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THE NEVANLINNA-PrCK THEOREM

AND A NON-POSITIVE DEFINITE MATRIX

TAKAHIKO NAKAZI

Let {z .} be an interpolation sequence in the open unit disc and
3

{w .} a bounded sequence. In this note, it is shown that there is
3

a function F in H° + C satisfying ||F|| £ 1 and F(z.)-W.—*0
00 3 3

as j —* o° if and only if there exists a compact matrix tt..~}

such that il - w.w. / 1 - z .i .] £ [a. .] on î  x iR where
v 3 % 3 13

[a..] = iw.t.. + w.t. .] + It..KU - \z.\2)1/2(l- \z.\2)1/2/
^o 3 •/'' *• *J 13 % 3

Let U be the open unit disc and W the unit circle. For

0 < p £ » , the spaces I/(dQ/2it) will be denoted simply by iP , and the

corresponding Hardy classes by IF . Let C denote the space of continuous

complex valued functions on 31/ . It is well-known that H + C is a

00 00

closed subalgebra of L . We shall identify a function in H or

H + C with its holomorphic or harmonic extension to U . The space
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M(H + C) consists of M(H ) with U deleted.

For a function F in H + C, Z(F) denotes the zero set of F in

oo

M(H + C) . If b is an interpolating Blaschke product, then Z(b) is
CO CO

an interpolation subset for H . Let X, be the space of all bounded
CO 00

sequences of complex numbers and H, = {w e I ; lim W . = 0} , We shall
3

prove the following theorem.

THEOREM. Let b be an interpolating Blaschke product having zeros

at 3_j 32J 3_j ... and u a continuous function on Z(b) . Then there

exists a unique sequence {w.} in I modulo ln such that f(z.)=w.
U " 0 0

j = 1, 2S..., f = u on Z(b) and f in H and the following are

equivalent:

(1) there exists F in H° + C such that H-F^ s e and

F | Z(b) = u ;

(2) there exists F in H° + C such that II-?*II«„ s e an^

{F(z .)} - {w .} in 1™ ;
0 0 • u

(3) there exists a compact matrix It. . ] such that
10

[.c - w.w ./ 1 - z.z .1 z [a. .1 on il\xi^ where La. .1 = Lw .t.. +w .t. .1 +
i-3 1-3 1-3 1-0 0 31- T> 1-3

it^Kl- \Bi\
2)1/2(l- \z.\2)1/2/l - if.ThT.^ and z ± 0 .

To prove the theorem we require four lemmas.

LEMMA 1. If b is an interpolating Blaschke product with zeros

{z .} then for any continuous function u on Z(b) there exists a unique
3

sequence {w.} in I modulo ln such that f(z.) = w. j = 13 2t...3
3 v 3 3

f=u on Z(b) and f in H°° .

Proof. Since Z(b) is an interpolation subset for H , there

exists an f e ff°° such that f = u on Z(b) . Put W. = f(z.) o' = l,2, •••
3 3

If g £ ff°° satisfies g = u on Z(b) then if(z.) - g(z.)} e I™
3 3 u

because Z(b) = {z .} \ iz .) where {z .} is the closure of {z .} in M(H ) .
3 3 3 3
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2 2
For an inner function b , put K = R 9 bR , The orthogonal

2
projection in L with range K will be denoted by P . For f a

function in R + C let S. denote the operator PM-\K where M. is

2
the multiplication on L that i t determines.

LEMMA 2. For f a function in S°° | | s J | = \\f + bE°\\ and

\\Sf\\ = \\f + bCR™ + C) || 3 where the essential norm \\Sf\\ of 5 -

is the distance to the compact operators.

Proof. Theorem 1 in [4] shows | | s J | = | | / - f 2>H°°|| . We shal l show

\\S-p\\ = llf + b(RX + C) |] . The proof i s similar to the calculat ion of the
I e

e s s e n t i a l norm of a Hankel operator (see [ / , p . 608] ) . We can show t h a t

HS^H S: | | f + b(Rm + C)\\ because S*n —> 0 s t r ong ly . For the converse
7 e z

inequality use Theorem 2 in [4].

If b is the Blaschke product with zeros {z .} , the functions
3

k.(z) = (1 - \z.\2)1/2/(l - ~z.z)
3 3 3

form a normalized (although not orthonormal) basis for K . We require

an important property of interpolating sequences which was proved by

Clark [2, Lemma 3.2] .

LEMMA 3. Let b be an interpolating Blasahke product. Then the

map G : k — > (a-s agJ... ) with {a } given by

00

k = 1 a.k.
3=1 3 °

o
is a bounded invertible operator of K onto I

LEMMA 4. Let f be in H°° and e > 0 . \\sj\ < e if and only
T e

if there exists a compact matrix [t. .] such that
t-3

[ e - u . i3 ./I - z.z . ] > [ a . . ] on n, x A where [ a . . ]= Lw . t . . + w.t. . ] +
1-3 1-3 T-3 13 3 31- I i>3
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Proof. If ||Sj| S e then ||f + b(H° + C) \\ <, e by Lemma 2. By
J e

Theorem 4 in ['] and Theorem 2 in [4], there exists a compact operator T

on K such that ||5- + I'll <: e . Hence

z*l-8tf-A*0
and

A = SJT* + TS* + TT*

where I denotes the identity operator on K . Let {e.} denote the
3

2
orthonormal basis of I given by e. = (&-,•, 60., ... ) . Then

3 Lj 6Q

l(Ak.t k J ] = l(G*AGe.,e J ]
*• 3 *• 3

= UG*SJT*Ge., e.) + (G*TS*£e., e.) + (G*TG(G*Gr2G*T*Ge., e J ]
J 1 3 J * <7 i' 3

= C/fz J fGVGe. , e J + }Tz7T(G*TGe ., e Jl
J ^ d 1* 1* d

+ l(G*TGe., s.n CCG'G e,., e J]"J CrGVGe., eJ] .
*• J ^ 3 " 3

Put [*• •] = KG *TGe.j e.)] and Ca..] = [f/lfc., fej] , then the lemma
'-t/ *- J '•J ^ 3

follows. The converse follows by reversing the above steps.

Proof of Theorem. By Lemma 1 there exists a unique sequence iw.}

in £°° modulo i" such that f(z .) = w. 3 = 1,2, ...,/ = u on Z(b)
u 3 3

00

and / in H .

(1) =>(2). Let F e. H° + C such that 11^11^^ e and F\Z(b) = u ,

then F - f = 0 on Z(b) . We will prove that F(z J - f(s .) > 0
3 3

00

as j > °° . Suppose lF(z.) - f(z J } / i- . Then there exists a
3 3 u

subsequence {s.} in {z .} and a nonzero complex number a such that
3 3

F(e J - f(8.) —> a as j > °° • Moreover there exists a subnet (*•).
3 3 3 "

in {e .} such tha t t . > <j> in Affff ,) and t . > §(z) = a . Since
3 3 h 3 A

F e H + C , we can write F = g + V for some g e H' and U e C .

Then
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F(t.) - fit.) = git.) + vit.) - fit.)
3 3 3 3 3

+ via.) - $(f) = $(F - f) = 0 .

This contradicts a ^ 0 and i t follows that Fiz .) - fiz .) > 0
3 3

3 —> °° .

(2) ==> (3). Since (F - f)(z.) —> 0 , i f <J> e Z(b) then
3

$(F - f) = 0 and hence F - f e biH°° + C) by [ 3, Theorem 1 ].
This and Lemma 2 imply \\Sj[\ £ e . Now Lemma 4 implies (3).

I 6
(3) =s>(l) . Use Lemmas 2 and 4.
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