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Abstract

We prove a version of the Feller-Miyadera-Phillips theorem characterizing the infinitesimal gen-
erators of positive Co-semigroups on ordered Banach spaces with normal cones. This is done
in terms of N(A) as well as the canonical half-norms of Arendt Chernoif and Kato defined by
N(a) - inf{||A|| \b > a}, where N(A) = sup{N(Aa)\N(a) < 1} for operator A. A corresponding
result on Cp-semigroups is also given.
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Let (B, B+, || ||) be an ordered Banach space with proper closed convex cone
B+. The dual B* is ordered by B% = {/ e B*\f{b) > 0 for all b e B+}. As
in [1], [3], [6] and [7], the canonical half-norm N by N(a) = inf{\\b\\ \a < b}
for a € B. For a linear operator A from B into itself, we define N(A) =
sup{N(Ax)\N(x) < 1}. We extend some recent results of Robinson [8], [9]
by proving the following analog of the Feller-Miyadera-Phillips theorem (see
[2] and [4]).

THEOREM 1. Suppose B+ is normal. Let H be a closed linear operator with
domain D{H), a dense subspace ofB. Then, for constants M, w, the following
statements are equivalent.

(i) H generates a Co-semigroup {St} (so St = e~tH) with St > 0 (that is
S,(B+) C B+) and N(S,) < Mewt, t > 0.

© 1989 Australian Mathematical Society 0263-6115/89 $A2.00 + 0.00

90

https://doi.org/10.1017/S1446788700031232 Published online by Cambridge University Press

https://doi.org/10.1017/S1446788700031232


[2] Positive semigroups 91

(ii) For all small a> 0, (I + aH)'1 exists and is a positive linear operator
on B such that

aH)-"x) <M(l- aa))-"N(x)

for all x SB, n>\.

(iii) The range R(I + aH) = B and

N((I + aH)"a) > (1 - a(o)"N{a)/M

for all a e D(H"), n > 1, and for all small a > 0.

The equivalence of (ii) and (iii) follows easily from the closed graph the-
orem and the fact that N(a) = 0 if and only if a < 0. For (iii) => (i), we
use a suggestion in [1, Remark 4.2]: let ||a||jv = N(a) + N(-a). Then || ||AT
is a norm on B equivalent to the given norm || ||, because B+ is assumed to
be normal. The iV-dissipative condition in (iii) implies the || ||^-dissipative
condition:

\\(l+aH)na\\N>(l-acor\\a\\N/M.
By the Feller-Miyadera-Phillips Theorem, H is the infinitesimal generator of
a Co-semigroup {St}, and Stx = limn-too(I + (t/n)H)~nx for all x e B. Since
each (/ + (t/n)H)-" > 0 by (ii), it follows that S, > 0. Also, by continuity of
N, it follows from the ./V-dissipativity in (ii) that

N(S,x) < Jiiir̂  \M (l - -o)\ N(x) = Me'wN(x)

for all x € B. This shows that N(St) < Me"°. Conversely, if (i) holds then,
by the standard theory, (/ + aH)~l exists and is a continuous linear operator
on B such that

(/ + aH)-"x = J~(Satx)-^ye-' dt.

Since Sat > 0 it follows that (1 + aH)~n > 0. Also, since TV is convex and
positively homogeneous, one has, by the following lemma and (i), that

dt

= MN(x){l-aco)

proving (i) =• (ii)
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LEMMA 1. Let Abe a linear operator on B and y € R, y > 0. The following
statements are equivalent:

(i) N(A) < y;
(ii) N(Ax) < yN(x) for all x€B.

We omit the proof of this easy lemma.

REMARK. If N(A) < +oo then A > 0.

LEMMA 2. Suppose || || is monotone on B and on the dual B*, and let A be
a positive linear operator on B. Then

(1) N{A) = Sup{N(Aa)\a > 0,N(a) < 1} = \\A\\+

where \\A\\+ is the Robinson norm of A and is defined in [9] by

PROOF. Since || || is monotone on B, N(a) = \\a\\ for a e B+. Since || || is
monotone on B*, N(a) = inf{||6|| \b > a,0} for all a € B (see [7, Theorem
2.4], and also [5, Proposition 6]). Hence the second equality in (1) is clear.
Moreover, for a e B with N(a) < 1,

#(/*«) = inf{||c|||c> ,4a,0}

< inf{\\Ab\\ \b >a,0}< inf{p||+||6|| \b > a,0}
= \\A\\+N(a) < \\A\\+

which shows that N(A) < \\A\\+. That N(A) > \\A\\+ holds trivially in view
of the second equality in (1). This completes our proof.

NOTE. In view of this lemma, Theorem 1, in the special case when || ||
is monotone on B and B*, is exactly the same as the theorem of Robinson
[9, Theorem 1.1] which in turn generalizes [8, Theorem 3.5], and results in
[1], [3] (extensions in line of Theorem 1 were also anticipated in [2, page
264] with less specific bounds). Likewise, our Theorem 2 below was given by
Robinson [9], [8] for the special case stated. The following duality result will
be important for our discussion of CQ-version of Theorem 1.

LEMMA 3. Suppose (B,B+,\\ ||) is the dual of an ordered Banach space
(B»,Bt+, || ||) with closed convex cone B,+. Let A e 2C{B) be the dual of an
operator A* e ^ ( 5 , ) . Then (i) A > 0 if and only if A, > 0,

(ii) N(A.) = \\A\\+, if A > 0.

PROOF. AS (i) is well known and easy to verify, we only prove (ii). General
elements of 5* and B will usually be denoted by x and / respectively. By

https://doi.org/10.1017/S1446788700031232 Published online by Cambridge University Press

https://doi.org/10.1017/S1446788700031232


[4] Positive semigroups 93

[7, Theorem 2.1],

N{A.x) = sup{f(A.x)\f > 0, Il/H < 1}

<sup{g(x)\g€B,g>O,\\g\\<\\A\\+}

= \\A\\+N(x),

which shows that N(A») < \\A\\+. Here we have used the fact that if g — Af
with / > 0 and Il/H < 1 then g > 0 and ||g|| < |M||+||/|| <

On the other hand, for / > 0, ||/|| < 1, one has

<sw{N(A.x)\\\x\\<l}

<sup{N(A.)N(x)\\\x\\<l}

which shows that ||v4||+ < N(Am). Here [7, Theorem 2.1] has been used again.

THEOREM 2. Let (B, B+, || ||) and (Bt, Bt+, || ||) be as in Lemma 3. Suppose
B = B+- B+. Let H be a w*-closed linear operator with domain D(H) a w*-
dense subspace ofB. The following conditions are equivalent.

(i) H generates a Q-semigroup {S,} with St > 0 and \\S,\\+ < Mewt, t > 0.
(ii) For all small a > 0, (/ + a.H)~x exists such that

(2) \\{I + aH)-"f\\<M{\-aco)-n\\f\\

foraI!feB+, n > I.

PROOF. We note first that since B = B+- B+, the cone B*+ is normal in
B*. Since (2) is equivalent to

(2') \\{I + aH)-n\\+<M(l-aco)-n

the proof of (i) =$> (ii) is the same as that given in [8, Theorem 3.4] and [9,
Theorem 1.2]. Conversely, if (ii) holds then, by Lemma 3, (/ + aH)~n =
(I + aH*)~" is a positive continuous linear operator on B* such that

(3)

for all n and all small a > 0, where H, is norm-densely defined, normed-
closed adjoint of H on Bt. By Theorem 1 applied to H* and Bt, we conclude
that H. generates a C0-semigroup {5;} on B. with 5 ; > 0 and N(S*) < MeM,
t > 0. Then H generates the dual semigroup {SJ of {S*}. Furthermore, by
Lemma 3, S, > 0 and ||S,||+ = N(S?) < Mewt for all / > 0.
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REMARK. In the special case M = 1 and o) = 0, Theorem 1 corresponds
to the Hille-Yosida theorem, that is, 5 is iV-contractive (in the sense that
N{St) < 1 for all /). The dissipative condition in (iii) then reduces to the
single condition ^((7 + aH)a) > N(a) because the higher order conditions
follow by iteration. Similarly, for M = 1 and co = 0, Theorem 2 simply states
that H generates a CJ-semigroup of positive || ||+-contractions if and only if
(/ + aH)~l is a positive w*-continuous || ||+-contraction for all small a > 0.
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