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Abstract

We prove sharp smoothing properties of the averaging operator defined by convolution with a measure on a smooth
nondegenerate curve y in RY, d > 3. Despite the simple geometric structure of such curves, the sharp smoothing
estimates have remained largely unknown except for those in low dimensions. Devising a novel inductive strategy, we
obtain the optimal LP Sobolev regularity estimates, which settle the conjecture raised by Beltran—-Guo—Hickman—
Seeger [1]. Besides, we show the sharp local smoothing estimates on a range of p for every d > 3. As a result, we
establish, for the first time, nontrivial L” boundedness of the maximal average over dilations of y for d > 4.
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1. Introduction

The regularity property of integral transforms defined by averages over submanifolds is a fundamental
subject in harmonic analysis, which has been extensively studied since the 1970s. There is an immense
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body of literature devoted to the subject (see, for example, [33, 21, 32, 8] and references therein).
However, numerous problems remain wide open. The regularity property is typically addressed in the
frameworks of L?P improving, L? Sobolev regularity, and local smoothing estimates, to which L?
boundedness of the maximal average is also closely related. In this paper, we study the smoothing
estimates for the averaging operator given by convolution with a measure supported on a curve.

Let I = [~1,1] and y be a smooth curve from I to R¢. We define a measure m, supported on y by

(my. f) = / F(ry () (s)ds.

where € C2°((—1,1)). We are concerned with d > 3 since all the problems we address in the current
paper are well understood when d = 2. We consider the averaging operator

Apf(x) = f*my (x)

and study the above-mentioned regularity problems on A, under the assumption that y is nondegenerate,
that is to say,

det(y'(s),...,y'Y(s)) #0, sel. (1.1)

The L? improving property of A, for a fixed # # 0 now has a complete characterization; see [7,
34] (also, see [36] for generalizations to variable coefficient settings). However, L? Sobolev and local
smoothing estimates for A, turned out to be more involved and are far less well understood. Recently,
there has been progress in low dimensions d = 3,4 ([24, 14, 1, 2]), but it does not seem feasible to extend
the approaches in the recent works to higher dimensions. We discuss this matter in detail near the end
of the introduction. By devising an inductive strategy, we prove the optimal L? Sobolev regularity and
sharp local smoothing estimates in any dimension d > 3. As a result, we also obtain L” boundedness
of the associated maximal function which was unknown for d > 4.

LP? Sobolev regularity

Let2 < p < o0. Weset Af = A f and consider the L? Sobolev regularity estimate

IAflLe ray < CllfllLe may- (1.2)

When d = 2, the estimate holds if and only if @ < 1/p (e.g., see [6]). In higher dimensions, however, the
problem of obtaining (1.2) with the sharp smoothing order @ becomes highly nontrivial except for the
L* - L% /d estimate which is an easy consequence of the decay property of the Fourier transform of m;,:

[ ()] < C(1+ e~ (1.3)

It was conjectured by Beltran, Guo, Hickman and Seeger [2, Conjecture 1] that the estimate (1.2)
holds fora@ < 1/p if2d —2 < p < co. When d = 3, the conjecture was verified by the conditional result
of Pramanik and Seeger [24] and the decoupling inequality due to Bourgain and Demeter [4] (see [20,
35] for earlier results). The case d = 4 was recently obtained by Beltran et al. [2]. Our first result proves
the conjecture for every d > 5.

Theorem 1.1. Let d > 3. Suppose y is a smooth nondegenerate curve. Then, the estimate (1.2) holds
Jora < 1/pifp>2(d-1).

Interpolation with the L? — L%/d estimate gives (1.2) fora < (p+2)/(2dp) when2 < p < 2(d-1).

It is also known that (1.2) fails if @ > a(p) := min(1/p, (p + 2)/(2dp)) (see [2, Proposition 1.2]).
Thus, only the estimate (1.2) with @ = a(p) remains open for 2 < p < 2(d — 1). Those endpoint
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estimates seem to be a subtle problem. The argument in this paper provides simpler alternative proofs
of the previous results for d = 3,4. Theorem 1.1 remains valid as long as y € C?¢(I) (see Theorem
4.1). However, we do not try to optimize the regularity assumption.

The result in Theorem 1.1 can be easily generalized to curves of different types. We say a smooth
curve y from I to R¢ is of finite type if there is an ¢ such that span{y" (s), ...,y (s)} = R? for each
s € I. The type at s is defined to be the smallest of such ¢ and the maximal type is the supremum over
s € I of the type at s. (See, e.g., [24, 12].) Using Theorem 1.1 and a rescaling argument ([24, 12]), one
can obtain the following, which proves the Conjecture 2 in [2].

Corollary 1.2. Letd > 3, { > d and 2 < p < oo. Suppose vy is a curve of maximal type €. Then the
estimate (1.2) holds for « < min (a(p), 1/¢) if p # { when € > 2d -2, and if p € [2,2¢/(2d — £)) U
(2d —2,00) whend < € <2d - 2.

By interpolation, (1.2) holds for @ < min (a(p), 1/¢) if p = ¢ when ¢ > 2d -2, and if 2¢/(2d — ¢) <
p < 2d—-2when d < ¢ < 2d — 2. These estimates are sharp. Since a finite type curve contains a
nondegenerate subcurve and the L> — L% , estimate is optimal, (1.2) fails if @ > min (a(p), 1/¢).
In particular, when ¢ > 2d — 2, Corollary .2 resolves the problem of the Sobolev regularity estimate
(1.2). In fact, failure of the LY — L{/l, bound was shown in [2] using Christ’s example [6]. By [28,

Theorem 1.1], Corollary 1.2 also gives H' (RY) — L'*(R<) bound on the lacunary maximal function
f — supyez | f * myx| whenever v is of finite type.

Sharp local smoothing

‘We now consider the estimate

X (DA SlLe gay < CUf L gy (1.4)

where y is a smooth function supported in (1/2,4). Compared with the LP Sobolev estimate (1.2),
the additional integration in ¢ is expected to yield extra smoothing. Such a phenomenon is called local
smoothing, which has been studied for the dispersive equations to a great extent (e.g., see [29, 9]).
However, the local smoothing for the averaging operators exhibits considerably different nature.

In particular, there is no local smoothing when p = 2. Besides, a bump function example shows (1.4)
holds only if @ < 1/d. As we shall see, the estimate (1.4) fails unless @ < 2/p (Proposition 3.9 below).
So, it seems to be plausible to conjecture that (1.4) holds for@ < min(2/p, 1/d)if2 < p < o0.Ford = 2,
the conjecture follows by the recent result on Sogge’s local smoothing conjecture for the wave operator
([30, 38, 16, 4]), which is due to Guth, Wang and Zhang [11]. When d = 3, some local smoothing
estimates were utilized by Pramanik and Seeger [24] and Beltran et al. [1] to prove L” maximal bound.

Nevertheless, for d > 3, no local smoothing estimate up to the sharp order 2/p has been known
previously.

Theorem 1.3. Let d > 3. Suppose vy is a smooth nondegenerate curve. Then, if p > 4d — 2, the estimate
(1.4) holds true for a < 2/p.

Theorem 1.3 remains valid as far as y € C34*1 () (see Theorem 2.2 below).

Maximal estimate

The local smoothing estimate (1.4) has been of particular interest in connection to L” boundedness of
the maximal operator

M f(x) = sup | A; f(x)]

0<t
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([19, 27, 24, 1]) and problems in geometric measure theory (see, e.g., [38] and Corollary 1.6 below).
If the estimate (1.4) holds for some a > 1/p, L? boundedness of M follows by a standard argument
relying on the Sobolev embedding ([24]).

The study of the maximal functions generated by dilations of submanifolds goes back to Stein’s
spherical maximal theorem [31] (see, also, [32, Ch.10] and [13]). The circular maximal theorem was
later proved by Bourgain [3] (also, see [30, 19, 26, 27, 15]). Afterwards, a natural question was whether
the maximal operator M under consideration in the current paper is bounded on L? for some p # co when
d > 3.In view of Stein’s interpolation argument based on L? estimate [31], proving L? boundedness of
M becomes more challenging as d increases since the decay of the Fourier transform of m, gets weaker
(see (1.3)). Though the question was raised as early as in the late 1980s, it remained open for any d > 3
until recently. In R3, the first positive result was obtained by Pramanik and Seeger [24] and the range
of p was further extended to p > 4 thanks to the decoupling inequality for the cone [4]. Very recently,
the authors [14] proved L? boundedness of M on the optimal range, that is, M is bounded on L? if and
only if p > 3. The same result was independently obtained by Beltran et al. [1].

However, no nontrival L” bound on M has been known in higher dimensions. The following estab-
lishes existence of such maximal bounds for every d > 4.

Theorem 1.4. Let d > 4. Suppose y is a smooth nondegenerate curve. Then, for p > 2(d — 1) we have

IM e ray < ClIfllLeza)- (1.5)

The result is a consequence of Theorem 1.3. Since the estimate (1.4) holds for p =2 and a = 1/d,
interpolation gives (1.4) for some o > 1/p when 2d —2 < p < co. So, the maximal estimate (1.5)
follows, as mentioned before, by a standard argument. A natural conjecture is that M is bounded on L”
if and only if p > d. M cannot be bounded on L? if p < d, as can be seen by a simple adaptation of the
argument in [14, Proposition 4.4]. Theorem 1.4 also extends to the finite type curves by the rescaling
argument. The following result is sharp when ¢ > 2(d — 1).

Corollary 1.5. Let d > 4 and € > d. Suppose 7y is a curve of maximal type {. Then the estimate (1.5)
holds if p > max(¢,2(d — 1)).

Packing of curves in R?

The sharp local smoothing estimate (1.4) in Theorem 1.3 has interesting measure theoretic consequences
concerning unions of curves generated by translation and dilation of a nondegenerate curve. The
following generalizes Wolff’s result [38, Corollary 3], where unions of circles in R? were considered
(see also [17, 18, 37] for earlier results).

Corollary 1.6. Let y be a smooth nondegenerate curve in R%, d > 3, and let E ¢ R be a set of
Hausdorff dimension greater than d — 1. Suppose F is a set in R¢ such that (x +ty(I)) N F has positive
one-dimensional outer measure for all (x,t) € E. Then F has positive outer measure.

Corollary 1.6 follows by Theorem 1.3 and the argument in [38]. The result does not hold in general
without the nondegeneracy assumption on y as one can easily see considering a curve contained in
a lower dimensional vector space. The same result continues to be valid for the finite type curves.
Consequently, Corollary 1.6 implies the following.

Corollary 1.6'. Let y be a smooth finite type curve in R%, d > 3, and let E and F be compact subsets in
R9. Suppose E has Hausdorff dimension greater than d — 1 and for each x € E there is t(x) > 0 such
that x + t(x)y(I) C F. Then, F has positive measure.

Our approach

To prove L (p # 2) smoothing properties of A;, we need more than the decay of m;,, that is, (1.3).
When d = 2, we have rather a precise asymptotic expansion of fit,, which makes it possible to relate A,
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to other forms of operators. In fact, one can use the estimate for the wave operator (e.g., [27, 35, 15])
to obtain local smoothing estimate. However, in higher dimensions d > 3, to compute ; explicitly is
not a simple matter. Even worse, this becomes much more complicated as d increases since one has
to take into account the derivatives y(¥)(s) - £, k = 2, ..., d. The common approach in the previous
works ([24, 1, 2]) to get around this difficulty was to use detailed decompositions (of various scales)
on the Fourier side away from the conic sets where 1, decays slowly. The consequent decompositions
were then combined with the decoupling or square function estimate ([20, 23, 24, 25, 1, 2]). However,
this type of approach based on fine scale decomposition becomes exceedingly difficult to manage as the
dimension d gets larger and, consequently, does not seem to be tractable in higher dimensions.

To overcome the difficulty, we develop a new strategy which allows us to dispense with such
sophisticated decomposition. Before closing the introduction, we briefly discuss the key ingredients of
our approach.

e The main novelty of this paper lies in an induction argument which we build on the local nondegen-
eracy assumption:

L
D Os), 61 = B R(L,B)
=1

for a constant B > 1. To prove our results, we consider the operator A,[y,a] (see (2.2) below
for its definition). Clearly, :t(d, B’) holds for a constant B’ > 0 if y satisfies the condition (1.1).
However, instead of considering the case L = d alone, we prove the estimate for all L = 2,...,d
under the assumption that 9t(L, B) holds on the support of a. See Theorem 2.2 and 4.1. A trivial
(yet, important) observation is that (L — 1, B) implies N (L, B), so we may think of A, [y, a] as
being more degenerate as L gets larger. Thanks to this hierarchical structure, we may use an inductive
strategy along the number L. See Proposition 2.3 and 4.2 below.

e We extend the rescaling [12, 14] and iteration [24] arguments. Roughly speaking, we combine the
first with the induction assumption in Proposition 2.3 (or 4.2) to handle the less degenerate parts, and
use the latter to deal with the remaining part. In order to generalize those arguments, we introduce
a class of symbols which are naturally adjusted to a small subcurve (Definition 2.4). We also use
the decoupling inequalities for the nondegenerate curves obtained by Beltran et al. [2] (Corollary
2.15). Their inequalities were deduced from those due to Bourgain, Demeter and Guth [5]. Instead of
applying the inequalities directly, we use modified forms which are adjusted to the sharp smoothing
orders of the specific estimates (see (2.40) and (2.41) below). This makes it possible to obtain the
sharp estimates on extended ranges.

Organization of the paper. We first prove Theorem 1.3 whose proof is more involved than that of
Theorem 1.1. In Section 2, the proof of Theorem 1.3 is reduced to that of Proposition 2.9, which we
prove while assuming Proposition 2.10. The proof of Proposition 2.10 is given in Section 3. We prove
Theorem 1.1 in Section 4.

2. Smoothing estimates with localized frequency

In this section, we consider an extension of Theorem 1.3 via microlocalization (see Theorem 2.2 below)
so that we can prove it in an inductive manner. We then reduce the matter to proving Proposition 2.9,
which we show by applying Proposition 2.10. We also obtain some preparatory results.

Let1 < L < dbe apositive integer and B > 1 be a large number. For quantitative control of estimates
we consider the following two conditions:

() < B 1 2.1
0 A lyY(s)] < B, sel, 2.1
Vol (yV(s),...,y'"P(s)) = 1/B, sel, B(L,B)
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where Vol(vy, ..., vy ) denotes the L-dimensional volume of the parallelepiped generated by vy,...,vp.
By finite decomposition and a standard reduction using rescaling and a change of variables, the constant
B can be taken to be close to 1 (see Section 2.2).

Notation. For nonnegative quantities A and D, we denote A < D if there exists an independent positive
constant C such that A < CD, but the constant C may differ at each occurrence depending on the
context, and A <p D means the inequality holds with an implicit constant depending on B. Throughout
the paper, the constant C mostly depends on B. However, we do not make it explicit every time since it
is clear in the context. By A = O(D) we denote |A| < D.

Definition 2.1. For k > 0, let Ay = {& € RY : 2k71 < |¢| < 21}, We say a € CHL2(R*?) is a
symbol of type (k, L, B) relative to y if suppa < I x [27!,4] x Ar, R(L, B) holds for y whenever
(s,1,&) € supp a for some ¢, and

16{6/0ga(s,1,6)| < Bl¢|™!

for (j,l,a) eZp ={(j,l,a):0<j<1,0<I<2L, || <d+L+2}.

We define an integral operator by

Aily,alf(x) = (2m)™ //]R e YO E g (5,1, €)ds f(£) dE. 2.2)

Note A; f = A;[y,y]f. Theorem 1.3 is a consequence of the following.

Theorem 2.2. Let y € C3¥*(I) satisfy (2.1) and B(L, B) for some B > 1. Suppose a is a symbol of
type (k, L, B) relative to y. Then, if p > 4L — 2, for € > 0 there is a constant C = C¢(B) such that

_2
1A [y, al fllpe gasy < C2T PN FllLo gy 2.3)

Theorem 2.2 is easy to prove when L = 1. Indeed, (2.3) follows from the estimate
Aly.alf@)] su [ K1l (o) ds
1

where K(x) = 2@ "Dk(1 + [2%x])=4=3. Note |y’(s) - &] ~ 2k if (s,1,&) € suppa for some t. By
integration by parts in s, A, [y,a] = 71 A, [y, d], where @ = i(y’(s) - € dga —y"'(s) - £a) /(¥ (5) - €)>.
Since |6gd| < €719 for |@| < d +3, routine integration by parts in & gives the desired estimate (e.g.,
see Proof of Lemma 2.7 below). When L = 2, Theorem 2.2 follows by the result in [24, Theorem 4.1]
and the decoupling inequality in [4].

Once we have Theorem 2.2, the proof of Theorem 1.3 is straightforward. By the Littlewood—Paley de-
composition itis sufficient to show the estimate (2.3) for p > 4d—2 withay (s, 1, &) =y (s) x (1) B(27*|£]),
where 8 € C((1/2,2)). This can be made rigorous using [[ e~ (77} €y (5) y (1)dsdr = O((1 +
|7])™N) for any N if |7| > (1 + maX;esupp ¢ |7 (5)|)|€]. Since 7 satisfies the condition (1.1), a is of type
(k, d, B) relative to 7y for a large B. Therefore, Theorem 1.3 follows from Theorem 2.2.

Theorem 2.2 is immediate from the next proposition, which places Theorem 2.2 in an inductive
framework.

Proposition 2.3. Let 2 < N < d. Suppose Theorem 2.2 holds for L = N — 1. Then, Theorem 2.2 holds
true with L = N.

To prove Proposition 2.3, from this section to Section 3 we fix N € [2, d], y satisfying B(N, B), and
a symbol a of type (k, N, B) relative to y.

One of the main ideas is that by a suitable decomposition of the symbol we can separate from
A, [y, a] the less degenerate part which corresponds to L = N — 1. To this part we apply the assumption

https://doi.org/10.1017/fmp.2023.2 Published online by Cambridge University Press


https://doi.org/10.1017/fmp.2023.2

Forum of Mathematics, Pi 7

combined with a rescaling argument. To do this, we introduce a class of symbols which are adjusted to
short subcurves of y.

2.1. Symbols associated to subcurves

We begin with some notations. Let N > 2, and let 6 and B’ denote numbers such that
2—k/N S 6 S 2—7dNB—6N’ B S BI S BC

for a large constant C > 3d + 1. We note that B(N — 1, B’) holds for some B’. In fact, B(N — 1, B?)
follows by (2.1) and B(N, B). _
For s € I, we define a linear map Lf : R4 > R4 as follows:

(LHTyD (5) = 6N Ty (), j=1,...,N—1,

— 2.4)
(LHTv =v, Ve (V?Nf])i,

where V?** = span [y (s) 1 j = 1,...,¢}. LI is well defined since B(N — 1, B%) holds for y. The
linear map E 9 naturally appears when we rescale a subcurve of length about § (see the proofs of Lemma
2.7 and 2.8). We denote

L2(r.8) = (6Nt -y(s) - L& LJ€).  (1.6) eRxRY 2.5)
We set G(s) = (1, y(s)) and define

A(5,6,B) = () {(1.6) e Rx Ay : GV (s), (1,€)] < B'256N T}
0<j<N-1

Definition 2.4. Let (sy,6) € (-1, 1) x (0, 1) such that I(s,, d) := [so— 0, so+ 6] C I. Then, by Uy (s, )
we denote the set of a € C4+N+2(R4+3) such that

suppa C I(so,8) X [271,2°] X Ag(s0,, B), (2.6)
|6{0}0¢ ca(s,t, L2 (v,6))| < Bo/|(r, )1, (j,la) € T. Q.7

We define supp, a = U, . suppa(s,7,7,-) and supp, . a = U, r suppa(-,7,7,-), and supp, a and
supp, ¢ a are defined likewise. Note that a statement S(s, £), depending on (s, £), holds on supp; . a if
and only if S(s, &) holds whenever (s,t,7,&) € supp a for some t, 7.

Denote V&0 = span{(1,0),G’(s),...,G(s)}. We take a close look at the map L£Z. By the
equations (2.4) and (2.5) we have

(L)TG(s) =" (1,0),
(LHTGD(s) =N TG (s), j=1,...,N—1, 2.8)

(LHTv =v, ve (VEN-hL

The first identity is clear since (£0)7(r,&) = (6N, (Ef)Tf - T(Zf)Ty(s)). The second and the
third follow from (2.4) since GU) € {0} xR4, 1 < j < N -1, (V&' )" c {0} x R, and
(£2)7(0,¢) = (0, (L2)T&). Furthermore, there is a constant C = C(B), independent of s and &, such
that

IL2(1,€)| < Cl(7,8)]. (2.9)
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Note that (2.9) is equivalent to [(L)7(7,&)| < C|(1,&)|. The inequality is clear from (2.4) because
B(N — 1, B?) holds and all the eigenvalues of (£L2)T are contained in the interval (0, 1].

Lemma 2.5. Let Lo (1,&) € A (s,8,B’) and B(N — 1, B’) hold for y. Then, there exists a constant
C = C(B’) such that

C(r,8)| < 2% < Clg. (2.10)

Proof. Since LS (1,&) € Ax(s,8,B’), by (2.5) we have 2F-! < |Z§§| < 2k+1 S0, the second inequality
in (2.10) is clear from (2.9) if we take T = 0.

To show the first inequality, from (2.8) we have [((1,0), (7,¢))| < B’2"Jr5 and (G (s), (1,€))] <
B2¥5 1 < j < N — 1, because L8 (1,&) € Ar(s,6,B’). Also, if v € (V"M )L and |v| = 1, by (2.8)
we see |(v, (1,&))| = [(v, LO(7,&))| < 2K*1. Therefore, we get |(7,£)| < C2F for some C = C(B’)
since B(N — 1, B’) holds and V&N 1 @ (VE-N1)L = Ra+1, m|

The following shows the matrices £2, L'5 are close to each other if so are s, s,.

Lemma 2.6. Let s, s € (—1, 1) and y satisfy B(N — 1, B"). If |s — so| < 6, then there exists a constant
C =C(B’) = 1 such that

C(7, &) < L' LT, &) < Cl(x, &) (2.11)

Proof. It suffices to prove that (2.11) holds if |s — s,| < ¢é for a constant ¢ > 0, independent of s and
So. Applying this finitely many times, we can remove the additional assumption. Moreover, it is enough
to show

(L)L) -1 $pr € (2.12)
when |s — 5| < ¢d. Here, || - || denotes a matrix norm. Taking ¢ > 0 sufficiently small, we get (2.11).

By (2.8), (L)T(LL)TGY) (59) = (£2)T6~N=NGU(s,) for j = 1,...,N = 1. Let s, = 5 + 6,
|c’| < c. Expanding G in Taylor series at s, by the condition (2.1) we have

(c'8)~

(¢- J)' OB

(L)LY TG (s) = Z §NDGO ()

for j=1,...,N — 1. By (2.8) and the mean value theorem, we get
(LHTLL) TGV (s0) =GV (5) +O(cB)), j=1,...,N-1

From (2.8), we also have (L£%)T (LYO) T(1,0) = 6 N(L2)TG(s,). A similar argument also shows
(L2)T(L)7T(1,0) = (1,0) + O(cB).

Let {vn,...,vq} denote an orthonormal basis of (VSGO’Nfl)*. By B(N — 1, B’) and (2.1), it follows
that |y (so)| > (B)"'"N,j=1,...,N—1.Since |y (s) =y (s,)| <cB’8, there is an orthonormal
basis {vy (s),...,va(s)} of (V"N 1)L such that [vi(s) —vj| <pc6, j = N,...,d. So, we have
|(L2)Tv; —v;| Sp cd by (2.9). Since (Cfo)_ij = v}, it follows that |(£f)T(£fo)_ij - vj| <p o,
J=N,....d.

We denote by M the matrix [(1,0),G’(s,),...,GN"V(s,),vn,...,vq]. Then, combining all to-
gether, we have || (L) T(£) TM-M]|| $p c. Note that B(N — 1, B’) gives [M~'v| <p/|v| forv € RI*!,
Therefore, we obtain (2.12). O
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For a continuous function a supported in 7 X [1/2,4] X R X Ay, we set
mla](7,&) = // e TS Do (s, 1 7, &)dsdr, (2.13)

Tlalf(x,0) = (2m)~ 4! // e EM ] (1, €) F(€) dédr. (2.14)

Lemma 2.7. Suppose a € C43(R*3) satisfies (2.6) and (2.7) for j = 1 = 0 and || < d + 3. Then,
there is a constant C = C(B) such that

1T [alf NIz rasty < COllfllp(ma), (2.15)

(1= T [alfllLe gany < Cz_kél_N”f”LP(Rd)» p>1 (2.16)
where ¥ € C®((272,23)) such that ¥ = 1 on [371,6].

Proof. We first note

Tlalf(x, 1) = / Kla](s,t,-) = f(x) ds, (2.17)
where
K[a](s,t,x) = (2m)~4! /// XYM g (5,1 1, &) dédrdr’ . (2.18)
Since supp, a C I(s,, 8), to prove the estimate (2.15) we need only to show
IK[al(s. Mlpopr < C. 5 € I(50,6) (2.19)

for some C = C(B) > 0. To this end, changing variables (7, &) — 2X£% (1, £) in the right-hand side of
(2.18) and noting |det L8| = 6V |det L] = 6V (N+D/2 we get

Kla](s,t,x) = C, /// 2=ty ()N T LY ) g (5 4 2K £9 (1, £)) deédrdr,

where C, = (27)~ 41N (N+D/2pk(d+D) Gince a satisfies (2.6), by (2.11) and Lemma 2.5 we
have supp a(s, 1, 2k£;5~) c {(1,¢) : |(7,¢)| <p 1}. Besides, by (2.7) and (2.11) it follows that
|6ff (a(s,t, 2kL9(x, 8))| <p 1 for |a| < d + 3. Thus, repeated integration by parts in 7, £ yields
! k|(sN ) —d=3
Klals.rnl €[ (14246% (=0 B - rpen)) T ar
12

by which we obtain (2.19) as desired.
It is easy to show the estimate (2.16). The above estimate for K [a] gives

(=K [al(s, 1, ) < 6N 27 e = 1171 = ()]

Since supp, a C I(sy, ), (2.16) for p > 1 follows by (2.17) and Minkowski’s and Young’s convolution
inequalities. m}
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2.2. Rescaling
Let a € Ak (50, 6). Suppose that

N-1
D16y (), 6 = 256N /B (2.20)
=1

holds on supp; . a for some B’ > 0. Then, via decomposition and rescaling, we can bound the L norm
of T'[a] f by those of the operators given by symbols of type (j, N — 1, B) relative to a curve for some
B and j (see Lemma 2.8 below).

To do so, we define a rescaled curve 73) : 1 — R by

¥8(s) =N (L) (y(65 +50) = ¥(50))- 2.21)

As 6 — 0, the curves 7’5% get close to a nondegenerate curve in an N-dimensional vector space, so the
curves behave in a uniform manner. In particular, (2.1) and B(N, B) hold for some B for y = y‘é) if
0 < ¢’ for a constant 6" = ¢’(B) small enough.

Note (y2)W(s) =6/ N(L2)Ty D (S5 +50), 1 < j < N—1,and [(y$)V(s)| S BS, N+1<j <
3d + 1. Thus, Taylor series expansion and (2.4) give

NITE ) G+ L)y
) _ Y (S()) k ( ) Y ( ) N
o= 3] shop TN

+0(B9)

forj=1,...,N—1.By(2.21), we have (yg))(N)(s) = (ZfO)Ty(N)(sO) +O(B6). We write y V) (s,) =
v+v’, where v € VZO’N_I andv’ € (V;V(;N_l)l. So, (Zfo)Ty(N)(so) = (Zfo)Tv+v’. Since I(Z;‘O)Tvl <pd
and |v'| < B, |(Z§))Ty(N)(s0)| < B+ C¢ for some C = C(B). Thus, y = y;f) satisfies (2.1) with B
replaced by 3B if § < §’.

An elementary argument (elimination) shows

Vol (¥2) MV (5), ... (7)Y M) (8)) = Vol (y (50), ..., ¥y"N) (50)) + O(6)

since (ZfO)T)/(N) (s0) = (ZfO)Tv +v" and yN) (s,) = v +v’. Taking 6" small enough, from B(N, B) for
y we see that B(N,3B) holds fory = y2 if 0 <6 < ¢’.
The next lemma (cf. [14, Lemma 2.9]) plays a crucial role in what follows.

Lemma 2.8. Let 2 < N < d, a € Wi (s0,0), and j, = log(2X6™). Suppose (2.20) holds on suppy ¢ Q.

Then, there exist constants C, 1., B > 1 and §' > 0 depending on B, and symbols ay, . ..,a;, of type
(j, N =1, B) relative to yg) such that

e 7 Tal 7|

LP (RA+) <Cs Z |iAl[yg)7al]ﬁ|

1<i<l,

Lr (Rdﬂ) 5

I 7ill, = 1 flp, and j € [j. = C, j.+Cl aslongas0 <& < &

Proof. We setas s, (s,1,7,€) = a(8s + 50,1, 7, ). Combining the identities (2.13) and (2.14), we write
Tlalf as an integral (e.g., see (2.17) and (2.18)). Subsequently, the change of variables s — Js + s,
and (7,¢&) — (7 —y(s0) - €, £) gives

Tlalf (e t) = (21)4" 6 // Y6 7 (s 1, ) J(&) dsde,
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where
j(S, t, f) 2// eitTe—i['(T+(’)/(6S+S0)—’}/(S0))‘§) (l(s,SO(S,l’,T _ ‘)’(S(]) 'f, f) dt'dr.

I:etfbe given by F(f) = | det 5’N£~§50|H/Pf(6’NEg)-) where F( f ) denotes the Fourier transform
of f. Then, ||f|l, = || fll,. Changing variables & — 6‘Nﬁfof gives

Tlalf(x.1) = Ca f/ oI SR ) 7 (5,1, 67N £ ) F(F)(€) dsde,
where C; = (2r)~4~! 6|det6‘NEg)|l/”. This leads us to set

1 v .
als,t,&) = ﬂ//e it (7475, (5) Dr(asg (st +1,67NLE (1,8)) dr'dx. (2.22)

It is easy to check @ € C¥*N*2(R*2) since so is a and y € C3¢*!. By (2.21) and (2.5), we note
_ s
TOT (5,1, 6N L&) = 2me™ 0 ¢ (s, 1, £). Therefore,

FOTIalf(x,0) = 8ldets ™ L2 |7 A lyS,alf (6N (£2)7 (x - ty(s0))),

and a change of variables gives

¥ T lal | (2.23)

L])(Rd+l) = 6“-’41‘ [’yg)’ d]f| L17(Rd+])'

We shall obtain symbols of type (j, N — 1, B) from a via decomposition and rescaling. To this end,
we first note

supp, d € {€ e RY: €762 < |¢] < coN 2t} (2.24)

for a constant C = C(B) > 1. This follows by Lemma 2.5 since there exists 7 such that 5~V ES‘SO (1,¢) €
Ak (50,0, B) if € € supp, d. We claim

00/0ga(s.1.6)| <plél™, (j.la) eIy (2.25)
To show (2.25), let us set
b(s.t,t',7,€) = P(ags(s,t+1',6 VLS (,6)).

Note that 0 < j < 1. Taking derivatives on both sides of the equation (2.22), we have

. 1 it .
djojoga(s.1.6) =I[bi] = o~ // TN Oy (s.1,0' 7, £) dr'dr,

where

bl — E Ca',u(t,'y;z, ‘f)ul_lml(t,'yg) /)a/l(t/,y;?))az a?zatlagsb
uj+ur=j, )
ajt+taptaz=a
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with0 < u; < 1,0 < |a;| < uy, and constants C, , satisfying |C, ;| = 1. Integration by parts u; + ||
times in 7 gives 970! dga =ZI[by], where

b, = Z Cé,u()’g,' §)u1 Iml( )m (ym)az au,+|az|auza 6”3[)

ui+usr=j,
ajtaptaz=a

with constants Cy, , satisfying |Cy, ,| = 1. We decompose Z[by] = Z[xgb2] + Z[xgcb2], where

E={(1,&:|t+ yéo(s) -&| < 1}. Then, integrating by parts in ¢’ for Z| yg<b,], we obtain

XE¢ |(9,»bz|
Z[ba]l < //XE|b2| dt'dr.
+y9(s) - [T +75(s) - €12

Since a € WAy (s, 9), |(9] 6” | <g €719 for (j7,1’,a’) € Ty. It is also clear that Iyg)’(s)l < Lif

8 < 6’ Thus, |by| = O(|¢]” \wl), and |02b,| = O(J¢|7191) for I < 2(N - 1). Since a{a}ag~ = 7[b,], we
obtain the inequality (2.25). ‘

Now, we decompose d. Let yi, ¥2 and y3 € C2(R) such that ¥; + ¥2 + ¥3 = 1 on supp ¥ and
supp ¢ C [2¢73,2] for £ = 1,2,3. Also, let 8 € C2((271,2)) such that ¥, (27%.) = 1 on R,. We set

al’,j(s’t’ f) = /\?[’(t)ﬁ(z_j|§|)d(s’t’ 'f)’

80 X¢,jaej =a.By(2.24), arj = 0if |j - j.| > C for some C > 0.
Denoting  (a),(s,t,€) = a(s,pt,p~'¢), via rescaling we observe Ay[yl,alg(x) =
A, [yg), (a), 1g(p-)(x/p). Thus, changes of variables yield

Ay a1 f e asty = 272 P A VS (ac,j)oe 1 fellip ey

where fp = 2(724/P f(2672.) Since A [yS.d] = %, Ay acjl, by (2.23) we get

||)? T[a]f“Lp(RdH) ~ 62[ |At yso’ (Cl( ])Zf 2 ]f[”Lp Rd+l)

To complete the proof, we only have to relabel (a¢ )y, € = 1,2,3, j, —C < j < j. + C. Indeed,
since a € C4+N+2, (ag,j)e—2 € C4N+2 which is supported in I x [27!, 4] x Ajir_o. Obviously, (2.25)
holds for @ = (ag, j),c-> because £ = 1,2, 3. Changing variables s — §s+s,and € — 6~V Zfof in (2.20),
by the identity (2.21) we see that (2.20) on supp, . a is equivalent to ZN_I |((yg))(f) (s5),&)| = 2k6N /B’
for (s,&) € supp; ¢ as,5,(-, 67N LS -). Note that supp, ¢ as.5,(-,6 L -) D supp; . a. So, the same
holds on supp . d and hence on supp . (ae, ;) if B” replaced by 2B’. Therefore, C~ Yag, j)pe is of

type (j + € —2,N — 1, B) relative to yg) for a large constant C = C(B). O

S()

2.3. Preliminary decomposition and reduction

For the proof of Proposition 2.3, we make some reductions by decomposing the symbol a. We fix a
sufficiently small positive constant

5, <min{271°B3¢", (274B%) N}, (2.26)
which is to be specified in what follows. Here, ¢’ is the number given in Lemma 2.8.
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Recall y satisfies the condition (2.1), B(N, B) and a is of type (k, N, B) relative to y. We set

v = [ BB N0V, 8), 2.27)

1<j<N-1

where By € C2((—1,1)) such that B8y = 1 on [—1/2,1/2]. It is easy to see |8Sj(3,18g(anN)| < Clé| el
for (j, !, @) € Iy, and the same holds for a(1 — ny).

Note Z;":}l Iy (s) - & = (2B)'6N|&] on supp; . (a(1 —nn)). So, we see a(1 —ny) is a symbol
of type (k, N — 1, B’) for B’ = CB?5;€ with a large C. Applying the assumption (Theorem 2.2 with
L =N -1and B = B’), we obtain

_2
14 [y, a(l = )1 flle ety < C25P XN fllin gay,  p > 4N = 6.

Thus, it suffices to consider A [y, any]. Since R(N, B) holds on supp; . a,

M (s)- €l = 2B)7 ¢l (2.28)
holds whenever (s, t, &) € supp any for some ¢.

Basic assumption. Before we continue to prove the estimate for A; [y, any ], we make several assump-
tions which are clearly permissible by elementary decompositions.

Decomposing a, we may assume that supp, a is contained in a narrow conic neighborhood and
supp, a C I(s,, 6,) for some s,. Let us set

Ik = {g €Ay : dist(lfl_lg-‘, |§’|_1§-") < &, forsome &' € suppg(anN)}.
We may also assume y V=1 (s57)-¢&’ = 0 for some (57, &”) € I(s,, 6,) XTIk Otherwise, [y N~V (5)-£| 2 |¢]

on supp;  any and hence any = 0 if we take B large enough. By (2.28) and the implicit function
theorem, there exists o such that

YN D(r(g) =0 (2.29)

on a narrow conic neighborhood of £’ where o € C?4*2, since y € C3¢*1(I). So, decomposing a further
and taking &, small enough, we may assume that o € C>¥*2(T) and o (¢) € I(s,,8,) for & € Ty.
Moreover, since o is homogeneous of degree zero, we have

0go @) < clellel,  feTy (2.30)

for a constant C = C(B) if |a| < 2d + 2. Any symbol which appears in what follows is to be given by
decomposing the symbol a with appropriate cutoff functions. So, the s, £-supports of the symbols are
assumed to be contained in I(s,, 6.) X T'k.

We break a to have further localization on the Fourier side. Let

ar(s, 1,7, &) = ann Bo (276N |7+ (y(s), €)?)

and ag = any — a;. Then, by Fourier inversion
Acly,ann]1f =Tlailf + Tlaolf.

It is easy to show || [ao] fll, <m 2‘2k||f||p for 1 < p < oo. Indeed, we consider ay = —(7 + y(s) -
£)7202a9. By (2.13) and integration by parts in ', m[ag] = m[do] and hence T [ag] = 7 [do]. Thanks
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to (2.17), it is sufficient to show
|K[do] (s, 1,x)| < czk<d-1>/ (1425 =2/ + 25 x = 'y (s))) ™ ar’

for a constant C = C(B, 6,). Note |7 + (y(s),&)| = 2% on suppdy, and recall (2.18). Rescaling and
integration by parts in 7, &, as in the proof of Lemma 2.7, show the estimate.

The difficult part is to obtain the estimate for 7 [a;]. Since &, is a fixed constant, it is obvious that
C'a; € i (s,,6,) for some C = C(B,6,). So, the desired estimate for 7 [a;] follows once we have
the next proposition.

Proposition 2.9. Let a € Ny (s,, 0.) with supp, a C I'y. Suppose Theorem 2.2 holds for L = N — 1.
Then, if p > 4N — 2, for € > 0, we have

~Zk+ek
LP (Re+) <Ce2r ¢ “f”LP(R")'

17 Tal/]

Therefore, the proof of Proposition 2.3 is completed if we prove Proposition 2.9. For the purpose, we
use Proposition 2.10 below, which allows us to decompose 7 [a] into the operators given by symbols
with smaller s-supports while the consequent minor parts have acceptable bounds. A similar argument
was used in [24] when L = 2.

Let 6g and J; be positive numbers such that

274gSs\NTIN <5y <69 < 6., 27KV <6y (2.31)
Then, it is clear that
BN§M < 27N j=1,... N (2.32)

For n > 0, we denote 55 = {v € Z: |2"61v — Sou| < o).

Proposition 2.10. For p such that Sop € 1(s0,05) N 00Z, let a* € Wy (Sou, 69) with supp ,a* C
1(sy, 0+) X IT'r.. Suppose Theorem 2.2 holds for L = N — 1. Then, if p > 4N — 2, for € > 0 there exist a
constant C. = C¢(B) = 2 and symbols a,, € Wi (61v,51) with supp; ¢ @y C 1(s9,0.) XTIy, v € UHSS',
such that A

N _1_¢

(ZIIT[a"]fll,’i) < Ce(61/60) (ZIIT[av]fllfi) ¥ Ceoy 7 TR g
Hu v

Assuming Proposition 2.10, we prove Proposition 2.9.

2.4. Proof of Proposition 2.9

Let a € (s, 0.). We may assume s, = d,u for some p € Z. To apply Proposition 2.10 iteratively,
we need to choose an appropriate decreasing sequence of positive numbers since the decomposition is
subject to the condition (2.31).

Let 6o = 6., so (274B%)N 8y < 1. Let J be the largest integer such that

@SN RN W TS o,
So, J < Cylogk for a constant C; > 1. We set
=28, 5= (IBYNCFY NN (2.33)
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for j =J—1,...,1. Thus, it follows that
2B NN <55y <65 j=0,, -1 (2.34)
For a given € > 0, let € = €/4. Since a € Wy (Sou, dp) and (2.31) holds for §y and &, applying

Proposition 2.10 to T [a], we have

1

ITTalfllp < Ce(61/60) 7 (Z nT[aV.an;;) +Cedy "

++€_ _2p0ck
277 f s

where a,, € W (61v1,601), v1 € S(’J’ Thanks to (2.34), we may again apply Proposition 2.10 to 7 [a,, ]
while &g, §; replaced by 01, d2, respectively. Repeating this procedure up to J-th step yields symbols
a, € ‘l(k(éjv, 5]), oyv €02 N 1(50#, 5()), such that

1

2N _1_¢g » il ~ e _24.9e
ITTalfll, < CLo," (ZIIT[av]fII,’i) D DR A N A [
v

0<j<J-1

for p > 4N — 2. Now, assuming

1/p
(Z IIT[av]fIIS) e 27Nfll,,  2<p<o (2.35)

for the moment, we can finish the proof of Proposition 2.9. Since Cs > 2, combining the above
inequalities, we get

_2p4 £ _2 g
”T[a]f”p SBC£+1(2 pk+Nk+2 pk+2€k)”f|lp~

Since J < Cjlogk, C é“ < C’2¢k/2 for some C” if k is sufficiently large. Therefore, the right-hand side

is bounded by C272k/P*ek|| ]| ..

It remains to show the estimate (2.35) for 2 < p < co. By interpolation, it is enough to obtain (2.35)
for p = co and p = 2. The case p = oo follows by (2.15) since a, € Wi (d;v,dy). So, we need only to
prove the estimate (2.35) for p = 2. To do this, we first observe the following, which shows supp, a,,
are finitely overlapping.

Lemma 2.11. For b > 1, s € I(s,,0.) and 0 < § < 0., let us set

Ay (s5,8,b) = ﬂ [ ey [y (s),8)] < b2ksN Y. (2.36)
1<j<N-1

If A} (51,0,D) N A} (52,0,b) # 0 for some 51,52 € 1(50,0), then there is a constant C = C(B) such
that |s) — s3] < Cbé.

Proof. Let& € A (s1,0,b) N A/, (s2,8,b). Since [y V=V (s;)- &| < b2k6, j = 1,2, by (2.29) and (2.28)
we see |s;—0(€)| < 22bB6, j = 1,2, using the mean value theorem. This implies |s1 —s,| < 23bB5. O

We recall (2.13). Since (2.28) holds on SUppP; ¢ Gy, by van der Corput’s lemma (e.g., see [32, p. 334])
we have

|m[av] (T,(‘,‘:)| < 2_k/N(||aV("t’T’ E)”OO + ||8Sav("t’ T, g)”l) SB 2_k/N-
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The second inequality is clear since a, € Ui (d;v,dy). From (2.14), note F (7T [a,]f) = m[av]f.
Since suppa, C Ax(6;v,6s,B), suppgay, C Sy = Aj(dyv, 87,2°B). So, suppg F(T[av]f) € S,
(see (2.13)). By Lemma 2.11, it follows that the sets S, overlap at most C = C(B) times. Therefore,
Plancherel’s theorem and the estimate above give

13, Tl <a2 3 [ /{ dr | F(©)I de.

T T+y (65 v)-£|<25B}

by which we get (2.35) for p = 2.

2.5. Decoupling inequalities

We denote rY (s) = (s, s2/2!, ..., sV /N!) and consider a collection of curves from 7 to R which are
small perturbations of Y :

Ce; N) = {r e C*N* () ¢ I = 12 fleavar 1) < €}

Forr € €(e,; N) and s € I, we define an anisotropic neighborhood by

Ni(s,8) = {r()+ D0 urP(s) lugl <6/, j=1,....N}.

1<j<N

Let sy, ..., s € I be §-separated points, that is, [s, —s;| > § if n # j such that Ué‘:l(s]' —06,5;+0) D I
Then, we set

;= Ni(s;,9), 1<j<L

The following is due to Bourgain, Demeter and Guth [5] (also see [10]).

Theorem 2.12. Let 0 < 6 < 1. Suppose r € C(e,; N) for a small enough €, > 0. Then, if 2 < p <
N(N + 1), for € > 0 we have

12

1> illir @y < €67 D7 A2, m, (2.37)

1<j<i 1<j<l

whenever suppf; Cljforl <j<l

The constant C¢ can be taken to be independent of particular choices of the J-separated points
s1,...,s;. One can obtain a conical extension of the inequality (2.37) by modifying the argument in [4]
which deduces the decoupling inequality for the cone from that for the paraboloid (see [2, Proposition
7.7]). Let us consider the conical sets

0;={(m.p) eRN x[1,2] :n/peb;}, 1<j<L

Corollary 2.13. Ler 0 < 6 < 1, and let v € €(e,; N) for a small enough €, > 0. Then, if 2 < p <
N(N + 1), for € > 0 we have

1/2

” Z Fj”LP(R"’“) < Cfd—é Z ”Fj”ip(RNH) (238)

1<j<l 1<j<l

whenever supp I?j chjfor1<j<lL
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The inequality (2.38) does not fit with the symbols to appear when we decompose a (see Section 3.1
and Section 4.2). As to be seen, those symbols are associated with the slabs of the following form.

Definition 2.14. Let N > 2 and ¥ € €(e,; N + 1). For s € I, we denote by S(s, 9, po;¥) the set of
(t,1) € R xRN which satisfies

p < [EN(s), (r, )] < 2p,

[ED) (s), (t,m))] < N+, j=N,..., 1.

The same form of decoupling inequality remains valid for the slabs S(sy, 8, 1;¥),...,S(s;, 6, 1;F).
Beltran et al. [2, Theroem 4.4] showed, using the Frenet—Serret formulas, that those slabs can be
generated by conical extensions of the anisotropic neighborhoods given by a nondegenerate curve in
RN . Therefore, the following is a consequence of Corollary 2.13 and a simple manipulation using
decomposition and rescaling.

Corollary 2.15. Let 0 < 6 < 1, p =2 1 and ¥ € C(e; N + 1) for a small enough €, > 0. Denote
S; =S(sj,0,p;F) for1 < j <. Then, if2 < p < N(N +1), for € > 0 there is a constant Cc = Cc(p)
such that

1/2
|| Z Fj||LP(RN+1) < C56_E Z ||Fj||217(RN+I) (239)

I<j<i I<j<l

whenever suppf; CS;forl<j<l

For our purpose of proving Proposition 2.10, we use a modified form. If p, € [2, N(N + 1)], then
we have

l/p

142 _e p
|25 Fillow ey < €707 D0 IFIT v,
1<)<l 1<)<l

for p > p.. The case p = p. follows by the inequality (2.39) and Holder’s inequality. Interpolation
with the trivial £*°L™-L> estimate gives the estimate for p > p.. One may choose different p. for the
particular purposes. In fact, for the local smoothing estimate we take p. = 4N — 2 to get

1/p

|3 Eillisgaeny < o™ 27| 3 NI, v (240

1<jsl 1<j<i
for p > 4N — 2 (see Section 3.2). For the L? Sobolev regularity estimate, we observe that

1/p

I3 Fills ey < Cad™ 7701 S EG L v (2.41)

1<j<l 1<j<l
holds for some €y = €y(p) > 0if 2N < p < oo. Indeed, we need only to take p. > 2N close enough
to 2N. The presence of € in (2.41) is crucial for proving the optimal Sobolev regularity estimate (see

Proposition 4.5).
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The inequalities (2.40) and (2.4 1) obviously extend to cylindrical forms via the Minkowski inequality.
For example, set S; = {(f, n) e RV*IxRM . ¢ ¢ Sj} for 1 < j < [. Using (2.40), we have

172
IS Gl < €757 ST G, gamome (2.42)

1<j<i 1<j<l

whenever G,- is supported in § j- Clearly, we also have a similar extension of the inequality (2.41).

3. Decomposition of the symbols

In this section, we prove Proposition 2.10 by applying the decoupling inequality. Meanwhile, the
induction assumption (Theorem 2.2 with L = N — 1) plays an important role. We decompose a given
symbol a* € W (dou, 6p) into the symbols with their s-supports contained in intervals of length about
01 while the consequent minor contribution is controlled within an acceptable bound. To achieve it up
to 0 satisfying the condition (2.31), we approximate (G (s), (7,£)) in a local coordinate system near
the set {(s,£) : (y"N"V(5),&) = 0}.

3.1. Decomposition of the symbol ot

We begin by introducing some notations.
Fixing ¢ € Z such that dou € 1(s), 95), we consider the linear maps

yh(1,8) = (G (Sop), (1,€)),  j=0,1,...,N.

In particular, y/, (1, &) = (y) (Sop), ) if 1 < j < N. By (2.28), it follows that

i (1.6 = 2B)7'[€]. 3.1
We denote
N-1
yu (7.8)
Yu (7,8)
which is close to Sou — o-(£) (see (3.5) below). Then, we define gflv , glﬂv LT glol recursively, by setting
N _ N
8, =y, .and
gp, (7 f) _
9 (7.8) = yli(7.6) - Z @ j=N=L 0. (3.2)
= ]+1

Note that gf)’ ~!1' =0 and (3.2) can be rewritten as follows:

Y (T,€) = Zg“( g)( LN, m=0,...,N. (3.3)

The identity continues to hold for m = N since g = ). Apparently, g,,,...,q5

are independent of 7
since so are yL, Syl

Forj=1,...,N,set

Sopt (., (N+1) )
Ei(&) = (yN (o)) / " W( (&) —r)ldr. (3.4)
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By (3.4) with j = 1 and integration by parts, we have

E1(&) = (&) — dop + wy(§). (3.5)
Lemma 3.1. Let 0 < j < N — 1. Then, we have
0 LEnT
(G (o (9)), (1.6)) = Z TR (3.6)

Proof. When j = N — 1, the equation (3.6) is clear. To show (3.6) for j =0, 1,..., N — 2, by Taylor’s
theorem with integral remainder we have

(o (§) = o)™/

(G (o (@), (x, §>>—Zy (=

m=j

—)’,]Y(T, EEN-;(£).

Using (3.3) and then changing the order of the sums, we see

N

%) N[N @@ = o)™
(G (o (), (1,8)) ;9;1 (6 —m)!(m— j)!

e (w,) "] - )’,}Y EN-j-
The sum over m equals (o (£) — dou + w,,)[‘j/(f — J)!. So, (3.6) follows by (3.5). O

We now decompose the symbol a# € Uy (dpu, o) by making use of gi, j=0,...,N—-2. Wedefine
N-2
O (5.7.8) = Y. (274 (1.0) %7 + (s — o (£)*V
j=0

Let Bn = Bo — Bo(2*V*:), so we have ¥ ;7 Bn (22V'¢-) = 1 on R,. We also take £ € C®((-1, 1)) such
that Y, £(-—v) =1.Forn > 0and v € 3, we set

Q" = gH % {ﬂo((slzm G ) £(87s =), n=0,
B (275N 60 o5 =), w1

Then, it follows that

a"—ZZa , (37)

n>0 veJ

Lemma 3.2. There is a constant C = C(B) such that C™'al"" € Wy (2"61v,2"8;) forn > 0, p and v.

The proof of Lemma 3.2 is elementary though it is somewhat involved. We postpone the proof until
Section 3.3.
We collect some elementary facts regarding a’ ™" . First, we may assume

215, < 219835, (3.8)

since, otherwise, a2 = 0. To show this, we note [(y(N =D (Sou), &)| < B2**56yif ¢ € supp a*. Thus,
(2.28), (2.29), and the mean value theorem show that

o (¢) = Sopl < B*2750 (3.9)
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for ¢ € suppga¥. If (7,§) € supp, o a* C Ax(Sou, oo, B), |y{,(‘r & < 32k+55N_j for 0 <
j < N -1 Note |w,| < B?276y and |gﬂ | < B2**!. A routine computation using (3.2) gives

o/l < B2X'(B22%60)N/ for j = N —2,...,0. Since |s — o(¢)] < (B?27 + 1)6p, we have
G < 2(B328%)*N'sIN! on supp al”, and (3.8) follows.
Since B4, < (2"61)*N" on suppa}™”, the following hold:

|s — o (€)] < 2"y, (3.10)

27 Kgl(r, o) < ")V, 0<j<N-1. 3.11)
Obviously, (3.11) holds true for j = N — 1 since gl’:”] = 0. We also have

1€;(&)| < B*(B*2750)7*, (3.12)

lo(¢) = 2"61v] < 26, (3.13)

on supp a’". By using (3.4), (3.9) and (3.1), it is easy to show (3.12). Since |s — 2""§;v| < 2"6; on
supp, a4, (3.13) follows by (3.10).

3.2. Proof of Proposition 2.10
By (3.7) and the Minkowski inequality, we have

1/p

1/p
(Z ||7'[a“]f||£) N DI i o (3.14)
u

n>0\ u velh

We use the inequality (2.40) for 3, cx T [al"] f after a suitable hnear change of variables. The symbols
al 0 are to constitute the set {a, } while the operators associated to a%,”"", n > 1 are to be handled similarly
as in Section 2.

Applying the inequality (2.40). To prove Proposition 2.10, we first show

l/p

| > Tlab™11], < Ce(2"61/60) 7 Z 71t "1 1] (3.15)

vedn vedh

for p 2 4N —2. To use (2.40), we consider supp . & a’"", which contains the Fourier support of 7 [a5™"] f
as is clear from (2.13) and (2.14).
We set

Vu(1.8) = (u (1.6, v (1.6)).

Lemma 3.3. Let v = rN*! and Dy denote the matrix (6 Ney, 6" Nes,...,8%N41), where e; denotes

the j-th standard unit vector in RN*!. On supp; ¢ al’", we have

(216 21§ \N+1-j

|<DﬁoyM(T’§),r(J)( 1v—u)>| sz"(—l) ., 1<j<N, (3.16)
5o 5o

(2B) 2% < [(yu(z, &), VY| < B2k (3.17)
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Proof. We writer = (ry,...,ry41). Note r(])(s) = "~/ /(m — j)! for m > j. By the equation (3.3),
we have
£ S, (2% =0
2"61v — Gou) = E Hom
Vi (2161 = dop) = [:m_lg"(€+1—m)!(m—j)!w

for m > j. Since r(J) (s) =0 for j > m, taking sum over m gives

N 41—
. 281V — Opu + wy)H
() (An _ g( 1 OH u
Y, 0 (2"61v = dop) ) = g :
<“ > f;] H (t+1- )

From the equation (3.5), we note 2"61v — dopu + w, = 2"81v — 0 (€) + &1. Thus, (3.13), (3.12) with
J =1and (2.32) with j = 1 show [2"61v — dopt + w,| < 2"61. By (3.11), we obtain

[(yu(7.6). 09 (2"6v = sow))| s 2°(2"6 )N/, 1<j<N.

By homogeneity, it follows that (17, r/) (8ys)) = 68’“7" (Dsyn, vV (5)) forn € RN+ Therefore, we get
(3.16). For the inequality (3.17), note that r'™*1) = (0,...,0,1). Thus, (y,, r™™*D) = y¥ and (3.17)

follows by (3.1). o
Let V = span{y’(dou), ...,y™ (6ou)} and {vn41,...,v4} be an orthonormal basis of V*. Since
y satisfies B(N, B), for each ¢ € R? we can write
E=Z+ Yy, (3.18)
N+1<j<d

where & € V and vj(€) e R, N+1 < j <d. Wedefine a linear map by

Y2 (1,€) = (27" Doy yu(7.6), yns1 (), va(d).
From (3.16) and (3.17), we see

on 2
651 cﬂ 223;1-{,“1) x R4-N (3.19)
0

ij’(suppf’g al™) ¢ S(

for some C > 1. We now have the inequality (2.40) for 6 = C2"6;/dy and the slabs S(2""6;v/6g —
u, C2"81 /60, 22B; r¥+1) v € Y. Therefore, by cylindrical extension in yn 41, ..., Yq (see (2.42)) and
the change of variables (7, §) Y‘S(’(T, &), we obtain (3.15) since the decoupling inequality is not
affected by an affine change of variables in the Fourier side.

Combining the inequalites (3.14) and (3.15), we obtain

1/p
(Z IIT[a"]fII{,’) <> E,
u

n>0
for p > 4N — 2, where

1/p

B, =Ce(2'81/60) 7 7[> Z 171" 15115

H yveg

Since the intervals [I(Sou,dp) overlap, there are at most three nonzero a"f’o for each
v. We take a, = a*” which maximizes IIT[af,"O]pr. Then, it is clear that Eq <
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3l/pc, (51/50)%’_1_5 (>, ||7'[a,,]f||f,’)l/p . By Lemma 3.2, C"'a, € Ui (8,v, ) for a constant C.
Thus, the proof of Proposition 2.10 is now reduced to showing

_2N
> Easpo, 2T f, p AN -2, (3.20)

nx>1

Estimates for E,, when n > 1. To prove the estimate (3.20), we decompose a’,”" so that the inequalites
(3.25) or (3.26) (see Lemma 3.5 below) holds on the s, £-supports of the resulting symbols. If (3.25)
holds, we use the assumption after rescaling, whereas we handle the other case using estimates for the
kernels of the operators.

Let
— 2N! ZN'
(5;‘, (5,6) = (2~ g,u) T+ (s—0o(8) (3.21)
1<j<N-2
Note that the right-hand side is independent of 7 since so are g,’;, I1<j<N-2.
Let Cy = 229 B. We set
Q= ol ((2—’<g2)2(N—1>!/(cgN’('ﬁ’I(,)), n>l, (3.22)
and o’} = a3 —a’"7', so we have a}" = af"[' +a’"7. Similarly as before, we have the following, which

we prove in Sectlon 3 4

Lemma 3.4. There exists a constant C = C(B) such that C™! ‘“ " and C7! 2 are contained in
Wi (2"61v,2"61) forn > 1.

The estimate (3.20) follows if we show

1/p
DUSTTIENAE | s Ce R @S TR Y Al p2AN-6 (323)
Hovelh
for any € > 0, and
1/p
2 T | a2 @0 il 2<p s (3.24)

H vE\s
when n > 1. Thanks to the inequality (3.8), those estimates give
(N+2)k 2N _N+2

_2N
DE,<Co, Y e ) P A,
n>1 1<n<log,(Cé&y/d1)

for p = 4N — 2. Note log,(60/51) < Ck from (2.31). So, the estimate (3.20) follows since 4N — 2 >
AN/(N +2) and 6; > 27%/N
In order to prove the estimates (3.23) and (3.24), we start with the next lemma.

Lemma 3.5. Let n > 1. For a constant C = C(B) > 0, we have the following:

D@ )y VI (s), e 2 €2, (s,€) € supp, ; akT, (3.25)
1<j<N-1

") T+ (r(5),6) 2 €2, (s,€) € supp, g al7. (3.26)
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Proof. We first prove (3.25). Since &}, > 272N'=1(2"6,)*N" on supp, . a}”", one of the following holds
on supp a’’/':

ls — o (&) = (2°CoB)'2"6), (3.27)

27 gl (7,6)] = (22Co)~ NI (2ns)N (3.28)

for some 1 < j < N — 2, where Cy = 22¢B (see (3.22)). If (3.27) holds, by (2.28) and (2.29) it follows
that (2761) "' [{(y V=D (s),&)| 2 2%. Thus, to show (3.25) we may assume the inequality (3.27) fails,
that is, (3.28) holds for some 1 < j < N — 2. So, there is an integer £ € [0, N — 2] such that (3.28) fails
for{+1 < j <N -2, whereas (3.28) holds for j = ¢. By (3.6) and (3.12), we have

(362146%)]'—[

—or 2B3(B22750)V )¢ (3.29)

N
G (&), (7. ) = I - Z lo|

J=+1

Thus, (2.32) gives (GO (o (&), (1,€))] = (23Co)"N-02k(2n5,)N=¢. Also, the equation (3.6)
and our choice of ¢ yield [{(GY) (o (¢)), (7,€))| < (2Co)"N-D2k(2"5)N=J for £ +1 < j < N - 2.
Combining this with |s — o (&)| < (2°CyB)~'2"6; and expanding G ¥ in Taylor series at (&), we see
that [(G O (s), (1,&))| > C2K(2"61)N ¢ for some C = C(B) > 0. This proves (3.25). _

We now show (3.20), which is easier. On suppa’’), 27¥|gh| = 27N=1(2"6)N and 27¥|g),| <
2,V (276)N for j = 1,...,N — 2. Using (3.29) with £ = 0, by (2.32) and (231) we
get (276) Nt + (y(c(£)),&)| = 27N22% We also note that |s — o (£)] < 2C612"61 and
G (o (&), (,8))] < C;'2%(2"61)N~/ for 1 < j < N —2 on supp al}. Since KGN (), (1,&))] <
B2k*1 | using Taylor series expansion at o (£) as above, we see (3.26) holds true for some
C=C(B) > 0. O

Additionally, we make use of disjointness of supp . a’"" by combining Lemma 2.11 and the next.

Lemma 3.6. There is a positive constant C = C(B) such that
I(£8)'¢| < Cch2k (3.30)

whenever & € ) (s,6,b)(see (2.36)). If ¢ € T'y and (3.30) holds with C = 1, then ¢ € A} (s, 6, Cb) for
some C1 = C{(B) > 0.

Proof. Letn € R? and {vy,...,vq} be an orthonormal basis of (span{y/(s) : 1 < j < N —1})*.
We write n = 337" ¢;yV)(s) + Z9y ¢;v;. Since B(N, B) holds for y, ] ~ |(e1,--- ,¢q)|. Let
& € A (s,0,b). Then, (2.4) gives

N-1 d
(L)' = (L&) = Y 5 Ne; 0D (9),8) + ) ¢j(vy.6).

j=1 j=N
Thus, by (2.36) we get |(5, (£L2)7'€)| < Cb|n|2¥, which shows (3.30).
By (2.4), (y D (s),&) = VT (yD(s), (LO)71&) for 1 < j < N — 1. Therefore, (3.30) with C = 1

gives |(y) (s),&)| < C1b6N =72k for a constant C; > 0 when 1 < j < N — 1. This proves the second
statement. O

Now, we are ready to prove the estimates (3.23) and (3.24).
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Proof of (3. 2)’) By Lemma 3.4, C_Ia“’;1 € Wi (2"61v,2"6;) for some C > 0. Besides, (3.25) holds

V 1 , and we note 2§, < ¢’ from (3 8), (2.26), and (2.31). Thus, taking 6 = 2"6; and
= 2"§,v, we may use Lemma 2.8 for ¢7 [a" 1 "1 f to get

on supp; s o

e [ 71£]

LI’(Rd”) S C Z 6”AI [7;1’ al]ﬁ’

1<i<C

Lpr (Rdﬂ) >

where ||fl||p 1A, al are of type (j, N — 1, B’) relative to y‘g for some B’ > 0, and 2/ ~ (2"6,)N 2k,
As seen before, y = 7’s0 satisfies B(N, 3B) and (2.1) with B replaced by 3B for § < 6..So, B(N — 1, B’)
with a large B” holds for y = y$.

Therefore, we may apply the assumption (Theorem 2.2 with L = N — 1) to A, [y‘é), a;], which gives

_2
I A [ys‘f), arlfll, < Ce(25(2"s1)V) P+E||f||,, for a constant C = C(B’). Consequently, we obtain

n _2 _2N
LT T £l < Ce27 v R @2s) =2 e £,

for p > 4(N - 1) — 2. Besides, since C‘laf:lrl € W (2"61v,2"61), by (2.16) we have ||(1 —

,?)T[a’vl’ln]flle(Rdn) <27k (2”6])1_N||f||Lp(Rd) for p > 1. Note 261 2 27%/N. Combining those
two estimates yields

IT LT fllp < Ce2 7 <k @m6)! =2 < 1. (331)

To exploit disjointness of supp a':' ’;’, we define a multiplier operator by

F(PLF)(E) = Bo(I(L)1el/(C12%)) F (&)

for a constant C; > 0. Since Supp ¢ a‘“’l" C A’ (2"61v,2"61, 258) by Lemma 3.6 we may choose C;

largeenoughsothatﬁoﬂ(ﬁzn& J7h1/(€i2K)) = 1on supp, a'°". Thus, 7 [a ”"]f Tla® ] g,,g:vf
Combining this and (3.31), we obtain

1/p 1/p

_2 _2N n
> Z ITTa P 1A1E | < ce2 v <k @)=+ ) S 1P fIf

Hoyegh Hovedh

for a constant C¢ = C¢(B) if p > 4N — 6. Therefore, the estimate (3.23) follows if we show

l/p
D Z 1P 15 | <slfllp,  2<p<e (3.32)
H yey
By interpolation, it suffices to obtain (3.32) for p = 2,00. The case p = oo is triv-
ial since ||P§,,§1‘Vf||Do S Nfllo- For p = 2, (3.32) follows by Plancherel’s theorem since

suppﬁo(l(ﬁznélv) L. 1/(€12%) f, v € 3 are finitely overlapping. Indeed, by Lemma 3.6 we have
suppﬁo(|(£2n6 )7 ! |/(C12k))f C A, (2"61v,2"51, CB) for a constant C. Itis clear from Lemma 2.11
that A} (2"61v,2"61,CB),v €3 ! overlap at most C(B) times. O

The proof of the estimate (3.24) is much easier since we have a favorable estimate for the kernel of
T [a’"7] thanks to the inequality (3.26).
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Proof of (3.24). Let
b(s,1,7,6) =i (T4 (y(5),6)) 7' 0} (51,7, ).

Then, integration by parts in ¢ shows m[aff ; ] = m][b]. Note that (3.26) holds and C‘la{f ;’ €
A (2"6,v,2"6,) for a constant C > 1. Thus, a := C~'25(2"6,)Vb satisfies, with 6 = 26, and
so=2"01v,(2.6)and (2.7) for0 < j < 1,0 </ <2N -1, and |a| < d + N + 2. Applying the estimate
(2.15), we obtain || T [al)] flleo $827%(2"61)' "N || flleo- Since 61 2 27KIN this gives

(N

n _Wk N
I7Ta, 51 f Nl $B27 28 (2610 2 || flle-

By interpolation it is sufficient to show (3.24) for p = 2. Note that ||b (-, ¢, T, &) ||l +||0sD (-, 1, T, E) |1
27k(2"6,)"N. Thus, (2.28) and using van der Corput’s lemma in s give |m[a5’;](7, )|
2-k(I+N)/N (2n5,)=N | Since Supp a’vl,’; C A} (2"61v,2"61,2B), as before, we have ’T[ag,’f]f =

T[aé" f]PiZ g: ,J with a positive constant C; large enough. Thus, by Plancherel’s theorem

A N

n _2(1+N) N n
”T[af,’z]f”iz <p2 - mk@ns) ZN“//{ e dTI]'"(Pgng:,,f)(s‘?)l2 de¢.
7:lgp (7,4

|<2k+1 (2 51)N }

Combining this and (3.32) yields (3.24) for p = 2. m]

3.3. Proof of Lemma 3.2
To simplify notations, we denote

5* = 2"51, S, = 2”511/
for the rest of this section. To prove Lemma 3.2, we verify the conditions (2.6) and (2.7) with a = a’"",
8 =6,, and s, = s,. The first is easy. In fact, since a* € Wy (o, §p) and supp, ab" c I(s,,6,), we only
need to show

(G (s.), (,€))] < B2*6) ™, j=0,...,N-1 (3.33)

On Supp, ¢ a’’". Using (3.6) and (3.11) together with (2.32) and (3.12), one can easily obtain
(G (o (), (o) <216, j=0,...,N-1 (3.34)

on supp,, . a}”". Expanding (GY(s), (1, &)) in Taylor’s series at o (&) gives (3.33) since (3.13) holds.

We now proceed to show (2.7) with a = a’"", § = 6,, and s, = s,. Since a%"" consists of three factors

at, Bn (6;2N'®X,), and £(5;'s — v), by Leibniz’s rule it is sufficient to consider the derivatives of each
of them. The bounds on the derivatives of (5, 's — v) are clear. So, it is enough to show (2.7) for

a = a*, By NGk

with § = 6, and s, = s, whenever (7, &) € suppal ™ (s, ¢, Ei*-).
We handle a* first. That is to say, we show

0]0}0¢ o (a* (5.1, L3 (1.8)))| <5 6.7 (. O, (j.l.e) € Iy, (3.35)

https://doi.org/10.1017/fmp.2023.2 Published online by Cambridge University Press


https://doi.org/10.1017/fmp.2023.2

26 H. Ko, S. Lee and S. Oh
for (7, &) € supp al (s, 1, L-). Since a# € Wy (Sou, 6o) and |s, — Sou| < 8o, we have
1010102 . (a” (5.1, LL (.€)| 8 6,7 (1. O, (j.l.a) € I. (3.36)

One can show this using (2.11). We consider U := (ﬁi")_lljfj. By (2.8), we have |UUTz| <p |z| because
65"2"61| <p 1. Thus, (3.36) gives

1010102 . (a” (5.1, LLU(T.€)))| s5 5, U(7,£)]71]
for (7, &) € supp at" (s, 1, L2).
Let (1,£) € suppal”(s,t, Ef:-). Then, Lfo(T,f) = Eg’:(‘r,f) € Ag(s,,6,,B), so |£f: &~
|(t,&)| by Lemma 2.5. This and (2.9) give
(0, &)1 ~ L3 €] < 1L (7.6)] < [U(T,9)|
for (1,¢) € suppal,™” (5,1, Ef:-). Therefore, we obtain (3.35) since 6, < do.
We continue to show (2.7) for a = B (6;2V' G ). Note that 6>V '®}; is a sum of (5, ! (s—o(£)))*M!

and (6:(N_j)2‘kg{;)2N!/(N‘-f), 0 < j < N —2. Since the exponents 2N!/(N — j) are even integers, for
the desired bounds on 9¢ P (BN (672N !(ﬁl’\'])) it suffices to show the same bounds on the derivatives of

s (s—a(@), &Nkl 0<j<N-2.

The bound on 6?6*‘1 (s — o) is a consequence of (2.10) and the following lemma. For simplicity, we
denote '

- - 5* i‘ — ~6*
E=L(1,8), E=Lg¢.
Lemma 3.7. If & € supp, al", then we have
67102 (@) <plél™, 1<a| <2d+2. (3.37)
Proof. By (2.29), YN =D (o (&)) - & = 0. Differentiation gives
YN (a(B)-E Ve (o (&) +(L2)TyN V(0 (8)) =0. (3.38)
Denote s = o(£). By (2.4), (L&) Ty =D (s) = 6,(L)T(L>) Ty V=1 (5). Since |s, — s| < 6,, that
is, (3.10), by Lemma 2.6 we have [(£2)TyN =D (0(2))| <p6,. Besides, [y N (0 (8)) - E| 2 |&| ~ 2
(see (2.28)). Thus, (3.38) and (2.10) give
Ve (o ()] <p 6.l€17,
which proves (3.37) with |a| = 1.
We show the bounds on the derivatives of higher orders by induction. Assume that (3.37) holds true
for || < L. Let @’ be a multi-index such that |@’| = L + 1. Then, differentiating the equation (3.38) and
using the induction assumption, one can easily see yV) (o (8)) - & (9?(0'(@)) = 0(6,]£7F), by which

we get (3.37) for || = L + 1. Since o € C24*2, one can continue this as far as L < 2d + 1. |
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The proof of Lemma 3.2 is now completed if we show
2702 (0l (®)] spol 27l Jal <d+N+2 (3.39)

for 0 < £ < N — 2 whenever Z € suppa’,”” (s, ¢, -). To this end, we use the following.

Lemma 3.8. For j =0,...,N, set
A; =65, N 2K G (0 (), B).
If (1,&) € suppab™(s,1, Ef:-), then for j =0, ..., N we have
02 Al <pl(m. &1, 1<l <2d+2. (3.40)

Proof. When j = N, the estimate (3.40) follows by Lemma 3.7 and (2.10). So, we may assume j < N—1.
Differentiating A ;, we have

VT,.fAj =Bj+Dj,
where
Bj =61 (0,Ve(c(E)) A,  Dj =6, N2k (L)W (0(B)).

Note that (£L3)TGW(s,) = 6 /G (s,) for 0 < j < N — 1. Since |5, — 0(Z)| $ 6., similarly as
before, Lemma 2.6 and (2.8) give

(LHTGY (o (B) spsl ™/, 0<j<N-1. (3.41)
By Lemma 3.7 and (3.34), |B;| < |€]7!. Thus, for Z € Ag(s.,d,, B), we have
Ve eAjl splél +278 <spl(@. o7, j=0,....N-L

For the second inequality we use (2.10). This gives the inequality (3.40) when |a| = 1.

To show (3.40) for 2 < |a| < 2d + 2, we use backward induction. By (2.29), we note Ay_; = 0, so
(3.40) trivially holds when j = N — 1. We now assume that (3.40) holds true if jo+1 < j < N -1 for
some jo < N —2. Lemma 3.7, (2.10) and the induction assumption show (’*);’"SB]-O = O(|(1, &)1

for 1 < |a’| < 2d + 1. Concerning D j,, observe that 6g/(G(j°) (o(£))) is given by a sum of the terms

J—Jo

G (&) [ |og" (@,
n=1

where j > jo and af + .- + a;._jo = «a’. Hence, Lemma 3.7, (3.41) and (2.10) give Hngjo =
O(|(r, &)1l for 1 < |a’| < 2d + 1. Therefore, combining the estimates for Bj, and D, we get
G;f’éVT,gAjO = O(|(t, &)|~""1'l). This proves (3.40) for j = jo. O

Before proving (3.39), we first note that

102 (£;(B))| s 6L1€lM, o] <2d+2 (3.42)
for j = 1,...,N. This can be shown by a routine computation. Indeed, differentiating (3.4) and using

Lemma 3.7 and (2.32), one can easily see (3.42) holds since |0 (Z) — Sou| < 0.
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To show (3.39) for 0 < £ < N — 2, we again use backward induction. Observe that (3.39) holds for
¢ = N,N — 1. Then, we assume that (3.39) holds for j + 1 < £ < N for some j < N — 2. By (3.6), we
have

2kgl =sl A - Y @l EN T (-2 N En .
J+1<C<N

Thus, by Lemma 3.8 and (3.42), we get (3.39) with £ = j. This completes the proof of Lemma 3.2.

3.4. Proof of Lemma 3.4

Lemma 3.4 can be shown in the same manner as Lemma 3.2. So, we shall be brief.

By Lemma 3.2, we have C~'a%" € Ay (s,, 6,) for a constant C > 1, so it suffices to show C‘la"f”;1 €
Wi (54, 0,) for some C > 1. The support condition (2.6) is obvious, so we need only to show (2.7) with
a= aff {’ ,0 =9,,and s, = s,. Moreover, by recalling (3.22), it is enough to consider the additional factor
only, that is, to show

(6N 27k g0 (L3 (7, £)))* V!

o AL
l CIN'5T2NG (5, L2 €)

)< 1o

ff f one can obtain the estimate in

for (,£) € suppaj’|'(s,1, L2, Since 52N 2 1 on Supp, ¢ a
the same way as in the proof of Lemma 3.2.

3.5. Sharpness of Theorem 1.3

Before closing this section, we show optimality of the regularity exponent « in Theorem 1.3.

Proposition 3.9. Suppose the estimate (1.4) holds for y satisfying (0) # 0. Then a < 2/p.

Proof. We write y = (y1,...,7Yq). Via an affine change of variables, we may assume y;(0) = 0 and
¥;(s) # 0 on an interval J = [-d¢,d0] for 0 < §p < 1. Since ¥(0) # 0, we may also assume
Y >1lonl.

We choose ¢y € S(R) such that suppa) c [-1,1] and &y = 1 on [-ry,r1], where r| = 1 +
2max{|y(s)| : s € J}. Denoting x = (x1,...,x4-1) and y(¢) = (y1(¢),...,Ya-1(¢)), we define

Ah(x) = / 1) 6 (e — 1ya(s))h(E - 17(5)w(s) ds.

Let ¢ € C2((-2,2)) be apositive function such that £ = 1 on [—1, 1]. For a positive constant ¢ < dy,
let €1 (%) = yer1zn[-c.c] L(AIF +7(»)]). We consider

g(X) = e Mg (%),
where ¢(s) = y4 o (=y1) ™' (s5). We claim that, if ¢ is small enough,
|"thg(x)| Z 15 (x’ t) € SC7 (343)

where S, = {(x,1) : || < cA7!, |xq| < ¢, |t — 1] < cA7'}. To show this, note
Arg(x) = / My =g =N £ (g = tya(s))g1 (% — 17(5)) Y (s) ds.
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Let (x,7) € S.. Then, suppg;(x — ty¥(-)) C [-Cic,Cic] for some C; > 0. Since ¢(s) = y4 ©
(=y1)~'(s), by the mean value theorem we see |p(x; — ty1(s)) — ya(s)| < 2rocd™!, where rq =
10r; max{|dsp(s)| : s € (—y1)(J:)} and J,, = [-(C; + 1)c, (C1 + 1)c]. Thus, we have

tya(s) — @(x1 = ty1(s))] < 3roed™". (3.44)

Besides, if 4 is sufficiently large, g1 (X —1y(s)) = 2y ea-1zn[-c,c] S(AX— (= Dy(s)+y(v) —y(s)]) 2 1
if s € [-c/2, ¢/2]. Since supp g1 (X — t¥(-)) C J with ¢ small enough and ¢y(xg — tyq(s)) = 1, we get
f lo(xq — tyq(s))g1(x — ty(s))¥(s) ds = 1. Therefore, (3.43) follows by (3.44) if ¢ is small enough,
that is, ¢ < 1/(3ry).

We set f(x) = e {y(xq)g(¥). Then, x (1) A f(x) = e " y(1).A,g(x). By our choice of o,
supp f C {&:|€a+ 2] < 1}, sosupp F(x (1)Ar f) € {(1,€) : |éq + A| < 1}. This gives

AN x DA L marry S I (A S e gan)- (3.45)

Indeed, || x (1) A fllLp rasy < ||)((t)A,f||Lp(RI’X;L{:(RM» by Mihlin’s multiplier theorem in x,.
Similarly, one also sees ||F||;» (R siLE(Ry,)) S C||F|lgp ga+y for @ > 0 and any F. Combining those
inequalities gives (3.45).

From (3.43), we have | x() A fll, = lx(1)Agllp, > CA~4/P Note that supp g is contained in a
O(A7")-neighborhood of —7, so it follows that || f]| p S A7(@=2)/p Therefore, by (3.45) the inequality
(1.4) implies 1%2A~4/P < 1=(d=2)/P Taking 1 — oo gives a < 2/p. O

4. LP Sobolev regularity

In this section, we prove Theorem 1.1, whose proof proceeds in a similar way as that of Theorem 1.3.
However, we provide some details to make it clear how the optimal bounds are achieved. There are no ¢,
7 variables appearing in the symbols, so the proof is consequently simpler but some modifications are
necessary.

For a large B > 1, we assume

(W(s)| < B el 4.1
Og}gdly (s)] < B, s 4.1

Let 2 < L < d. For y satisfying B(L, B), we say a € C¥*1(R¥") is a symbol of type (k, L, B) relative
toyifsuppa c I x Ag, R(L, B) holds for y on supp a, and

6{0ga(s, €)| < Ble|™! (4.2)

for0 < j < 1and |a| < d+1. As before, Theorem 1.1 is a straightforward consequence of the following.
We denote Aly, a] = Aily,al.

Theorem 4.1. Suppose y € C* (1) satisfies (4.1) and B(L, B) for some B > 1. Suppose a is a symbol
of type (k, L, B) relative to y for some B > 1. Then, if p > 2(L — 1), for a constant C = C(B)

ALy, @l fllzr gay < C275P)| fliLo ra).- (4.3)

In order to prove Theorem 1.1, we consider dx (s, &) := ¥ (s)8(27%|&]), where B € C2((1/2,4)). By
the condition (1.1), @ is a symbol of type (k, d, B) relative to y for some B, thus Theorem 4.1 gives
(4.3) for p > 2(d —1). The estimate (4.3) for each dyadic pieces can be put together by the result in [22].
So, we get the estimate (1.2) for @ = a(p) if p > 2(d - 1) (e.g., see [2]).

Interpolation with || A[y, @x]fll. < 27%/¢||f]l, which follows from (1.3) gives ||.A[y, arlfll, <B
2“’k||f||p for @ < a(p) with strict inequality when p € (2,2(d — 1)]. Using those estimates, we
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can prove Corollary 1.2. Indeed, if y is a curve of maximal type ¢ > d, a typical anisotropic scaling
argument gives || A[y,arlfll, <s Z_mi“("(l’)’l/f)k||f||p for p # ¢ when £ > 2d — 2, and for p €
[2,2¢/(2d — €)) U (2d — 2, 00) when d < £ < 2d — 2. As in the above, one can combine those estimates
to get the estimate (1.2) ([22]).

4.1. Proof of Theorem 4.1

The case L = 2 is easy. Since a is a symbol of type (k, 2, B) relative to y, van der Corput’s lemma and
Plancherel’s theorem give (4.3) for p = 2. Interpolation with the L™ estimate shows (4.3) for p > 2.
When L > 3, we have the following, which immediately yields Theorem 4.1.

Proposition 4.2. Let 3 < N < d. Suppose Theorem 4.1 holds for L = N — 1. Then, Theorem 4.1 holds
true with L = N.

To prove the proposition, we fix N € [3, d] and y satisfying B(N, B), and a of type (k, N, B) relative
to . For s, and 6 > 0 such that I(sy, 6) C I, let

A(sn6,B) = [ €€ hn: iy (s &) < B2 6N},
1<j<N-1

By Q_Ik_(so, ) we denote the collection of a € CHI (R satisfying suppa € I(s,,6) X Ag (50,8, B)
and |6 9ga(s, L3 €)| < Bo/27 kel for0 < j < 1,|a| <d+1.

The next lemma which plays the same role as Lemma 2.8 can be shown by routinely following the
proof of Lemma 2.8.

Lemma 4.3. Let a € Ay (s0,6) and j. = log(2%6™). Suppose (2.20) holds on supp . Then, there exist
constants C,1,, B> 1, and 6’ > 0 depending on B, and symbols @y, . . .,a;, of type (j, N — 1, B) relative
to yg) such that

ALy, al fllpp ey < C6 Z ||A[7£)’al]ﬁ||LP(Rd)’

1<i<l,

I fill, = I fllp, and j € [j« — C, j.+C] aslongas0 <& < &'

The required regularity order for y is reduced thanks to the fact that a is independent of 7, 7. Actually,
one may take @(s, &) = a(ds+s,,0 Efof) when following the Proof of Lemma 2.8, since (4.2) clearly
holds for a = a.

Using nn (see (2.27)), we break

Aly.al = Aly,ann]+ Aly,a(l —nn)].

Note that C~'a@(1 — ny) is of type (k, N — 1, B’) relative to y for some large constants B’ and C,
so we may apply the assumption to A[y,a(1 — nn)]f. Consequently, we have the estimate (4.3) for
a=a(l-ny)ifp>2N-4.

To handle A[y, any], as before, we may assume that supp any C I(s,,0.) X [y for some s, and a
small ¢,. Here, [ is defined in the same way as I'y by replacing any by dny (see Section 2.3). Since
(2.28) holds on supp(any ), we may work under the same Basic assumption as in Section 2.3. That is
to say, we have o on Iy satisfying (2.29) and o (&) € I(s,,6.) for & € T'x. Moreover, o € C#*! since
y € C*(I), and (2.30) holds for ¢ € Tt and |e| < d + 1. Thus, (4.2) remains valid for the symbols to
be given by decomposing a with cutoff functions associated with o and @)1’:,.

Apparently, C~'any € Wy (so, d.) for a constant C = C(B, §,.). Therefore, the proof of Proposition
4.2 is completed if we show the following.
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Proposition 4.4. Let 3 < N < d and a € Wy (s,, 6..) with supp; a C ['y. Suppose Theorem 4.1 holds for
L=N—1.Then, if p > 2(N — 1), we have the estimate (4.3).

We prove Proposition 4.4 using the next, which corresponds to Proposition 2.10. In what follows, we
denote A[a] = A[y, a].

Proposition 4.5. Let o and 8, satisfy (2.31). For u such that Sop € 1(so, 8.) NS0Z, let G € Wy (Sou, 80)
with supp at C 1(s,, 8,) X T'x. Suppose Theorem 4.1 holds for L = N — 1. Then, if p € (2N =2, ), there
are constants €y > 0, Cy = Co(eg, B) > 2, and symbols a,, € Wy (51v, 81) with supp &, C I(so, 8,) X [,
S Uﬂfs(’f such that

L L
Ny K
< Col61/60) 7 (ZHA f||,,) +Co6y " 277 (£ llp-

(Z LA /15
M

Let ¢’ be the number given in Lemma 4.3. We choose a positive constant d, (cf. (2.26)) such that

8o < min{271°B73¢", (274B%) N PN/« (4.4)

Proof of Proposition 4.4. Setdg = 0o, andlet 1, ..., be given by (2.33). Then, applying Proposition
4.5 iteratively up to J-th step (cf. Section 2.4), we have symbols a, € Wy (5;v, ), 6;v € 1(s,,dp), such
that

1/p
_ M}—l+e _ _k —Nij_g ;
lalsll, < cj's/ ‘)(ZIIA[avlfllé’) #2700, 70 )L G e
v 0<j<J-1

By (4.4) and (2.33), §; < C;2 N DVINNI@ g 0 < j < 7~ 1. So, 275 €16 < €y for a constant
Ci, and CJ 6, © < (1. Thus, the matter is now reduced to showing

1/p
_k
(Z I1A[a,] f||U,(Rd)) B2V f ey, 25p <o,

which corresponds to the estimate (2.35). The case p = oo follows from the estimate || A[a]f|lL~> <
C6||f|lL~ when @ € Wy (s,,8) for some 5o, 8 (cf. (2.15)). One can obtain this in the same manner as in
the proof of Lemma 2.7. The case p = 2 can be handled similarly as before, using Plancherel’s theorem
and van der Corput’s lemma combined with Lemma 2.11 and (2.28). ]

The proof of Proposition 4.5 is similar to that of Proposition 2.10. Instead of (2.40), we use the
estimate (2.41), in which the exponent is adjusted to the sharp Sobolev regularity estimate. However, a
similar approach breaks down if one tries to obtain the local smoothing estimate (1.4) with the optimal
regularity & = 2/p. To do so, we need the inequality (2.39) for4N —2 < p < N(N +1). However, there
is no such estimate available when N = 2.

4.2. Proof of Proposition 4.5
Let a# € Ay (Sou, 8o). For v € JX, set

e = g | PO OR) 07T =), n=0,
By ((260) N BR) (2767 s = v), n= L.
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(See (3.21)). Lety, = (J’,lu ces Yy N and let Dy denote the N x N matrix (6'"Néy, 62 Neé,, ..., 6%y)
where ¢; is the j-th standard unit vector in RV . Recalling (3.18), we consider a linear map

Yﬁo (€)= (27"DsyFp» YN+1s-- -+ Ya)-

Let r denote the curve r’Y. Note that (3.10) and (3.11) hold on suppal™. Similarly as in Proof
of Lemma 3.3, we see |<yy,r(1)((2"61/60)v — )| < 2K@2"6,/6)N I for 1 < j < N -1 and
2k=2/B < |<y r(N)>| < CB2* on Supp a’". Thus, as before (cf. (3.19)), we have

61 28,
—u, C
M 5o

Ygo(suppg M c S( , CB; riv) x RN

for some C > 0. Note supp F(A[al"]f) c supp £ a."". Therefore, using the change of variables
&— Y,‘jO(g), (2.41) with N replaced by N — 1 and its cylindrical extension (e.g., (2.42)), we get

1/p
IS A, = coen/en) > S atatns) @3

velh vedn

for2N -2 < p < oo (cf. (3.15)). Since A[a*] f = X, X, e Alat""]f, by Minkowski’s inequality and
(4.5), we have (3, [l.A[@*] £l )"/? bounded by

1/p

DB =Coy (2 /e0) 7Y Z AL 117

n>0 n>0 H yeS

The proof of Lemma 3.2 also shows C~'ak" € A (2"6,v,2"8,) for a positive constant C. The
matter is reduced to obtaining

l/p

N __k
D Z LALE ™ VAN gy | S8 Q6D P22 flpp gy, n2 1 4.6)

H veZ

for p > 2(N —2). This gives 3,5, E, <p 6_N/p+l 27K/P || £1l,» since 281 < Cé.
The proof of (4.6) is similar with that of (3.23). Since C~'ak" e W (2"6,v,2"51), we have

Alat" f = Alal; ]Pinglvf. Besides, (3.27) or (3.28) for some 1 < j < N — 2 holds on supp a’ "

Thus, we have (2.20) with 6 = 2"§; for some B’ on supp ™" for n > 1 (see Proof of Lemma 3.5).
Therefore, applying Lemma 4.3 to A[a}""] f and then the assumption (Theorem 4.1 with L = N — 1),
we obtain

—u.n N __k n
AL "] flle <8 (280 P27 1P Fllp.

This combined with (3.32) gives (4.6) as desired.
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