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TOEPLITZ OPERATORS ON THE
BERGMAN SPACE OF THE UNIT BALL

ROBERTO RAIMONDO

We prove that if an operator A is a finite sum of finite products of Toeplitz operators
on the Bergman space of the unit ball Bn, then A is compact if and only if its Berezin
transform vanishes at the boundary. For n = 1 the result was obtained by Axler and
Zheng in 1997.

1. INTRODUCTION

Let Bn be the open unit ball in Cn. We write L2(Bn) for the Hilbert space of the
square integrable functions denned on Bn. The inner product is defined in the standard
way; this means that for any f,g € L2{Bn) we define (/, g) = fBn f{z)g(z)dv(z), where
du(z) is the normalised volume measure on the unit ball Bn.

The Hilbert space L2(Bn) contains, as a closed submanifold, the space of square
integrable holomorphic functions. This space, called the Bergman space, will be denoted
with the symbol H2(Bn). By a standard theorem we have that the orthogonal projection
P, from L2(Bn) to H2(Bn), is a bounded linear operator. It is well known that there
exists a function K:Bn x Bn -> C, analytic with respect to the first entry and conjugate
analytic with respect to the second entry, such that, for every / € L2(Bn) and every
w S Bn, we have

Pf(w)=[ f(z)'K{z~w)du(z).
JBn

The function K, called the Bergman Reproducing Kernel, can be written explicitly:

K(z,w) =
( l -<* ,«»>)

n+l '

where (z, w) — £ ZjWj. If tp € L°°(Bn) we can construct the so called Toeplitz op-

erator Tv where, by definition, Tv = PMV. The symbol Mv stands for the standard
multiplication operator. Therefore we can write

(Tvg)w = I <p{z)g{z)Kw{z)dv{z).
J Bn
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In this paper we shall show that if an operator 5 £ B\H2(Bny\ can be written as
m m j ~

S = £ n Tu.., where ujk € L°°(Bn) then S is compact if and only if lim S(a) = 0,
j=ifc=i •"' W-»i

where, by definition, we have S(a) = (Sfco,A;a). In the first section we study a family of
operators which plays a central role in our proof and we set up the basic construction.
In the second section we prove an important inequality which is a generalisation of an
inequality proven by S. Axler in the case of one complex variable. In the third section
we complete the proof of the main theorem. In the last section we show that many well
known results of this type are consequences of our result.

2. CONSTRUCTION

In this section we are going to state the main theorem. In order to do this we need
to point out some special features of Bn. Let Aut (Bn) be the group of all biholomorphic
maps of Bn of into Bn. It is well-known that Aut (Bn) is generated by the unitary
operators on C n and the involutions of the form

where a € Bn, Pa is the orthogonal projection into subspace generated by o, and Qa is
the projection into the orthogonal complement, that is, Qa = 1 - Pa. We remind the
reader that we have the following equation

K(4>(z), cj>{w)){Jc4>)z{J^> = K(z, w)

where cj> : Bn —y Bn is a biholomorphism and K, as usual, is the reproducing kernel

and the symbol Jc4> denotes the complex Jacobian of the transformation. In the fol-

lowing we shall indicate with the symbol kw the normalised reproducing kernel, that is

kw{z) — \KW\^1 Kw(z) = ll-ftT^H^1 K(z, w). A direct calculation shows that the identity

Uc^a(z) = ^a(^) holds for any z,a € Bn Finally, we remind the reader that

P R O P O S I T I O N 2 . 1 . On Bn, ka(ipa(z)}ka(z) = l.

P R O O F : Direct calculations. D

With the family of automorphisms above defined we construct a family of operators
in B(L2{Bn)\ which will play an important role in our proof. For any o 6 Bn we define
the operator Ua : H

2(Bn) —> H2{Bn) as (£/„/) = / o ipa • ka, that is, for any C S B(n)
we have {Uaf)C, — f(ipa(C)j • ^a(C)- IQ the following Propositions we state and prove the
main properties of trie [/o's.

LEMMA 2 . 2 . For any a € Bn the operator Ua is a self-adjoint, idempotent isome-

try.
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PROOF: We start proving that Ua is idempotent. Let / e H2 then U2f — Ua(Uaf)
and this implies that Uaf = Ua(f ° tpa • ka) = (f o ipa o ipa) • (ka o ipa) • ka. Then we have
Uaf = f • (ka o ipa) • ka, therefore U%f = f. Now we prove that Ua is an isometry. In fact,
if / is an element of H2(Bn) then

= jB\f{z)fdv{z)

As before we have used the fact that ka ° ipa • ka = I on Bn. Finally, we prove that Ua is
a self-adjoint operator. Let / and g be elements of H2(Bn), then

(Uaf,9)= I (Uaf){w)g!w)dv{w)
JBn

= I
JB
I (f

JBn

= JB U

K(w)g(w)dv(w)

= jB f(z)(ka

= jB f(z)(ka

- / f(z)(ka o rPa • ka)(z)gUa(z))ka(z)du(z)

= (f,Uag).

D
For any A in B(if2(Sn)J we define the operator Az as Az — UZAUZ, and we denote

with the symbol A the Berezin Transform of the operator A. This function is defined by

A(z) — (Akz, kz). Now we can state the main theorem.

THEOREM 2 . 3 . Let A be an operator in B\H2(Bn)\ which can be written as
m "»>

A = £ n ^ u n where Uj,* € L°°(Bn). Then the following are equivalent:
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1. A is compact;

2. A(z) ->0asz-> dBn;

3. Az\ -> 0 weakly as z ->• dBn;

4 ||Azl||p - > 0 a s z - > 9B n for any p > 1.

The proof of the stated theorem involves some technicalities. In order to make our
work clearer we use the next Section to prove some basic lemmas and we shall prove the
theorem later.

3. BASIC LEMMAS

We start this section with a simple Lemma which clarifies the relationship between
the Berezin Transform and the maps {tpz}-

LEMMA 3 . 1 . IfC is a bounded operator on L2(Bn) and z € C", then Cotpz = Cz.

P R O O F : Suppose that C € B(L?{Bn)) and z,w € C". If / is in L2(Bn) then we
have

= (Uzf)w

Since this equality holds for any / in L2(Bn), thus we have UZKW - kz(w)K^w). If we
rewrite the last equation as

\\KW\\ (Uz \\Ka\\-

it follows that Uzkw = (\\Kw\\~l V,K^w)\\kz(w)\ (k^w)j. Since the operator Uz is unitary

we can assert that ||A'I1,||r
1
 PCM™) kz(w) = 1.
11 112

We can write

(1) Cotbz[w) -

(2)

(3) = (CUzkw,U,kw)

(4) =(UzCUzkw,kw)

(6) = Ct(w).

We observe that in (2) we only use the definition of the Berezin transform and in (3) we
use the fact that Uzkw = ak^^w) where a is a complex number of modulus 1.
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Finally, we observe that the above calculations imply that C o ipz = Cz, and we are

done. D

LEMMA 3 . 2 . For every u € L°°(Bn) and for every zeBnwe have UZTJJZ = TuH),.

P R O O F : Since Uz is an idempotent operator it is enough to prove that UZTU —

TUOtt>zUz. We start computing TUUZ. Let / be an element of H2(B), then we have

(TuUJ,kw) = ^rB

Now we calculate UzTu0$t. Let / be an element of H2(B), then we have

= (PMuo1l>J,Uzkw)

= ((u o ipz)f, (kw o ipz)kz)

= j B f(r))(u o ipz)

To show the equality we use the substitution r\ — ipziP). If we call the last integral we
have written in the above list of equalities A, then we have

L
o(n)

/
Bn

(
Bn

= L (f ° i>,)WHP)kw(0)(k2 o i/;z)(0)\kz(P)\2d<s(0)

= / (/ o A)WHP)kw(0)(kz o Tfiz)(0)kz(0)kz(0)dv(p)
JBn

[ U
JBn

Then it is clear that the claimed identity holds. D

Before we state the next result we need to introduce a new operator. For any
/ 6 H2(Bn) we define Unf € H\Bn) by (UKf)w = f(-w).

We remind the reader that if we denote with the symbol Jc<t : B —> [0, oo) the
function that acts in the following way:

(i - H
rin+l+t+c'
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it is possible to prove (see [4] for details) that for c < 0 and t > - 1 the function Jc<t is
bounded on Bn.

Now we can state and prove the next proposition. This proposition is necessary
because we are going to apply Schur's Test (see [2]) in the next section, when we give a
complete proof of the Main Theorem.

LEMMA 3 . 3 . Given p € R, with 0 < p - 1 < (n + I)"1, and A G B[H2(Bn)) then

\UnAUnKz(w)\ \\KW\\2 dv{w) ^ K(z, zf2 (Sup ||A_,1||,) (sup \Ja,b(z)\Up)

n' ' \zeB j \z6B /

IB,

and

UnAUnKz{w)\ \\Kzf2dv{z) ^ K(w,w)£/2 fsuplU^lll ) (Sup \Ja,b(w)\l/p)
1 \weB" "V \weB j

where: 2(p-l)/p < e < 2/(n + l)p , a = (p - l ) (n + l) - (n+l)ep/2 and b =
— {n + l)ep/2 and p"1 + q~l = 1. Moreover, with such a choice the quantity

Suppo,i,(z)| = Sup t7(p-i)(n+l)-(n+l)£P/2,-(n+l)ep/2(2)

is finite.

PROOF: We prove the first inequality and we shall show that the second one is an
easy consequence of the first. We observe that

= \\Kz\\2UnAU-z\

= \\Kz\\2UnU-zA-zl

Then we can write the left term of the first inequality as

\\K,\\2 JBn|((A_,l) o 1,_,{-wj)\\kz(w)\ \\KW\\2du(w).

and, of course, this is the same as | | ^ | | 2 / ((•<4-zl)oV'-2(w)) fcz(-w) H^Ujdi/^). In
J Bn\

| | | | I I l b
Bn\

the last evaluation we used the fact that ||i^u,||2 = II-̂ -wlb- Now we use the substitution
w = ip-z(X) and we obtain
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Since we have the identity ( J R V - Z ) ^ = fc-z(A) . then we can write the last integral as

If we write ||AV«(A)||2 observe that

= K(XtX)\(Jci>.M)X ~2

and if we take the square root of both sides, then we have

This implies that the last integral is equal to \\KZ\\2 f |(^_Z1)(A)| \\KX\\€
2 |ife_r(A)11-<rdi/(A)

and, if we use the non-normalised reproducing kernel, we obtain

\\KZ\\2JB \\KX\\\ \

In other words, we have obtained

If we apply Holder's Inequality with q~l +p~l — 1 and we call the last integral I = I(z),
we have

\\i \\A.zl\\q "

In order to complete the proof we need to study the integral in the right hand side. Using
the fact that we know explicitly the kernel, we have

t -<-*,A>f
In order to apply the theorem we define t = — (n + l)pe/2. Because we need t > — 1, then
we conclude that 2/(n + l)p > e. We also want to write (n + l)p(l — e) as n+ 1 +t + c
and this gives us c = (n + l)(p — 1) — pe(n + l ) /2 . We also want that c < 0 so we
conclude that 2(p — l ) /p < e. We can summarise our condition on e in the double
inequality 2(p - l ) / p < e < 2(n + l ) /p . It is clear that we can find such an e if and
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only if (p — 1) < (n + I )" 1 and this is possible because the only condition on p is that

2 > p > 1.
So far we have proved the first inequality. To prove the second inequality it is enough to
proceed as before, starting with A* and using the fact that (A*Kw)(z) = (AKz)w. D

We remark that the last lemma implies the following

COROLLARY 3 . 4 . If D denotes the unit disk in C and dA the Lebesgue area
measure and S is a bounded operator on H2(D) then, for any a € (1,3/2) and 0 €
(2(a — l)a~1,2Q"1), there exists a constant ca^ < oo such that, if a*"1 + a"1 = 1, we
have

SK,(u>)\

(

for all z 6 D and

for all w e D.

This proposition has been proved, in the special case where a = 6/5 and f3 = 1/2,
in [1]. Finally, we prove the following

PROPOSITION 3 . 5 . Let A be an operator in B[H2(Bn)^ which can be written

asA= E PI TUik, whereujk e L°°{Bn). Then, for every q e (l,oo), Sup |U21|L < oo.

P R O O F : We can assume that A — n^u,- Using Lemma 3.2 we have that Az —
m *=1
II Tu.o#z • Since Pq : L

q(B) —> H9(B)is a bounded operator, then there exists a constant
cq > 0 such that, for every / € L"{B), \\Pqf\\q ^ c, | |/ | |?. This implies that, for any / €
L"(B), | |T«/| | , = \\PqMJ\\q ^ cq\\Muf\\q < cq H J I / I I , . Since | | « o ^ | | = Ht ,^ , we
obtain \\Tuo0,f\\q ̂  c, M^ \\f\\q. Then we can conclude that ||i4,l||? ^ n l l ^ o ^ l l , ^

m _
c™ Fl 11 v-k | loo- Therefore we are done because our estimate is independent of z G Bn. U

4. T H E MAIN THEOREM AND SOME APPLICATIONS

In this section we give the complete proof of the main theorem, and we remind the
reader that the main result can be stated as follows:

THEOREM 4 . 1 . Let A be an operator in B(H2{Bnj) which can be written as

A = £ n TUik, where ujtk € L°°(Bn). Then the following are equivalent:

1. A is compact;
2. A{z) - > 0 a s 2 - > dBn;

3. Az\ -¥ 0 weakly as z -> dBn;
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4. \\Azl\\p ->0asz -> dBn for any p > 1.

P R O O F S : 1. => 2. Because A is compact and kz -»• 0 weakly in H2(B) as z -> dB

then a standard theorem about compact operators implies that ||i4fcz||2 -* 0 as z —• 3Bn

and the Cauchy-Schwarz inequality implies that A(z) = (>1A;2, kz)\ ^ ||̂ 4A:Z||2- Therefore
we see that A(z) - > 0 a s z - > dBn.

2. ==> 3. We suppose that (2) holds and we want to show that Azl —¥ 0 weakly
in L2(B) a s z - > dB. We know that we can construct an orthonormal basis for H2(Bn)

using just polynomials in n variables, so it is enough to show that (Azl,cja') —¥ 0 as
z —¥ dBn, where a* is a multindex and w = u"1 . . . w"". We start by observing that
since A(tpz(u))) = Az(u) = (Azkw, ku) and ku{w) — ( l - |w|2) 5Z (w"wQ) / 7 a , we

obtain

o 7/3

If we multiply both sides by u>a' I\\ — |a>|2J we obtain that

This implies that

(1-1*

Observe that the left hand side goes to zero as \z\ -¥ 1 because the domain of integration
is bounded and the function goes to zero since (2) holds. Therefore for any fixed r 6 (0,1)
the left side of the equality has limit zero as \z\ —¥ 1. Now we divide the left and right
hand sides by r2n+2. Then, on the right hand side, we obtain

70 a€W\o 7a

and we can conclude that, for any fixed r € (0,1),

{
70 agJV"\o

as z —¥ dBn. We also observe that

\|a|=l |a|>n
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To complete the proof we need to analyse E r2|aL To study this function we define
\a\>n

Pe(n) = {zi1 ... z°n : ax + ... + an = £} and we denote with the symbol ai(n) the cardi-

nality of Pt(n). We have ||4|| ( E r2^ + E r2^) = \\A\\ ( E r2N + f at(n)r2k).
\\a\=l |o|>n / \|a|=l k>n )

CLAIM. If Pi(n) and ai(n) are defined as above then

P R O O F : We use induction and we observe that if n=l then at(n) = 1 for all (. ^ 1

so, for n = l , the claim is true. Since, from m > 0, Pm(n + 1) = U Pj{n)z™+j then it
i=o

follows that am+i(n + 1) = am+i(n) + am(n + 1) and this implies that

< + 1

ai(n + 1) ^ at(n)
Therefore, using induction, we can conclude that (*) is true. Now we observe that
the Claim, together with the Ratio test, implies that there exists an R > 0 such that
E ae(n)r2k < oo if r € [0, R). This implies that if r is small enough, then, for all z e Bn,

k>n
the series is less than e > 0, where e is arbitrary. Therefore we have

lim \(AA,wa )\ <e.

Since e is an arbitrary positive number, the inequality implies that ( J4 2 1 ,« ; Q ' ) —> 0 as
z —> dBn and this proves our claim.

3. => 4. We want to prove that Azl -* 0 weakly in H2(Bn) as z —> dBn implies
that ||^421||2 -» 0 as z -> dBn. If r € (0,1), we can write

A2l(w)\2du(w)

= I Azl(w)\2du(w) + f \Azl(w)\2dv{w)
JBn\rBn ' JrBn' •

^ v(Bn\rBn)
l/2 \\A,l\\l + JrB \Azl(w)\2du(w)

It is clear that we can choose r close enough to 1 in order to make the first term on
the right smaller than 5. In fact we have shown in Proposition 4.7 that \\Azl\\ is bounded
independent of z. Now we observe that a sequence of holomorphic functions which goes
weakly to zero is going to zero in norm on compacta and this shows that the second term
on the right hand side goes to zero as z goes to the boundary and this completes our
proof. Now we assume that p € (2,oo). Then we have
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By our hypothesis the first term on the right hand side has limit zero as z —> dBn and
the second is bounded independent of z. Therefore, by Proposition 3.5, we conclude that
\\Azl\\p -> 0 as z -¥ dBn. For 1 < p < 2 we observe that ||i42l||p ^ ||>M||2 and we are
done.

4. = > 1. We suppose that ||>lzl||9 —> 0 as z —¥ dBn, for every q € (l,oo) and we
want to conclude that the operator is compact. Since the operator Un is invertible, A is
compact if and only if U-nAUn = An is compact. We are going to show that U-HAU-R is
compact. We observe that for any / € H2(Bn) and for any w G Bn we have

(UnAUnf)w = (UnAUnf,Kw)

= (f,UnA'UnKw)

= f f{z){UnA-UnKw){z)dv{z)

= [ f(z)(UnAUnKz)(w)du(z).
JBn

Observe that equation (4) is a consequence of

(UnA'UnKw)(z) = (UnA*UnKw,Kz)

= (Kw,UnAUnKz)

= (UnAUnKz,Kw)

= {UnAUnKz){w).

For any t € (0,1) we define the operator A[q on H2(Bn) by

((AR)[t]f)w = f j{z){ARKz){w)du{z),

in other words, this integral operator has kernel

K.[t]{z,w) = XtBn(z)(ARKz)(w),

where the symbol XtBn stands for the characteristic function of the set tBn — {c 6 Cn :

|C| < t\. We observe that the operator A[t] is Hilbert-Schimdt for any t £ [0,1), in fact

\(ARKz)(w)XtB{n)(z)\2du(z)dv(w) ^\\AR\\ J^ \\Kz\\
2
2dv(z)

< oo.

To show that AR is compact, it is enough to prove that
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We observe that the operator AR - {AR)<t, is an integral operator whose kernel is given by
the function K[\-t){z,w) = X(B\tB){z){ARKz){w). To estimate the norm of this operator
we use the Schur Test. We choose, as test function, the function K(z,z)e'2. If we
choose p such that 0 < (p — 1) < (n + I)"1, and q such that p~l + q~l = 1, and e €
(2(p — l)p~x, 2(n 4- I)"1?"1) t n e n w e c a n aPPly Lemma 3.3, and if we denote the function
^Bn\tBn by the symbol G(t, •) we see that

I \G(t,z)ARKz(w)\\\Kw\\e
2dis(w)^\\Kz\\2 Sup ||i4.,l|| Sup |^(z) | 1 / P

JBj > z€Bn\tBn weBn> '

and

/ \G(t,z)ARKz(w)\\\Kz\\2dv(w)^\\Kw\\2 Sup lU^lll Sup Ja,b(w)\1/P.
JBnl < wCBn\tBn" "'tueBn '

If we choose a and b as in Lemma 3.3 then we obtain SupL7ail(u;) < oo and our
weBn' ' '

hypothesis on the behaviour of 141^1 as w goes to dBn implies that \AR - (>l/j)m -* 0
as t —> 1~. Therefore we have proved that UTIAU-R = AR is compact and this implies
that A is compact. D

Observe that in the case when there is only a single operator, the main result can
be stated in a very simple form, in fact.

COROLLARY 4 . 2 . Let f e L°°(Bn). Then Tf is compact if and only if f{z) -> 0
as z -> dBn.

We remind the reader that for any / 6 L°°(Bn), the Hankel operator Hf : H2(Bn) -»
H2{Bn)

x is denned by Hfg = (I - P)(fg), for any g € H2(Bn). The next result has
been proved, in the case where the symbol is holomorphic, by Stroethoff.

COROLLARY 4 . 3 . Let f e L°°(Bn). Then the following are equivalent:

1. Hj is compact;

2. \\H,kz\\2 ^Oasz^ dBn;
3 . j |

The proof is the same as in the case of the disk and we refer the reader to [l] for
details. Using this result it is also possible to recover the main Theorem in [3].
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