ st ) ( Z‘\.nnr'
F:89r—G S - acG a
|(V | —~ )v = VI/(/f —o—p—¢ T
- R C ( ) ® iy a
(re) D, eslf ) ( i i
f:8or—G — == ¢
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Dividing the above expression by

KR = |G|I57z| (1 +7’8)W7§\+nn — |G||g7€|+|567€‘ (1 +),'8)|V7°3\+n72 ,

we obtain
1 _ nr Vzl Vel
—por = S1 + Y5 S+ 75 83— Y8 Sa, (4.26)
KR 1+ YB 1+ YB 1+ YB
where
1 e . l’//f e 97
- _ ( L I
Sio= Z |G||86’R| ) ( ® 9 Y >
F:8or—G 1 ¢
. - - lZf t?%
_ —reg A ) ( o—p—¢
S ~ Z X G[1EoxT . %o g
F:8or—G === A
- v = .
e  f a
Cﬁ(f) 1 e
S; = [ T ] e ® [T T4 ,
F o Ly |Gl [G1%nl ( ZG Tt
— v - i
- - — f L 1
84 _ Cﬁ(f) 18 ) ( ® :: tpo—p ::
f'SaRHG (1 +’yﬁ)”R |G||8R| |G|‘ aRl ) ( :: oy ::
Note that the first summand actually corresponds to
y p
- o o Z@Sae}g {5,1\
Sl — : : ® ;; o ; _ gaR

To estimate the norm of S, and S4, we are going to use that the operators

vz o o
) ( A7

1 — — ~

, [:8mr—G.

NP
oK
t—n—a

are (orthogonal) projections and mutually orthogonal (see Proposition 4.4). Then, we can estimate

ISall < sup RSN <GI,
f:€or—G

and by recalling that Proposition 4.9 implies the formula for cg (f) given in (4.25), we obtain

ISl < sup
fiér—G

_ .
(/) s1+( 6 ) G| .
(1+7p)"= |G|1#=] L+yp

https://doi.org/10.1017/fms.2023.98 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2023.98

Forum of Mathematics, Sigma 51

To estimate the norm of S3, we are going to use that the operators

Vg %

— — ~ PN
o

1
) ( ® —
|G||5me| ) ( |G| Z

aeG

, f:8m—G

o
N N 3
D

OO

are (orthogonal) projections and mutually orthogonal (see Proposition 4.5). Then, again, by using (4.25),

Glep(f) "
ISl = sup 'kﬂﬂw|SWﬂ“«J£J WW
f:g{)R—>G (1 +yﬁ)nR|G| ® 1 tB

Combining all these estimates, we can reformulate (4.26) as
Por = kr (Sor + SHa'),

where the observable gg;‘g ! satisfies

~ Yp nRr Yp Vgl B nr
w1 = () e (75) T aeten [ (R50) e
15520 < (35,) 161+ (555;)  ao1+n [1+ () ol

< (2] (ot i)

Y, Vil
3|G|2(1+ﬁm) o en,

IA

having used in the second inequality that |V | < nz.

Proof of the approximate factorization of the boundary Theorem 4.3
Let us assume that ex < 1. By Proposition 4.7, we have that Sy is a projection satisfying psr =
PorSor = Sorpor. Moreover, by Theorem 4.2

HK; Por — §aR|| = IS | < er < 1. 4.27)

These three properties yield that §6R = J~3R, as a consequence of the next general observation:

Let T be a self-adjoint operator on H = C%, and 11 an orthogonal projection onto a subspace W c H,
suchthat TTI =TIT =T and ||T —T1|| < 1. Then, I1 is the orthogonal projection onto (ker T)*. Indeed,
since T = TITTI, we have that (ker T)* is contained in W. If they were different subspaces, then there
would be a state |u) € W with T|u) = 0. But then, 1 = (u|u) = (u|(Il = T)u) < ||T - II|| < 1.

Next, observe that by Proposition 4.7

[Gor,Jor] = [Gar,Sar] = 0.

This yields that pgr and psr have the same support, that is Jyr = J~3R, since they are ~related
via psr = Gar par Gor, where Gor is invertible. Moreover, the operators ogr = kr Gor IR Gor
and oygr = kg Jr will also have the same support as pgr. We can thus argue as in the proof of
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Proposition 3.6 to get

12 1 1/2 ~1/2 ~ i o~
o ook pie — Jorll = 155n (krTor) ™ B ~ Tox

1 ~127 ~12 T
= |Ik% PypdorPye — Jorl
= |lk%' Por — Jarll < €r.
where in the last line, we have used, again, (4.27). Finally, since opr and pgr have the same support,
we can use the identity

“1/2 12 12 -1 1/2y-1 12 _—1 1/2\m
Par Tor Pyre = (Pgr Tar Por) —JBR“‘Z (Jor = Pag Tor Por)

m=1
to deduce that
-1/2 12 _ 4 < m_  €R
”p[)R OR Py — 672“ = €ER = 1—er

4.4. Approximate factorization of the ground state projections

In this section, we study for a given rectangular region R split into three suitable regions A, B, C, where
B shields A from C and such that AB, BC are again rectangular regions, how to estimate

IPasc — PaParcll

in terms of the size of B. This problem is related to the approximate factorization property of the
boundary states that we studied in the previous sections (see Section 3.4.2 for details on this relation
and the main results in the context of general PEPS). Our main tools will be Theorems 3.5 and 4.3.

Corollary 4.10. Let us consider a rectangular region with open boundary conditions

~,

R ZZ N~ N 7 ¥ P

~,

R

~, S, N, ~—, =, =, R

oo =f 5 Q o9
) c « 2 (
D f ) a y a
N € Ry 9 Y <
) C () «
B ¢ D g } €
) ) ( 9 (
Y f o NN N NI NI ) N N N
T~V TNV AY TVTASVTASY
A B c ,

so that AB, BC, B are again rectangular regions. If B has M plaquettes per row and N plaquettes per
column with

< (4.28)

S

(M-1)(N-1)
ep :=3|G? (7_5)
1 +)/ﬁ
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then the orthogonal projections P onto Im(Vyg) satisfy
IPaPpc — Papcll < 16€p .

Proof. In order to apply Theorem 3.5, we arrange the virtual indices of ABC, AB, BC, and B into four
sets a, ¢, @, 7 as in the next picture:

N N S N S S S N S S S S, S, S,
)\J AN ZEEANVARRN N e\ ,( ) Py U \,(
D a Ay a
< 9 U <€
al) A B (|7 al) B C (|c
Y Ya ay a
)\J 9 ( ) U \,(
o Ya N N NN n N N N NN n N Ya ™
,A‘ ,A‘ ,/\‘ ~ —~' ~ T~ ~ —~' ~ ~— ,A‘ ,/\‘ ,A‘
Il Il
T T ,

so that
0ABC=ac , 0AB=ay , 0BC=ac , 0B=ay.

The hypothesis eg < 1 ensures that the hypothesis egx < 1 in Theorem 4.3 is satisfied for R €
{B,AB,BC,ABC}, and so Jyr and oy have a simple tensor product structure. This allows us to
factorize

Joapc =Ja®J. , Jop=Joa®Jy,

0oaB=Ja®Jy , Oopc=Ja®Jc,

where J,, J¢, Jo, and J, are projections. The local structure of g{)R and Gyr allows us to decompose
both operators as a tensor product of operators acting on a, ¢, @, y. Hence, we can define

KAB S KBC 3
Oy = gaSugu ) O¢ == — gc Sc gc 5
\/@ ‘/G

0o =VkBGaSaGa Oy ‘= VKB gysygy~
Then, we can easily verify that kapckp = kapkpc, and so
O9ABC = 0q®0c , 0B =0q ® 0y,
O9AB =0q® 0y , O09BC = 0o ®@O0¢.

From Theorem 4.3, it follows that for each R € {ABC, AB, BC, B}

loyRoarpim —Jorll < s
and
loar” oor Pop” = Jorll < 7= < 2ep.
Thus, applying Theorem 3.5, we conclude the result. O

Analogously, we can prove results for the torus and cylinders.
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Corollary 4.11. Let us consider a cylinder with open boundary conditions and split it into four sections
A, B, C, B’ so that B’AB and BCB’ are two overlapping rectangles whose intersection is formed by two
disjoint rectangles B and B’, as in the next picture:

E et/ 20 Sl 20 Vel 2R ] SR Sl S Vel 2R el SR Y] SR el SR el 2R el IR Y 3

P v v'Y vy Vv Vv vy v vy

R

) L) L) ra A Az ) L) L) ra
7 :)\ \JC‘ )~J AV 7N \—( ':)\J JC‘ )~J AV AV \—(
; : > g ; ; D q
Ol IC ) ( o |C ) (
} ¢ D € } ¢ b q
Ol IC ) ( o |C ) (
} ¢ D € } ¢ b q
L IC ) ( 2L IC ) (
== NN == ¢

A B C B’

Let us assume that B and B’ have at least M plaquettes per row and N plaquettes per column with

(M-1)(N-1)
) <

Y
epp =3 |G|2 (—ﬁ

1
1+)/ﬁ 2’

then the orthogonal projections Pgr onto Im(Vg) satisfy
|PpaBPBcB — Papcr || < 48€pp -
Proof. We are going to apply Theorem 3.5 for the three regions A, BB’, and C. Firstly, we need to find

a suitable arrangement of the virtual indices. First, we split the boundary of BB’ into two four parts
v,vy',a,a’ asin

e S S S,
P77 93
) ( ) (
) 4 B qa
v g T )
) ( el (],
al| p 4 |7 Y| P14 |
I |B| [ i B K
D 4 D 4
v g T )
)— N N N ( ) N N N ~(
T~ T~ T~ T~ o~ T~
} }
T T

a C
; ; % %
e e — oo = = — e o= =
)~ - \ \ N Y A4 A4 N ( )~ - \ \ N A - A4 A4 N (
B 4 B ¥a
).J \( ).J \(
’ g g
Y| P 4|7 a|p -—4 | o’
) B A B ( ) B C B (
B ¥a B ¥a
3 \ 3 9
)‘\ VanY VanY LD FanY o 0., Fany Fany I‘( )‘\ VanY Fan¥ Ve Y o o 0. Fany Van¥ f‘(
e~ N AN AN AR RTTAST T~~~ TNV AT AR
I I J J
T T T T
a c s
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so that
OB'AB=v'ay , OBCB =aca’ , OABCB =ac,
OB=ay , OB =vy'a’.

The local structure of §a7z and Gyr allows us to write them as a tensor product of operators acting
on the defined boundary segments, and consider

KB'AB +& KBCB’ s
Oq = —gg‘lsagas Oc¢ = —(——— ggscgc P
VKBKB’ VKBKB’
= Vkgk5 Gl . SaGa 0o =G, SaGa,
- P g —c' 3
Oy = \/KBKBIQ7 8,6, oy = gy,sy,gy/ .
Then, using that ks\pckpkp = Kp'ABKBCB’, W€ can easily check that
O9B'AB =0y ®0480y , O9BCB =0 ®0®0y , OHABCB =04 ® O,
OpB=0aq®0y , Opp =0y @0y .

By Theorem 4.3, we have for each R € {B, B’, B’AB, BCB’, ABCB’}

1/2 1/2
losaanpie —Jorll . 00 corpgn’ —Jorll < 2ess .

In particular, considering the joint region BB’, we get

lopnmTonspypn —Jons |l < (050 Ton0y ) pom Topyp) — Joplos |
< oz oaspyy” — Josll - lloyh cospyy |
+ oy can s —Josll - Iasl
< 2epp (1 +2epp) +2epp
< Gepp' .
Applying Theorem 3.5, we conclude the result. O

Corollary 4.12. We consider a decomposition of the torus into four regions A, B, C, B" as below. We
have then two overlapping cylinders B'AB and BCB’, whose intersection is formed by two disjoint
cylinders B and B’.

OIOIO),

@)[©)[®)
@)[@)©)
@)
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Let us assume that B and B’ have at least M plaquettes per row and N plaquettes per column with

VB

—r <
]+’)/'3

(M-1)(N-1) 1
AT

esp =3|G|? (

then the orthogonal projections Pr onto Im(Vy) satisfy
|Pp aBPBcB — Papcr || < 48€pp

Proof. We are going to apply Theorem 3.5 for the three regions A, BB’, and C. Firstly, we need to find
a suitable arrangement of the virtual indices. The boundary of B (respectively, B”) can be split into two
regions: the part connecting with A, denoted by « (resp. a’); and the part connecting with C, denoted
by y (respectively, y’):

0) C, L )i
0) C )] (
2 C, L I

A B C B’

\<
O
OO0
\Q\
Q\

The local structure of §a7g and Gy allows us to write them as a tensor product of operators acting
on the defined boundary segments, and define

= VKBKE G SaGa Oy = \KBKp Gl SaGa

o =~ G S G Oy = BBAB g Sy Gy
VKiki NTTas
Using that kapcp kpkp' = Kp'AB KBCB’,» We can easily verify
OpB =0 ® 0y , 0 =0g Q@ 0y
O9B’'AB =0y ®0y , OJBCB =0a @0y .

By Theorem 4.3, we have for any cylinder R € {B’AB, BCB’,B, B’}

1/2
”p(?/Ro-ﬁRpaR = Jorll , ||P5R O-G’RpaR —Jorll < 2epp .

Reasoning as in the previous corollary, we have for the region joint BB’

12
”pﬂ/BB’O—aBB’paégBr Jopp|| < 6€pp .

Applying Theorem 3.5, we conclude the result. O

4.5. Parent Hamiltonian of the thermofield double

The PEPS description of |p [1),/ 2) is given in terms of a family of tensors whose contraction defines linear
maps

Ve : Hor — M,

where R runs over all rectangular regions R € Fp. Recall that we denote by Px the orthogonal
projection onto Im(Vy).
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Corollary 4.13. The family of orthogonal projectors (Pr)r satisfies the martingale condition with the
decay function 6 : (0,00) — R given by

eP -1

Y i
IG|

-1
) } where yg :=
B

§(€) = min {1, 144|G|2(1 —y

Proof. We have to check conditions (i)—(iii) from Definition 2.4 for the given function §(¢). To see (i),
notice first that ||Papc — PapPpc|| < 1 always holds by Lemma 2.1. So let us assume that B contains
at least ¢ plaquettes along the splitting direction for a value ¢ satisfying §(£) < 1, which necessarily
means that

y ‘-1
§(0) = 144G 22— <1, (4.29)
1+)/'3

Using the notation of Corollary 4.10, and taking into account that B contains at least two plaquettes
along the nonsplitting direction, we deduce that

-1
of VB _ 6(€) 1
eg < 3|G| (—1 +7/3) =3 < Th (4.30)

Thus, the aforementioned corollary can be applied to obtain the desired estimate

|IPagPBc — Papcll < 8ep(1+e€p) < 16ep < 6(L).
The proof of (i7) and (iii) is analogous, using, respectively, Corollaries 4.11 and 4.12. For instance, to
see (ii), we can, again, assume that B and B’ have both at least £ plaquettes along the splitting direction

where ¢ satisfies (4.29). This yields, using the notation of Corollary 4.11, that (4.30) holds with epp
instead of eg. And thus, applying the same corollary, we get

IPpaBPrcB — Papcr |l <48ep < 6(f).

]

Next, we aim at constructing a parent Hamiltonian of this PEPS following the guidelines of Section
3.3, that is by verifying the conditions of Proposition 3.2.

Lemma 4.14. For each B > 0, let us fix a natural number

n(B) > 4(1 +(1 +y,3)1og(288|c;|2)).

Then, for every £ > n(p), it holds that

4

§(0/4) < (1/2)7F < 1/2.

Proof. Using that the map x +— (1 — 1/x)* is upper bounded by 1/e for x > 1, we can estimate from
above

n(pB)

1(B)
7 v -1 naﬁ)il

1 4
i/ U B ==
I+vyp 1+yp B ~ 288|G|?
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Hence, for every £ > n(f)

%_1 (@_1)L _t_ __
Vg (e . 1 - 1 1)\7®
I+yg T \l+yg ~ \288|G|? T 144|G2\2 ’

The last inequality immediately yields the result. O

Next, consider the family of proper rectangles X, v = F e]\c,’ having at most n € N plaquettes per
row and per column

and define the local Hamiltonian

Hg, = Z Pk,

XEA%JV

where P5; := 1 — Px, that is, the orthogonal projection onto Im(Vx ). Note that the range of interaction
of the Hamiltonian H¢,, depends on the parameter n.

If we choose n = n(3) from Lemma 4.14, we obtain, as a consequence of Proposition 3.2, that He,,

is a parent Hamiltonian for | pl/ 2).

Corollary 4.15 (Uniqueness of the ground state). For every rectangular region R € Fn containing at
least n(B) plaquettes per row and per column, we have that the associated Hamiltonian

Hp = Z Py satisfies ker(Hg) = Im(PR) .
XeX,XCR

In other words, Pr is the orthogonal projector onto the ground state space of Hg. In particular, | p’;/ 2)
is the unique ground state of Hg,, .

Let us now turn to the spectral gap properties of this Hamiltonian. Combining Theorems 2.3 and 2.6,
we can estimate the spectral gap of the parent Hamiltonian uniformly in the system size.

Corollary 4.16 (Spectral gap). There is a positive constant IC > 0 independent of N and B, such that
gap(FNN") 2 K.
Proof. Let us denote 6y := 5([@(\/9/8 Y% ) and sg := | (+/4/3)¥] for each integer k > 0. Observe
that the choice of n() in Lemma 4.14 and the fact that log (288) > 5 ensure that N > n(8) > 16, and
that for each k > 0
5 < (172 <172 431)
We can apply Theorems 2.5 and 2.6 to estimate from below

1 [oe]
torus rect rect
ap(FNN) 2 1 2ap(FS) = 16[1]) lga (Fra)-

Observe that for regions X € F,7¢!, we have that gap(Hx) > 1 since Hx > Py, as Py, itself is a local
interaction, and Py is the prOJector onto the ground space of Hx by the previous corollary Therefore,
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we can lower bound gap(F ,’\ffl’ ) > 1, and so

‘ 1|y 1-6x
gap(Fp/N") = —[]_[ 1
16 <0 1+ W

The infinite product in the right hand-side (r.h.s.) is positive and can be bounded independently of N
and S, since

Both of the two series are summable, and their value is upper bounded by a constant independent of N
and B, since si does not depend on either and d; can be estimated as in (4.31). ]

5. Davies generators for quantum double models
5.1. Davies generators

We will now recall the construction of the generator of a semigroup of quantum channels which describes
a weak-coupling limit of the joint evolution of the system with a local thermal bath, known as the Davies
generator [14]. This construction applies to any commuting local Hamiltonian, but for simplicity of
notation, we will only consider the same setup of the previous sections, that is the qudits C¢ live on the
edges, and not the vertices, of a lattice A = (), £).

Definition 5.1. Let pg denote the Gibbs state associated to H/S\ySt at inverse temperature 3. Then
(A,B)g :=Tr(pgA'B), A,B € B,

defines a scalar product on By, called the Liouville or GNS scalar product.
An operator T : By — B satisfies detailed balance if it is self-adjoint with respect to the GNS
scalar product.

When the system is in contact with a thermal bath at inverse temperature 3, the joint Hamiltonian of
the system+bath is given by

Hy=HY" @ 1% + 1% @ g** 4 2H,, (5.1)

where H/s\ySt is the Hamiltonian of the system, H**" is the Hamiltonian of the bath, H; is the coupling
term between system and bath, and 4 > 0 is the coupling strength. We will assume that the coupling

interaction is local, in the sense that
HI = Z Z Se,a ® Be,cu (52)
eef acA

where for each edge e, {S¢ o }aca is a finite family of self-adjoint operators on H., while B, , are
self-adjoint operators on the bath.

We will assume that the bath satisfies the appropriate conditions that guarantee (see [14]), in the
weak-coupling limit, that the reduced dynamics of the system in the Heisenberg picture is described by
a Quantum Markov semigroup T; = e'9 : By —> B, whose generator takes the following form:

g= l'5H/5\y5‘ +L, (5.3)
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where 0, N (0) = [ H™ Q] is a derivation (generating a unitary evolution), while the dissipative term
L has the spemﬁc form

L= Z Le . Le= Z §e,a(w) ,De,a,wv 54

eef
Do Q) = 3 (85,0 ()0, Se.a(@)] + 5], (0), 0] Se ().

The variable w runs over the finite set of Bohr frequencies of H Y (the differences between energy

levels), while g, ,(w) are positive transition rates which depend on the autocorrelation function of the
bath. In particular, if the bath is assumed to be at thermal equilibrium at inverse temperature S, then
they satisfy go.o(—w) = 7% g o(w). The jump operators S, ,(w) are the Fourier components of
Se. o evolving under Hf\y“, namely

itHbyﬂ —ltH syst —iwt
e Se a(w)e s

From this definition, it follows that S L(w) = S (—w).
We can then rewrite the sum in the definition of £, only over w > 0:

ﬁe = [Zg\e,a(o) De,a/,O + Z (ge,(t(w) De,a/,w + §e,a(_"~)) De,a/,—w ) .
a

w>0

‘We now denote for each e, @, and w > 0

r _ ge,d(o) De,w,O ifw= O,
e,a,w = \ ~ - .
ge,a/(w) De,a,w + ge,a(_(l-)) De,a,—w otherwise.

The properties of the Davies generator which we will need are summarized in the following proposition.
Proposition 5.2 [14].

1. L. commutes with 6, st for each e.

2. Le,a,w satisfies detalled balance for each e, a, and w.
3. —Le¢,a,w is positive semidefinite with respect to the GNS scalar product. In fact

—~ 2 2
_<A, Le,a/,a)(A))B = ge,a/(w) ||[A’ Se,a/(“))]”/g + ge,a(_w) H[A’ Sz,a(w)]”[g > 0. (55)
4. The Gibbs state pg is an invariant state for L o ., in the sense that

Tr(pﬁe’ﬁe*”‘“ (Q)) =Tr(ppQ) forevery Q and everyt > 0.

Our main result will only apply under the following conditions on the thermal bath: the first will
guarantee that the generator £ is translation invariant, while the second will imply its ergodicity.

Assumption 5.3. The coupling operators S, o and the transition rates g, o (w) are translation invariant,
in the sense that

1. for afixed a € A, S, o are translates of each other when we vary e;
2. Ze.a(w) does not depend on e.

In this case, we will write g (w) for the common value of e, o (W).
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Assumption 5.4. The following two conditions hold:

1. ge.a(w) > 0 for every choice of e € &, @, and w, such that S, o(w) # 0.
2. Foreverye € €

{Se.atpea =Cly,, (5.6)
where {}’ denotes the commutant.

Proposition 5.5. Suppose that g, o(w) > 0 for every choice of e € &, @, and w, such that S, o(w) # 0.
Then for each X C £, we have that

ker(z Ee) = {Se,a(w) | ee X,ch,a)}'. (5.7)

ecX

In particular, if Assumption 5.4 holds, then

ker(Z ﬁe) C Ly ® B(He\x),

eeX
which implies that L = 3, ,c¢ L. has a unique invariant state.

Proof. The inclusion of the commutant of the jump operators in the kernel of the generator can be
verified directly. The converse follows from the fact that pg is a full rank invariant state for 3}, £.. This
implies that ker(3, £,) is a *-algebra [17].If A € ker(3, L), thenalso A" and ATA are inker(3, L.).
Then one can see that

0= Z L(ATA) = ATL.(A) - Lo(A)TA
eeX
= Z :g;e,a(w) (Se,(x(w)TATASe,(x(w) - Se,a(w)TATSe,a(w)A
eeX,a,w

= A7S0,0(0) ASe (@) + ATS 0 () Se o ()A)

D Zewl@)[A,Se.0(@)][A Se.a(w)]

eeX,a,w

which is only possible when A commutes with all the jump operators S, (w). The second part follows
from the fact that S, o = >, Se.o(w), and therefore

{Se,o,(w) | e € X,Va,a)}' C{Se.a | €€ X, Va},

and, if Assumption 5.4 holds, then the r.h.s. of the last equation is simply 14, ® B(Hg\x), which
reduces to Cly, when X = €£. O

Corollary 5.6. If Assumption 5.4 holds, then L is primitive, in which case

gap(G) = gap(L).

In what follows, we will always assume that the choice of the coupling terms S, , guarantees that
the Davies generator is primitive.
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Figure 8. Region supporting L. (the edge e = (v1,v2) is marked in red).

5.2. Davies generators for the quantum double models
We can now give an explicit description of the Davies generators for the quantum double models.

Proposition 5.7. If HY" is the Hamiltonian of a quantum double model, then for each e € £, L, only
acts nontrivially on the two plaquettes and the two stars containing e (see Figure 8). Moreover, S, o (w)
is zero unless w € Q = {-4,-3,...,3,4}.

Proof. Since the local terms of H/S\ySt are commuting, for fixed e € £ and « and for every ¢ € R, we have
that

i HY —_itHY
elt A Se,(te e

5.8
= 1 (A(VD)+A()+B(p1)+B(p2)) Se o eI (AWD)+A()+B(p1)+B(p2)) , (>-8)

where v, v, are the vertices of e and p, p; are the two plaquettes containing e. The local terms A(v) and
B(p) are both projections. For a projection IT with orthogonal complement IT+ := 1 —II, it holds that

eitl‘[ — HL + eitn
and so
eMQe™ ™M = TIQI + [T QIT* + ¢TI+ QTI + " TIQII* .

Consequently, we can rewrite (5.8) as a sum
t t 4
. sys . sys .
eltHA Se,a/e ltHA — Z Se,a(w) elta),
w=-4
where each S, o (w) has also support contained in dv; U dva U p1 U ps . |

5.3. Davies generator as a local Hamiltonian

We have seen in the previous sections that —£ = — 3, L, is local, self-adjoint, and positive with
respect to the GNS scalar product, with a unique element in its kernel corresponding to the Gibbs state
pp- We will now describe how to convert it into a frustration-free local Hamiltonian whose unique
ground state is the thermofield double of pg (a local purification of the Gibbs state), defined as

1 _B
== > efbel = (p;f ® ]1)|‘P), (5.9)
B Aeo(HM)

where |¥) is a maximally entangled state on ’le\ = HaA ® Ha. We will find it convenient to work with a
“vectorized” representation of the GNS scalar product, which we introduce in the next proposition.
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Proposition 5.8. Let |¥) be a maximally entangled state on 7-[12\ = Ha ® Ha, and denote
t(A) = Ap;/z, A € Bj.
Then
Br30 — Q) = (o> & 1)) € 13 (5.10)
is an isometry between (By, ||||g) and ’H/z\ (equipped with the natural Hilbert tensor scalar product).

Proof. The map is manifestly linear, it is a bijection since pg is full rank, and a simple calculation shows
that it preserves the scalar product:

WAIB) = (¥I(p A" Bpy?) © 11%) = tr(ppA'B) = (4. B)g
for every A, B € BBy O

Note that (H2, 7, |,0[lg/2>), with 7(Q) = QO ® 1, is a GNS triple for the pair (Ba, pg).
This isometry allows us to define a local Hamiltonian representing the dissipative part of the Davies
generator L:

Proposition 5.9. Let H be the operator on H>, defined by
H=Y H, where Hi(Q))=~|t(£c(Q)), VQ €By.

eef

Then, H is self-adjoint and positive semidefinite. Moreover, if Assumption 5.4 is satisfied, the following
statements hold:

1. If X C & is a finite subset, then

ker(Z 17) = {|L(Q)> | O € ker

eeX

Z ce)} (5.11)

eeX
c {10 @ 119) 1 0 € Berx.

1/2

5 Y = |e(1)) is the unique ground state ofl-I.

In particular, the thermofield double |p
2. gap L = gap H.

The proof is an immediate consequence of Propositions 5.5 and 5.8.
Remark 5.10. Note that the support of H, willin general be larger than the support of £, (see Figure 9).

In general, H, will not be a projection. In order to simplify the comparison with the parent Hamilto-
nian, we will first lower bound }’,.x H, by a projection.

Proposition 5.11. For each X C &, let Ilx denote the projection on the subspace

{((eo1x0p,”) ®11%) | 0 € Berx}. (5.12)

Then, under Assummptions 5.3 and 5.4, there exist positive constants C1, C, independent of the system
size and of B, such that for every X C &

~ Co Zmi - -
> He > =2 Smin —CIBIRXI L Gy = min min Gu (w), (5.13)
= Q| |X] @ weQ
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Figure 9. Region supporting H, (the edge e is marked in red).

where Rx denotes the region supporting . ,cx H,, and |X| and |Rx| denote the number of edges in X
and Rx, respectively.

Proof. Let us denote by

6e,a,w(A) = [A’ Se,a/(w)], 6@,&(’4) = [A, Se,a] = Zée,a,w(A)'

w

We can then rewrite (5.5) as

(plHep) = ~('BIL (' 9))p = Z 8o (@) (0,00t (D)|6e,a,0t™ (9))p

= > Za(@)][be.0.ot (S]]

which implies

> @) > B 3 3 Joecn @l > 225 S ol 5.14)

eeX eeX a, w eeX «a

where we denoted Q = ¢~ (¢) € By, or equivalently, |¢) = (Qp;/2 ® 1)|¥P).

Let Rx be the region supporting >, cx H,. We define a localized version of the norm ||-|| > by

_ syst "
101, =u|e ™0 0|, 0eBs.
Note that

2
1 B HSYS gyt
IIQllfe:—Zﬁ”Qe 7 ()

Rx

(H;yst_Hsysl)

_B
In other words, denoting Q' = ﬁQe 2 &x), we have that [|Qllg = |Q”l| g, -
B
_ syst _ syst
Moreover, since ¢ 1"rx 11 < ¢ PPrx < 1, where ||H;ey;l|| denotes the largest eigenvalue of Hsyj,
it follows that
“SIHR 1y / ,
e Qs < 19 Nlry < N1Q'Mus: (5.15)
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where ||-]| ;7 s denotes the standard Hilbert-Schmidt (HS) norm on B, . Now, let us consider the following
quantity

1/2
110'|11x == (Z Znae,a(Q')ni,S) :

eeX «

so that we can lower bound the right hand-side of (5.14), obtaining

> 2@l = 3 Y loea (@), = M i1 (5.16)
ecX «a eeX «a
We can see that ||| - |||x is a seminorm, and |||Q’]||x = 0 if and only if

Q'€ {Se.ale€X, Va}' = BS\X-

Moreover, for each Qg € Bg\x, it holds that

10" = Qo® LxllE = > 16e.a(Q) = 6e.a(Qo® Lyl

eeX,a

D 16e.a(@)1lFs = Q1115

eeX,a

Therefore we can pass to the quotient space Bg /Bg\x, and compare the norm induced by [|| - |||x with
the norm induced by the Hilbert-Schmidt scalar product. As we show in Lemma 5.13, there exists a
constant C; > 0, independent of system size and 3, such that for every X

C2 C2
M2 > == inf "—Qo®1x|%¢ > — inf "~ 00 1x|%.. 5.17
1O 1llx X] o 10" = Qo ® Lxllyg Xl oot 10" - Qo ® x|k, (5.17)

Let us now consider ITy;. We observe that, once again setting |¢) = (Qpl/2 ® 1)|¥),
(Ilx¢) = [Mx|p)> = inf |0 - Qo @ Ix||j
EBg\X

syst _ sys[ ) 2

B(H3
= inf 0-0o®1lx)e ?
QoeBe\x Zg H( ) Rx
1 _E(Hsyst_Hsysl) 2
inf ||=—Qe 2°7¢ TRx' —Qp® 1y
QOEB£\X Zﬁ Rx

= inf "~ Qo ® x|, .
QoeBE\XIIQ 0 Ry

Putting this last expression together with bounds (5.14), (5.16), and (5.17) concludes the proof, by
observing that ||HZ,y;t|| < C1|Rx]| for a constant C; independent of X and of the system size. o

In order to prove the bound on the ||| - |||x seminorm needed to complete the proof of the last
proposition, we first show an intermediate result about a related quantity.

Lemma 5.12. Let (So)aeca and (V,)ycc be two families of operators in B(C4), such that their commu-
tators satisfy {Sa}y = {Vy}), = Clg. For each e € A, let S, o and V. y be the associated elements in
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the canonical inclusion B, < By, and define the following seminorms on Bp

1/2 1/2
|||Q|||e=(z||[se,a,Q]||és) , |||Q|||;=(Z||[ve,y,Q]||%,s) :

acA yeC

Then, there is a constant K > 0 independent of the system size and of the edge e, such that

, 1
Klliellle < Mellle < 2121l (5.18)
for every Q € Bj.
Proof. We can then rephrase the condition {S. };, = {Vy}}, = Cl, as the fact that the seminorms ||| - |||
and ||| - ||| restricted to B, = B(C¢) define actual norms on the quotient space B./C1 = B(C¢)/C1,

whose dimension is d> — 1. Hence, both quotient norms have to be equivalent. But note that |||Q|||. =
[[1Q+C1]||. and |||Q]l|. = [[|Q+C1]||, for every Q € .. Thus, there exists a constant K > 0 depending
on both of the families and on d, but independent of the system size and e, such that for every Q € B,

1
KlliQllle < MQlle < 2 Ml - (5.19)

To extend the latter inequalities to every Q € Bj, let us fix such a Q with HS-norm equal to one, and
2
consider its Schmidt decomposition Q = Z‘,le skQk ® Q) with respect to the Hilbert-Schmidt scalar

product, where {Q k}gil c B, and {Q;{},‘fi1 C B\ (e} are orthonormal sets and 3, si = 1. Then
42 d?
1Se.an Qs = 1D s [Se.an 0l © Op s = O 53 lSear Qs 104115 -
k=1 k=1

so that

dz
QN2 = D" [Se.ar Qs = Zsi(z ||[Se,a,Qk]||%,s)||Q;||%,S

acA k=1 acA
dZ
2 2
= > stlllQell2.
k=1

An analogous equality holds for ||| |||,, replacing the S, o with V. ,. Thus, applying (5.19), we conclude
that (5.18) holds. |

Lemma 5.13. There exists a constant C, > 0, depending on the local dimension d and the bath operators
{Sa}a, such that for every X C € and every Q € By

C
QI = 3 > [0ea@llis = 757, inf 110 - Qo ® Lxls. (5.20)

eeX « €Be\x

Proof. The idea is similar to [33], where it is shown that if an observable almost commutes with every
observable supported on a region X, then it is close to an observable supported in A\ X. Let us start with
the following observation: there exists a family of unitaries {U; } j¢| 42|, Wwhere [d?] :={0,1,...,d>—1},
that forms an orthogonal basis of B ((Cd), and such that

1 1
OUT = L
ol E[dZ]UjQUJ. =1(Q) 514 (5.21)
je
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for every Q € B(C?). Indeed, one can define 6 := ¢>"/¢ and consider the Sylvester operators (also

known as Weyl-Heisenberg matrices) X; = Zi;(ﬂk)(k + 1|+ |d — 1¥0land 25 = ZZ;(I) 6% |kXk|, which
satisfy X3 = X X3. Then, the family of unitaries

(U =2zl =Mzlsh 0 < k1 <d -1}

satisfies the above conditions. One can easily demonstrate that they are orthogonal with respect to the
Hilbert-Schmidt scalar product, and so they form a basis. To check (5.21), it is sufficient to check its
validity when considering Q as the elements of the basis, which can be easily verified. This completes
the proof of the observation. Notice also that the commutant of this family satisfies {U; }}e[ 2= Cly
since it spans the whole algebra.

For each site e € A, let us identify the local Hilbert space H, = C? and take the family {U, 1 },c [d2]
in B, < B, given in the previous observation. The families {S. o}ao and {U. i }xe[q42) satisty the
conditions of Lemma 5.12 by the assumptions on the bath operators S, , and the construction of U, ,
so there exists a constant K > 0 independent of the system size and of the edge e, such that the norms
given in the aforementioned lemma satisfy

1
Klliellle < metli’e < el (5.22)

for every Q € B,. Let us now consider a finite subset X of A. For each k : X — [d?], define the unitary
Ux x := [1eex Ue,x(e) supported on X. Then, as a consequence of (5.21), we have that

1
o 2, UxkQUy, =tx(Q)® gilx, (5.23)

k:X— [d?]
and therefore

1 +
Q—tl‘x(Q)@ﬁ]leW Z [Q’Ux’k]UX,k'
k:X —[d?]

We can then upper bound the norm of this difference, using the fact that the Hilbert-Schmidt norm is
unitarily invariant,

2
2 1
1 il
”Q —trx(Q) ® WIXHHS < X Z [Q., Ux xlUyx
kiX—([d?] HS (5.24)
1 2
<o 2, Me Uxadlis.
k:X— [d?]
Next, we will make use of the fact that for every family of unitary operators By, ..., B, it holds that

m

I1Q. By ... Bulllms =1l ) Bi ... Bj-1[Q. Bj1Bjur - Bullus < D I[Q. Bjlllus -
j=1

J=1

Using the product expression defining Ux x, we can apply the previous estimation to bound from above
(5.24) as follows
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2
lo-ux@e ] < e > (ZH[Q,Ue,k(e)]uHs)

k: X —[d?] \eeX

1X]
<o 2y 2, e Uekiolls

k:X—[d?] e€X

|X] J2X1-2
:d2|x|z ‘Xl Z [Q. Ue.alllzs

eeX keld?]

1X|
< 53 2, 2, M- Seallrs

eeX acA

|X|

= sl

where in the last inequality, we have applied (5.22). Finally, note that the infimum on the ri ght hand-side of
(5.20) is upper bounded by the first term in the previous expression, since Qg = trx (Q) ® =% d‘Xl 1x € Bax.,

so taking C, = d*K?, we conclude with the desired inequality. O

Remark 5.14. One could weaken Assumption 5.3, and not require that the coupling constants g, , are
independent of the edge e. In this case, one can still prove Proposition 5.1 1, replacing gmin by

gx = minming, 4(w).
eeX a,w

If one is nonetheless able to find a lower bound to gx uniform in X, then one could use that bound in place
of gmin to recover a uniform result as in the translation invariant case. Similarly, if the jump operators
Se,o depend on the location e, then the constants C| and C; in Proposition 5.11 are not independent on
X anymore, but the result could be recovered if one is able to obtain uniform estimates on them. For C5,
one can take the supremum over the constants K from Lemma 5.12.

5.4. Parent Hamiltonian vs. Davies generator

We now have two Hamiltonians, one coming from the Davies generator and the other from the parent
Hamiltonian construction (see Section 4.5)

Zﬁe and Hg = Z Py

eef XeXx

both having the same (unique) ground state |p 1/2 ). Recall that y = y,.n = ]-'r’l“’lf,’ , where n = n(p) is

chosen as in Lemma 4.14. Since we have computed the gap of the parent Hamiltonian in Section 4.5,
we now want to show that we can use that estimate to bound the gap of the Davies generator.

Proposition 5.15. Ifthe Davies generator for the quantum double model with group G satisfies Assump-
tions 5.3-5.4, then its spectral gap L is bounded by
—cBn(p)?

Ta B gap(He), (5.25)

gap(L) = C gmin

where Hg is the parent Hamiltonian of the thermofield double state | Pg 1/2 ) with parameter n(B), ¢ and
C are positive constants independent of 3, G, and the system size, and gmin = MiNg, o, o (W).

By combining Proposition 5.15 with Corollary 4.16, Theorem 1.1 is then obtained as a corollary,
gap(Hg) is a constant independent on N and 3, and n(3) scales as C’e” for some constant C’ depending
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on |G| (see Lemma 4.14). Therefore, we can always find constants A and ¢’, independent of system size
and g3, such that gap(L) > gmine“'/ .

Proof. We begin by counting how many rectangles X € X contain a given edge e: we want to find an
upper bound m(X’) independent of the edge e.

To estimate m(X), recall that each X € X has dimension a X b with 2 < a,b < n(B), and so X
contains O (n(B)?) edges. For a fixed choice of a and b, a given edge is therefore contained in at most
O(n(B)?) rectangles of size a x b. Since there are O (n(8)?) possible choices of a and b within the
allowed range, we can roughly estimate

m(X) < 0(n(B)").

Then this implies that

~ 1
2.7 % 5 2

= 1 G 1 _ciplRxIyyL
He) 2 — 77 8min — e C1Fl X‘Hx»
XeX(Z m(X) || é( X

eeX

where we used Proposition 5.9. As we just discussed, |X| is O(n(8)?), while Ry is contained in a
rectangle with sides of length at most () + 4, which also contains O (n(8)?) edges. We can therefore
find positive constants C and ¢, such that

_ _ emchnp)’ )
ZH chmiannx.

ec€ XeX

Next, we note that Px > Ilx for every rectangular region X c &, or equivalently

kerTl = { (A@e 2Hx)e 8 (He"HX) A e Boiy } € Im(Vy),
Indeed, using the PEPS decomposition
l l l l

-5 Hs ‘ ‘ Venx M Vx ‘
{ { = { [
Hevx  Hx He\x Hyx

We can compare

e‘gHs
{ {
Hevx  Hx
and
|
Im(Vyx) = { A’ t A" e Bex ®7‘{a(a\x)}-
Vx
{ {
He\x Hx
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This implies that Yy .y Iy > Yxcx Py = Hg, and chaining all the lower bounds, we obtain the
claimed result. This finishes the proof of the result. O
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