LINEAR OPERATORS WHICH COMMUTE
WITH TRANSLATIONS

PART II: APPLICATIONS OF THE REPRESENTATION THEOREMS

B. BRAINERD!? and R. E. EDWARDS
(Received 1 June, 1965)

This paper comprises a number of applications of the results of Part I.
We use essentially the same notation as in Part I with a few additions
necessary for the problems at hand.

The first section deals for the most part with a problem which one of
the authors has treated elsewhere [3] and [4] in different settings.2 In
the present case, it takes the form: Suppose T is an averaging operator
on C(X), where X is a compact group. Under what conditions is X represent-
able as a direct product of groups S; and S, such that

Tfy, @) = [ fls1 ma)dsy,

where ds; is the Haar measure on S, . In the process of solving this problem,
we also characterize those averaging operators 7 which (for X locally
compact) map C (X) into C(X) and commute with translations.

In Section 2, we discuss the normalizers of various topological algebras.
The problem of finding the normalizer of various partially ordered algebras
has been condidered in [5] and [6]. In commutative algebras the normalizer
coincides with the algebra of multipliers. The problem of finding the
multiplier algebra for various Banach algebras and convolution algebras
has been discussed in [2], [7], [14], [15]. We show here that the normalizer
of L1(X) coincides with M,,(X) and the normalizers of C,(X) and L}(X)
coincide with M (X). In addition various new general results about normal-
izers are found.

In Section 3 the results of 2.8 and Section 5 in Part I are applied to
problems regarding the division of measures and of distributions. Our results
are analogous to those of Wells in [13].

Finally, in Section 4 we comment on the problem of isomorphisms of

convolution algebras in relation to representation theorems for multipliers.
(3
! This paper was prepared while the first-named author was a Visiting Fellow at the
Institute of Advanced Studies of the Australian National University, during 1963.
2 The numbers in square brackets refer to bibliographical items listed at the end of
Part II.
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1. Averaging operators which commute with translations

Let X be a locally compact topological group, and let C (X) and
C(X) be given their natural topologies.

For the purposes of this paper, an averaging operator T is a non-zero
continuous linear mapping from C,(X) to C(X) such that

(L.1) T(Tg) = TfTg.

From Theorem 1.2 of Part I, it is clear that if 7 commutes with the right
translations p, [resp. with the left translations z,], then thereis a 4 e M (X)
such that
Tf= s f [resp. f+ul
for f e C (X).
Using this result, we prove the following theorem which is a generaliza-
tion of a theorem of Birkhoff [1] and is related to the results of Kelley [12].

1.1 THEOREM. Let T be a continuous linear mapping of C, into C.
If T is an averaging operator which commutes with the p, [resp. ©,], then there
exist a closed subgroup S of X and a constant ¢ such that

Ti(z) = cf f(s"1z)do(s),
[resp. Tf(z) = cf Hes)do(s)]

where o is the normalized left [resp. right] Haar measure on S. The converse
is also valid.

(1.2)

ProoF. Since Tf=pu=f [resp. f#u] for all feC,, we can write
equation (1.1) as follows:

[ 1 2)2) [ ey 2)u()
== fX (ya)du(y f (z1x)du(z)
[resp. [, Hey™)Ay)duly) [, Hey2)A(2)duz)
= [ Hay ) A@)duly) [, e@)A@)du()].
Let 2 = ¢, and replace f by f to obtain
[ T@uty) [ ey dut) = [ 7)) [, eEdue)
[resp. [ FW)A@)an(y) [, 2ly2)A4()duz)
= [ 10)AW)dut) [, 2 A(E)du )]
for all fe C (X). Thus it follows that
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[pely™du) = [ e )dut)
[resp. [ g(y~2)A(@)du(z) = [ g A(2)du(2)]

for all g e C,(X) and all y in S the support of u. Therefore,

[pea)du) = [ e@du()
[resp. [, ()4 (@)du(e) = [, () A(2)du(z)]

for all y €S and ge C,(X). In the case where T commutes with the 7,
and Tf=f#u, let v be the measure on X defined by the equation
v(4) = [44(2)du(z). Thus

(1.3) ulyd) = p(a) [resp. v(Ay) = v(A)]

for all y € S and all Borel sets 4 in X. Since 4 — y~'4 is a one-to-one
mapping of the set of Borel sets of X onto itself, it follows that equations
(1.3) are valid if y e S U S~1. A short argument involving the definition
of |u| shows that equations (1.3) are valid when p is replaced by |ul. If 4
is a neighbourhood of s € S, then yA4 is a neighbourhood of ys and since
| (A) > 0, [u|(yA) > 0, so ys € S for y € S U S~L. Therefore

(SuS-1)-Sc S,

and hence S is a subgroup X. It is closed because it is a support. Because
p is invariant under p, for each a € S, it is clear that x4 = co, where c is
complex number and ¢ is the normalized left Haar measure on S. Thus
the first of equations (1.2) is valid.

A similar argument shows that » is a right invariant measure on S
which is a closed subgroup of X. Thus, in this case,

Ti(@) = [ Has™)A(s)du(z)
=chﬂm4mﬂa

where ¢ is the normalized right Haar measure on S and » = co.
Conversely, if S is a closed subgroup of X, the equation (1.2) defines
an operator which commutes with p, [resp. 7,]. Equation (1.1) is easily
verifiable if one uses the fact that ds is the left [resp. right] Haar measure
on S and is invariant.
For the remainder of this section we use ds to stand for the left [resp.
right] normalized Haar measure on S.

1.2 CoOROLLARY. T2 = ¢T.
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ProoF. Indeed,
T2f(z) = czf dslf f(s~Lsyla)ds
[resp. T?f(x) = c? f ds, f f(sts7 a)ds]
where ds, [resp. ds] stands for the normalized left [resp. right] Haar measure

on S.
Let s;5 = & [resp. s s; = £]; then

T*f(z —czf ds, [ HE20)d(s748) =c2fsdslf f(e1)dE

N

[resp. T2f(z) = c2f dslf fl@s1)d(Es7t) = c2 fsdslj flx&1)dE].

N

Hence it follows in both cases that

T*f(@) = ¢ [ THa)ds, = cT}(z).

Now we determine some necessary and sufficient conditions for S
to be a normal subgroup of X. The following definition is needed to carry
out this programme:

1.3 Let T be an averaging operator which commutes with the p,
[resp. 7,], then let

z =y if and only if f(z) = f(y) for all fe TC,.

LeMMA. If T is an averaging operator which commutes with the p, [resp.
1., then x =y if and only if y e Sz [resp. yexS].

Proor. If z = y, then, since TC, is closed with respect to right [resp.
left] translations, for any & € X we have za = ya. [resp. ax = ay].

Thus # = y if and only if ¢ = yx! [resp. z7ly =¢]. If z = ¢, then
Tf(x) = Tf(e) for all feC, and so

[ Hs1a)ds = [ Hs)ds.
[resp. fsf(xs—l)ds = fsf(s—l)ds.]
‘Then we have
) [(Hats)ds = fs f(s)ds
[resp. fs f(sz1)ds = js f(s)ds]

for all fe C,. Thus if ¢ stands for the normalized left [resp. right] Haar
measure on S, then from equations (1.4) it follows that

o(x14) = o(A4) [resp. o(Azt) = ¢(4)],

https://doi.org/10.1017/51446788700004298 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700004298

332 B. Brainerd and R. E. Edwards [5]

where A is any neighbourhood in S of ¢ e X. Therefore -1 ¢ S, and so
z € S. Hence if x =y, then y e Sx [resp. y e 25].

Conversely, suppose y € Sz [resp. y € S]. Thenyz—1 € S [resp. zy~1 € S].
Now for s,e S and feTC,, there is a ge C, such that Tg = f, and

Hsow) = ¢ [ (s so)d.
[resp. f(wso) = [, F(@sos™)dsy).
Let sy's = & [resp. s sg® = &); then
Hso®) = ¢ [ g(E712)dE = f(@).
[resp. f(wse) = ¢ [ y(@s)ds = f()).

From equation (1.5) it follows that forz € X and s € S, sz = « [resp. xs = z].
Hence y = yxr'x = x [(resp. zx 1y = y = z].

(1.5)

1.4 THEOREM. If T s an averaging operator which commutes with the
pa [resp. To), and if S is the closed subgroup of X corresponding to T, then the
following statements are equivalent:

(1) S is a normal subgroup of X.

(@) (T)" =T}

(8) feTC,=>feTC,.

(4) For every fe TC,, every xe X, and every se S, f(x~lsx) = f(s).

ProoF. Since the proofs for the two cases, commutation with the p,
and with the 7,, are entirely analogous we present only the proof for the
case when T commutes with the p,.

(1) = (2): If S is normal, then «S = Sz for all z e X, and so xs =z
and sz = « for all x € X and s € S. In general, we have from Corollary 1.2

(1.6) TUTH) )1 = e(T])".
Since S is normal,
T(TH™] —Cf dst' f(E 1 s)ds
(1.7) = c‘sdscfsf £las)dE
= ¢ [ Tf(ws)ds = cT(x).
The equations (1.6) and (1.7) can be combined to yield

] (T = cTf(=).
Thus T} = (Tf").
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(2) => (3): If f=Tg, then j= (Ig)  =T¢eTC, and so feTC, =
jeTC,.

(8) = (4): By (3), if feTC,, then fe TC,. Now if p, = 1/4(a) p,,
it is easily shown that if f € TC, then p; f € TC,. Thus b = (p, p, f) € TC,
for each fe TC,, each z;e X, and each s, S, and so
(1.8) h(@) = (prypa,]) (@) = [ (Zo502)

for each z e X.
By Lemma 1.3, if fe TC, then

[sHs2)ds = f(a),
and so
f(@ose) = fsh(sx)ds = fsf(xososx)ds = fs f(xgsz)ds
= (%)
for each fe TC,, z,xy€ X, and s, e S. Choose x = 3?; then
f@osom5") = f(e)
for all z,e X and s, e S. Equivalently,
Hlatsz) = fle) = f(s)
for all ze X, se 8.
(4) = (1): By (4) and Lemma 1.3,
xlsxeS

for every s e S. Thus S is normal.

Now we derive the product theorem mentioned in the Introduction.
Assume for the remainder of this section that X is a compact group and
that T, and T, are averaging operators on C(X) which commute with p,
for each a € X. We will work entirely with the p,, but it is clear from the
symmetry of Theorem 1.1 that analogous results for operators which
commute with the z, are also provable.

1.5 By theorem 1.1, there is a closed subgroup S; and a constant
¢; (¢ =1,2) such that

Tif(@) = ¢ [ 157 2)ds.,

where ds; is the normalized Haar measure on S; (4 = 1, 2). T and T, are
said to be complementary if

Tszf = L(f) -1,
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where 1 stands for the function defined on X with constant value 1, and L
stands for a non-trivial continuous linear functional on C(X).

1.6 THEOREM. Let o signify the normalized Haar measure on X, and
c; the normalized Haar measure on S; (1 =1,2). If T, and T, are com-
plementary, then

(1) o,20,=0,%0, =0,

(2) T.Ty,=T,T,.

Proor. Since
T1T5f(x) = ¢16301 % (0p = f(x)) = L(f) - 1
for all x € X, and since T, commutes with right translations,

L(f) = L{p.f)

for all 2 € X and fe C(X). Thus the measure L is a Haar measure, and
L = ko for some complex number &. Since T T(1) =¢,¢c,=L(1) =ko(1) =%,
it follows that o, % 6, = 0, and hence

v |4 v
G = 0 = 0y % 0y = 0y % 0y

by the compactness and hence unimodularity of X and S,. Therefore (1)
is valid; (2) follows immediately from (1).

1.7 THEOREM. The set T,C - T,C = {f,f,lf:. € TC,} separates poinis in
X if and only if S;n S, = {e}.

Proor. If T,C - T,C separates points, then for z, £ ¢ with ;€ S, n S,
there is f,e TC, (¢ =1, 2) such that

fi@o)fa(zs) = 0 and  fi(e)fa(e) = 1.

Either f,(x,) = 0 or f,(x,) = 0. In the former case, it follows from Lemma
1.3 that z, cannot be a member of S;. A similar argument involving f,
and S, holds when f,(x,) # 0. Therefore, S; n S, = {e}.

On the other hand, if S; A S, = {e} and z; # z,in X, then forz =1, 2,

2,(5;nS,) = 2,5, nx, S, =%,

If for example 2,5, = «,S,, then 2,5, # #,S,, and by Lemma 1.3 there
is an f,e T,C such that f,(x;) # f,(%,). A similar argument holds if
2, S; 7 ®,5,.

Now the main theorem of the section can be stated.

1.8 TuEOREM. If T, and T, ave complementary averaging operators on
C(X) which commute with right translations, if T,C - T,C separates points

m X, and f, for t = 1, 2, T.C is closed under the operation f — f then there
exist normal subgroups S, and S, of X such that
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() T,f = c,0;, % f, where o, is the normalized Haar measure on S; and
c; 1s a complex number,

(2) $;x S, = X,

(3) Every x € X can be uniquely written in the form x = x %y, where
z,€S;, and

(19) Tif(@) = o1 [ fs:2)dsy,
(1.10) Tof(@) = ¢, [ f(@ise)dss.

Proor. Part (1) is the substance of Theorem 1.1. From Theorems 1.4
and 1.7, it follows that S, and S, are normal and that S; n S; = {e}. There-
fore in order to show that X = S;x S,, we need only show that X = S5, S,.
Suppose z, € X\S;S,;. Both S| S, and #,5, S, are closed subsets of X. Since
S; and S, are normal,

(1.11) S1Ss = S2Sy, 45,5y = S123Ss = S; Sz, = - - -,

and z,S5,;S; n S, S, = 0. The topological normality of X ensures the existence
of a continuous function f defined on X into [0, 1] such that

J(#5:5z) =0 and [(S,S,) = 1.
Since

Tof(@) = ¢ [, 153 2)dsa,

it follows that for s; € S; and s, € S,, we have

Tof(sisy) = ca [, Flszsisi)dss = s
2
because s;ls;s, € S, S, by equations (1.11). Similarly,

Tyf(@9s15;) = €3 fszf(sglxosisé)ds =0
because s;z,s;5; € Sy2,5:S; = 7,5,S, by equations (1.11). Let
1
fal@) = — Tof(2);

Ca
then f, e T,C and f,(%,5,S,) = 0 while f(5;S,) = 1. Now

Ty Tale) = Tafale) = a1 [ falss)dsy = a1,
and so

Ty Tof(@e) = Tafel@e) = ¢ [ Hs7*m)ds = 0

because s7'x, € Sy = 245, 7,5, S,. Thus the hypothesis that z, ¢ S;S,
is incompatible with the complementary nature of T, and T,. Therefore
X =5,5,, and so X = §5;xS,;. Thus Part (2) is proved.
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To prove Part (3) note that if x = x,2,, where ;€ S; (¢ = 1, 2), then

T, f(xy2,) = ¢, fslf(31x1x2)dslx
and so

Tyfmas) = o [  fsiz)ds:.
In addition,

Tof(xy7,) = ¢y .fs f (5%, %) ds,

2

= Cy JSa f(215:%5)ds,

by the permutability of elements from S; and S,. Since the group is uni-
modular ds, is both right and left invariant, and hence

Taf(@a2a) = ¢4 [ f(m5a)dse.

ReMARK. Conversely, if X = S;xS, and T;,f=o0;,%f (t=1,2),
where ¢, is the Haar measure on S,;, then it is clear that T, and T, are
complementary averaging operators, and by Theorem 1.7, T,C-T,C
separates points in X.

2. Normalizers

Normalizers, which are defined in 2.2, have been discussed by R. E.
Johnson [11] and by one of the authors in [6]. In addition, the results of
B. E. Johnson [10] concerning the double centralizers are also relevant
to the study of normalizers.

Here we outline some of the general properties of normalizers and
extend some of the results of Choda and Nakamura [7] to normalizers.
Finally, we find the normalizers of L1(X), L}(X), and C,(X), where X is
a locally compact group.

Let 4 be an algebra over the complex field (other fields are of course
possible with analogous results.) Assume that 4 contains no non-zero right
or left annihilators, that is, A is faithful. Let E,(A) and E (4) be the
algebras of endomorphisms written on the left and right respectively of the
linear space A. Now consider M,(4)<c E,(A) [resp. M, (4)< E,(A)] defined
as follows:

M,(4) = {T € E,: T(fg) = (Tf)g for all f,ge 4},
resp. M(A) = {T e E, : (fg)T = f(gT) for all {,ge A}
2.1 The mapping f — f [resp. f — f], where f(g) = fg [resp. (g)f=gf]

is an injection of 4 into M. [resp. A into M,]. The algebra M ,(4) [resp.
M,(A)] is called the left [resp. right] multiplier algebra of A.

(2.1)
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If we identify 4 with 4 in M, [resp. A in M,], then the following lemma
is easily seen to be valid.

LeEmMA. M (A) [resp. M, (A)] contains A as a left [vesp. vight] ideal.
2.2 The set
N,(A) = {T e M,: For each f € 4, there is f; € A such that
fT(g) = fpg for each ge A}
[resp. N, (4) = {T e M,: For each g e 4, there is g7 € 4 such that

()Tg = fgT for every fe 4}]
is called the left [resp. right] normalizer of A.

2.3 LemMmaA. (1) A [resp. A] is an ideal of N,(A) [resp. N, (4)].
(2) The identity mapping belongs to N, (A) [resp. N (4)].
(3) If S is an algebra which contains A as an ideal, contains an identity,

and contains no non-zero left or vight annihilators of A, then there is an in-
jection of S into N,(A) [resp. N, (A)].

Proor. Statements (1) and (2) are immediate from the definitions
of N, and N,.

(3): Consider the mapping s -> § where §(f) = sf for se S and f e A.
First, §e M,(A), and if f,ge 4, then in S we have

$s(g) = fsg = (fs)g
where fs = fse A. Therefore §eN,;(4). Now s - § is clearly a homo-
morphism. If s; = s,, then
(51—S)f =0

for all fe A and hence s, = s,. Therefore s — § is an injection of S into
N(A). An analogous result is clearly valid for N,(4).

2.3 For T eN,(A) consider the mapping
(.)T : f g fT)

where /5 is the unique (because of the lack of annihilators) element of A
which satisfies the equation

(2-2) T(g) = trg

for all g e A. Since (4f)y = h(fy) and equation (2.2) holds, it follows that
()T eN,(A4). In [6] it is verified that

(2.3) T (T

is an isomorphism between N,(4) and N,(4).
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In order to distinguish whether a given T manifests itself as an element
of N, or N, we adopt the convention that 7 () [resp. (-)T] is the manifesta-
tion of T as an element of N,(4). [resp. N, (4)].

2.4 Let 4 be a quasi topological algebra, that is, a topological linear
space in which the mappings # — 2y and x — yx are continuous for each
y e A. Then let M,(4) [resp. M,(4)] be the subring of M, [resp. M,] com-
posed of continuous endomorphisms of 4. Let €,, &,, %;,, N, be defined
analogously.

If €, [resp. €,] is given the strong operator topology as a ring of
operators on A, that is, the topology of pointwise convergence on 4, thenitis
easily verified that €, [resp. €,] is Hausdorff if 4 is Hausdorff.

2.5 LeEmMA. Let A be Hausdorff.

(1) M (A) [resp. M. (A)] is closed in €, (A) [resp. €.(4)].
(2) The injection f—F [resp. f—F] of A into My(a) [resp. M, (A4)] is
CONLInuous.

Proor. (1) If {p,} is a net in M, such that lim ¢, = ¢ € §,, then

P — o(f)g

for all f, g € A, because 4 is a topological algebra. However ¢,(f)g = ¢,(fg),
and so
p(fg) = lim @,(fg) = lim ¢, (f)g = (/)8

Therefore ¢ eIk,.
(2) If {f,} is a net in A which converges to fe 4, then

f.8 — I8

for all ge 4, and so f, —f in the strong operator topology. Therefore f—f
is continuous.

The proofs of (1) and (2) are entirely analogous for operators on the
other side.

2.6 REeEMARK. The inverse mapping f— f [resp. f— f] is not contin-
uous unless A contains no left [resp. right] topological divisors of zero,
that is, no nets {f,} such that f,g — 0 [resp. gf, — 0] for all g e R while
{f.} does not converge to zero.

2.7 THEOREM. If A satisfies the closed graph theovem and vs Hausdorff,
then N (4) [resp. N(A)] is composed entirely of continuous functions, that is,

Ny(4)s M(4) [resp. N, (4) s M (4)].

ProoF. Suppose T e N,(4). It is continuous if it has a closed graph.
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Assume that f, - 0 in 4 and that T'(f,) — A; then since multiplication is
continuous

gT(fa) —gh
for any ge A. However T e N,(4), and so

@) Tf. = gT(fo)-

&)71f.—0,

Therefore, since

it follows that
gh=0

for all g € A. Since the only right annihilator of 4 is zero, 2 = 0 and T has
a closed graph.

2.8 REeMARK. The convolution algebras C,(X), L}(X), and L}(X) all
satisfy the closed graph theorem, as also do Banach algebras in general.
From Theorem 2.7 the normalizers of these algebras contain only continuous
operators.

2.9 REMARK. Note that if 4 is commutative and satisfies the closed
graph theorem, then N, =N, =M, =M, = M, = M,, so there is no need
to distinguish between It and M.

Suppose for the remainder of this section that A is Hausdorff and
satisfies the closed graph theorem.

It may be of interest to consider topologies for N, and N, such that the
(algebraic) isomorphism

(2.3) I()—-> ()T
is a homeomorphism.

2.10 ProposiTION. Let €,(A) [resp. €,(A)] be given the topology for
which, if {T,} is a net,

T,~>T if and only if fT,(g) - fT(g) [resp. (/)T.g — (f)T¢]

for all f,ge A. If A is Hausdorff, then M, (A) [resp. M, (4)] is closed in
€, (4) [resp. €,(A)]; f — F [resp. f — F is a continuous injection; and if N,
[resp. N,) is endowed with the restriction of this topology, then

(2.3) I()—>0T
is a homomorphism of N, onto N,.

Proor. The first two assertions of the conclusion are easily verified.
To verify that T(-) — ()T is a homeomorphism from N, onto N,, consider
T,() > T() in N,(A). Then for all f,ge A
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IT.(8) — IT(g),
and since T, and T eN,(4), fT,(g) = (/)T,(g) and fT(g) = (f)T (g). There-
fore (-)T, — (*)T and the mapping T'(-) — ()T is continuous. The reverse
argument is identical.
Now we prove some theorems for normalizers which are analogous
to results found by Choda and Nakamura [7] for multiplier algebras.

2.11 PROPOSITION. Let A be complete and {T,(-)} be a net in N (A).

If {T,(-)} ©s a Cauchy net in the strong operator topology for €,(A) and if
{()T,} is a Cauchy net in the strong operator topology of C,(A), then there
is a T eN,(A) such that

lim T () = T()
and

lim ()T, = ()T
in the strong operator topology of €,(A) and € (A) respectively.

ProofF. Let T,(f) = To(f) and (f)T, — (f)T, define the operators
Toe E(A) and T, € E,(A) respectively. Since T,(fg) = T,(f)g, and since
A is Hausdorff, it follows that Ty(f)g = To(fg) and so Ty € M,(4). Analo-
gously Ty, e M, (4). For f, ge A,

@) Tof = gTu(f),

(8)Tyf = lim ()T, f = lim gTo(f) = g7 (f)-
Thus ToeN,(4) and ()T, = (-)71;.

SO

2.12 REeMARK. Since C,, L1, L! are all complete, Proposition 2.11
can be applied to them.

2.13 COROLLARY. N,(4) [resp. N,(A)] is complete relative to the
topology with convergent nets defined as follows: If {T,} is a net in N, (4)
[resp. N, (A)], then T, — T if and only if both

@)To— ()T and T,(f) > T(f)
for all f, ge A. In addition, the mapping
T() > ()T
is a homeomorphism in this topology.

ProoF. If {T,} is a Cauchy net in this topology, then {7,(f)} and
{(/)T,} are Cauchy nets in A. By Proposition 2.10, there is a T e N;(4)
such that

L —~>T() and (HT.—> T

for all fe A. Therefore N,(4) [resp. N,(4)] is complete.
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Since the topology of this corollary is entirely symmetric with respect
to N,(4) and N,{4), the mapping T() — ()7 is a homeomorphism.

2.14 The topology of Corollary 2.13 can be called the two-sided
strong topology. It is clear that f — f [resp. f — f] is a continuous injection
of A into N,(4) [resp. N,(4)] in this topology.

2.15 A net {f,} in A4 is called a two-sided approximate identity if for
every ge 4

fag%g and gfa — -

2.16 THeOREM. A [resp. A] is dense in N (A) [resp. N,(A)], with
respect to the two-sided strong topology, if and only if A possesses a two-
sided approximate identity.

ProoF. If 4 is dense in N,(4), then there is a net {f,} in 4 such that
f. — 1, the identity operator, and so for each g € 4, f,g¢ — g and gf, — ¢.
Therefore {f,} is a two-sided approximate identity.

Conversely, if 4 has a two-sided approximate identity {f,}, then for
TeN,(A) and ge 4,

T fa(g) = T(fag) = T( a)g = T( a),\g’
and since f,g — g,
(2.4) T(f.)" (&) > T(g)
for all ge 4. On the other hand,
@)7T(.) = &T(f.) = (&)T1s,
and so for all, ge 4,

(2.5) ©T ()" — (T

Equations (2.4) and (2.5) together imply that A is dense in N,(4) in the
two-side strong topology. The proof is analogous for operators on the right.

2.17 Assume that A is a Banach algebra. Then €,(4) [resp. €,(4)]
becomes a Banach algebra when it is endowed with the norm

(2.6) 7] =”5f111]1;1HT(f)II
(2.7) [resp. ||T7] z,ﬁﬁ&“(f””']

In both cases the norm topology is stronger than the strong operator
topology. Thus I,;(4) [resp. M,(4)] is closed in this norm topology. Similar-
ly the injection f — f [resp. f — f] defined in 2.1, is continuous in this norm
topology. Since the closed graph theorem is valid in 4, N,(4)< M, (4)
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[resp. N,(4)= M,(4)]. Neither M ,(A) nor M, {4) need be closed in its
appropriate norm topology. However, if N,(4) [resp. N,(4)] is endowed
with either of the equivalent norms

(2.8) [T] = NTOIN+H1C)T
or
(2.9) TN = Max {iITC)Il, 1)1

then the following result can be proved.

2.18 THEOREM. If N,(4) [resp. N.(A)] is endowed with either of the
norms (2.8) or (2.9), then it is complete and the mapping

Ire)—-01
is an isometry of the Banach algebra N, (A) onto N (4).

Proor. Let {T,(-)} be a Cauchy net in N,(4) with regard to the norm
|T'|. Since

T =TIl = 1Ta—T4l lIAll,

{T,(-)} is a Cauchy net with respect to the two-sided strong topology on
N,(4). By Corollary 2.13, it follows that there is a T e N,(4) such that
T(-) > T(-) in the two-sided topology.

Now I, (4) is complete with respect to the norm of equation (2.6),
and so there exists T, € M,(4) such that T (-} = T,y(-) in norm. Similarly
there is T; e M, (4) such that ()T, — (-)T, in the norm of equation (2.7).
Since in either case the strong operator topology is weaker than the norm
topology,

T,(-) = To() = T(), and N,(4) is complete.

Finally, it is obvious that T'(-) — ()T is an isometry.

2.19 Now we come to use some of the results of Part I to find the
normalizers of certain special convolution algebras of measures. Let X
be a locally compact group. Recall that L}(X), L1(X), and C (X) stand
respectively for the set of integrable functions, the set of integrable functions
with compact support, and the set of continuous functions with compact
support. Each of these spaces forms a topological algebra if it is endowed
with its natural topology and multiplication is taken to be convolution.

2.20 PROPOSITION. Let A be taken to be either L1(X), L1(X), or C (X).
A continuous linear operator on A commutes with vight [resp. left] translations
if and only if it is a left [resp. right] multiplier.
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Proor. We prove the result for right translations and left multipliers.
The result for left translations and right multipliers follows analogously.
Suppose T commutes with the p,’s for f, ge A. Then

T(f+g) =T [_p.tals)ds

where ds stands for the left Haar measure on X. When 4 = L! we may use
[8, p. 323] to show that T and [ commute. Similarly, when 4 = L} the
same theorem may be used on L1(%), where % is a compact set which
contains the sum S;,+S, of the supports of f and g. Finally if 4 = C,,
the same theorem can be applied to C (%) under the usual norm. Thus in
general we have

T(f+g) = [, Te.g(s)ds
for f, ge A, and since T commutes with p,,
T(f+g) = [, p.Tigls)ds
= (T}) =g

Conversely, suppose T commutes with right convolution, that is,
T is a left multiplier. For f, ge 4,

T(f+g) =T [ p.fe(s)ds
— [ Tr.fe(s)ds

by the cvontinuity argument advanced in the previous paragraph. By
hypothesis, T'(f xg) = (T/) =g, so

T+ ) = [ Trdfels)ds = [, pup,Tig(s)ds
for all /, ge A. Thus for all fe A and all se X,

To.f = p, T}
2.21 COROLLARY. If & :pu—u = (-) and 5 : u— () * u, then
(2) &My (X) =M,(LY), (@) nMy,(X) = M, (L")
(b) &M (X) =M,(C,) (o) 7M. (X) =], (C.),
(c) &M (X) =My(L7), (') 1M (X) =M(Ls).

This corollary follows directly from Corollary 2.6.2, Theorem 1.2,
and Corollary 2.6.1 of Part I combined with Proposition 2.20.

2.22 The normalizers of L!, L1, and C, are characterized by the
following theorem:
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THEOREM. The following statements are valid:

(@) M(L') = N (LY), (@) M (L) =N, (LY,
(b) W,(L2) = N(L7), (b") M(L3) = N,(L2),
(C) §)ﬁl(cc) = Nl(cc)’ (C') gﬁr(cc) = Nr(cc)'

PROOF. If e M,(X), then

fr(uxg) = (fru)*g
for f, g belonging to any of L1, L}, C,. Thus u * (-) e N,(L!) [resp.
(*) * we N, (L")] for u € M4, and further p # (-) e N,(L}) [resp. (*) * u e N,(L})]
and u * (-) e Ny(C,) [resp. (*) * p e N,(C,)] for u e M,. Thusin (a) through
(c') the left-hand member is a subset of the right-hand member.
Since in L1, L}, C, the closed graph theorem is valid, by Theorem 2.7
it follows that (a) through (c’) are all valid.

2.23 Theorem 2.22 together with Lemma 2.3 ensures that any
algebra with identity which contains L! or L! or C, as an ideal and contains
no right or left annihilator of this ideal except 0 can be injected (alge-
braically) into I, or IR,.

3. Certain division problems

We shall here apply the results of Part I, 2.8 and § 5 to some problems
regarding the division of measures and of distributions.

3.1 THEOREM. Suppose that

Y, }'1’ )‘2: Y As EMbd(X)'
In ovder that
pelle dyx L1 -4, % L1

(3.1)
[resp. LY sy Lt % A+ - -+ + L1 = 4]

it is necessary and sufficient that there exist vy, - -, voe M, (X) such that

p=2Arxv+ - A %,
[resp. p = vy = Ay ++ -+ Fv, % 4,].
REMARK. The meaning of the first relation in (3.1) is, of course that
each convolution u * f, where f e L1, is expressible as a sum A, ® fy+ -+~ +24,%f,,

where f,e L' (1 =1, -- -, s) is suitably chosen. Similar conventions apply
to the second relation in (3.1), and to subsequent analogous symbolism.

(3.2)

Proor. The sufficiency is obvious, since

vxfell and fxvelLl if fel! and veM,,.
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To prove necessity, assume that (3.1} holds. With the notation of
Part I, 2.8, define J C (L')* as in 2.8.2 of Part I. Then (3.1) ensures that
there exists a linear map T : L' — (L')*/] such that Tf =g, if and only
if g = (gl’ Y gs) and

:u*lel*gl-l_ e +}”s*gs
[resp. [ o p = gy # A+ * 48, # 4]
It is evident that this T commutes with right [resp. left] translations.

Let us verify that T has a closed graph, and is therefore continuous.
Suppose indeed that /™ — 0 in L* and T/ ->g; in (L')*/]; we have to
show that g; = 0, that is, that g e J. Now, without altering g;, we may
suppose that T = g™ where

(3.3)

2 118" =gl — 0.
For each » we have
pox f =14 *gi"’+° +l 8"
[resp. /) & p = g{™ # i+ - - - +gi" # 4,].
Letting # — oo, it follows that

0=24 =g+ -+ =g,
[resp. 0 = gy = A4+ + - - g, % 4],
showing that g e J.
By 2.8.2 (c) and Theorem 2.9 in Part I, we infer that there exists

v e (M,;)*® such that
Tf=(w=fly
(3-4) [resp. (f = ¥),].

In view of (3.3) this means that

porf=dywvy s ft e A e f
[resp. foepu=Ffxv 2 A+ -+ F+fxv, =]
for all fe L. Whence follows (3.2).

3.2 ReMmARKS. For bounded measures on the half-line (0, c0), an
analogous result is given by Wells [13]. We have been unable to decide
whether the analogue of Theorem 3.1, in which L! is everywhere replaced
by C,, is valid. But see 3.11 below.

In case s =1 and X is Abelian, Theorem 2.9 in Part I has the following
application.

3.3 THEOREM. Let X be a locally compact Abelian group X the dual
group, and S a subset of X such that S CInt S. Let ¢ be a function on S with
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the property: to each f e LY corresponds at least one g € L* such that ¢(f|S) = §|S.
Then there exists ve M, ,(X) such that ¢ = 9|S. (The converse is true and
trivial, whatever the subset S of X.)

Proor. We now define T: L' — L1/], where
J=1{fel':f=0on S},

by Tf = g; where g € L* and §|S = ¢(f|S). The result will follow from Theo-
rem 2.9 in Part I (with s = 1), as soon as it is shown that ] satisfies the
condition in Part I, 2.8.1. For this we must show that if j, € J, ||7,|l; is
bounded, and §, -7 for o(L%, C,), then je J too. Now let 2 = Int S.
If peli(X), we have by the Fubini-Tonelli theorem

[ (@) (O)E = [ j(ep@)a,

where
v(@) = [u(®)E@)as
belongs to Cy(X.). So it follows that
[ @i = tim [u(@. (e

The right-hand side of this expression is zero whenever » = 0 on X\S,
a fortiori if # =0 on X \Q. From this it follows that 7(¢) = 0 on £ and,
by continuity on 22 S. Thus j e J.

As we shall now show, if X = R" and s = 1, the results of Part I,
§ 5 lead to partial analogues of Theorem 3.1 for distributions.

3.4 THEOREM. Suppose X = R™, pe2', e’ and
(3.5) pxCPc A% D,

To each &eD,, which is the limit in D' of finite linear combinations of
translates of A, corvesponds v, € D, such that

(3.6) ux& =A%
Proor. Given fe CY there exists g € &, such that
(3.7) pusf=~1xg

This g is in general not uniquely determined by f. However, if A« g = 1 x ¢/,
then & % g = & = g’ for any & € @’ which is the limit of finite linear combina-
tions of translates of 4. So Tf = & =g is uniquely defined. It is evident
that T :CP® — 2, is linear and commutes with translations, and that

(3.8) T({fx@)=Tfxq@ for f,peCP.
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We now show that T is continuous from CJ into &,, where the latter
is given the topology ¢(2,, C). To accomplish this, it suffices to show that
for each u# € C*, the map T, : C® - C® defined by

(3.9) T.f= (Tf) #u

is continuous from CY into C*®. (This remark is based on the observation
that T,f(0) = {u, Tf).) For this it is in turn sufficient to show that T,|C, g
has a graph closed in Cgx XC®, K being any compact subset of R". Now
for f, p e C we have from (3.8) and (3.9)

T,(feo)=T({xq)su=(Tfxg)xu=(Tf+u)+¢

= T.f * ¢.
The convolutions are associative since 7f and ¢ have compact supports.
Thus
(3-10) T.(fxe)=Tuf+x¢ ([ 9eCP).

Supposing that f, - 0 in C5% and T,f, — A4 in C*, then by (3.10)
it follows that for any ¢ € C° we have

T,(fnxe)=Tyfnto=T,pxf—>0
in C*, and also
T,foxp—>h=xgo

in C*®. Thus 4 % ¢ = 0 for all ¢ € C°. Hence 2 = 0, and the graph is closed.
With this, the continuity of T is established.

Appealing to Theorem 5.2 (c) in Part I, we conclude that there exists
v € D, such that

(3.11) Tf=w=f.

Thus from (3.7) and (3.11) it follows that, for each fe C°, there exists
£€9, such that

pxf=~Axg and Exg=wy=f.
Since &, f, g all have compact supports,
Exuxf=C¢xleg=Axbsg=~Axv %/
which shows that (3.6) holds.
3.5 CoOROLLARY. If X = R", ue2’, e 2,, and
(3.5) pxCr<c i,

there exists v € D, such that
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(3.6) u==>21xy.
(The converse is true and trivial.)

Proor. We may assume that 1 3£ 0: if 2 = 0, (3.5) entails that y = 0,
so that (3.6) is true for any v e &Z,.

If 2 0 and 1€ Z,, its translates span the whole of 2’, since use of
the Fourier transform shows that the only ¢ € CJ° orthogonal to all translates.
of 4 is ¢ = 0. Hence we may apply Theorem 3.4, taking therein & = ¢,
the Dirac measure,

If we assume (as in Corollary 3.5) that 4 € Z,, there is an analogous
result, as follows.

3.6 THEOREM. Suppose that X = R", ue 2', A e 9D,, and that
(3.12) uxCrc s,

To each & € D, which is the weak limit in D, of finite linear combinations of
translates of A there corresponds vy € D' such that

(3.13) uEE=2A%v.

Proor. This proof is very similar to that of Theorem 3.5, appeal being
made to Theorem 5.2 (a) of Part I. We omit the details.

3.7 COROLLARY. Suppose that X = R*, u e 2., and that
(3.12) uxCrc =2,
Suppose further that
(3.14) ueC™® and A+u = 0 imply u = 0.
Then there exists v e D' such that
(3.15) w=~>A=xy

Proor. Condition (3.14) is precisely that required to ensure that the
Dirac measure ¢ (and hence every member of 7;) is the weak limit in 2/,
of finite linear combinations of translates of 4. Apply Theorem 3.6, taking.
& =e.

Finally, by using Theorem 5.3 (b) of Part I, we may derive the fol-
lowing theorem.

3.8 THEOREM. Suppose that X = R", ueP’, AeP’, and that the
translates of X are total in D' (as happens if A # 0, 2 € D). Suppose also. that

(3.186) prCoc dAxM,.
Then there exists v € D, with ¥ bounded on R", such that
(3.17) w=~2A%*v
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3.9 REeMARK. Notice that if (3.17) holds with » as specified, then not
only is (3.16) true, but even

(3.18) wsLic A L2

3.10 The relation p Cy< A= C,. It is here supposed that u and 4
belong to M,,(X). As stated in 3.2, we do not know whether this entails
that u = 42 %» for some ve M,,.

However, partial results, analogous to Theorems 3.4, 3.6 and 3.8,
can be established. In particular one can show that, if

(3.19) uxCoc AxCy,

and if & e M,, satisfies the condition

(3.20) geCyand Axg =0 imply éxg =0,
then there exists », € M,, such that

(3.21) uxé =A%

(The proof, which follows the customary pattern, is left to the reader.)
Now (3.19) itself implies that & = p fulfills (3.20). For if we take a
net {f,} in C, converging for o¢(M,,, C,) to &, we have u*f, = A =g, for
certain g, € Cy. Then g = lim u * f, weakly. Hence if ge Cyand A x g = 0,
we have
prg=limusxf xg=limixg, *g
=1lim (A*g) g, = lim 0 = 0.

So we infer that (3.19) entails
(3.22) uxp=2Ai=xy for some ve M,,.

In particular, Cy = 4 % C, holds if and only if 4 is inversible in M,,.
Again, if 1% C, is dense in C,, then (3.20) is valid for any &e M ,,.
So, taking & = ¢, (3.19) is seen to imply the best-possible conclusion, namely

(3.23) u = A#v for some veM,,.

4. Isomorphisms of convolution algebras

Representation theorems for multipliers of L! (see Corollary 2.6.2 of
Part I) were used by Wendel [14], [15] as the basis for a study of isometric
and bipositive isomorphisms of L!-group algebras. Theorems 1.2, Corollaries
2.6.1 and 2.6.2, and the results of Section 3, all in Part I, can likewise be
used to show that if X and X’ are two locally compact groups, and if 4
denotes any one of the convolution algebras L, L}, C,, or L? (1 < p < o)
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over a compact group, then the existence of a bipositive isomorphism
between A (X) and 4 (X') entails that X and X' are isomorphic topological
groups. Details of the arguments appear in Edwards [9].
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