
ON POLYHEDRAL R E A LIZ ABILITY OF CERTAIN SEQUENCES 

E . Jucovic 

( rece ived May 13, 1968) 

A fini te sequence (p ) = (p , p , . . . ) of non-nega t ive i n t ege r s 

sha l l be cal led r e a l i z a b l e provided t h e r e ex i s t s a 3 -va len t 3-polytope 
P which has p . i -gona l faces for e v e r y i . P is cal led a r e a l i z a t i o n 

of ( p k ) . 

F o r r e a l i z a b i l i t y of a sequence (p ), f rom E u l e r ' s f o rmu la follows 

2 ( 6 - k ) p . = 12 (*) 
k>3 K 

as a n e c e s s a r y condi t ion. However , t h e r e a r e no g e n e r a l sufficient 
cond i t ions . F u r t h e r m o r e (#) p l ace s no r e s t r i c t i o n on the number p . . 

6 
Cons ider ing only sequences (p ) with p = 0 for a l l k >̂ 7, t h e r e a r e 
19 t r i a d s (po»P4»Pc) sat isfying (*) and we have a n a t u r a l p r o b l e m : 

F o r what va lues of p is in c a s e of a fixed t r i ad (PQ > PA» Pc ) the sequence 

(Po » PA> PC» P/ ) r e a l i z a b l e ? In Grunbaum-Motzk in [2], the p r o b l e m is 

solved for the sequences (4, 0, 0, p ), (0, 6, 0, p , ) , (0, 0, 12, p , ) , in 
6 6 6 

Grunbaum [3] a l so for the sequence (3, 1, 1, p ). 

The a im of this l i t t le note is to show how it is poss ib l e by s l ight 
modi f ica t ions of the g r a p h s used by Grûnbaum-Motzk in [2], to answer 
the ques t ion of r ea l i zab i l i t y of some other sequences (p , p , p , p . ). 

3 4 5 6 

THEOREM. The sequences (0, 2, 8, p ), (0, 3, 6, p j , 

(0, 4, 4, p . ) , (2, 2, 2, p . ) , (1, 3, 3, p . ) a r e r e a l i z a b l e for al l va lues 
6 6 6 

°f P/ • The sequence (1 , 2, 5, p . ) is r e a l i z a b l e if and only if p i 0. 
6 6 6 

The s e q u e n c e s (2, 0, 6, p , ) , (0, 5, 2, p , ) a r e r e a l i z a b l e if and only 
6 6 

i£ p , î 1. The sequence (1 , 1, 7, p ) is r e a l i z a b l e if and only if 

P 6 > I . 
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The r e a l i z a b i l i t y of the s equences wil l be d e m o n s t r a t e d by-
c o n s t r u c t i o n . We sha l l u se a l so the ca ta logue of t r i v a l e n t po iy topes 
in B r u c k n e r [ l ] . The n o n - r e a l i z a b i l i t y of c e r t a i n s e q u e n c e s fol lows 
f r o m the n o n - e x i s t e n c e of t h e s e in B r u c k n e r [ l ] , whose ca ta logue of 
t r i v a l e n t poiy topes is supposed to be c o m p l e t e . 

F o r b r i e f n e s s 1 s ake we denote the (g raph of t h e ) r e a l i z a t i o n of 
the s equences (1, 1, 7, n), (0, 2, 8, n), (0, 3, 6, n), (2, 0, 6, n) 
(0, 4, 4, n), (1 , 2, 5, n), (0, 5, 2, n), (2, 2, 2, n), (1, 3, 3, n) by 

K r e s p e c t i v e l y (n is the value of p , ) . 
n 6 

1. (1, 1, 7, n ) . 

Let us d raw each of the g r a p h s a and b in F i g . 1 on a h e m i s p h e r e 
with the heavy line as e q u a t o r . Connect t hem in such a way as to m a k e the 
2 -va l en t v e r t i c e s on the heavy line of one iden t i ca l with the 3 -va len t 
v e r t i c e s of the o t h e r . We get A . Analogously , combining a and c, 

5 
we obtain A ; a and d, A ; g and c, A ; g and d, A . F o r 

r e m a i n i n g n = j + 5i, 5 < j < 9, i = 1, 2, . . . , we p roceed s i m i l a r l y 
as d e s c r i b e d above , only the r e l e v a n t two g r a p h s should be s e p a r a t e d by 
i " b e l t s " p (F ig . 3) each cons i s t ing of five h e x a g o n s . A is on F i g . 4; 

A , A a r i s e f r o m A by s u c c e s s i v e spl i t t ing of the indicated f aces by 

e d g e s . 

The p r o c e d u r e being s i m i l a r in o ther c a s e s , we sha l l b r i e f ly 
in t roduce only the c o r r e s p o n d i n g g r a p h s r e p r e s e n t e d in the f i g u r e s . 

2 . (0, 2, 8, n) 

b and b y ie lds B A c and d y ie lds B„ 
4 7 

b and c B d and d B 
5 8 . 

c and c B 
6 

F o r n > 9 we use " b e l t s " p . B is no . X 85 in [ l ] . B is F i g . 5; 

B , B a r i s e f r o m B by s u c c e s s i v e spl i t t ing of f aces as i nd i ca t ed . 

3 . (0, 3, 6, n) 

b and f y ie lds C b and e y ie lds C, 
-> 6 

c and f C c and e C . 
4 7 

d and f C 
5 

F o r n > 7 we u s e " b e l t s " p . CQ, C a r e n o s . IX 33, X 84 in [1] . 

C is on F i g . 6. 
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4 . (2, 0, 6, n) 

h and 1 yie lds D k and k yields D 

m and m D._ k and n D ^ 
10 13 

k and m D , t n and n D . 
11 14 

F or n = 9 and al l n > 14 we use " b e l t s " y, Dn and D a r e n o s . VIII 9 

and X 63 in [ l ] , D , D a r i s e f rom D by s u c c e s s i v e spl i t t ing of h 
4 5 3 

as ind ica ted . D, r e s u l t s f rom a and a. D is on F i g . 7; D r e s u l t s 
D / O 

f r o m D by spli t t ing of a f ace . 

5 . (0, 4, 4, n) 

o and r yields E^ o and o yie lds E , 
2 4 

p and r E o and p E 
3 5 

r and r yie lds E : E , is no , IX 32 in f l l ; for n > 5 we u s e "belts*5 <x, 
0 1 

r 

o 

6 . 

and s 

and s 

( 1 , 2 , 

yields 

5, n) 

F 
2 

F 4 

p and s yields F 
5 

p and t F . 

F is no . IX 28 in [1]; F is on F i g , 8; for n = 6 and n > 7 we use 

" b e l t s " cr . 

7 . (0, 5, 2, n) 

a1 and d1 y ie lds G . ; a1 and e1, G ; a* and b1 , G ; a ! and c \ 
6 7 8 

G (F ig . 2) . G , . . . , G a r e obtained by using in the p reced ing 
9 10 13 

c o n s t r u c t i o n s , ins tead of the g raph a1, another g raph which is cons t ruc ted 
by adding to a1 four d is jo int hexagons in such a way that two v e r t i c e s of 
each hexagon r e m a i n 2 -va l en t . All o ther G., i > 13, a r e obtained by 

s u c c e s s i v e adding to the g r a p h s cons t ruc ted above of quadruples of 
hexagons in a m a n n e r analogous to that j u s t men t ioned . G , G , G a r e 

in B r u c k n e r [ 1 , no . VII 5, IX 31 , X 82] . G is on F i g . 9; G a r i s e s 

f r o m G by the indicated spl i t t ing of a f ace . 

8 . (2, 2, 2, n) 

q and r yie lds H ; f» and g1, H ; o and q, r L . H is no. VI 1 
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in [1 ] , F o r even n > 2, we i n s e r t s u c c e s s i v e p a i r s of d is jo in t hexagons 
as in 7, F o r odd n > 3, we u s e "be l t s 1 ' (r . 

9, ( i i 3, 3, n) 

h1 and k ! y ie lds K : u and r , K : o and us K , K is no, VII 4 
1 2 4 o 

in [1] , F o r odd n > 1, we i n s e r t p a i r s of d is joint hexagons as in 7; 
for even n > 4 we u s e " b e l t s " cr . 

In conclus ion we r e m a r k tha t a l l the g raphs we have cons t ruc t ed 
a r e p l ana r and 3- connected and t h e r e f o r e r e a l i z a b l e as v e r t i c e s and 
edges of 3~polytopes (cf. Grunbaum [3, p . 235]). 

Con jec tu re . The r e m a i n i n g s equences (3, 0, 3, p ), (2, 33 0, p , ) , 
6 b 

(2, 1, 4, p j , (1, 4, 1, p j , (1, 0, 9, p , ) f (0, 1, 10, p . ) a r e r e a l i z a b l e , 
6 6 6 6 

for all except p o s s i b l y a finite n u m b e r of va lues of p . 
6 

F o r each of t he se s equences we know an infinite n u m b e r of odd and 
an infinite n u m b e r of even va lues of p r e n d e r i n g the s equences 

6 
r e a l i z a b l e (cf. Conjec ture 2 in Grunbaum [4] : Given a sequence 
(p , p » . , . , p ) of non -nega t ive i n t e g e r s sat isfying (#) t h e r e ex i s t s a 

3 4 n 
cons tan t c such that e i ther for each even, or e l s e for each odd, p 

6 
with p . > c t h e r e e x i s t s a t r i v a l e n t 3-polytope P having p . i»gonal 

o = i 
faces for a l l i > 3 ). 
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a b 

Figure 1 (page 1) 
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Figure 1 (page 2) 
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g' 

Figure 2 
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Figure 3 

Figure 4 
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Figure 5 
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Figure 6 Figure 7 

Figure 8 Figure 9 
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