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QUASI-CONTINUITY WITH RESPECT
TO SEMI-REGULARISATION TOPOLOGY

STANISLAW PSYK

This paper gives some sufficient conditions under which upper, lower or both upper and
lower quasi-continuity of multifunction iu the process of seini-regularisation of a topological
space are preserved. Analogous results for continuous maps are true.

A subset A of a topological space X is said to be semi open if there exists an
open set U such that U C A C U [5]. It is easy to see that A is semi open if and
only if A C intA. A subset B of a topological space (X, T) is called regular open if
B = IntB [2]. It is well known that the family of all regular open sets forms a base
for a smaller topology T, on X , called the semi-regularisa,tion of T . The topological
space (X, T) is called semi-reguJar if r = T, .

In the class of all topologies which have the same families of semi open sets as the
topology T , there exists the finest topology ra [7, Corollary 1]. All topologies from the
above class determine the same families of regular open sets [7, Proposition 6], so they
have the same semi-regularisations, but the topology ra and its semi-regularisation can
have different families of semi open sets (see [7] or the topology T in Example 1).

The symbols A , Int;A are used to denote closure and interior of the set A in the
space (X, Tj). The symbol "i'^may be replaced by "a" or "s" or may be omitted for
topological spaces (X, ra), (X, rs) or (X, T) respectively.

The topological spaces are not assumed to satisfy any separation axioms, and
regularity does not include the T\ axiom. All notions and symbols which are not
denned in this paper are used as in Engelking [2].

Let F be a multivalued map which to each point x £ X assigns a non-empty
subset F(x) of a topological space Y (for simplicity we will write F: X —> Y). For
any set AC X, B CY we will write [1]

= U{F{x):xe A},

F+(B) = {x eX: F(x)CB),

F~(B) = {x e X : F(x) n B £ 0}.
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A multivalued map F: X —> Y is said to be:
- upper (respectively lower) quasi-continuous at a point Xo £ X if for each open set V C
Y such that F(x0) C V (respectively ir(z0)r> V ^ 0) and for each open neighbourhood
U of xo there exists an open non-empty set U\ CU such that F(x) C V (respectively
F(x) n V ^ 0) for each i £ { / , [9],

- upper (respectively lower) almost continuous at a point 0 £ X if for each open set

V CY such that F(x0) C V (respectively F(x0) n V ^ 0) we have x0 € Int F+(V)
(respectively x0 £ Int F - (V)) [10, 11].

A multivalued map is said to be upper or lower quasi-continuous (almost continu-

ous) if it has this property at each point.

In the sequel we will use the following equivalent conditions:

- a multivalued map F: X —+ Y is upper (respectively lower) quasi-continuous if and

only if for any open set V Q Y the set F+(V) (respectively F~(V)) is semi open,

- a multivalued map F: X —* Y is upper (respectively lower) almost continuous if

and only if for any open set V C Y we have F+(V) C Int F+(V) (respectively

F~(V) C hit F~(V)) [10].

Any single-valued map / : X —* Y can be considered as a multivalued map with

values {f(x)} . In this case the above definitions give the definitions of quasi-continuity

in the sense of Kempisty [4] (sometimes called semi-continuity [5]) and almost continuity

in the sense of Husain [3].

The symbols: QU{F, T) , Qi(F, r), AU(F, T) , Ai(F, r ) are used to denote the sets

of all points at which a multivalued map F: (X, T) —• Y is upper or lower quasi-

continuous or almost continuous respectively.

REMARKS 1: For topological spaces (x, r ) and (X, T,) we have:

(a) Int,U C Int U for every set U C X ;

(b) UCU' for every set U CX;

(c) Int B = IntaB for every r-closed set B C X;

(d) A = A for every r-open set A C X ;
(e) any ra-semi open set is r-senii open;
(f) Tvquasi-continuity implies r-quasi-continuity;
(g) Int V C I n ^ F " for every set V C X ;

(h) T-almost continuity implies T,-almost continuity.

PROOFS: The properties (a) and (b) follow from ra C r. Now we are going to
prove (c). Int B is regular open, hence Int B = Int3(Int B) C I n t , 5 . The converse

inclusion In t ,B C Int B follows from (a). Property (d) follows from (c) applied to
the set X \ A. If V is ra-semi open then from (d) and (a) we have V C Int3V' =

Int, V C Int V. Thus (e) is shown. Moveover (e) implies (f). From (c) and (b) we have
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Int. V = IntjV C lnt,V which proves (g). Finally the property (h) is an immediate

consequence of (g). R

THEOREM 1. Let (X, T) be a topological space and Y a regular one. If F: X —> Y
is a. multivalued map with compact values, then Int,[Qu(F, T)C\QI(F, T)] C QU{F, TS) .

PROOF: Assume that x0 G lnta[Qu(F, r)nQi(F, T)]\QU(F, T3) . Then there exist
an open set WQ 2 F(XQ) and a r , -open set UQ such tha t xo G UQ Q Inla[Qu(F, r)n

Qi(F, T ) ] and the following condition holds:

(1) every non-empty r , -open set U C UQ contains a point x u such that

F(xu)£W0.
Because F(xo) is compact and Y is a regular space, there exists an open
set W C Y satisfying F(x0) C W C W C Wo . The point x0 G QU(F, T) ;
hence for sets UQ and W, there exists a non-empty, r-open set M C (70

such that:
(2) F(x) C W for every point x G M.

The set M can be represented in the form M = U\N [8, Theorem 4.5]
where U C UQ is r-regular open and N is a r-nowhere dense set. In
view of (1) there exists a point xu G U such that F(xu) n (Y \ W) ^ 0.
Because xu G Qi(F, r) for the sets Y \ W and U there exists a non-
empty, r-open set A C U such that:

(3) F(x) n (Y \ W) ^ % for every point x e A.
The sets A and U are non-empty, r-open and A C. U. So we have
An(*7\ iV) = AD M ^ 0. This means that An M contains a
point satisfying (2) and (3). This is the contradiction which finishes the
proof. |

THEOREM 2. Let (X, T) be a topological space and Y a regular one. If F: X -»Y
is a multivalued map then Int,[Qu(F, r) n Qi(F, T)) C Qt(F, T,) .

PROOF: Assume that x0 G Iiit,[Qu(F, r) n Q,{F, T)] \ Q,(F, T.). Then there
exist an open set Wo Q Y such that Wo n F(XQ) ^ 0 and a r^-open set UQ such that
x0 eU0C Ints[Qu(F, r) n Qi(F, r)] and:

(1) every non-empty Tj-open set U C UQ contains a point xu such that
F{xu)nW0 =0 .
Let us take any point i/o £ F(xo) !"• Wo and an open set W for which
y0 £ W C W C Wo holds. Because x0 G QI{F, r) there exists a r-open
non-empty set M C UQ satisfying:

(2) F(x) D W £ 0 for every point x G M.
Let M = U \ N, where U C Uo is a T-regular open set and TV is r-
nowhere dense [8, Theorem 4.5]. From (1) we have a point xu G U such
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that F(xu) (Z Y \W. The point xu G QU(F, T) > s o there exists a r-open
set A C U such that:

(3) F(x) C Y \ W for every point x G A.
The sets A and {/ are non-empty r-open and A C U. So we have
A n (U \ N) — A n M ^ 0, this means that A D M contains a
point satisfying (2) and (3) and this is the contradiction completing the
proof. R

From Theorems 1, 2 and Remarks l(f) we immediately obtain:

COROLLARY 1. Let (X, T) be a topological space and Y a regular one. A mul-

tivalued map F: X —+ Y with compact values is lower and upper quasi-continuous if

and only if it is simultaneously lower and upper T, -quasi-continuous.

COROLLARY 2. Let T\ and T2 be topologies on X which have the same semi-

regularisations. If Y is a regular space, then a single valued map f:X —> Y is

Ti -quasi-continuous if and only if it is T2-quasi-continuous.

Observe that regularity of the space Y in Theorems 1 and 2 cannot be replaced
by semi-regularity.

EXAMPLE 1.. Let us take on the real line R the following topologies:

r = {U CR-.Oe *7}U{0},

T2 = {0 ,{O} ,{2} , {0,2}, R } '

It is easy to see that topology T2 is semi-regular and the semi-regularisation T, of T
is the indiscrete topology. The multifunction F: ( R , T ) —+ ( R , T 2 ) given by the formula
F(x) = {0} for x — 2 and F(x) = {x} for x ^ 2 is upper and lower r-quasi-continuous
but it is neither upper nor lower TS-quasi-continuous.

If F is upper or lower quasi-continuous only, then Corollary 1 may be false, as the
following shows:

EXAMPLE 2. Let N be the natural topology on R and let T be the topology
T from Example 1. The multifunction F j : (R,r) —+ (R, N) given by the formula
F^x) = {0} for x G (-oo,0) and Fi{x) =< 0,1 > for x G (0,-foo) has compact values
and it is easy to verify that F\ is upper r-quasi-continuous but it is not upper r,-quasi-
continuous. However the formula F2{x) — {0} for x G ( —oo,0) and F2(x) =< 0,1 >
for x G (0, + oo) gives a multifunction which is lower r-quasi-continuous but is not lower
T3-quasi-continuous.

Stronger than Corollary 1 is the following:
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THEOREM 3. Let (X, T) be a topologiced space and Y a regular one. Let, for

i = 1,2,3, Ti be a topology on X such that T, C t ; C ra (in general ( i \ ) a ^ (rj)a -fi

(r)a = Ta and n <JL T,- for i,j — 1,2,3). A multivalued map F: X —> Y with compact

values is lower T\ -quasi-continuous and upper r2-quasi-continuous if and only if it is

simultaneously upper and lower r3-quasi-continuous.

PROOF: Because the semi-regularisation of r a is the topology T, ([7] Proposition

6), hence from the inclusion T, C TJ C TO and from Remark l(d) we have Int;A C

Intaj4 — lntaA for any set A C X. This means that any Ty-semiopen set is ra-

semiopen, so F is simultaneously lower and upper Ta-quasi-continuous and in virtute

of Corollary 1 it is T,-quasi-continuous. To this end we shall prove that the semi-

regularisation of T{ is the topology T3 and then apply Remark l(f). If the set B is

T{-regular open, then from T, C T; C TO and from Remark l(c) we have: I n t o 5 =

I n t 3 5 a C Int;lT = B - lntaB C I n t a l T . This means B = I n t a l T is rQ (hence

T, ) regular open. On the other hand if B is rs-regular open, then B = IntiB C

Int,jB C In t a B — \i\tsB — B , so B= I n t i 5 l and the proof is complete. R

Let us observe that if (TI)S = (r2) a = (T3) ( only, then Theorem 3 may be false

as Example 2 shows together with the topology T3 = {U C R : 3 £ U} U {0}. The

multifunction F\ is upper r-quasi-continuous and lower T3-quasi-continuous, but it is

neither lower nor upper T3 -quasi-continuous.

Now we will formulate some sufficient conditions under which upper (respectively

lower) T-quasi-continuity implies upper (respectively lower) Ta-quasi-continuity.

THEOREM 4. Let (X, T) be a topological space and Y a regular one. If F: X —> Y

is a multivalued map with compact values, then Int,[Qu(F, r ) n Ai(F, T)] C QU(F,T3).

PROOF: Just as in Theorem 4 we can prove that there exist sets W, M = U \ N

(where W C Y is open M C X is open, U C X is regular open and N C X is
a nowhere dense set) and the point xu G U for which F(xu) ("I (Y \ W) ^ 0 and:
(1) F(x) C W for every point i t £ M .

Because xu e AI(F,T), F~ (Y \W) is r-dense in the set Int F~(Y\W) and con-

sequently the set G = U (~) F~ (Y \ W) is non-empty and dense in the set H =

U 0 Int F~ (Y\W). Because G n(H\N) £ 0 and H n M = H n (U \ N) =

(HnU)\N = H\N we have G n M D G n f f n M j t J . But F(x) <£ W for every

point x 6 G, hence we have a contradiction to (1), so the proof is completed. ^

Using arguments similar to those in the proofs of Theorem 2 and 4 we can prove:

THEOREM 5. Let (x, T) be a topological space and Y a regular one. If F: X —» Y

is a multivalued map then Ints[Au(F,r) n QI(F,T)\ C QI(F,T3) .
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COROLLARY 3. Let (X,r) be a topological space and Y a regular one. If a

multivalued map F: X —+ Y with compact v&lues is upper quasi-continuous and lower

almost continuous, then it is upper T3-quasi-continuous.

COROLLARY 4. Let (X,T) be a topological space and Y a regular one. If a
multivalued map F: X —» Y is lower quasi-continuous and upper almost continuous,

then it is lower Ta-quasi-continuous.

Observe that in Theorems 4 and 5 the assximption of lower or upper almost con-

tinuity cannot be weakened by lower or upper -^-almost continuity, respectively. In

Example 2 both multifunctions Fi, F2 are upper and lower ra-almost continuous but

are neither upper nor lower T,-quasi-continuous. Moreover Example 1 shows that the

assumption of reqularity of the space Y is essential.

REMARK 2: Theorems 1, 3, 4 will be true if we consider multifunctions with closed

values in a normal space. This same applies to Corollaries 1 and 3.

REMARK 3: If in all our considerations, beginning from Theorem 1, the term
"quasi-continuity" is replaced by "continuity", similar results for continuous maps are
obtained. In this case (for example) from Corollary 2 we have a theorem of Katetov [6,
Lemma 2].
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