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ERROR BOUNDS FOR AUGMENTED TRUNCATIONS
OF DISCRETE-TIME BLOCK-MONOTONE MARKOV
CHAINS UNDER GEOMETRIC DRIFT CONDITIONS
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Abstract

In this paper we study the augmented truncation of discrete-time block-monotone
Markov chains under geometric drift conditions. We first present a bound for the total
variation distance between the stationary distributions of an original Markov chain and
its augmented truncation. We also obtain such error bounds for more general cases,
where an original Markov chain itself is not necessarily block monotone but is blockwise
dominated by a block-monotone Markov chain. Finally, we discuss the application of
our results to GI/G/1-type Markov chains.
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1. Introduction

Various semi-Markovian queues and their state-dependent extensions can be analyzed thro-
ugh block-structured Markov chains characterized by an infinite number of block matrices,
such as level-dependent quasi-birth-and-death processes (LDQBDs), M/G/1-, GI/M/1-, and
GI/G/1-type Markov chains (see, e.g. [8]).

For LDQBDs, there exist some numerical procedures based on the R G-factorization, though
their implementation requires the truncation of the infinite sequence of block matrices in a
heuristic way [2], [4], [19]. Such ‘truncation in implementation’ is also necessary for level-
independent M/G/1- and GI/M/1-type Markov chains (see, e.g. [21, Section 4]), and, thus, for
GI/G/1-type Markov chains. To the best of the author’s knowledge, there are no studies on the
computation of the stationary distributions of level-dependent M/G/1- and GI/M/1-type Markov
chains and more general Markov chains. For these Markov chains, the R G-factorization method
does not seem effective in developing numerical procedures with good properties, such as space
and time saving and the guarantee of accuracy, since the resulting expression of the stationary
distribution is characterized by an infinite number of R- and G-matrices [24]. As for the
transient distribution, Masuyama and Takine [16] proposed a stable and accuracy-guaranteed
algorithm based on the uniformization technique (see, e.g. [22]).

As mentioned above, it is challenging to develop a numerical procedure for computing the
stationary distributions of block-structured Markov chains characterized by an infinite number
of block matrices. A practical and simple solution to this problem is to truncate the transition
probability matrix so that it is of a finite dimension. The stationary distribution of the resulting
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finite Markov chain can be computed by a general purpose algorithm, in principle. However,
the obtained stationary distribution includes an error caused by truncating the original transition
probability matrix. Therefore, from a practical point of view, it is significant to estimate the
‘truncation error’.

Tweedie [23] and Liu [13] studied the estimation of the error caused by truncating (stochas-
tically) monotone Markov chains (see, e.g. [6]). Tweedie [23] gave error bounds for the last-
column-augmented truncation of a monotone Markov chain with geometric ergodicity. The last-
column-augmented truncation is constructed by augmenting the last column of the northwest
corner truncation of atransition probability matrix so that the resulting finite matrix is stochastic.
On the other hand, Liu [13] assumed that a monotone Markov chain is subgeometrically ergodic
and derived error bounds for the last-column-augmented truncation.

Unfortunately, block-structured Markov chains are not monotone in general. Liand Zhao [12]
extended the notion of monotonicity to block-structured Markov chains. The new notion is
called ‘(stochastic) block monotonicity’. Block-monotone Markov chains (BMMCs) arise
from queues in Markovian environments, such as queues with batch Markovian arrival processes
(BMAPs) [14]. Li and Zhao [12] proved that if an original Markov chain is block monotone
then the stationary distributions of its augmented truncations converge to that of the original
Markov chain, which is the motivation for this study.

In what follows, we give an overview of the work of Li and Zhao [12]. To this end, we
introduce some symbols. Let N = {1,2,3,...}. Let Zf" ={0,1,...,n} forn € N and

f_oo =7, =1{0,1,2,...}. Furthermore, let F=" = Zf_" x D forn € N := NU {oo}, where
D = {1,2,...,d}. For simplicity, we write F for F=%°,
The following is the definition of block monotonicity for stochastic matrices.

Definition 1.1. ([12, Definition 2.5].) Let
S = (stk,i; 1, )))(k,i). a1, j)eF=n

denote a stochastic matrix, where n € N. A Markov chain characterized by S and § itself are
said to be (stochastically) block monotone with block size d if, for all k € ZJSF"*l and/ € Zji”,

n n

Zs(k,i;m,j)EZs(k—i—l,i;m,j), i,jeD.

m=I m=l
We denote by BM; the set of block-monotone stochastic matrices with block size d.

Let P = (p(k,i; 1, j))x,i),q, j)eF denote a stochastic matrix. Let {(X,, J,); v € Z, } denote
a bivariate Markov chain with state space F and transition probability matrix P. The following
result is obvious from the definition. Its proof is thus omitted.

Proposition 1.1. If P € BMy then ¥ (i, j) := Zloio pk,i;l, j), i, j € D, is constant with
respect to k € Z4 and {J,,; v € Z4} is a Markov chain whose transition probability matrix is
given by W := (Y (i, j))i,je, i.e. ¥, j) =P(Jop1 = j | Jy =10) fori, j € D.

Proposition 1.1 implies the following pathwise ordered property of BMMCs (see LemmaA. 1):
if P € BMy then there exist two BMMCs, {(X!,, J}); v € Z4} and {(X]], J)); v € Z4}, with
transition probability matrix P on a common probability (2, #, P) such that X!, < X! and
J, = J forallv e Nif X{ < X and J; = Jj.
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Let (1) Px = () p«(k, 051, ) (ki) ¢, jyers n € N, denote a stochastic matrix such that, for
i,jeD,
wp«k, i1, j) = plk,i;l, j), keZy, lez3",
Pk, i51, j) =0, keZy, 1eZi\Z7",

n oo
Y wpelk,isl =" pkisl, j),  keZy.
1=0 1=0
The stochastic matrix (,) Py is called a block-augmented first-n-block-column truncation (for
short, block-augmented truncation) of P.

Remark 1.1. The block-augmented truncation ;) Py can be partitioned as
F=t F\F="

F=" P o

where O is the zero matrix and (,) P is equivalent to the block-augmented truncation defined
by Li and Zhao [12]. Our definition facilitates the algebraic operation for the original stochastic
matrix P and its block-augmented truncation () Py since they are of the same dimension.

Throughout this paper, unless otherwise stated, we assume that P is irreducible and positive
recurrent, and we denote its unique stationary probability vector by w = (w (k, i)k i)er > 0
(see, e.g. [3, Theorem 3.1, Section 3.1]). However, (,) P, may have more than one positive
recurrent (communication) class in F=".

Let (ymy = (7« (k, i) k,iyer, n € N, denote a stationary probability vector of () Px.
Equation (1.1) implies that ()7« (k, i) = 0 for all (k,i) € F\ F=" (see, €.g. [5, Theorem 1,
Section L.7]) and (" := ()7 (k, i) k.iyep=n is a solution of (75" () PE" = (" and
(n)nf"e = 1, where e denotes a column vector of 1s with an appropriate dimension. It is also
known that if P € BMy then lim,— oo ()@« = 7, where the convergence is elementwise (see
[12, Theorem 3.4]).

Let (o) Py = (ypn(k, i5 1, j))k,i),q,j)eF» n € N, denote a block-augmented truncation of
P such that, for i, j € D,

pk,isl, ), keZi, ez,
o0
mpnk. izl )= pk.izm.j), keLy I=n, (1.2)
m=n
0, otherwise,

which is called the last-column-block-augmented first-n-block-column truncation (for short,
the last-column-block-augmented truncation). Let ()&, = (()7n(k, D)) k,i)er, n € N, de-
note a stationary probability vector of (,) P,, where ()7, (k, i) = 0 for all (k,i) € F\ F=".
We obtain the following result.

Proposition 1.2. ([12, Theorem 3.6].) If P € BMy and (m, is the unique stationary
distribution of () P,, then there exists an infinite increasing sequence {ny € N;k € Z.}
such that, forall k € 7,

ni nk
0= Y (i) =7, i) < DY (el i) — 7l ).

=0 ieD =0 ieD
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Based on Proposition 1.2, Li and Zhao [12] stated that the last-column-block-augmented
truncation () P, is the best approximation to P among the block-augmented truncations of P,
though they did not estimate the distance between ()7, and 7.

In this paper we consider some cases where P satisfies the geometric drift condition (see
Section 15.2.2 of [17]) but may be periodic. We first assume that P € BM, and then present a
bound for the total variation distance between ()7, and &, which is expressed as follows:

lonmn =l ==Y |7k, i) = w(k, i) < Cu(n),
(k,i)elF

where C,, is some function on Z; with a supplementary parameter m € N such that Cp,
is nonincreasing for any fixed m. The bound presented in this paper is a generalization of
that of Tweedie [23] (see Theorem 4.2 therein). We also obtain such error bounds for more
general cases, where P itself is not necessarily block monotone but is blockwise dominated by
a block-monotone stochastic matrix.

The rest of this paper is divided into four sections. In Section 2 we provide preliminary
results on block-monotone stochastic matrices. The main result of this paper is presented in
Section 3, and some extensions are discussed in Section 4. As an example, these results are
applied to GI/G/1-type Markov chains in Section 5.

2. Preliminaries

In this section we first introduce some definitions and notation, and then provide some basic
results on block-monotone stochastic matrices.
2.1. Definitions and notation

Let I denote an identity matrix whose dimension depends on the context (we may write I,
to represent the m x m identity matrix). For any square matrix M, let M" = I. Define

I, O O O --- 1 0 0O O
I, 1, O O --- -I; I 0o 0
T, = 1, 1, 1, O --. i Td—l — o -1; I 0 ,

I, 1; 1I; I; --- o o -1; I;

where Tde_1 = Td_le = 1. Let T;", n € N, denote the [F="| x [F="| northwest corner
truncation of Ty, where | - | denotes set cardinality. Notethat Ty = T dgoo and (T f")_l, neN,
is equal to the |F="| x |F="| northwest corner truncation of Td_l.

We now introduce the following definitions.

Definition 2.1. ([12, Definition 2.1].) For n € N, let S = (f(k, i) k.i)er=" denote a column
vector with block size d. The vector f is said to be block increasing if (T f")_l f=>0ie.
fk,i) < f(k+1,i)forall (k,i) € ZfFl x . We denote by Bl the set of block-increasing
column vectors with block size d.

Definition 2.2. Forn € N, let u = (u(k, i)k, iyer=n and § = (n(k, i))k,i)er=r denote proba-
bility vectors with block size d. The vector p is said to be (stochastically) blockwise dominated
by 5 (denoted by p~<g4n) if pT;" < 9T;".
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Definition 2.3. Forn € N, let P, = (pn(k, i51, j))k,i),q, jyer=n, B = 1,2, denote a stochastic
matrix with block size d. The matrix Pj is said to be (stochastically) blockwise dominated by
P, (denoted by Py<4P>) if PiT;" < P,T;".

Remark 2.1. The columns of TdS" are linearly independent vectors in Bly, and, thus, every
vector f € Bl is expressed as a linear combination of columns of T dS”. Therefore, p<4n and
Pi<4P; ifand only if uf < nf and P f < P, f, respectively, for any f € Bly. According
to this equivalence, we can establish the definition of the blockwise dominance relation ‘<’
(see [12, Definitions 2.2 and 2.7]).

2.2. Basic results on block-monotone stochastic matrices

In this subsection we present three propositions on |F="| x |F="| stochastic matrices, where
n € N. The first two (Propositions 2.1 and 2.2 below) hold for any [F="| x [F="| stochastic
matrix S = (s(k, i; [, j)) in BMy. The first proposition is immediate from Definition 1.1 and,
thus, we omit the proof. The second proposition is an extension of Theorem 1.1 of [10]. The
third proposition (Proposition 2.3 below) is a fundamental result for any two [F="| x |F="|
stochastic matrices Py = (p1(k,i;[, j)) and P, = (py(k,i;l, j)) such that P; <4 P, which
is an extension of Lemma 1 of [7].

Proposition 2.1. It holds that S € BM if and only if (T;")~'ST" > 0.
Proposition 2.2. The following conditions are equivalent.
(a) S € BM,.
(b) uS=<anS for any two probability vectors . and W such that p<gn.
(¢c) Sf € Bly forany f € Bl,.

Proof. The equivalence of conditions (a) and (c) was shown in Theorem 3.8 of [12].
However, for the readers’ convenience, we give a complete proof. First, we prove that con-
dition (a) implies condition (b). To this end, we assume that § € BM; and . <4 ». It then

<n

follows from Proposition 2.1 and Definition 2.2 that (T7")~'ST;" > O and pT;" < 9T;".
Thus, it follows that

ST = uT7" (T ST < 9T (T ' ST = 9ST;,

which shows that uS <4 18, i.e. condition (b) holds.

Next, we prove that condition (b) implies condition (a). For (k,i) € F=", let &y, =
GEw.iyU, 7)), jer=r denote a 1 x |F="| unit vector whose (k, i)th element is equal to 1. Let
N = &k.i) and p = &y —1,;) for any fixed (k, 1) € (Zf’ \ {0}) x D. It then follows that u <4 5
and, thus, condition (b) yields (n — u)ST, dS" > 0, where n — p is equal to the (k, i)th row of
(T7")~!. Furthermore, &0 ST;" > 0 for i € D, where ;) is equal to the (0, i)th row of
(T;")~!. Consequently, condition (b) implies that (T;")~!'ST:" > 0, i.e. condition (a) is
satisfied (see Proposition 2.1).

To complete the proof, we prove the equivalence of conditions (a) and (c). We now assume
that condition (a) holds. According to Definition 2.1, (TdS")’1 f =0 for any f € Bl,.
Combining this with (I;7") "' ST" > O (by condition (a)), we obtain

(Tdfn)flsf — (Tdfn)71STdSn(TdSn)71f > 0’

and, thus, Sf € Bly, which shows that condition (c) is satisfied. Finally, we assume that condi-
tion (¢) holds, and we fix f € Bl; to be a column of TdS" (see Remark 2.1).
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It then follows that Sf € Bly, i.e. (T7")7!Sf > 0. Therefore, (T;")"'ST " > 0. The
proof is completed.

Proposition 2.3. If Pi<4 P, and either Py € BMy or P, € BMy, then the following state-
ments hold.

(a) Forallk € Z5" andi, j € D,

Yopkisl =" patk,isl, ),

lezs" lez"

which is constant with respect to k.
(b) P"<4P)" forallm € N.

(c) Suppose that P, is irreducible. If P is recurrent or positive recurrent, then Py has
exactly one recurrent or, respectively, positive recurrent class that includes the states
{(0,1);i € D}, which is reachable from all the other states with probability 1. Thus, if
P, is positive recurrent then P and P> have the unique stationary distributions w1 and
7T, respectively, and w1 <47).

Proof. We consider only the case in which P; € BM, because the case in which P, € BMy
is discussed in a very similar way. We first prove statement (a). It follows from P; € BMy
and Proposition 1.1 that ), _,<n py(k,i; 1, j) is constant with respect to k for each (i, j) € D?,
which is denoted by v (i, j). Furthermore, from Pj <y P, it follows that

Vil )= Y pitish )< Y patkiislj),  keZi i jeD.  (21)

lezs" lezs"

Since P; and P, are stochastic matrices, Zjeﬂ]) ¥, j) = ZjeID) Zlezi” pa(k, izl j) =1
for all (k,i) € F=". From this and (2.1), we obtain (i, j) = Zzezf"PZ(k’ i;1,j) for all
keZ"andi, j €D. !

Next, we prove statement (b) by induction. Suppose that, for some m € N, P" <, P}", i.e.
P"T" < Py'T;" (which is true at least for m = 1). Combining this with (T7") "' P\ T;" >
O (due to P; € BM,) yields

+1p< <n m<ny—1 <

P{" T, "= P"T,; "(Td ) P T; "
S sz Tdfn (Tdfn)—l Pl Tdfl’l
=PI'PT;"
<PI'PT;"

1<
— sz Td i‘l’
and, thus, le+l <4 P2’”+1. Therefore statement (b) is true.

Finally, we prove statement (c). Note that there exist two Markov chains characterized by P;
and P,, called Markov chains 1 and 2, which are pathwise ordered by the blockwise dominance
of P, over P; (see Lemma A.2). Since P; is irreducible and recurrent, Markov chain 2 and,
thus, Markov chain 1 can reach any state (0, i), i € D, from all the states in the state space F="

with probability 1, and the mean first passage time to each state (0, i), i € D, is finite if P, is
positive recurrent. These facts show that the first part of statement (c) holds. Finally, we prove
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that w1 <4my. Note here that (I + Py)/2, h = 1,2, is aperiodic and has the same stationary
distribution as that of P,. Thus, we assume without loss of generality that P, h = 1,2, is
aperiodic. It then follows, from statement (b) and the dominated convergence theorem, that
e TdS" < em TdS" (see [5, Theorem 4, Section 1.6]) and, thus, deS" < nszS".

3. Main result

In this section we present a bound for ||y, — 7 ||, which is the main result of this paper.
To establish the bound, we use the v-norm, where v = (v(k, 1)), i)eF is any nonnegative
column vector. The v-norm is defined as follows: for any 1 x [IF| vector x = (x(k, i) ,i)cF»

> x(k,iglk. i)

(k,i)eF

= sup Y |x(k.i)lg(k. D),

0=g=v  i)eF

lxllv = sup
|gl=v

where |g| is a column vector obtained by taking the absolute value of each element of g. By
definition, || - |l = || - ||, i.e. the e-norm is equivalent to the total variation distance.
We need some further definitions. Form € Z and (k,i) € F, let

p"(k, i) = (p"(k,is1, ), jyer and  @mypy (k, i) = (mypy k.51, j))a,j)er

denote probability vectors such that p™ (k, i; [, j)and () p) (k, i; [, j) representthe (k, i; [, j)th
elements of P™ and ((,) P,,)™, respectively (when m = 1, the superscript ‘1’ may be omitted).
Clearly, p"(k,i;1, j) =P(Xpy =1, Jp = j | Xo =k, Jo =) for (k, i) x (I, j) € F2.

Letw (i) = Z,fion(k, i) > Ofori € D. Note thatif P € BM, then w = (w (i));ep is the
stationary distribution of ¥ (and, thus, the Markov chain {J,}; see Proposition 1.1). Note also
that if P € BMy then (,) P, <4 P and, thus, (,) 7, <47 (by Proposition 2.3(c)), which implies
that, foralln € N,

o o
D ki) =Y "wk.i) = w (i), i €D. (3.1)
k=0 k=0
For any function ¢(-, ) on IF, let p(k, w) = ZieD o (i)pk,i)fork € Z.
In what follows, we estimate ||(,)7, — 7 ||. By the triangle inequality, it follows that

loymn — x|l < [1p" 0, w) — || + |y Py (0, @) — (y7nl
+ lwpy (0, w) — p" (0, @)]|. (3.2)

The third term on the right-hand side of (3.2) is bounded as in the following lemma, which is
proved without P € BMj,.

Lemma 3.1. Forallm e N,

oy py' Kk, 8) — p™ (k, )|

m—1
<Y Wikl pALQ. ). neN, (ki) eF, (3.3)
h=0 (/,j)eF
where
Al ) =1 ) = mpa D=2 Y pjilj) L) eF. (34
I'>n, j'eD
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Proof. Clearly, (3.3) holds for m = 1. Note that, form,n € N,
(o P)" ! = P = ) Pal(y P)™ = P™1 + (uy Py — P)P"™.
It then follows that, form = 2,3, ...,
oy 2+ (ki) = p" ke, D
< Z mPnk, L Dy py (@ 7) = p™ A, DI

1, j)elF
+ > lwpatk,isl j) = pkiist pl Y prd.jil j)
, el ', j"HeF
= Y ek isL Pllaypyt @ ) = p" @ DI+ An(k, ), (3.5)
1, j)efF

where the last equality follows from the fact that Z(l,,j,)d;pm {, j;U,j) = 1. Thus, if (3.3)
holds for some m > 2 then (3.5) yields

ootk i) — p"™ T (K, )]

m—1
<> <n>pn<k,i;z,j>[z > <n>p,’z<l,j;l/,j’mn(z’,j/)]+An<k,i)

(.j)eF h=0 (", j"eF

m—1
=> > (Z (n>pn(k,i;l,j><n>pf:<l,j;z’,j/)>An<l/,j/)+An<k,i)

h=0 (I',j")eF *(,j)eF

m—1
=Y > kil A )+ Auk i)
h=0 (', j")eF

m
=D D wPhkisl A ).
h=0 (1, j)eF

The following lemma implies that the first two terms on the right-hand side of (3.2) converge
to 0 as m — oo without the aperiodicity of P.

Lemma 3.2. Let k denote the period of P. If P € BMy and P is irreducible, then the following
statements hold.

(a) There exist disjoint nonempty sets Do, Dy, ..., De_1 such that D = Uz;(l) Dy, and

Z p(k,l,l,]):l, (k’i)GZ-FXDh,hGZEK_l,
(,))€Z4+ xDpy)

where Dy = Dy, if i’ = h(mod «).

(b) k < d = |D|. Thus, every irreducible monotone stochastic matrix (which is in BM ) is
aperiodic.

(c) If P is positive recurrent then, fork € Z.,

lim p"(k, w) =m, lim )plk, w)=mn,, neN. (3.6)
m—00 m—00
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Proof. We prove statement (a) by contradiction. From Proposition 5.4.2 of [17], we know

that there exist disjoint nonempty sets Fo, Fq, ..., F,_1 such that F = UZ;(l)]Fh and
Yo opkil =1,  (ki)eFy hezi " 3.7
(1, /) EFR+1

where F, = Fj, if i’ = h (mod ). We suppose that there exist some (ky, i) € N x I and
hy € Zi"_l such that (0, i.) € Fp, and (k, is) € Fp,. We now consider coupled Markov
chains {(X/,, J)); v € Zy}and {(X|, J)'); v € Z4} with transition probability matrix P, which
are pathwise ordered such that X|, < X7 and J| = J; forall v € Nif X; < X/ and Jj; = J
(see Lemma A.1). We also fix (X, J)) = (0, iy) € Fy, and (X, J§) = (k, ix) & Fp,. It then
follows from (3.7) that

(X,,J,) € Fp, impliesthat (X, J)) ¢ Fy for all v € N. (3.8)

Furthermore, since P is irreducible, there exists some v, € N such that (X {)/*, J]ﬁ; ) = (0, i)
and, thus, (X /V*, J,ﬁ*) € N x {i,} by (3.8). This conclusion, however, contradicts the pathwise
ordering of {(X/,, J))} and {(X}, J))},i.e. X|, < X!/ and J| = J for all v € N. Consequently,
statement (a) holds, and statement (b) is immediate from statement (a).

Next we prove statement (c). Fix k € Z, arbitrarily. Let g: D — Zf‘*l denote a
surjection function such that i € Dy ;. It then follows from [5, Theorem 4, Section 1.6] that,

forh € 237",

lim p"* (k. i: 1, j) = Lhzq(j)—q) modiopk @, j). (. j)€F. (39
m — o0
where II{.} denotes a function that takes value 1 if the statement in the braces is true and takes
value 0 otherwise. From (3.9), we obtain, for i € Zf(_l and ([, j) € T,

Kk—1
lim Zw(i)pm’/(+h(k, i1, j)= l/im Z Z w—(l’)pm/l(+h(k, il )
"D " =0ien,

Kk—1

=Y > mOlin=qg()—g) moanT (s )
h'=0ieD,
k—1

=1y > TOlh=g( oy T, ), (3.10)

h'=0ieDy,

where the last equality is due to the fact that g (i) = ' fori € Dy. Note thathere Zie]D)h/ w() =
Z(k,i)eIFh/jT(k’ i) =1/k forany i’ € Zf(*l (see [5, Theorem 1, Section 1.7]). Note also that,
for any h € Zf_'ﬁl and j € D, there exists the unique i’ € Zf{*l such that h = q(j) —

<k—1

h'(mod «). From (3.10), we then obtain, for h € ZZ*"",

lim Y w(@)p" k. il j) =70 j).  (j)€F,
m — o0 ieD

which leads to the first limit in (3.6). Furthermore, since (,) P,<q4P € BMy, it follows from

Proposition 2.3(c) that (,) P, has the unique positive recurrent class. Consequently, we can

prove the second limit in (3.6) in the same way as the first.

https://doi.org/10.1239/aap/1427814582 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1427814582

92 H. MASUYAMA

To estimate the first two terms on the right-hand side of (3.2), we assume that the geometric
drift condition holds.

Assumption 3.1. There exists a column vector v = (v(k, i) «,ieF € Bly such that v > e and,
for some y € (0,1) and b € (0, 00),

Pv <yv+0bly, (3.11)

where 1g = (1g(k, i) iyer, K € Z4, denotes a column vector such that 1k (k,i) = 1 for
(k,i) e F=K and 1 (k,i) = 0 for (k,i) € F\ F=K,

Remark 3.1. Suppose that P is irreducible. Since the state space F is countable, every subset
of IF includes a small set and, thus, a petite set (see [17, Theorem 5.2.2, Proposition 5.5.3]).
Therefore, if the irreducible P is aperiodic and Assumption 3.1 holds, then there existr € (1, co)
and C € (0, 0o) such that Z,onozlr”’ Ilp™(k,i)—m|y < Cuv(k,i)forall (k,i) € IF, which shows

that P is v-geometrically ergodic (see [17, Theorem 15.0.1]).
The following lemma is an extension of Theorem 2.2 of [15] to discrete-time BMMCs.

Lemma 3.3. Suppose that P € BMy and P is irreducible. If Assumption 3.1 holds, then, for
allk € Z4 andm € N,

b
Ip" k, ) — |y <2p™ [v(k, w)(1 — lotk, w)) + m] (3.12)
b
o Py’ (ks @) — iy llo < 29™ [v(k, @) (1 — 1ok, w)) + E} foralln e N. (3.13)

Proof. We first prove (3.12). To this end, we consider three copies {(X ,(,h), Ju(h) )V €
Zy}, h = 0,1,2, of the BMMC {(X,, Jy); v € Z,}, which are defined on a common
probability space in such a way that

xP =00, &=, &) =,

where k € Z and (X, J) denotes arandom vector distributed withP(X =1, S = j) = (l, j)
for (I, j) € F. According to the pathwise-ordered property of BMMCs (see Lemma A.1), we
assume without loss of generality that

xXO<x®  xO<x> 0 gO = g0 =g forallveZy. (3.14)
For simplicity, let

Ewpl1=E[ | Xo =k, Jo =], (k,i) eI,
E.iv:0. 01 =EL | X, 58 = ki), X0, 1"y =0, )], (ki) €F, jeD,

where h = 1,2. Furthermore, let g = (g(, j))q, j)er denote a column vector satisfying
gl <wv,ie. |g(, )| <wvd,j) for (I, j) € F. It then follows that, form =1, 2, ...,

Plkwig=Y @) Y. pUk.isl, g, j) = ElEq 5lgXm. Ju)]l.

ieD ,j)elF
mg=nP"g= Y ki) Y p"ki:l.jgd. j)=EEx[gXn. Jn)]l.
(k,i)eF (,j)eF
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Thus, by the triangle inequality, we obtain
|p" (k, w)g — ngl
= |El[E®, /) [8(Xm, Jm)]] — E[Ex, )8 (Xm, Jm)]]|
< [E[Ew,s): 0.0 [ (X5 TSI — E[E,y: 0,0y [g (XY, TN

+ [E[Ex.0:0.0[8 (X5, I = E[Ex.sy: 0.0 g XY, IO (3.15)

Let T, = inf{m € Z4; X" = X for all v > m} for h = 1, 2. It holds that
XD M) = g(x®, 1), v=m, (3.16)
gXP D) = o(x© gy, w1 3.17)

Applying (3.16) and (3.17) to (3.15) and using the fact that |g| < v (but not P € BM,) yields

|p" (k, w)g — ng]|
< ElEw. ;0.0 18X, I — g (X3), Tz =my]l
+EEx.):0.nlgX5 . 1P — g(XP . I (7,5 my1]
< EEw 1y 000X, Iz =m 1]
+E[Ew. 700X, TNz, 2 m 1]
+BIEx. 1y 0.0 [v XS, T (7,2 m)]]
+ EEx, 1300 VXS, I 7y5m 1. (3.18)
Combining (3.18) with (3.14) and v € Bl;, we obtain, for all |g| < v,
p" (k, w)g — mg| < 2E[Eq 1), 0.0 [v(X} s T iy 2m) 1]
+ 2BIEx, 70,0 [V (XS V75 m 11 (3.19)

Furthermore, it follows from (3.14) that X,(,f’ ) — 0, h = 1, 2, implies that X,(,h) =X 1(,0) for all
v > m, which leads to Tj < inf{v € Z,; X'’ = 0} for h = 1, 2. Thus, it holds that

E[Ew. 1y 0.0 [v(X, Iz 2 my1] < BIEG. 1[0 Xy I Lizg=m) 1, (3.20)
E[Ex.7y:0.5[v(X2, TV 12 my 1] < EIEx. 1y [v(Xms Jo)izg=my 1], (3.21)

where 79 = inf{v € Z,; X, = 0}. Substituting (3.20) and (3.21) into (3.19) yields
”Pm(ka w) —mly < 2E[E(k,l)[v(va Jm)]I{ro>m}]]
+ 2]E[E(X,J)[U(Xm9 Jm)]I{r0>m}]]- (3.22)

Let My, =y " v(Xp, Ju)jzy>m) form € Z. If 19 < m then M, 41 = M,, = 0. On the
other hand, suppose that 79 > m and, thus, (X, J;») = (k,i) € N x D (from the fact that
{to > m} C {X,, € N}). We then have, for (k,i) e N x D,

ElMpi1 | X, J) = (ki) 10> ml = > pk.isl, jy ™" vdl, j)
1,j)eNxD

< Y pliil, jy ™" ud, j)
1, j)eFr

<y "k, i),

where the last inequality follows from (3.11). Thus, {M,,} is a supermartingale.
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Let {6,; v € Z} denote a sequence of stopping times for {M,,; m € Z,}suchthat0 < 6; <
0 < --- and lim,_, o 6, = 00. Note that, for any m’ € Z, min(m’, 6,) is a stopping time for
{M,,; m € Z}. It then follows from Doob’s optional sampling theorem that, for (k,i) € F,
Ew,iy[Muminen,6,)] < Ew,i)[Mol, i.e.

]E(k,i)[V_min(m’e“)v(Xmin(m,ev), Jminm,60)) {zg>minem,0,)1] < vk, 1)(1 = 1p(k, i)).

Thus, letting v — oo and using Fatou’s lemma, we have

E iy [v(Xms Jn)zg=my] < y" vk, )1 — Lo(k, 1)), (3.23)

which leads to

BB, 1) [V X Jo)Lizgom 1] = Y @ OBy [0 Xy T (zg>m)]
ieD
< y"vk, w)(1 — Lok, ), (3.24)

where we used the fact that 1g(k, i) = lo(k, w) for all i € D. Note here that premultiplying
both sides of (3.11) by & yields wv < b/(1 — y), from which, together with (3.23), we obtain

b
E[Ex,/[vXm, In)zrg=m 1] < y™ Z m(k,i)v(k, i) < me- (3.25)
(k,i)eF

Substituting (3.24) and (3.25) into (3.22) yields (3.12).

Next we consider (3.13). Since P € BMy, we have (,) P, € BMy and (,) P, <4 P. Thus,
since P isirreducible and positive recurrent, Proposition 2.3(c) implies that (,) P, has the unique
positive recurrent class, which includes the states {(0, i); i € D}. Furthermore, it follows from
v € Bly, (3.11), and Remark 2.1 that

wPiv<Pv<yv+bly. (3.26)

Therefore, we can prove (3.13) in the same way as (3.12).
Combining (3.2) with Lemmas 3.1 and 3.3, we obtain the following theorem.

Theorem 3.1. Suppose that P € BMy and that P is irreducible. If Assumption 3.1 holds, then

b
Ny — 7| < 47/'an +2m Z w7n(n,i) foralln,m eN, (3.27)
Y ieD
1
iyt — || < (4)/’" +omy  —— ) foralln,m € N. (3.28)
-y v, i)

Remark 3.2. If d = 1, Theorem 3.1 is reduced to Theorem 4.2 of [23].

Proof of Theorem 3.1. From (3.2) and Lemma 3.3, we have

b
lwy7en — 7| < 4ymm + oy py (0, @) — p" (0, ®)]. (3.29)
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From Lemma 3.1 (which does not require P € BM), we obtain, for m € N,

oy py' (0, @) — p" (0, )| < ZW(i)II(n)p,’I’(O, i) —p" 0, )]
ieD

m—1
=) > <Zw(i)<nmfi(0,i:LJ))An(l,j). (3.30)
h=0 (I,j)eF “ieD

It follows from (3.1) and () P, € BMy that (@, 0,0, ...)<g@)m, and ((n)P,,)h € BMy for
h € N. Thus, Proposition 2.2 yields

(@,0,0,...) () P)" <ayTn oy P)" = () n. (3.31)

In addition, P € BM, and (3.4) imply that the column vector gn = (An(, j))q, jer with block
size d is block increasing, i.e. 8, € Bl;. Combining this and (3.31) with Remark 2.1, it follows
that

(@,0,0,...) (o P)"81 < (b
Applying (3.4) to the right-hand side of the above inequality, we obtain

> (Zw(i)m)p,’;(o,i;l,j>)An(l,j)

1, ))eF “ieD
<2 Y wm ) Y. pd.jiljh
(,j)eF U'>n,j'eD
<2 ) )Y wpall. jin. j)
1, j)elF j'eD
=2 . j. (3.32)
j'eD

where the second inequality follows from (1.2) and the last equality follows from the fact that
) - () Pn = (ny@,. Substituting (3.32) into (3.30) yields

oy P 0. @) = p" (0, @) <2m Y yma(n, ),
j'eD

from which, together with (3.29), we obtain (3.27).
Next, we prove (3.28). Premultiplying both sides of (3.26) by (), and using the fact that
T+ 1y Pn = () 7n, We obtain () m,v < b/(1 — y), which leads to
b 1

T,(n,i) < —— o
7 (1 ) 1 —yv(n,i)

i eD.
Substituting this inequality into (3.27) yields (3.28).

4. Extensions of the main result

In this section we do not necessarily assume that P (i.e. the Markov chain {(X,, J,); v €
Z+}) is block monotone, but do assume that P is blockwise dominated by an irreducible and
positive recurrent stochastic matrix in BMy, which is denoted by P = (p(k, i5 1, j))k.i).q. j)eF.
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Letw = (7w(k, i))(k,i)eF denote the stationary probability vector of P. 1t follows, from P < Pec
BM, and Proposition 2.3(c) that m <47 and, thus,

> Fk i)=Y wlk.i)=w (), i €D. 4.1

Let {()N( Vs A v); v € Z} denote a BMMC with state space [ and transition probability matrix
P. Smce P<dP € BM,, we can assume (w1thout loss of generallty) that the pathw1se ordernlg
of {(XU, JU)} and {(X,, J,)} holds, i.e. if Xg < Xo and Jo = Jo, then X, < X, and J, = J,
for all n € N (see Lemma A.2).

The following result is an extension of Theorem 5.1 of [23].

Theorem 4.1. Suppose that
@) Pe BM, and P is irreducible;
(i) P=<4P; and
(iii) there exists a column vector v = (v(k, i))k.i)eF € Blg such that v > e and
Pv<yv+bl 4.2)
for some y € (0, 1) and b € (0, c0).
Under these conditions, (3.28) holds.

Proof. We first prove the two bounds (3.12) and (3.13). Let (X, J) and ()N(, JN) denote two
rangom vectors on a probability space (2, ¥, P) such that P(X = k,J = i) = mw(k,i) and
P(X=k,J=i)=7(k,i) for (k,i) € F. Note that, since mw<ym, it follows that
Yol /w () < Y2 A, i)/w (i) for (k,i) € F. According to this inequality and
(4.1), we can assume that X < X and J = J (see [18, Theorem 1.2.4]). We then introduce
the copies {(X,(, ), Jlfh))} and {(X(h) ]U(h))}, h =0, 1, 2, of the Markov chains {(X,, J,)} and
{(Xy, J)}, respectively, on the common probability space (€2, #, P), where

X 5 =00, &P =k D, XP I =X D,
X" g =00, X 5 =0, &I =X, D),
From the pathwise ordering of {(Xv, J,,)} and {(X,, J,)}, it holds that, for h =0, 1, 2,
X0 < x® g = J0 - forallv e Zy. 4.3)
In addition, by the pathwise-ordered property of Pec BM, (see Lemma A.1), we assume that
)?,()0) < %El), )?50) < )?1(,2), J(O) J(l) J(z) forallv € Z;. 4.4)

Letg = (g, j))q, j)er denote a column vector satisfying |g| < v. Itthen follows that (3.18)
holds under the assumptions of Theorem 4.1 because (3.18) does not require that {(X,, J,)} is
block monotone. Furthermore, applying (4.3), (4.4), and v € Bl; to (3.18), we obtain, for all
gl <,

Ip"(k, w)g —mg| < ZE[E(k N, J)[U(Xm s J,fi ))H{Tl ~m}1]

+2EIE % 5. 0.5 VX P, Tz, 4.5)

where Ty, = inf{m € Z; X = X9 forall v > m} for h = 1, 2.
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It follows from (4.3) and (4.4) that, foreach k € {1, 2}, X\ = 0 implies that X’ = X}, =
0 and, thus, X( ) = ( ) for all v > m, whichleadsto 7;, < inf{v € Z4; X (h = 0}. Therefore,
from (4.5), we can obtain the following inequality (see the derivation of (3.22) from (3.19)):

Ip" k., @) — 7|y < ZE[JE(k 70X, T Igpomyl] + 2EE % 570X, T Izp>my 1.

Here 7y = inf{v € Z+, v = 0}. Furthermore, following the discussion after (3.22), we can
show that, forall k € Z, andm € N,

b
Ip" (k, w) —mlly < 2ym[“(’<7 @) (1 — Lok, @)) + m]

b
loypy (k@) — ymalle < 2y™ [v(k, w)(1 — 1ok, w)) + m} foralln € N.

Consequently, we obtain the two bounds (3.12) and (3.13).
It remains to prove that

2mb 1

(0, - p"(0, < .

o Py 0. @) = p" O @)l < T % )

Let Al j) =2 Yoy jrepP (U ji ', j) for (I, j) € F. Since P<4 P, itholds that A, (I, j) <
Ay, j) for (I, j) € F. Note here that (3.30) still holds and, thus,

m—1
oy 0, @) — p" O, @) <Y > (Zw(i)(n)p,’:m,i:Lj))Zn(l,j>. (4.6)

h=0 (I, j)eF “ieD

We now define (n)P as the last-column-block-augmented first-n-block-column truncation
of P and T = () Tn(k, 1)) (n,i)er as the stationary distribution of (n)P We also define
m Py (k. i) = (Pt (k, i3 1, j))q, j)eF as a probability vector such that () py' (k. i; 1, j) repre-
sents the (k, i; 1, j)th element of ((n)P ). Tt then follows from (,,)Pn<d(nLP and Proposi-
tion 2.3(b) that ((,) P,)" <d((n)Pn) for h € N. Therefore, Remark 2.1 and (A, (l, /)¢, j)eF €
Bl; (due to the fact that P € BMy) yield

> wpr O L DAL ) = Y PO, 1 AL ). (4.7)
,j)elF 0, j)elF
Substituting (4.7) into (4.6), we have

m—1

ey Py 0. @) = p" Q. @) < Y H (Zw(nm)ﬁZm,i;l,j)>ln<l,j>.

h=0 (I,j)eF “ieD

In addition, since (n)ﬁ,, <dﬁ € BMy, Proposition 2.3(c) implies that (,,)77,, <47 and, thus,
Y reo mTntk, i) => poo Tk, i) fori € D. Combining this with (4.1), we have @ (i) =
Y e mTn(k, i) for i € D. As a result, according to the discussion following (3.30) in the
proof of Theorem 3.1, we can prove that

2mb 1

-V 3 v(n, i)

Py (0, @) — p" (0, @)|| < 2m Z(n)ﬂn(n i) <
ieD

We can relax (4.2) if the direct path to the states {(0, i); i € D} is ‘large’ enough.
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Theorem 4.2. Suppose that conditions (i) and (ii) of Theorem 4.1 are satisfied. Furthermore,

suppose that there exists a column vector v/ = (V' (k, i) ,iyer € Bla such that v > e and, for
some y' € (0,1), b €(0,00), and K € Z,

Pv <y + b 1k, (4.8)

P(K:0)e > 0, (4.9)

where P(k; 1), k,1 € Z, denotes a d x d matrix such that P(k;1) = (p(k, i;1, j))i.j)eD-
Under these conditions, (3.28) holds for all n € N, where

Y +B
SR A iy 4.10
=118 (4.10)
b="b+B, @.11)
0, i), k=0,ieD,
ok.iy = VO e 4.12)
Vk,i)+ B, keN,ieD,
and B € (0,00) suchthat BP(K;0)e > ble. (4.13)

Remark 4.1. Condiiion (4.9) ensures that there ixists some B € (0, co) that satisfies (4.13).
Furthermore, since P € BMy, (4.9) implies that P (k; 0)e > O forallk =0,1,..., K

Proof of Theorem 4.2. According to Theorem 4.1, it suffices to prove that (4.2) holds for
some y € (0,1),b € (0,00), and v € Bly; with v > e. Let v(k) and v'(k), k € Z, denote
d x 1 vectors such that v(k) = (v(k,i));ep and v'(k) = (v'(k,i));ep. Clearly, it holds that
v=>wO)",vDHT,..)Tandv' = @ ©O)T,v'(1)T,...)", where ‘T’ represents the transpose
operator. Thus, (4.8), (4.11), and (4.12) yield

o (0.¢]
S PO: ) <Y PO:hv'(1) + Be
=0 =0
<yv'(0)+ (b + B)e
= y'v(0) + be
< yv(0) + be, (4.14)
where the last mequalltxfollows fromy >y’ (by (4. 10)).

Furthermore, since P € BMy, Y 72, P(k < Zl 1 P(K ) fork=1,2,...,K. From
this result and (4.12), it follows that, fork =1, 2, . K,

2

Y Pk:hvd) <Y PiDv'()+BY  P(K:De

=0 =0 =1

P(k;)v'() + B{e — P(K; O)e}. (4.15)

M

~
Il
=}

Applying (4.8) and (4.13) to the right-hand side of (4.15), we obtain, fork = 1,2, ..., K,

> P(k:Dv(l) < y'v'(k) + Be + {b'e — BP(K; 0)e} < y'v/(k) + Be. (4.16)
=0
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Note that, (4.10) implies that sup, . (y’x + B)/(x + B) = y. Thus, since v" > e, it holds that
y'v'(k,i) + B < y(V'(k, i) + B). Combining this with (4.12) yields

y'v'(k) + Be < y(v'(k) + Be) = yv(k), k eN. 4.17)

Substituting (4.17) into (4.16) yields

oo

S Pk:hv() <yvk).,  k=1.2,... K. (4.18)
=0

Similarly, fork=K + 1, K +2,...,

Z (k: Do) < Z (k; DV’ () + Be < y'v' (k) + Be < yv(k), (4.19)
=0 =0

where the last inequality follows from (4.17). Finally, (4.14), (4.18), and (4.19) yield (4.2).

5. Applications

In this section we discuss the application of our results to GI/G/1-type Markov chains. To
this end, we make the following assumption.

Assumption 5.1. (i) P is of the form

B(O) B(l) B(2) B®
B(—-1) A®©0) A1) AQ) ---

p—|B(-=2 A1) A0 A1) -- (5.1
B(-3) A(-2) A(-1) A0 ---

where A(k) and B(k), k =0, 1, £2, ..., ared x d matrices;
(ii)) P € BMy;

(iii) P is irreducible and positive recurrent;

iv) A .= Z,fi_oo A (k) is irreducible and stochastic; and

(V) ra, = sup{z > 0; Y32 2XA(k) is finite} > 1.

It follows from Assumption 5.1(i), (ii), and (iv), and Proposition 1.1 that ¥ = ZfﬁoB(l) =
B(—k) + ZfikaA(l) for all k& € N, which implies that limy_, o B(—k) = O and, thus,
A=V,

Let A(z) denote

A = Y FAK). e (/ra_ra)N{l} =14, (5.2)

where rg_ = sup{z > 0; Z,filzkA(—k) is finite} > 1. Let 64(z), z € 44, denote the
real and maximum-modulus eigenvalue of A(z) (see, e.g. [9, Theorems 8.3.1 and 8.4.4]).
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Let pa(z) = (a2, 0))iep and vA(z) = (va(z,i))iep, 2 € L4, denote the left and right
eigenvectors of A(z) corresponding to the eigenvalue §4(z), i.e.

pARAR) =84(@DRaR),  AR)VAR) =84(2)va(2), (5.3)

which are normalized such that p4(z)va(z) = 1 and va(z) > e for z € J4. We then have
34(2) = ma(2)A(2)va(2). Italso follows from A = W and Assumption 5.1(iv) that 54 (1) = 1,
na(l) =cw,and va(1) = ¢ Ve for some ¢ € (0, 1].

Lemma 5.1. Under Assumption 5.1, there exists an a € (1,r4) such that 54 (o) < 1.

Proof. Since 64(1) = 1 and 84(z) is differentiable for z € {4 (see [1, Theorem 2.1]),
it suffices to show that §,(1) < 0. Indeed, &,(1) = pa(DY 2 _ kAKva(l) =
wzlfifookA(k)e, which is equal to the mean drift of the process {X,; v € Z,} away from
the boundary and is strictly negative under Assumption 5.1 (see, e.g. [11, Proposition 2.2.1]).

We now define P(k; 1), k,I € Z,, asad x d matrix such that P(k; [) = (p(k,i; [, j))i jeD-
We also fix v/ = (@' (0) T, v'(1)T,...)T such that

v (k) = afva(a), keZg, (5.4)
which leads to v' € Bly. It then follows from (5.1) and (5.4) that

o0 oo
D PO:HY'() =) o' Blhva(e) = w(0), (5.5)
=0 =0
o o
Y Pk:DV () = B(—kva(@) + o Y o ADva(@) =twk), keN, (56)
1=0 I=—k+1
where w(0) < w(0) < w(l) < --- due to the facts that P € BM, and v' € Bl (see
Proposition 2.2). Furthermore, using (5.2) and (5.3), we can estimate the right-hand side

of (5.6) as
> Pk (1) = wk) < B(—k)va(e) + o A(a)va(@)
=0
= B(—k)va(@) + "84 (@) va()
< 00, keN. (5.7

Therefore, w(k) is finite for all k € Z,. In addition, combining (5.7), limy_, o, B(—k) = O,
va(a) > e, and Lemma 5.1, we can show that there exist some ¥’ € (0, 1) and k.. € N such that

(0,¢]
Z Pk; DY’ () < y'odva(@) =y v/ (k) forall k > ky, (5.8)
[=0

where the last equality is due to (5.4). Consequently, from Theorem 4.2, we have the follow-

ing result.

Theorem 5.1. Suppose that Assumption 5.1 holds, and fix y' € (0, 1) and k. € N to satisfy
(5.8). Furthermore, if B(—K)e > 0 for some nonnegative integer K > ky, — 1, then the bound
(3.28) holds for y € (0,1), b € (0,00), and v € Bly such that (4.10)~(4.13) are satisfied,
where v' is given by (5.4), P(K; 0) = B(—K), and

b =inf{x > 0; xe > w(k) — y'afva(e) forallk =0,1,..., K}. (5.9)
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Proof. Fix P=Pc¢ BM. From (5.4)—(5.6) and (5.9), it holds that

o0
Z P(k; DY’ (1) = y'v' (k) + {wk) — y'dFva(@)} < y'v' (k) + Ve, k=0,1,...,K.
1=0

This inequality and (5.8) yield (4.8). Furthermore, (4.9) holds due to the fact that P (K;0)e =

B(—K)e > 0. Consequently, all the conditions of Theorem 4.2 are satisfied and, thus, the
bound (3.28) holds.

Finally, we consider the special case in which B(—k) = A(—k) = O fork > 2, B(—1) =
A(=1) and B(k) = Ak — 1), fork € Z4, i.e.

A(=1)  A®O0) A(l) AQ)
A(—=1) A®O0) A() AQ) ---

P— (4] A=) A©O) A1) --- (5.10)
o 0 A(-1) A©O) ---

which is block monotone with block size d. Note that P in (5.10) is an M/G/1-type transition
probability matrix and appears in the analysis of the stationary queue length distribution in the
BMAP/GI/1 queue (see [20]). From Theorem 3.1, we then have the following theorem.

Theorem 5.2. Suppose that Assumption 5.1 holds. Furthermore, if B(—k) = A(—k) = O
fork =2, B(—1) = A(—1), and B(k) = A(k — 1) for k € Z, then bound (3.28) holds for
y =8a(a), b = (@ — 1) max;ep va(a, i), and v = v’ given in (5.4).

Proof. Fixing v = v’ and applying (5.2)—(5.4), Lemma 5.1, and the conditions on {B (k)}
to (5.5) and (5.6), we obtain

Z PO; DHo(l) = ada(@va(a) = v(0) + (@ — Dog(a),
1=0

Z P(k; hv(l) = a*sa(@)va(a) = 8a(@)v(k), k e N,
1=0

which imply that all the conditions of Theorem 3.1 are satisfied, and thus, (3.28) holds.

Appendix A. Pathwise ordering

In this appendix we present two lemmas on the pathwise ordering associated with BMMCs.
As in the previous sections, P = (p(k,i; 1, j))k,i),q,j)er and P = (pk,i;l, I i), (. j)eF
represent |[F| x |F| stochastic matrices, though they are not necessarily assumed to be irreducible
or recurrent in this appendix.

Let {U,; v € N} and {S,; v € N} denote two independent sequences of independent and
identically distributed (i.i.d.) random variables on a probability space (2, ¥, P) such that U,
and S, are uniformly distributed in (0, 1). Let J(;" denote a ID-valued random variable on the
probability space (€2, F, P), which is independent of both {U,;v € N} and {S,;v € N}.
Furthermore, let J¥ = G, | J¥_ ) forv e N, where

v

J
Gl(s|i)=inf{jeD;Zw(i,j’)2s}, O<s<1,ieD.
j’=1
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It then follows that {J;; v € Z } is aID-valued Markov chain on the probability space (2, ¥, P)
such that P(J | = j | J) =1i) = ¥ (i, j) fori, j € Dand v € Z, where ¥ (i, j) is defined
in Proposition 1.1.

Lemma A.1. (Pathwise-ordered property of BMMCs.) Suppose that P € BMy. Let X(, and X
denote nonnegative integer-valued random variables on the probability space (2, ¥, P), which
are independent of both {U,; v € N} and {S,; v € N}. Furthermore, let X|, = F~'(U, | X'

v—1°

T I and X = F~Y U, | X!_\, JF |, J)) forv € N, where F~'(u | k,i,j), 0 <u <
1, keZy, i, jeD,isdefined as
L optk,iym, j)
F ' |k,i,j)=inf{leZ+;ZMzu}. A1)
b S AUN))

Under these conditions, {(X|,,J); v € Z4} and {(X]], J);v € Z4} are Markov chains with a
transition probability matrix P on the probability space (2, ¥, P) such that X|, < X!, for all
veNifX,<Xj.

Proof. Suppose that X, < X for some v € Z.. It then follows from P € BM, that

1 1
S pX Irm TE ) = Y pXU Im TR, L€y
m=0

m=0
Thus, from the definitions of {X/,} and {X|/}, we have

l
XU, = inf{l €Ly Y

m=0

p(Xy, Jysm, I ) U +1}
- v
UACARNARY

1

X' J* m, J*
zinf{leZ+;Zp( L ”“)zUm}
m=0 I//(Jyvjv+1)
= F U1 | X, T T

=X\

Therefore, we have proved by induction that X, < X/ forall v € N.

Next, we prove that the dynamics of {(X/,, J*); v € Z4} are determined by P. Let o (-)
denote the sigma-algebra generated by the random variables in the parentheses. From the
definition of {(X (), J5)}, it follows that, for v € N,

o (Xp Xy X I T LT

v—1»

Co(Xy, Jg U, Usy ... Uy, 81, 82, ..., Su—1)
= Gy_1.

Note that, for (k,i) € Fand j € D,
9’1)—1 N {X:) = ks J\T = ia J:+] = j} g O(X(/)v J(;ks Uls U29 cet Ul)’ Slv S27 R} S\)+1)’

which implies that U,y is independent of both §,—; and {X| =k, J} =i, Jy = J} for
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(k,i) € Fand j € D. Thus, it follows from the definition of {X/} that

P(XL+1<Z|9>U7],X—/<J =1, J+1_])
plk,i;m, j)
= UV
(Z v i, j) “

- pk,ism, )
- (Z G - U”“)

9»1}—19 X‘/) =k, J;k =1, J:_H :]>

m=0
Zp(kl m’), k,i) x (1, j) € F2. (A2)
m=0 W(l

Also, note that S,4 1 isindependent of §,, D gv_m{x; =k, J; =i}for (k,i) € F. Therefore,
from the definition of {Jf}, it holds that, for (k,i) € Fand j € D,

Py = | §v-1, X, =k, J*—l)

—P(Zwa J) < Suy1 < Zw(z i ’ Gv-1, X, =k, J;":i)
= P(Z Vi, j') < Supr < Z v, j/))
J=1 j'=1

= V. j). &.3)
Combining (A.2) and (A.3) yields

P(Xy <0, Sy =J | §oo1, Xy =k, J7 =10)
=P(X,yy <1 | Goorn X, =k, JF =i, T = ))
X Py =J | Go-t, Xy, =k, J)=1)

1
=Y plkism, j), (ki) xd j)eF,
m=0

which shows that {(X|, J); v € Z4} is a Markov chain with transition probability matrix
P on the probability space (2, F,P). The same argument holds for {(X], J});v € Z,}.
We omit the details.

Lemma A.2. (Pathwise ordering by the blockwise dominance.) Suppose that P <4 P and
either P € BMy or P € BMy. Let X{j and X[ denote nonnegative integer-valued random
variables on the probability space (2, ¥, IP), which are independent of both {U,; v € N} and

{Sv; v € N}. Furthermore, let X} = F I(UU (I SR A Ay )andX* =F (U, | Xv "
Jr " J5) forv e N, whereF_l(u | k,i,j),0<u<1,keZy,i,jeb, lsdeﬁnedln(AI)

and F~'(u | k,i,j),0<u <1, keZy,i,jeD,is defined as

I ~ . .
~_ C plk,i;m, j)
Fl(u|k,z,j)=1nf{l€Z; —zu}
*mzzo v, j)
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Under these conditions, {(X7;, J); v € Z+} and {(?:‘j, J);v € Zy} are Markov chains with
transition probability matrices P and P, respectively, on the probability space (2, ¥, IP) such
that X5 < X3 forallv € NifXak < X(*;.

Proof. In Proposition 2.3(a) we showed that, forall k € Z; and i, j € D,

W, )=y pkisl, jy =Y plk il j).

1=0 =0

Therefore, following the proof of Lemma A.1, we can show that {(X}, J¥);v € Zi} and

{(X:

,J5);v € Zy} are Markov chains with transition probability matrices P and P, res-

pectively, on the probability space (€2, ¥, P). Similarly, we can prove by induction that if
X5 < X, then X5 < X7 for all v € N. We omit the details.
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