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0. Introduction

A well-known conjecture of E. Artin [1] states that for any integers a 6= �1 and
a is not a perfect square, there are infinitely many prime integers p for which a
is a primitive root (mod p). An analogue of this conjecture for function fields was
attacked successfully by Bilharz [2] in 1937 using the Riemann hypothesis for
curves over finite fields (subsequently proved by A. Weil). The original conjecture
of Artin remains open, though it was shown to be true if one assumes the Gener-
alized Riemann hypothesis by Hooley [7]. In recent years, this conjecture of Artin
has also been formulated and studied for elliptic curves over global fields instead
of just Gm (the original case) (see [11]).

Let C be a projective smooth algebraic curve defined over a finite field Fq (q,
some power of a fixed prime number), and take a fixed place1 of C. The Dedekind
domain consisting of all functions on the curveC regular away from1 is denoted by
A. From the view point of class field theory, the Drinfeld A-modules are the more
interesting arithmetic objects over function fields. Their division points always
generate very nice extension fields. In particular, the rank one Drinfeld A-modules
play a role entirely analogous to the important role played by Gm over number
fields. This leads naturally to Artin’s conjecture for Drinfeld A-modules. The aim
of this paper is to prove Artin’s conjecture for the Carlitz module, i.e., the rank one
Drinfeld Fq [t]-module over the rational function field Fq (t).

In the following we always let C = P1, and A = Fq [t]. Let C = (Ga; �)
be a given Drinfeld A-module defined over A where � means an injective ring
homomorphism from A to EndA(Ga). Let P be a prime ideal of A. The reduction
ofC modPmakes A=P a finite A-module denoted byC(A=P). Given 0 6= a 2 A,
we are interested in the setCa consisting of prime idealsP of A for which �a = a+P
is a generator ofC(A=P). Analogue of Artin’s conjecture forC says thatCa always
has a Dirichlet density �(Ca) to be given by an infinite (Euler) product. Moreover
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�(Ca) should be positive in general, hence there are usually infinitely many prime
ideals P for which �a is a generator of C(A=P).

In this paper we deal with the Carlitz case. Hence � is given by �(t)(X) =
tX +Xq . In Section 4 Theorem 4.6, we prove that the density of Ca except in the
case q = 2 is given by

�(Ca) =
Y

all monic irreducibles
l(t) in A

 
1�

1
Nl(t)

!
;

whereNl(t) is the degree [Kl(t) : Fq (t)] andKl(t) is the Galois extension over Fq (t)
obtained by adjoining roots of �(l(t))(X) = 0 and roots of �(l(t))(X) = a to
Fq (t). We also show that for given a 6= 0 in A; �(Ca) > 0 except for the case that

q = 2 anda 2 f1g [ �(t)(A) [ �(1 + t)(A):

This is analogous to the condition a is not perfect square and a 6= �1 in the classical
Artin’s conjecture.

Let k = Fq (t);
 its algebraic closure, and a 2 A a fixed nonzero polynomial
in A. Given monic irreducible m 2 A, we let km = k(�m) be the cyclotomic
function fields over k (�m consists of the roots of �(m)(X) = 0 in 
). We are
interested in the field extensions Km = km(�), where � is a root of the equation
�(m)(X)� a = 0 in 
. These extensionsKm=km will be called Kummer–Carlitz
extensions. They have very nice properties. Moreover, �a is a generator of C(A=P)
if and only if P does not split completely in any Kl(t), l(t) runs through all monic
irreducibles of A (Theorem 1.3).

In Section 2, we shall estimate the growth of the discriminants �(Km=k) by
applying Newton Polygon method. In particular, we show that (Theorem 2.4)

deg (�(Km=k))

[Km : k]
= O(degm):

In Section 3, we work out a generalized Artin problem for function fields by using
an effective version of the Prime Number Theorem for function fields together
with combinatorical techniques. Putting all these results together enables us to
solve Artin’s conjecture for Carlitz module in Section 4.

1. On Kummer–Carlitz extensions

Let C = (Ga; �) be the Carlitz A-module given by �(t)(X) = tX + Xq . We
shall use the notation Xm instead of �(m)(X), hence for � 2 
, and nonzero
m 2 A, �m means the value �(m)(�). We always consider 
 as A-module under
the Carlitz �-action. For nonzerom 2 A, them-torsion in
 is denoted by�m (i.e.,
�m is the subset consisting of � 2 
 such that �(m)(�) = 0). Let km = k(�m).
We shall also fix a nonzero polynomial a 2 A in this section and letKm = km(�),
where � 2 
 is a root of Xm � a = 0.
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A prime ideal P of A always has a monic irreducible polynomial in A as
generator which will be denoted by p(t). Given b 2 A, the canonical image of b in
A=P is denoted by �b. We are particularly interested in the reduction of C modulo
P. This is the action given by �P(t)(X) = �tX+Xq on A=P (as A-algebra). Under
this action, A=P acquires another A-module structure which will be denoted by
C(A=P). It is not difficult to show that C(A=P) is isomorphic to A=(p(t) � 1), a
cyclic finite A-module (see [8]). We have

PROPOSITION 1.1. Given P � A a prime ideal and nonzero m 2 A. Then P
splits completely in Km if and only if p(t) � 1 (mod m) and �P(

p(t)�1
m

)(�a) = 0

(i.e., a
p(t)�1
m � 0 (mod p(t))):

Proof. If p(t) � 1 (mod m), by [6, Theorem 7.1], P splits completely in km.
Let � 2 
 be any root of Xm � a (i.e., �(m)(�) � a = 0). Since Xp(t) is an
Eisenstein polynomial,

��q
degp(t)

� �� = �P(p(t)� 1)(��) = �P(
p(t)� 1
m

)(�a) = 0:

We have �� 2 A=P. The derivative of �P(m)(X) � �a is equal to m which is
nonzero in A=P (since p(t) � 1(modm)). Combining these, it follows that the
equation �P(m)(X)� �a = 0 has exactly qdegm different roots in A=P. According
to a principle of Dedekind, the prime ideal P must split completely in the field
k(�) over k. Hence P splits completely also in Km. Conversely, since P splits
completely in Km, p(t) � 1(modm) ([6], Theorem 7.1) and � is equivalent to
some element f 2 A modulo P. One has,

�P(
p(t)� 1
m

)(�a) = �P(p(t)� 1)(��) = �P(p(t)� 1)( �f) = 0

(since C(A=P) �= A=(p(t)� 1)). This completes the proof.

PROPOSITION 1.2. The element �a is a generator of C(A=P) if and only if
�P(

p(t)�1
l(t) )(�a) 6= 0, for any monic irreducible l(t) of A satisfying p(t) �

1(mod l(t)).
Proof. ()) If �a is not a generator of C(A=P), then there exists a monic irre-

ducible l(t) dividing p(t) � 1, with degree less than degP such that �P((p(t) �
1)=l(t))(�a) = 0 (since C(A=P) �= A=(p(t) � 1) as A-module). This contradicts
the assumption.

For ((), if �a is a generator ofC(A=P), then clearly �P((p(t)�1)=l(t))(�a) 6= 0
for any monic irreducible l(t) 2 A such that p(t) � 1(mod l(t)).

Combining Propositions 1.1 and 1.2, we have the following basic.

THOEREM 1.3. The element �a is a generator of C(A=P) if and only if the prime
ideal P does not split completely in any of the field Kl(t), where l(t) runs through
monic irreducibles in A with deg l(t) > 1.
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EXAMPLE. Let A = F2 [t]; a = 1. Since 11 = 1; 1t = 1 + t; 1t
n
= 1 + t for

any positive integer n, this implies af = 0; 1; t or 1 + t. Thus �a = �1 is not a
generator of C(A=P) for all prime ideals P in F2 [t] with deg p(t) > 3. It is easy
to check that �a = �1 is a generator of C(A=P) for the remaining three prime ideals
P = (t); (1 + t) or (1 + t+ t2).

LEMMA 1.4. Let m;n be two nonzero monic relatively prime polynomials in A. If
the equations Xm = a; Y n = a have solutions in A, then equation Zmn = a also
has solutions in A.

Proof. Suppose that X = � (resp. Y = �) is a solution of Xm = a (resp.
Y n = a) in A, and e; g 2 A such that me+ ng = 1. Let  = �g + �e 2 A. Then
mn = (�g + �e)mn = (�m)ng + (�n)me = ame+ng = a: This completes the
proof. 2

The Galois group of km=k is naturally isomorphic to (A=(m))� ([6, Theorem
2.3]). This isomorphism is given by �f 7! � �f such that � �f (�) = �f for all � 2 �m.
If � 2 Km is a fixed root of Xm = a, then the roots of Xm = a are necessarily of
the form �+ �, for � 2 �m. Given  2 Gal(Km=km), then one has  (�) = �+ �,
for some � 2 �m. We shall let  � stand for this  . Thus we may view the Galois
group of Km=km as a subgroup of �m, denoted by Hm. More precisely, we have
an isomorphism  : Hm ! Gal(Km=km) given by  �(�) = �+ �.

Now Gal(km=k) can act on Gal(Km=km) by conjugation. Identifying the group
Gal(km=k) with (A=(m))�, this action is explicitly given by the following.

PROPOSITION 1.5. � �f �  � =  �f , for all �f 2 (A=(m))�, � 2 Hm, and � �f 2

Gal(km=k) such that � �f (�) = �f .
Proof. Let � 2 Gal(Km=k) such that ��1(�) = � + �0 (i.e., � = �(� + �0)),

for some �0 2 �m and the restriction of � to km is equal to � �f . Then we have

� �f �  �(�) = � �  � � �
�1(�)

= � �  �(�+ �0)

= �(�+ �0 + �)

= �+ �f :

(1.1)

This completes the proof. 2

The main point is to extend the action of (A=(m))� to an action of A=(m) on
Gal(Km=km). In the case q 6= 2 or q = 2 but t(t + 1) - m, this is done in the
following way. Given f 2 A, write f as a finite sum f1 + f2 + � � � + fn such that
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(fi;m) = 1 for all i (This is possible by Chinese Remainder Theorem). Then we
define, for � 2 Hm,

f �  � =
X
i

� �fi
�  � =

X
i

 �fi =  P �fi :

This is independent of the decomposition of f as
P
fi. Hence our action is well-

defined. Composing with the canonical map from A to A=(m), we can thus assign
A-module structure to Gal(Km=km). This allow us to view Gal(Km=km) as an
A-module from now on. We check these conditions in Proposition 1.6 below.

PROPOSITION 1.6. Gal(Km=km) (or Hm) is identified as a finite A- submodule
of �m except for the case: q = 2 and t(t+ 1) j m.

Proof. To check that the action is independent of decomposition, suppose that
� 2 Hm � �m; f 2 A. If f =

P
i fi =

P
j gj with (fi;m) = 1, (gj ;m) = 1 for

all i; j, then by Proposition 1.5

f �  � =
X

fi �  � =
X

 �fi =  P �fi =  P �
gj =

X
 �gj =

X
gj �  �:

To check that Hm (or Gal(Km=km)) is an A-module under this action

(1) Hm is an abelian group.
(2) For �1; �2 2 Hm � �m,

f � ( �1 +  �2) = f �  �1+�2

=  (�1+�2)f =  
�
f
1
+  

�
f
2
= f �  �1 + f �  �2 :

(3) Let f; g 2 A; � 2 Hm and letf =
P
fi; g =

P
gj , with (fi;m) = (gj ;m) = 1

for all i; j. Then

(f � g) �  � =

0
@X

i;j

fi � gj

1
A �  �

=
X
i;j

 
�
fi�gj (since (fi � gj ;m) = 1):

f � (g �  �) = f �

0
@X

j

 �gj

1
A =

X
i

fi �

0
@X

j

 �gj

1
A

=
X
i;j

 
�
fi�gj = (f � g) �  �:

(f + g) �  � =
X
i

fi �  � +
X
j

gj �  � = f �  � + g �  �:
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Thus Hm (or Gal(Km=km)) is an A-module under this action and we are done. 2

We now have

THEOREM 1.7. In the following, if q = 2, we assume t(t+ 1) -m. Then we have

(1) The Galois group Gal(Km=km) (or Hm) is isomorphic to A=(z), for some
z 2 A such that zjm.

(2) Suppose that p(t) is a monic irreducible in A. If Xp(t) = a has one solution
X = c in A, then Hp(t) = f0g and cja. Otherwise, Hp(t) = �p(t)

�= A=(p(t)).
(3) Suppose that m;n are two monic square-free relatively prime polynomials

in A. Then Km�n = Km �Kn;Km and Kn are linearly disjoint over base field k
(4) Suppose that m is monic and square-free in A. Let z be the largest divisor

ofm such that the equationXz = a has solutionX = b in A. Then the polynomial
Xm=z � b is irreducible over A, and Hm

�= A=(m=z).
(5) The field of constants of Km is Fq .

Proof. First, (1) follows directly from Proposition 1.6.
To prove (2), by (1) we have Hp(t) = f0g or Hp(t) = �p(t)

�= A=(p(t)). If
Xp(t) = a has one solution X = c in A, then all the roots of Xp(t) = a belong
to kp(t). This implies Hp(t)

�= f0g. Also clearly cja (by the expansion of Xp(t)).
Otherwise, if equation Xp(t) = a has no solution in A, it suffices to show that
Xp(t) = a has no solution X in kp(t). Suppose that Xp(t) = a has one solution
X = �; � 2 kp(t) � k, then all solutions of Xp(t) = a are in kp(t). Let us take
� = �Trkp(t)=k(�), then one has �p(t) = �(qdegp(t) � 1)a = a and � 2 A. This
contradicts the assumption and we are done.

To prove (3), given nonzero polynomial d 2 A, let us denote all the roots of
Xd = a in Kd by Rd. Suppose that � 2 Rm; � 2 Rn, then �m = a; �n = a. Let
us take e; f 2 A such that me+ nf = 1, and let � = �f + �e 2 Km �Kn: Then
�m�n = (�m)nf+(�n)me = a:This implies that � 2 Km�n, henceKm�Kn � Km�n

(since Km�n = km�n(�)). Conversely, suppose that � 2 Rm�n, then �n 2 Rm,
�m 2 Rn. This implies that Km �Kn � Km�n.

To prove linearly disjointness, we suppose that � 2 Rm�n, let � = �n 2

Rm; � = �m 2 Rn. By (1), we have Hm�n = �z for some z dividing m � n, and
write �z as a direct sum �z1 � �z2 , where z = z1z2; z1jm; z2jn. We contend that
Hm = �z1 and Hn = �z2 . Let � 2 Gal(Km�n=km) with �(�) = � + �1 + �2,
where �1 2 �z1 ; �2 2 �z2 . Since � = �n 2 Rm and �2

n = 0, we have �(�) =
�(�n) = (�+ �1+ �2)

n = �+ �1
n. This implies that �1

n 2 Hm. Since (m;n) = 1,
it follows that �1 2 Hm. We have �z1 � Hm. Conversely, suppose �0 2 Hm. Since
(m;n) = 1, by ramification theory of kmn, we know thatKm and kmn are linearly
disjoint over km. Then there exists �0 2 Gal(Kmkmn=km) such that �0 = identity
on kmn and �0(�) = � + �0. We extend �0 to � 2 Gal(Kmn=kmn). Then we also
have �(�) = � + �0. Now if �(�) = � + �1 + �2, where �1 2 �z1 ; �2 2 �z2 , then
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�(�) = �(�n) = (� + �1 + �2)
n = � + �1

n. Thus we have �0 = �n1 2 �z1 ; hence
Hm � �z1 . Therefore, we have Hm = �z1 and also Hn = �z2 . Since km and
kn are linearly disjoint over the base field k ([6, Theorem 2.3]), this shows that
[Km : k] � [Kn : k] = [Km �Kn : k], hence the the conclusion of (3).

To prove (4), let z be the largest divisor of m such that equation Xz = a has
solution X = b in A. By (3), we have

[Km : km] =
Y

l(t)jm;l-z

[Kl(t) : kl(t)] = deg(Xm=z � b):

Thus (4) follows from Lemma 1.4 and (2) of this theorem by degree considerations.
For the proof of (5), from [6], we know that the field of constants of km is Fq .

From (1) , we know that the field of constants of Km is either Fq or Fqp (since
Hm is an elementary p-group). Suppose that the field of constants of Km is Fqp .
Then there are two Galois subextensions k0m=km;K

0
m=km of Km=km such that

k0m
�= km 
Fq Fqp , K 0

m \ k0m = km, and Hm
�= Gal(k0m=km) � Gal(K 0

m=km).
Since k0m �= km 
Fq Fqp , the action of Gal(km=k) on Gal(k0m=km) is trivial. By
Proposition 1.5, this contradicts the action of Gal(km=k) on Hm. This completes
the proof. 2

In the case q = 2, the situation is more subtle.

EXAMPLE. Let A = F2 [t], k = F2(t). Then

(1) It may happenKt = Kt+1. For example, if a = t2 + t+1, thenKt = Kt+1 =
F4 (t); if a = t3, then Kt = Kt+1 6= F4 (t) and [Kt : k] = 2.

(2) Kt = F4(t) (resp. Kt+1 = F4(t)) if and only if a = t2(f2 + f + 1) (resp.
a = (t+ 1)2(f 2 + f + 1)) for some f 2 k.

2. Estimating discriminants

Let 1 be the place at infinity of our rational function field k = Fq (t), with 1
t

as its uniformizer. Let a be a nonzero element in A fixed throughout as before.
We consider monic square-free nonzero polynomial m in A. Given m, we let
z = z(m;a) be the largest divisor ofm such that the equationXz = a has solution
X = b in A (note that b 6= 0 because a 6= 0), and set r = m=z. The degree of the
extension Km over k will be denoted by Nm. In this section, our purpose is to get
an upper bound for the totall degree dm of the discriminant divisor �(Km=k).

PROPOSITION 2.1. Given monic square-free nonzero polynomial m in A. Then
we have

(1) �(km=k)j(1 �m)[km:k].
(2) The finite part of the discriminant �(Km=k) divides (m � r)Nm .

Proof. To prove (1), let P be a prime divisor of k, and let eP(km=k) denote the
ramification index at P of km=k. We know that every prime divisor of k except
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1 and the prime divisors P dividing (m) is unramified in km. By [6, Thm 3.2],
ramification index e1(km=k) is equal to�Pj(m)(q�1); by the discriminant formula
in the case that (char.k, e1(km=k))=1, we have the1-part of�(km=k) is precisely
equal to 1d1 , where

d1 =
e1(km=k)� 1
e1(km=k)

� [km : k]:

For prime divisorsP dividing (m), theP-factor of�(km=k) is equal toPd2 , where

d2 = (qdegP � 2) � [k m
p(t)

: k] =
qdegP � 2
qdegP � 1

� [km : k]

(by [6], Theorem 4.1). Combining these, we obtain that the discriminant�(km=k)
divides (1 �m)[km:k] (note that m is square-free).

To prove (2), let f(X) = Xr � b, and let � be a root of equation f(X) =
0 in Km. Since f 0(�) = r, NormKm=km(f

0(�)) j (r)q
deg r

, the finite part of

discriminant �(Km=km) divides (r)q
deg r

. By transitivity of discriminants and (1)
of this theorem, we obtain the finite part of the discriminant �(Km=k) divides

((m)[km:k])q
deg r
� Normkm=k((r)

qdeg r
), which is equal to (m � r)Nm . This completes

the proof. 2

PROPOSITION 2.2. Let ord1(�) denote the normalized discrete valuation of k at
1 (i.e., ord1( 1

t
) = 1), and extended to Km in the usual way. We have

(1) Suppose that11 is a prime divisor of km sitting over1. Then the ramification
index e11(Km=km) 6 maxfq � dega; 1g 6 q � dega+ 1.

(2) If � 2 Km is a root of Xr � b = 0 (note b 6= 0 here), then

jord1(�)j 6 deg r + deg b 6 degm+ dega:

(3) If 0 6= � 2 �r, then � 1
q�1 6 ord1(�) 6 deg r; hence jord1(�)j 6 degm.

Proof. To prove (1), let f(X) = Xr � b = �b+ (
P�1+deg r

i=0 ciX
qi) +Xqdeg r

,
f(�) = 0, where ci 2 A with degci = (�i + deg r) � qi and c0 = r. To
draw Newton polygon, we consider the following sequence of points in the
real plane: O = (0; 0), B0 = (1; ord1(

c0
b
)); B1 = (q1; ord1(

c1
b
)); : : : ; Bi =

(qi; ord1( cib )); : : : ; Bdeg r = (qdeg r; ord1(1
b
)), and computing these as (0; 0),

(1; deg b�deg r); (q1; deg b� (deg r�1)q1)); : : : ; (qi; deg b� (deg r� i)qi)); : : : ;
(qdeg r; deg b). We have slopes: s(O;B0) = deg b� deg r; s(B0; B1) = 1+ 1

q�1 �

deg r; : : : ; s(Bi�1; Bi) = i + 1
q�1 � deg r; : : : ; s(Bdeg r�1; Bdeg r) = 1

q�1 , and

s(O;B0) = deg b�deg r; s(O;B1) =
deg b
q
+1�degr; : : : ; s(O;Bi) =

deg b
qi

+ i�

deg r; : : : ; s(O;Bdeg r) =
deg b
qdeg r . Thus the slopes sequence s(B0; B1); s(B1; B2); : : : ;

s(Bi�1; Bi); : : : ; s(Bdeg r�1; Bdeg r) increases. Therefore if deg b = 0, then we
obtain that11 is unramified in Km (by [6, Theorem 3.2], s(O;B0) = �deg r and
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the fact that the denominators of these slopes are q � 1). Otherwise suppose that
qd�1 < deg b 6 qd for some integer d, and let s(O;Bi) =

deg b
qi

+ i � deg r be
the minimum slope of the convex hull of the Newton polygon of f(X), then we
have i 6 d. By considering the denominators of slopes of the convex hull, we have
e11(Km=km) 6 qi 6 q � deg b. Since bz = a, by the expansion of Xz we must
have bja. Combine these with deg b 6 dega, we obtain the inequality of (1).

To prove (2), if deg r 6= 0, because these slopes s(B0; B1); s(B1; B2); : : : ;
s(Bi�1; Bi); : : : ; s(Bdeg r�1; Bdeg r) and s(O;B0); s(O;B1); : : : ; s(O;Bi),
: : : ; s(O; Bdeg r) are all between �(deg r + deg b) and (deg r + deg b), then
jord1(�)j 6 deg r + deg b: Otherwise, if deg r = 0 (i.e., r = 1 2 Fq ), then

jord1(�)j = jord1(b)j = deg b 6 deg r + deg b:

To prove (3), consider the Newton polygon of polynomialXr=X . SinceXr=X =

c0+(
P�1+deg r

i=1 ciX
qi�1)+Xqdeg r�1, where ci 2 A with deg ci = (�i+deg r) �qi

and c0 = r. We consider the following points sequence:B1 = (q�1; ord1(c1=c0))
= (q� 1; deg r� (deg r� 1) � q); B2 = (q2 � 1; ord1(c2=c0)) = (q2 � 1; deg r�
(deg r�2) �q2); : : :,Bi = (qi�1; ord1(ci=c0)) = (qi�1; deg r�(deg r� i) �qi);
: : :,Bdeg r = (qdeg r�1; ord1(

cdeg r

c0
)) = (qdeg r�1; deg r), and compute the slopes:

s(O;B1) = 1�deg r+ 1
q�1 ; s(B1; B2) = 2�deg r+ 1

q�1 ; : : : ; s(Bi�1; Bi) = i�

deg r+ 1
q�1 ; : : : ; s(Bdeg r�1; Bdeg r) =

1
q�1 . Since sequence s(O;B1); s(B1; B2); : : :,

s(Bi�1; Bi); : : : ; s(Bdeg r�1; Bdeg r) increases and they are between �deg r and
1

q�1 , so we get the inequality of (3). 2

LetO � k be the local ring at the place1, and let us denote the integral closure
of O in Km (resp. km) by Oa (resp. Om). Then we have

THEOREM 2.3. The 1-part of the discriminant �(Km=k) divides

1[1+2degm+deg a+q�deg a�(deg a+2degm)]�Nm :

Proof. Let 11 be a prime divisor of Om lying over 1. Let K11 be the subex-
tension of Km=km such that K11=km is the maximal subextension of Km=km
unramified at prime divisor11. By Proposition 2.2 (1), we have Gal(Km=K11)

�=
(Z=pZ)d with pd 6 q � dega + 1. Let � 2 Km be a root of Xr � a = 0,
and denote its monic minimal polynomial over K11 by f(X). We may assume
Gal(Km=km) �= �r; Gal(Km=K11)

�= R; a subgroup of �r with #(R) = pd.
Then we have

f(X) =
Y
�2R

(X � �+ �):

Since R is a d-dimensional vector space over Fp , so we obtain that

f(X) = (X � �)p
d

+
dX

i=1

ci(X � �)p
d�i
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= Xpd +

 
dX

i=1

ciX
pd�i

!
�

 
�p

d

+
dX

i=1

ci�
pd�i

!
;

where ci 2 K11 and cd = ��2R�f0g�.
According to Proposition 2.2 (2), ord1((1=t)deg m+deg a � �) > 0; this implies

that (1=t)degm+deg a � � 2 Oa: Let O11 be the integral closure of O in K11 .
Let g(X) = (1=t)p

d�(degm+deg a) � f(tdegm+deg a � X). Then g(X) is the mon-
ic minimal polynomial of (1=t)degm+deg a � � over K11 and g(X) 2 O11 [X]:

Since g0((1=t)degm+deg a ��) is equal to (1=t)p
d�(degm+deg a) � cd, so the11-part of

�(Oa=Om) divides (by transitivity of discriminants)

NormK11=km

�
NormKm=K11

((1=t)p
d�(degm+deg a) � cd)

�
= NormK11=km

((1=t)p
d�(degm+deg a) � cd)

pd ;

which is equal to (1=t)p
d�(degm+deg a)�[Km:km] � (cd)

[Km:km]: By Proposition 2.2 (3),
the 11-part of �(Oa=Om) divides

(1=t)p
d�(degm+deg a)�[Km:km] � (1=t)p

d�degm�[Km:km];

which is equal to (1=t)p
d�(2degm+deg a)�[Km:km]. Changing all places11 ofOm sit-

ting over1, we obtain �(Oa=Om) divides (1=t)p
d�(2degm+deg a)�[Km:km] (because

O is the local ring at place 1). Using the transitivity of discriminants and Propo-
sition 2.1 (1), we obtain that the 1-part of the discriminant �(Km=k) divides

Normkm=k((1=t)
pd�(2degm+deg a)�[Km:km]� � ((1=t)[km:k])[Km:km];

which is equal to 1(1+pd�(2degm+deg a))�Nm . Since pd 6 q � dega+ 1, we complete
the proof.

Our main theorem in this section is

THEOREM 2.4. The discriminant �(Km=k) divides

(m)2Nm � 1[1+2degm+deg a+q�deg a�(deg a+2deg m)]�Nm :

Moreover, we have dm
Nm

= O(degm), as degm!1.
Proof. It follows from Proposition 2.1 (2), Theorem 2.3 and rjm.

3. A generalized Artin’s problem for function fields

In this section we work out a generalized Artin’s problem for function fields. We
will make use of an effective version of the Prime Number Theorem, see [10].
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Let L;K be two fixed function fields over k, and the field of constants of K
is Fq . Let SL be a set of prime divisors of L. For each prime divisor L 2 SL,
let KL be a fixed finite Galois extension of K . Our generalized Artin’s problem
is to determine the density of the set of prime divisors in K which do not split
completely in any KL for L 2 SL.

Let S�L be the set of all square free divisors (including 1) composed from all
the prime divisors in SL (i.e., [ 2 S�L if and only if [ = 1 or [ can be written
as a finite product of distinct prime divisors in SL). On S�L, we have a natural
partial order ‘6’ defined as follows: [1; [2 2 S�L; [1 6 [2 if and only if [1j[2. Under
this partial ordering we view S�L as a (Boolean) lattice. Given divisor [ 2 S�L, let
K[ =

Q
Lj[KL (set K1 = K), N[ = [K[ : K], and d[ = deg�(K[=k). Let f[ be

the degree of the field of constants of K[ over Fq . These ideas follow [12] in their
context and construction.

Given positive integer x, let f(x;K) be the number of prime divisors P of K
such that degP = x, and P does not split completely in any KL for all L 2 SL.
Also set

�SL =
X
[2S�L

�([)

N[

;

where � is the möbius function defined by �([) = (�1)n, if [ =
Qn

i=1 Li. Then we
have

THEOREM 3.1. Suppose that �[2S�
L
(1=N[) < 1, and for each prime divisor P

of K , the number of L 2 SL such that P splits completely in KL is finite. Also
suppose that the following three conditions are true

(a) f[ = 1 for all [ 2 S�L.
(b) As deg [ ! 1; (d[=N[ = O(deg [), and N[ = O(qe�deg [) for some constant

e > 0.
(c) There exists a real number �(� > (1=ln q)) such that: The number of prime

divisors P of K with degP = x, and P splits completely in some KL,
degL > x=2� �lnx is o(qx=x).

Then we have

f(x;K) = �SL �
qx

x
+ o

�
qx

x

�
:

Proof. For each prime divisor P in K , we let cP be the product of all prime
divisors L 2 SL such that P splits completely in KL.

Given positive integer x and [ 2 S�L. We denote the number of prime divisorsP
of K such that degP = x and cP = [ by f(x; [), and denote the number of prime
divisors P of K such that degP = x and [jcP by �1(x; [). Then we have

�1(x; [
0) =

X
[2S�L;[

0j[

f(x; [):
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Applying Möbius inversion formula ([12], Corollaries of Proposition 5), we obtain
that

f(x; [0) =
X

[2S�
L
;[0j[

�([=[0)�1(x; [):

If [0 = 1, then we get that

f(x;K) = f(x; 1) =
X
[2S�

L

�([)�1(x; [):

Given positive integer d, let SL;d be the set of L 2 SL with degL 6 d, and let
n(x; d) denote the number of prime divisors P of K with degP = x and P does
not split completely in any KL, L 2 SL;d. By inclusion-exclusion principle, we
have

n(x; d) =
X

[2S�
L;d

�([)�1(x; [); (3.1)

where S�L;d is defined in the same way as S�L. By definition, we also have

f(x;K) 6 n(x; d): (3.2)

Given positive integers d1; d2, let m(x; d1; d2) be the number of prime divisors
P in K with degP = x and P splits completely in some KL, L 2 SL; d1 <

degL 6 d2. Let g(x) be the largest number n such that there exists prime divisor
P in K with degP = x, P splits completely in some K[ ([ 2 S�L) with deg [ = n.
This implies

f(x;K) > n(x; d)�m(x; d; g(x)): (3.3)

We write

m(x; d; g(x)) 6

8>><
>>:

X
L2SL

d<degL6(1=2)x�� lnx

�1(x;L)

9>>=
>>;+m(x; (1=2)x��lnx; g(x)):(3.4)

Let �[(x) denote the number of prime divisors P[ in K[ with degP[ = x. One
has �1(x; [) 6 �[(x)=N[. By [10, p. 55], we have j�[(x)� qx=xj 6 6:5 � qx=2 � d[.
Hence

�1(x; [) 6
1

N[

�
qx

x
+ 6:5 � qx=2 �

d[
N[

: (3.5)
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X
L2SL

d<degL6(1=2)x�� lnx

�1(x;L)

6
X
L2SL

d<degL6(1=2)x�� lnx

�
1

NL
�
qx

x
+ 6:5qx=2 �

dL
NL

�
: (3.6)

By condition (b) and the hypothesis � > 1
ln q , we have

X
L2SL

d<degL6(1=2)x�� ln x

6:5 �qx=2 �
dL
NL

� qx=2
X
L2SL

d<degL6(1=2)x�� lnx

degL = o

�
qx

x

�
:(3.7)

We may assume that d (depends on x) goes to infinity (as x ! 1). Using the
assumption that �[2S�

L
1=N[ <1, we obtain

X
L2SL

d<degL6(1=2)x�� ln x

1
NL

�
qx

x
= o(

qx

x
); asx!1: (3.8)

Combine equations (3.6), (3.7) and (3.8), we obtain that

X
L2SL

d<degL6(1=2)x�� ln x

�1(x;L) = o

�
qx

x

�
: (3.9)

Combine equations (3.2), (3.3), (3.4), (3.9) and condition (c), we obtain that

f(x;K) = n(x; d) + o

�
qx

x

�
: (3.10)

Again by [10, p. 55], f[ = 1 (condition (a)) and consider the Galois field
extension K[=K , we have j�1(x; [) � (1=N[) � (q

x=x)j 6 6:5 � N[ � q
x=2 � d[.

Applying this and equation (3.1), we obtain that

n(x; d) =
X

[2S�
L;d

�([)�1(x; [)

=

0
B@ X
[2S�

L;d

�([)

N[

1
CA � qx

x
+O

0
B@qx=2 �

X
[2S�

L;d

N[
2 � deg [

1
CA

(by condition (b)):
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Since #(SL;d) 6 c � qd=d for some c > 0, #(S�L;d) 6 2c�(q
d=d) and deg [ 6 c � qd for

[ 2 S�L;d. Thus we obtain that

n(x; d) =

0
B@ X
[2S�

L;d

�([)

N[

1
CA � qx

x

+O(qx=2 � 2c�(q
d=d) � q2�e�c�qd � c � qd) (by condition (b))

=

0
B@ X
[2S�

L;d

�([)

N[

1
CA � qx

x
+O(qx=2 � qn0�q

d

); for somen0 > 0:

If we take d = (ln x� ln 3n0)=ln q, then d!1 (as x!1), and qx=2 �qn0�q
d
=

q(x=2)+(x=3) = o(qx=x). Thus we have

n(x; d) = �SL �
qx

x
+ o

�
qx

x

�
:

Combine this with (3.10) gives what we want. 2

4. Artin’s conjecture for the Carlitz module

In this Section, let function fields K;L in Section 3 be the rational function field
Fq (t), let S = SL be the set of all the prime ideals L in A = Fq [t]. As before
we use l(t) to denote the monic irreducible generator of the ideal L 2 SL. We let
k = Fq (t); kL = kl(t) = k(�l(t)), KL = kL(�), where � 2 
 satisfies �l(t) = a; a

is a fixed nonzero polynomial in A and let NL = Nl(t) = [KL : k].

LEMMA 4.1. Suppose that Z = fr 2 Fq [t]jr
m = 0 for some 0 6= m 2 Fq [t]g:

Then

Z =

(
f0g if q 6= 2

f0; 1; t; 1 + tg if q = 2
:

Moreover, suppose that a 6= 0 in A and a 6= 0; 1; t; 1 + t if A = F2 [t]. Then we
have am 6= 0 for 0 6= m 2 A.

Proof. It is clear that Z = �m for some 0 6= m 2 A. Since k(�m) = k, so
#((A=(m))�) = 1. If q 6= 2, then m 2 F�q ; i.e., Z = �m = f0g. If q = 2, then
m = 1; t; 1 + t, or t(1 + t); this implies that Z = �t(1+t) = f0; 1; t; 1 + tg. This
completes the proof.
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LEMMA 4.2. Suppose that a is a nonzero polynomial in A and a 6= 1; t; 1 + t if
A = F2 [t]. Let SCx be the number of prime ideals P in A such that degP = x,
and P splits completely in some KL(L 2 S); x2 + lnx 6 degL 6 x. Then

SCx = o

�
qx

x

�
; asx!1:

Proof. Suppose P is a prime divisor in A with degP = x such that P splits
completely in some KL(L 2 S); x2 + lnx 6 degL 6 x. By Proposition 1.1,

p(t) � 1(mod l(t)), p(t)ja
p(t)�1
l(t) and 0 6 deg p(t)�1

l(t) 6
x
2 � lnx. Hence

p(t)j
Y

mmonic inA
06degm6(x=2)�lnx

am:

If degm = i, then degam 6 qi � (dega+ 1) ([6], Prop. 1.1). By the assumption in
a and Lemma 4.1, am 6= 0 for 0 6= m 2 A. Thus we have

SCx 6

deg
�Q

m monic inA
06degm6(x=2)�lnx

am
�

x

6

P(x=2)�ln x
i=0 qi � qi � (dega+ 1)

x

= O

 P(x=2)�ln x
i=0 q2�i

x

!

= o

�
qx

x

�
; asx!1:

This completes the proof. 2

THEOREM 4.3. Suppose � > 0. Let SCx;� be the number of prime ideals P in
A such that degP = x, and P splits completely in some KL(L 2 S); degL >
x
2 � � � lnx. Then

SCx;� = o

�
qx

x

�
; asx!1:

Proof. Letm(x; d1; d2) be the number of prime divisorsP in A with degP = x

and P splits completely in some KL, L 2 S; d1 < degL 6 d2. By Proposition 1.1,
we have

SCx;� = m(x; 1
2x� � � lnx; x)

= m(x; 1
2x� � � lnx;

x

2
+ ln x) + o

�
qx

x

�
(by Lemma 4:2): (4.1)
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Let us denote the number of prime divisors P in A such that degP = x and P
splits completely in KL by �1(x;L). We have

m(x; 1
2x� � � lnx; 1

2x+ lnx) 6
X
L2S

(x=2)���lnx<deg gL6(x=2)+lnx

�1(x;L): (4.2)

Given integer N > 0, nonzero polynomials a; b 2 A with (a; b) = 1. Let us
denote by �(N ; a; b) the number of monic irreducibles f 2 A such that degf =
N; f congruent to b(mod a). In [9, Theorem 4.3], we have worked out an analogue
of the Brun–Titchmarsh Theorem for Arithmetic Progressions in A as follows

For any positive integer N > dega, we have

�(N ; a; b) 6 2 �
qN

�(a) � (N � dega+ 1)
;

where �(a) = #((A=(a))�).
Now let us go back to �1(x;L). By Proposition 1.1, we have

�1(x;L) 6 �(x; l(t); 1):

If (x=2)�� �ln x < deg l(t) 6 (x=2)+ln x, then by the Brun–Titchmarsh Theorem
for arithmetic progressions in A, there exists a constant c > 0 such that

�(x; l(t); 1) 6 c �
qx

qdegL � x
; for

x

2
� � � lnx < degL 6

x

2
+ lnx:

Thus we obtain that

�1(x;L) 6 c �
1

qdegL �
qx

x
; for

x

2
� � � lnx < degL 6

x

2
+ lnx:

Hence we obtain that

X
L2S

(x=2)���lnx<deg gL6(x=2)+lnx

�1(x;L)�
qx

x
�

X
L2S

(x=2)���lnx<degL6(x=2)+lnx

1
qdegL ;

by Prime Number Theorem for polynomials

�
qx

x
�

X
(x=2)���ln x<i6(x=2)+ln x

1
i
= o

�
qx

x

�
:

Combining this with equations (4.1) and (4.2) gives the proof. 2

PROPOSITION 4.4. Given 0 6= a 2 A, and L 2 S with degL = d. Then
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(1) If q 6= 2, and d > 1 + (ln(dega + 1)=ln q), then the equation X l(t) = a has
no solution X in A(i.e., Gal(KL=kL) �= A=L, and NL = (qd � 1) � qd).

(2) In the case q = 2 and a 6= 1; t, or 1 + t, there exists a positive integer da
(depends on a) such that if d > da, then the equationX l(t) = a has no solution
X in A(i.e., Gal(KL=kL) �= A=L, and NL = (2d � 1) � 2d).

(3) We have
X

monic square�free
m2A

1
Nm

<1;

except in the special case that A = F2 [t] and a = 1; t or 1 + t.

Proof. Consider the polynomial f(X) = X l(t) = Xqd +
Pd

i=1 ciX
qd�i , where

ci 2 A with deg ci = i � qd�i. If 0 6= b 2 A, then we have deg bq
d
= deg b � qd,

deg ci � bq
d�i

= (i+ deg b) � qd�i.
To prove (1), if deg b 6= 0, we have

deg bq
d

> deg c1 � b
qd�1

> � � � > deg ci � b
qd�i > � � � > deg cd � b:

Otherwise (deg b = 0)

deg c1 � b
qd�1

> � � � > deg ci � b
qd�i > � � � > deg cd � b:

Thus if f(X) = a has a solution X = b in A, then we must have dega = deg b �
qd(deg b 6= 0); dega = qd�1(deg b = 0). Hence if d > 1 + (ln(1 + dega)=ln q),
then the equationX l(t) = a has no solution in A and by Theorem 1.7 (2), we have
Gal(KL=kL) �= A=L.

To prove (2), if X l(t) = a has a solution X = b and deg b > 2 in A, then

deg b2d > deg c1 � b
2d�1

> � � � > deg ci � b2d�i > � � � > deg cd � b;

hence degb2d = dega. It follows there exists a positive integerda such that ifd > da
then the equation xl(t) = a has no solution X = b in A with deg b > 2. Otherwise
suppose the equation xl(t) = a has a solution X = b in A with deg b 6 1 (i.e.,
b = 1; t; or 1+t). In case b = 1, since 11 = 1; 1t = 1+t, 1t

n
= 1+t for any positive

integer n; this implies 1f = 0; 1; t or 1 + t for any f 2 A. Thus a = 1l(t) = 0; 1; t
or 1 + t, this contradicts the assumption. In case b = t (resp. b = 1 + t), since
t1 = t; tt = 0, tt

n
= 0 (resp. (1 + t)1 = 1 + t; (1 + t)1+t = 0, (1 + t)(1+t)n = 0)

for any positive integer n; this implies tf = 0 or t (resp.(1 + t)f = 0 or 1 + t)
for any f 2 A. Thus a = tl(t) = 0 or t (resp. a = (1 + t)l(t) = 0 or 1 + t), this
contradicts the assumption. Combine these and our assumptions give the proof.

To prove (3), since
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ln

 Y
L2S

�
1 +

1
NL

�!
=
X
L2S

ln
�

1 +
1

NL

�

6
X
L2S

1
NL

;

By (3) of Theorem 1.7, this implies

X
monic square�free

m2A

1
Nm

=
Y
L2S

�
1 +

1
NL

�
<1:

This completes the proof of Proposition 4.4.
Let Ca be the set of prime ideals P in A for which �a = a+P is a generator of

C(A=P).

PROPOSITION 4.5. In the special case A = F2 [t], 0 6= a 2 F2 [t]. Then we have

(1) C1 = f(t); (1 + t); (1 + t+ t2)g.
(2) If a = f t for some f 2 A, then

Ca =

(
f(t)g if t - f

; if tjf
:

(3) If a = f1+t for some f 2 A, then

Ca =

(
f(1 + t)g if (1 + t) - f

; if (1 + t)jf
:

(4) Ct = f(1 + t)g; C1+t = f(t)g.

Proof. To prove (1), from the proof of Proposition 4.4 (2), we have 1f = 0; 1; t;
or 1+ t, for f 2 A; this implies C1 = f(t); (1 + t); (1 + t+ t2)g.

To prove (2), let P be a prime ideal in A. If degp(t) > 2, then p(t) � 1(mod t)
and a(p(t) � 1)=t = fp(t)�1 � 0(modP) (since C(A=P) �= A=(p(t) � 1)). By
Proposition 1.2, �a is not a generator of C(A=P).

If p(t) = t, sinceC(A=(t)) �= A=(t� 1) (i.e. ht�1 � 0(mod(t)) for all h 2 A),
then ag = f t�g � fg � 0 or f(mod(t)) for all g 2 A. Thus if tjf , then �a is not a
generator of C(A=(t)), otherwise (t - f ), �a is a generator of C(A=(t)).

If p(t) = 1+ t, since C(A=(1+ t)) �= A=(t), then ag = f t�g � 0(mod(1+ t)).
This implies �a is not a generator of C(A=(1 + t)).

The proof of (3) is the same as the proof of (2).
To prove (4), this follows from t = t1+t; 1 + t = (1 + t)t and (2), (3) of this

theorem.
Let Ca(x) be the number of prime ideals P in A with degP = x such that �a is

a generator of C(A=P), and let
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�a =
X

monic square�free
polynomials m of A

�(m)

Nm

=
Y
L2SL

�
1�

1
NL

�
; (by (3) of Theorem 1:7);

except for the special case q = 2 and a = 1; t, or 1 + t. In the later cases we let
�a = 0.

Now the main theorem of this paper is

THEOREM 4.6. Given nonzero polynomial a 2 A. Then if q 6= 2, then

Ca(x) = �a �
qx

x
+ o

�
qx

x

�
:

Proof. We apply Theorem 3.1 with K = L = k and let S be the set of all
primes of A. By (3) of Proposition 4.4, it suffices to check the three conditions
in Theorem 3.1. Condition (a) follows from (5) of Theorem 1.7. Condition (b)
follows from Theorem 2.4 and Theorem 1.7 (1). Finally Condition (c) follows
from Theorem 4.3. The special case q = 2 and a = 1; t, or 1 + t follows from
Proposition 4.5.

If 1� 1=NL 6= 0 (i.e., 1=NL 6= 1) for all L 2 S, by the prime number theorem,
Proposition 4.4 (3) and NL > 2, we have

ln �a >
X
L2S

�
3

NL
; converges

except for the special case that q = 2 and a = 1; t, or 1 + t. This implies �a > 0.
Otherwise, if 1=NL = 1 for some L 2 S, then [kL : k] = 1 and [KL : kL] = 1. This
implies k = F2 (t); l(t) = t (or 1 + t) and Xt = a (or X1+t = a) has a solution
X = f in A. In these cases that �a = 0. Our conclusion is therefore:

COROLLARY 4.7. Given nonzero polynomial a 2 A = Fq [t]. If q 6= 2, or if q = 2
and a is not of the form 1; f t; or f1+t for some f 2 A, then the density of the set
of prime ideals P in A such that �a is a generator of C(A=P) is > 0. In particular,
there are infinitely many prime idealsP in A such that �a is a generator ofC(A=P).

Proof. Since t = t1+t; 1+t = (1+t)t and the assumption, we havea 6= 1; t; 1+t
and a is not of the form f t; or f 1+t for some f 2 A in the case q = 2. The above
discussions and the last example of Section 1 give �a > 0.
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