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1. Introduction. Let D and C denote respectively the open unit disk and 
the unit circle in the complex plane. Further, y = z(t), 0 K t K I, will denote 
a simple continuous arc lying in D except for T = z(l) G C, and we shall say 
that 7 is a boundary arc at r. 

We use extensively the notions of non-Euclidean hyperbolic geometry in D 
and employ the usual metric 

( , v ! . |1 — ab\ + \a — b\ 

where a and b are elements of D. For a G D and r > 0 let 

B(a,r) = {z G Z>|p(a,s) < r}. 
For details we refer the reader to (4). 

If 7 is any boundary arc of D and 0 < r < °o 

# ( 7 , r ) = [* Ç Z>|p(s,7) < r], 

where p(7, z) is the non-Euclidean distance of z to y defined in the usual way. 
Consequently, H(y, r) is an open, connected (but not necessarily simply con­
nected) subset of D. The boundary of H(y, r) is seen to contain two distinct 
boundary arcs at r. Let pT, r G C, denote the diameter of C ending at r. In this 
case, H(pT, r) is a connected domain bounded by two hypercycles from r to — r 
which form the angle 2 arctanh r and —2 arctan r, respectively, with pT at r. 
If 7 = z{t) is a boundary arc at r such that for some 0 < t0 < 1, and some 
0 < r < °o? s(£) £ H(pT, r), t > /o , we say 7 approaches r in a non-tangential 
manner, and the set of all such non-tangential boundary arcs at r we denote bv 
A(r). 

We consider functions f(z) defined in D and taking values in the extended 
complex plane W. For a set 12 C D, with the closure of 12 intersecting C at a 
single point r, C«(/, r) indicates the set of all values w £ W with the property 
that there is a sequence {zn} in 12 with zw —> r, /z —> 00 and/(zre) -^>w,n-+ «5. 

Finally 
Iftf(7, r ) ( / , T) = Pï7* C7*(/ , r ) , 

where 7* ranges over all boundary arcs at r that lie within # ( 7 , r), and 

na ( f , r ) = fi C7(/ ,r) . 
7eA(r) 
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For an elaboration of the theory of cluster sets see, for example, (8). 

2. Boundary behaviour of normal functions. Of course, 

for any y G A (r) and any r > 0. Our main result is that 

n2l(f> r) = n#(7. r)(f, T), 

where r is any point in C, y is any curve in A(r), and r is any positive number— 
provided thatf is a normal function in D. 

DEFINITION. A function f(z) meromorphic in D is said to be a normal function in 
D if the family {f(S(z))} is normal in the sense of Montel, where S(z) is an 
arbitrary one-to-one conformai map of D onto itself; see (6, p. 53). 

Before proving this result we set forth two lemmas, which will expedite the 
proof. For any w G W and d > 0, let Zf(w, d) = \JzB{z, d), where the union 
is taken over all z G D such that/(s) = w. 

LEMMA 1. Let f be a normal function in D and y GA(/),r G C.Ifw G Cy(ftr) 
and if there exists d > 0 such that y Pi Z/(w, d) — 0, then 

w € Cy'(f, T) for any y' G A(r). 

Proof. Since w G Cy(/, r), let {zn\ be a sequence on y such that zn —> r, 
/(*«) -^ w.asn -^ oo. Let 

/GS.(f)) = &«•) 
with 

•$•(*•> = T + j I f c ' If I < 1, » = 1, 2, . . . ; 

and let {gnk(£)} be the convergent subsequence guaranteed by the normalcy of 
/ . Let g(Ç) be the limit function. Now 

g(0) = limgnjb(0) = l i m / ^ J = w; 

but for |f | < tanh d the equation 

gnki?) = W 

is satisfied for no value of k. By Hurwitz's theorem we conclude that g(f) = w. 
Hence for any fixed 0 < d' < °°, / tends to the value w a s s tends to r on the 
set 

UB(zM,d'). 

If T' 6 A(r), then 
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for suitable d' > 0 and all k = 1, 2, . . . ; and we conclude that w G CV(/, r), 
which proves the lemma. 

LEMMA 2. Letf be a normal function in D. Suppose for some r 6 C and for each 
n — 1, 2 , . . . , that there is a set of distinct points 

\Un)), * = 1,2, ...,tnn, 

with the following properties: 
(i) for some r > 0 and all n = 1, 2, . . . , £i(w) 6 i^(pT, r); 

(ii) also £i(n) —> r, w —» oo ; 
(iii) further p(Un\ S*+i(w)) < *n, * = 1, 2 , . . . , mn - 1, 

wiJft few —> 0, n —> oo ; 
(iv) //^re exis/s a positive number A independent of n such that 

P(£I(W), W n ) ) >^4 > 0 ; 
(v) /as//3> 

/(^ ( w )) = w, i = 1,2, . . . . m » ; » - 1,2, . . . . 

In this case w € Cy(f, T) for ally £ A(r). 

Proof. Again we let 

/(5»(f)) = £»(f), n = 1 , 2 , . . . , 
where 

^ = 5w(f) = r + ?i(w) 

i + li(w)f ' 

Let {gn1c (f)} be that convergent subsequence with 

gn*(f)->g(f), * - > » . 

Without loss of generality and for ease of notation we assume that gn{$) is the 
desired subsequence. 

Since 
gn(0) =f(tl(n))-*W 

as n —> oo, we have g(0) = ^ . We now show that the set of points Z0(w, 0) 
which also lie in |f| < tanh A = B is infinite. Consequently g(f) = ze; in Z>, 
and we can argue as in the last paragraph of the proof of Lemma 1 to obtain 
this lemma. 

Suppose there is a ring R> 0 < r' < |f j < r" < 5 , r" > r', which contains 
no points of Z0(w> 0). Since g(0) = 0, we take rf > 0. For any fixed n the set 

{*«<">: * = l , . . . , w » } 
is transformed by 

onto a set of points we label 

{ r , < w ) : * = l , . . . , m w } 

https://doi.org/10.4153/CJM-1966-028-9 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1966-028-9


NORMAL FUNCTIONS 259 

with 
(i) fiw = o, |WW ) I>£; 

(1) (ii) p(f ^ \ f m
( w ) ) < *n> * = 1, 2, . . . , mn - 1; 

(iii) gn(?*(n)) = w, i = 1, 2, . . . , mn. 

There must be at most a finite number of such 

£<<»>, i = 1,2, . . . , ro», » = 1,2, . . . , 

within i^; otherwise this set would have a limit point, say fo, and by the con­
tinuous convergence of gn(Ç) to g(f) we would have g(fo) = w, contrary to 
assumption. 

Thus there is an index No such that for n > No no point of the form 

f,w, *' = 1,2, . . . , m n , 

lies in i?. If nx > N0 is chosen so that 

km < p ( 0 , r " ) - p ( 0 , r O , 

this is incompatible with (1) and the definition of R, whence g(f) = w. 

We proceed to the main theorem. We demonstrate that if w G ïïH(y,r)(f, r), 
y G A (r) , either Lemma l or Lemma 2 applies and conclude that 

w G njy(7/,r/)(/, r) for all Y' G A(r) and any r' > 0. 

Consequently, n^Cf, r) = ILH(7fr)(f, r). 

THEOREM 1. Assume that f(z) is normal in D. Then for any y, y' G A(r) 
a^J r, r' > 0, 

n#(7,r)(/, T) = nH(7/,,./)(/; T) = n«(/, r). 

Proof. For any given fixed curve y G A (r) and a fixed r > 0 let 

Z',(w, 1/n) = Z/w, 1/») C\ H(y, r), n = 1, 2, . . . . 

There are two cases according as 7 Pi Z'f (w, 1/n) = 0 for some n or 

7 n zvCw, 1/») * 0 
for all w. In the first case we refer to Lemma 1 and the theorem is immediate. 

We now consider the second case. For each value of n decompose Z'f(w, 1/n) 
into its components 

{Yt™:i = l , . . . , j „ ; l <jn< 00}. 

We classify a component Y^n) as a crosscut if the boundary of this component 
meets both 7 and the boundary of H(y, r). If for each value of n there is at 
least one component, say Yin

(n\ which is a crosscut, we apply Lemma 2 in the 
following manner. 

https://doi.org/10.4153/CJM-1966-028-9 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1966-028-9


260 P. LAPPAN AND D. C. RUNG 

Since the boundary of Yin
{n) meets both 7 and the boundary of H(y, r) for 

each value n, there is a finite set of points 

U/ W ) : j = 1, . . . ,A»} 

with 

(i) fcW £ tf(Pr,r); 
(iiï h(w) -> r, n -> 00 ; 

(iii) p(£/»\ fi+1W) < 2/w, j = 1, 2, . . . , hn - 1; 
(iv) p(£i(w\ T) < V» , P ( W * \ Bd tf (7, r)) < 1/n 

and so 
p(£i(w\ U>(n)) > r - 2/»: 

(v) /(£/">) = w, j = 1, 2, . . . , hni n = 1, 2, . . . . 

These five properties follow easily from the construction of Yin
{n). 

If we choose n0 so that 2/n0 < r/2, then for n > n0 the requirements of 
Lemma 2 are satisfied with A = r/2 and kn = 2/« and the theorem is proved. 

To conclude the proof, suppose there is an no such that no F/Wo), i = 1 , . . . , jnQJ 

is a crosscut. Let V denote the union of all those components of Z'f(w, l/n0) 
that meet 7 together with the set 7 itself. This is a connected set lying entirely 
within H(y, r) and such that the closure of V meets C only at r. There is a 
subset )3 of the boundary of V which is a boundary arc approaching r within 
H(y,r) and, of course, with ^ H Z ' / ^ , l/«0) = 0. Since w 6 Q ( / , T), an 
application of Lemma 1 completes the proof of the theorem. 

THEOREM 2. Let f(z) be a function from D into W. Let 7 Ç A(r), r £ C, 
and let r > 0 be given. Then there is a countable collection of boundary arcs at r, 
{yn},7n C H(y,r),n = 1, 2, . . . ,and 

00 

ni7(7,r)(f, T) = O Cyn(f, T). 

Proof. Let F be the family of all boundary arcs at r contained in H(y, r). 
For 7 G Flet JB7 = PF — C7(/, r), which is an open set in W. Now 

U By= W-ILmy,r)(f,T), 
ytF 

and by the Lindelôf covering property there is a countable subcovering {B7n\ 
of W — n#(Y>r)(/, r). Consequently 

00 

U £ 7 n = W - i w r ) ( f , r ) , 

whence 

n C 7 n ( f , r ) = n H ( 7 , r ) ( / , r ) . 

If 7 is a boundary arc at r and / is defined in D taking values in W, define 
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Rii(y,r) (f, r), Y > 0, as the set of all w G W such that there is a sequence {zn} in 
H(y, r), z* -> r as » -> » , and / ( s j = w, « = 1, 2, Let int Rn(y,r)(f, r) 
denote the interior of RH(ytr)(f, r) relative to W. 

Finally set 

Rmy.T)(f,r) = O int-RH(7,r')(f, r) . 
r'>r 

A theorem of Rung (8, p. 44) can be formulated as follows: 

THEOREM A. If f{z) is a normal function in D then for any r £ C, any boundary 
arc y at r, and r > Owe have 

Cll(7,r)(f, r) — RH(y,r)(f, T) C UH(y,r)(ff T ) . 

(This theorem was originally proved in the case where y was a rectilinear seg­
ment at r: but it is easily seen that the method of proof yields the more general 
Theorem A.) In conjunction with Theorem 1, Theorem A yields the following 
theorem. 

THEOREM 3. Iff(z) is normal in D, then, for any T G C, any y Ç A(r), and any 
r > 0, 

CW(7,r)(/, T) — ^Wr)(f, r) C n?i(/, r) . 

3. Examples, ltf(z) is merely required to be meromorphic and not normal, 
Theorem 1 fails. This can be seen by the following example. Let \yn) ,yn Ç A(r), 
n = 1, 2, . . . , be a sequence of mutually exclusive boundary arcs at r = 1, 
such that for some r0 > 0 each boundary arc 7 C 77(pi, r0) intersects each yn 

infinitely often. Such a construction is obviously possible. Let {wn} be a sequence 
of distinct points that are dense in W. According to Bagemihl and Seidel 
(2, p. 1251 ), there exists a function holomorphic in D such that 

Cynif, 1) = wn, n = 1,2, . . . , 
thus 

IW, 0 ) (M) = ^ 
but 

n£T(71,r)(/, 1) Q W , 
for any r > 0. 

In Theorem 3 (and also in Theorem A), the set RH{y,r) (f, r) cannot be replaced 
by Rij{y,r) (f, T). TO verify this, let {zn) be any sequence of points in D tending to 
r = 1 such that, for some r > 0, no zn lies in H (pi, r), but there exists a sequence 
{Çn}, contained in H(pu r), for which p(zni fw) —> 0 as n —» <». Cargo has shown 
(5, p. 142) that from the sequence {zn} we can extract a subsequence {znk\ 
such that the corresponding Blaschke product 

£=1 \Znk\ \ 1 — 22W A ; / 

converges in D and 

(1) |5(s) | >A > 0, s 6 p!. 
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Since p(zn, f„) —> 0, n —> <», then 

| B ( O - - B ( r , * ) | - » 0 , * - * » . 
and hence 

0 € CH ( p l , r )(/,l) - i ? f f ( p i , r ) ( / , l ) , 

while 

o g iw,)(f,i) 
on account of (1). 

We conclude with a few remarks about the set Hu(f> r), where we assume that 
/ is a normal meromorphic function in D. This set may be empty for all T £ C. 
Consider a Schwarzian triangle function U(z) in D whose fundamental triangle 
has angles of, say, 7r/2, 7r/7, 7r/3. Let its system of triangles be that displayed 
in (4, p. 444, Fig. 122) where we assume U(0) = °° and that at each vertex 
of the system, U{z) assumes one of the values 0, 1, «>. Now U(z) is known 
to be a meromorphic normal function in D. For any value w 6 W the set 
Zu(w, r) consists of a countable number of disjoint disks in D for suitably 
small r > 0. Since U(z) assumes the same values in each disk of Zv(w, r), 
U(Zu(w, r)) is a neighbourhood N of w in W. Further no point of N is assumed 
by U in D — Zu(w, r). Thus if r is any point of C, then n^(f, r) = 0. Let us 
now consider the elliptic modular function n(z). The above argument shows 
that IlaGu, r) ^ {0, 1, oo }. However, if r is a Plessner point of /x(z) (i.e. the 
equation 

Cii(y.r)(n, r) = W 

is satisfied for any rectilinear segment y at r and any r > 0), then Theorem 3 
shows that Ïl5i(/Lt, r) = {0,1, oo}. 

If we define 

nT(/,r) = n7cT(/,r), 

where 7 is any rectilinear segment at r, Bagemihl (1, p. 4) and Rung (9, p. 48) 
showed independently that at a Plessner point r of a normal function, 
nT(f, T) = W. Thus the set U^(f, r) may be considerably smaller than n T ( / , r). 

Finally we construct a normal function/ for which U^(f, r) = W for r = 1. 
We begin by defining a simply connected domain H in Im (z) > 0. First we 
construct a sequence of disjoint rectangles in the z = x + iy plane symmetric 
about the imaginary axis with sides parallel to the real and imaginary axis. In 

Si = {z\0 < Im (z) < 2TT}, 

set Riti equal to the open rectangle symmetric about the line Im (z) = 27r/2 
with the sides parallel to the real axis of length 1 and with the width of Riti 
equal to 1/4. In 

S2 = {2T < Im 0) < 2(2TT)}, 

https://doi.org/10.4153/CJM-1966-028-9 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1966-028-9


NORMAL FUNCTIONS 263 

let Ri,2, i = 1, 2, 3, denote the open rectangle symmetric about the line 
I(z) = 2TT + 2W/22 of length 2 and width 1/23. For arbitrary n = 1, 2, . . . , 
let i?itW, i = 1, 2, . . . , 2n — 1, be the open rectangle in 

Sn= (n - 1)2*- < Im (2) < W(2TT) 

symmetric about the line Im (z) = (n — l)2ir + 2iri/2n of length n and 
width l/2ra+1. Now connect each rectangle to the one above as follows. Let R\t\ 
be joined to R\,2 by an open set bounded by two parallel straight-line segments 
of distance 1/4 apart starting from the upper right corner of Riti to the lower 
right corner of Ri,2 and including appropriate boundary segments of the rect­
angles so that the union of Ri,i, Ri,2, and the connecting strip is a simply con­
nected domain. We now join Ri>2 to R2,2 by an open strip with sides parallel 
to the imaginary axis beginning at the upper left corner of Ri,2 and terminating 
at the lower left corner of R2,2. Join R2,2 to i?3,2 by a similar strip on the right 
corners and connect R%,2 to i?i>3 by a rectilinear strip from the left upper corner 
of Rz,2 to the left lower corner of Ri,z. Having joined the adjacent rectangles 
together by connecting strips in such a manner that the union of all the 
rectangles Ritn and the connecting strips is a simply connected domain Hy we 
map the unit circle |f | < 1 onto H by z = /(f) so that f = 1 corresponds to the 
prime end at 00 of H. Then g(f) = exp/(f) clearly omits three values (for 
example the values eir, eir/2, eiirU) and therefore is normal. If A is any set of 
points in the z = x + iy plane, let S\{A) denote the set of those z £ S\ for 
which z + 2-Kin Ç A for some integer n. Any curve 7* in H that tends to z = 00 
has the property that Si(y*) is a dense subset of S. Consequently for any curve 
7 that approaches f = 1 from within |f | < 1, we have Cy(g, 1) = W. 

There exists a function/(z) holomorphic in D (2, p. 1251) such that for 
every r G C, any 71, 72 Ç A(r), and any ri, r2 > 0, 

IWi.n)(/>*') = n^(72tr2)(/, T) = IF. 

Thus the conclusion of Theorem 1 may hold without f(z) necessarily being 
normal, since the above function, having no Fatou points, cannot be normal 
(3, p. 16). 

REFERENCES 

1. F. Bagemihl, Some approximation theorems for normal functions, Ann. Acad. Sci. Fenn. Ser. 
A, 7(1963), 335. 

2. F. Bagemihl and W. Seidel, Spiral and other asymptotic paths, and paths of complete indéter­
mination, of analytic and meromorphic functions, Proc. Nat. Acad. Sci. U.S.A., 39 (1953), 
1251-1258. 

3. Kôebe arcs and Fatou points of normal functions, Comment. Math. Helvt., 36 (1961), 
9-18. 

4. H. Behnke and F. Sommer, Théorie der analytischen Funktionen einer komplexen Verdnder-
lichen (Berlin, 1955). 

5. G. T. Cargo, Normal functions, the Montel property, and interpolation in HM, Michigan 
Math. J., 10 (1963), 141-146. 

https://doi.org/10.4153/CJM-1966-028-9 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1966-028-9


264 P. LAPPAN AND D. C. RUNG 

6. 0 . Lehto and K. I. Virtanen, Boundary behavior and normal meromorphic functions, Acta 
Math., 97 (1957), 47-64. 

7. K. Noshiro, Cluster sets (Berlin, 1960). 
8. D. C. Rung, Boundary behavior of normal functions defined in the unit disk, Michigan 

Math. J., 10 (1963), 43-51. 
9. A. Hurwitz and R. Courant, Vorlesungen iiber allgemeine Funktionentheorie und elliptische 

Funktionen (Berlin-Gottingen-Heidelberg-New York: vierte Auflage, 1964). 

Lehigh University and 
Pennsylvania State University 

https://doi.org/10.4153/CJM-1966-028-9 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1966-028-9

