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BOUNDED P.S.H. FUNCTIONS AND
PSEUDOCONVEXITY IN KAHLER MANIFOLD

TAKEO OHSAWA AND NESSIM SIBONY

Abstract. It is proved that the C2-smoothly bounded pseudoconvex domains
in P n admit bounded plurisubharmonic exhaustion functions. Further argu-
ments are given concerning the question of existence of strictly plurisubhar-
monic functions on neighbourhoods of real hypersurfaces in F n .

Let Ω (c M be a pseudoconvex domain in a Kahler manifold M. When
M is Pfc, Takeuchi [T], showed that the function — log<5̂  is strictly plurisub-
harmonic (p.s.h.) in Ω. Here SQ denotes the distance to the boundary for
the standard Kahler metric on Ψk.

The result was extended by Elencwajg [E] to the case where M is
Kahler with strictly positive holomorphic bisectional curvature. See also
Suzuki [Su] and Green-Wu [G.W].

Based on their result we show that if Ω <ε M is pseudoconvex with C2

boundary, then there is a bounded strictly p.s.h. function on Ω. When
M — Ck the question was solved by Diedrich-Fornaess [D.F]. For a survey
in this case see [S].

We give an example of a compact Kahler manifold M, containing a Stein
domain Ω d M, with smooth boundary, however given any neighborhood
U of 9Ω, there is no nonconstant bounded p.s.h. function on U Π Ω.

We show next that the existence of a strictly p.s.h. function near dΩ
is equivalent to the nonexistence of a positive current T of bidimension
(1,1) supported on dΩ and satisfying the equation ddT = 0. This result is
inspired by a duality argument due to Sullivan [Su].

§1. Plurisubharmonic exhaustion function on smoothly bounded
domains

Let (M,ω) be a Kahler manifold. Let Ω d M be a pseudoconvex
domain with smooth boundary. We consider first the question of existence
of a strictly plurisubharmonic bounded exhaustion function for Ω.
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THEOREM 1.1. Let Ω <s M be a pseudoconvex domain with C2 bound-

ary in a complete Kάhler manifold M. Assume the holomorphic bisectional

curvature of M is strictly positive. Let r(z) = — dist(z,<9Ω) =: δ(z) where δ

is computed with respect to the Kάhler metric. Then there exists ε > 0 such

that φ = — (—r)ε is strictly plurisubharmonic in Ω. More precisely there is

a constant cε such that

iddψ > cε\φ\ω.

Proof. Under the above assumption on the curvature, Takeuchi [T]

for the projective space, Elencwajg [E], in general, proved that — log<5 is

strictly plurisubharmonic. More precisely there is a constant C depending

on the lower bound for the curvature, such that

idd(-logδ) > Cω.

So if r = —δ we get

(1) - riddr + idr Λdr> Cr2ω.

We can choose local coordinates near p G <9Ω, such that X2n — r, e^(r) = 0,

i = 1,. . . , n — 1, where (e^) is an orthonormal basis for the complex tangent

space to <9Ω near p. Let (α^ ) denote the hermitian form corresponding to

iddr. Inequality (1) gives in coordinates

If vn = 0 we obtain the estimate

n—1 n—1

hj=l 3=1

Expanding (2) we get

n-l n- l

- r ^ aijViΰj + 2Re(-r)^2ankυnvk - rann\vn

k=l

|2 i IΛ-I2 Λ, |2

3=1
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Replacing v, by Vj/{—r) for j < n — 1 we obtain

n - l

(3)
αuo

n - 1

2Re 2 K I 2

n-l

We write the left hand side of this inequality as

Q(z,v) + \dr\2\vn\
2.

Let Q(ζ,v) := liminfz-.c Q(^,^) = Iim5_*oinf ι«-cι<β

obtain

(4) £

: ,^). From (3) we

Observe that Q(p, (0, υn)) > 0. So by the lower semicontinuity of Q, for c

small enough

(5) Q(C,tO + | d r | 2 ( C ) K | 2 > φ n | 2

in a neighborhood of p. Inequality (5) remains valid in a neighborhood of

vr = 0, i.e. for \vr\ < α, on the sphere \v\ = 1, where υ = (v\vn).

We get then that

Q(z,υ) + \dr\2(z)\υn\
2>^\vn\

2

for (5(z) < /3, l '̂l < α. But, when \υ'\ > a and |t;| = 1 we have |ΐ/|2 >

^obn| 2, where εo = α 2 ( l - α 2 ) " 1 .

So using (4) we get that

Q(z,υ) + \dr\2\υn\
2 > ε'\vn\

2 for some εf > 0

and for δ(z) < β. This implies

Rescaling this we obtain

- r \9r\2\vn\
2>ε-\vn\

2

+

C-
n - l
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which can be read as

-idd(-ry = ie(-ry(d9r " ^ Λ * ^ °
V — r r2 I ~~ 2

π
The condition of positivity of holomorphic sectional curvature in or-

der to construct a strictly p.s.h. bounded exhaustion function seems quite

sharp. Indeed we have the following result.

THEOREM 1.2. There is a compact Kdhler surface M which has the

following property. There is Ω <g M a Stein domain with real analytic

boundary with <9Ω Levi-flat, such that for every neighborhood U of 9Ω there

is no nonconstant bounded p.s.h. function on U Π Ω.

Proof. M will be given as the quotient of C x P 1 under a Z 2 action. For

(α, b) G Z 2 let fa,b(z, ω) = (z + a + bω,w + a + ab) where ω G C Imα; > 0,

and a G IR \ Q are fixed. Here w denotes an inhomogeneous coordinate

on P 1 . It is clear that M is a compact surface. M is also a Px-bundle on

the torus A = C/Z2. Hence M is Kahler. We can also observe that M is

homogeneous in the sense that the tangent bundle is generated by global

holomorphic vector fields.

We observe that M is foliated by complex leaves. Let π : C x P 1 —> M

be the canonical projection. For WQ fixed π is injective on C x wo, because

a £ Q. We also have that τr(C x WQ) = π(C x wι) iff wι = WQ + αo + α6o It

follows that for any yo G R. -Lyo := π(C x yo) D τr(C x Imiϋ = yo) U Ai, where

Ai denote the torus π(C x oc). It is then clear that the closure of each leaf

(except for A\) contains a Levi-flat hypersurface which is a real analytic

three dimensional torus. Define Ω := π(lmw > 0). Then <9Ω is real analytic

and Levi-flat. Let U be a neighborhood of dft. Assume φ U Π Ω —>> [—ci, 0[

is p.s.h. For 0 < yo < εo, εo <C 1 Lyo is contained in U. Since φ is bounded

above it is constant on Lyo = π(Imw = yo). Fix p G Lyo Π U. Choose ε > 0

small enough so that B(p,ε) C U. Let c := maxcp-^ λ rΛτ—. The closed set
& v ^ ' } ^B[p^ε)nLy0

(φ > c) is invariant under the foliation. So φ = c on L^. As a consequence

φ is just a function of y, i.e. (/? = /ι(y), Λ- defined for 0 < y < εo The

plurisubharmonicity of φ implies that w —> /ι(y) is subharmonic so /ι is

convex with respect to y. The function is defined for y > 0 bounded hence

constant.
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The domain Ω is Stein. Indeed the function π(z, w) —» sup(—Log|y|,
is a p.s.h. exhaustion function on Ω. Since M is homogeneous and Ω does
not contain a relatively compact leaf, it follows form a theorem of Hirshowitz
[H] that Ω is Stein. •

§2. Strictly p.s.h. functions near <9Ω

Let Ω (I M be a pseudoconvex domain with C2 boundary in the com-
plex manifold M. We are interested in the existence of a strictly p.s.h.
function in a neighborhood of dΩ. The examples of in the previous para-
graph show that this is not always the case, even when Ω is Stein. Our
result is inspired by the duality principle from Sullivan [Su]. Recall that
currents of bidimension (1,1) act on forms of bidegree (1,1). Let X be a
closed subset of M. Assume x —> ax is a continuous map on X with values
in complex linear maps, ax is allowed to be zero on some subset of X.

DEFINITION 2.1. A positive current Γ, of bidimension (1,1), is di-
rected by ker ax iff T Λ iax Λ ax = 0 on X.

The positivity of T implies that Γ Λ iax Λ ax is a positive measure, so
we are asking that this measure vanishes on X.

If we assume that T is supported on X, this is equivalent to the fact
that Γ belongs to the closure of the convex cone generated by the currents
εx(iζn ® ζn) where ax(ξx) = 0 and εx denote the Dirac mass at x. We will
consider M as a hermitian manifold, which allows one to give a norm T

to positive currents, i.e. | |Γ| | = (T,α;) where ω is a fixed strictly positive
(1, l)-form.

THEOREM 2.2. Let Ω € M be a pseudoconvex domain with C2 bound-
ary. The following are equivalent.

i) There is a smooth strictly plurisubharmonic function near dΩ.

ii) There is no, nontrivial, positive current T, of bidimension (1,1) sup-

ported on dΩ and directed by the complex tangent spaces to dΩ, satis-

fying the equation iddT = 0.

Proof. Assume i). Let T be positive (1,1) and supported on dΩ. Let
φ be a strictly p.s.h. function near dΩ. Then if T is non-zero,

0 < (T, iddψ) = {iddT, φ) = 0,
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a contradiction. We now show ii) implies i). Let p be a C2 defining function
for <9Ω. Define C = {T | T > 0, (1,1), ||Γ|| = 1,Γ directed by kerdp.} The
set is convex and compact for the topology of currents. If i) does not hold
then CΠliddu}-^ = 0, here {iddu}1- denote the orthogonal space of {iddu}
when u is a test function on M, i.e. a smooth function on M, so the space
is closed. Using Hahn-Banach and reflexivity for the space of test functions
we get the existence of ψ E closuτe{ίddu} such that (Γ, ψ) > 0 for every T
in C. Since C is compact we can assume that φ — iddu.

If Γ = εxiξ <g> ξ we get that (iddu(x)ξ Λ ξ) > 0, for x E ffl and £
complex tangent.

Define ψ\ = u + e ^~1. For λ 3> 1, the pseudoconvexity of dΩ implies
that φχ is strictly p.s.h. near ΘΩ. Q

Without assuming 5Ω smooth we get easily the following.

THEOREM 2.3. Let Ω <ε M. Γ/ιe following are equivalent.

i) There is a smooth strictly p.s.h. function near <9Ω.

ii) There is no, nontrivial, positive (1,1) current T supported on <9Ω 5nc/ι
tftαί iddT = 0.

It is of interest to localize the support of such pluriharmonic currents i.e.
positive currents satisfying iddT = 0. Assume ί ί i M . We define J C <9Ω
as the set of x G dΩ such that there exists a Stein neighborhood U 3 x, and
a p.s.h. function φx defined near U with φx(x) > 0 and sup a Ω n a ( 7 φx < 0.

Shrinking C7 we can assume the existence of a strictly p.s.h. function
p, on neighborhood of U, φx + εp, with 0 < ε < 1, will be strictly p.s.h.
near x and will have the same properties as φx otherwise. Composing
with a convex increasing function, we can assume φx vanishes identically
in a neighborhood of dΩ Π dU', with respect to dΩ. We call J the weak
Jensen boundary of dΩ. Clearly J is open and contains the points of strict
pseudoconvexity of 9Ω, when dΩ is of class C2.

THEOREM 2.4. Assume Ω <c M is pseudoconvex with C2 boundary. Let
T be a pluriharmonic positive current directed by the complex tangent space
to dΩ. Then the support of T is contained in the complement of J, the
weak-Jensen boundary of dΩ.
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Proof. Let x G J. Choose φ a p.s.h. function in ?7, strictly p.s.h. near

#, vanishing on a neighborhood in <9Ω, of 9[7 Π <9Ω. If Γ is a positive (1,1)

current directed by the complex tangent space to <9Ω we get

(T.iddφ) = (iddT,φ).

The integration by part is possible because we consider T as a current on

9Ω, and φ as a, function with compact support on U Π <9Ω. Π

It is of interest to consider the possibility of existence of positive closed

currents with support on the boundary of a pseudoconvex domain Ω <e M.

This is possible for domains in a P 1 bundle over a Riemann surface or in a

complex torus. However in P 2, this is not possible.

THEOREM 2.5. Let Σ be α hypersurfαce of class C2 in P 2 . Then there

is no positive (1,1) closed current T supported on Σ.

Proof Let Ωi, Ω2 be the components of P 2 \ Σ. Let ω be the standard

Kahler form in P 2 . Suppose there are 2-cycles σ\ C Ωχ9 02 C Ω2 such that

(σj,cj) = dj Φ 0. Since the second Betti number of P 2 is 1, by Poincare

duality σj ~ a^ω. But σ\ Λ σ2 = 0 and αiα^α; Λα / O a contradiction. So

we can assume that for every 2 cycle σ in a neighborhood of Ωi we have

(σ, ω) = 0. We are using here that Ωi is smoothly bounded. By De Rham

Theorem there is a smooth form φ such that dφ = ω in a neighborhood of

Ωi. Let T be a positive closed current of bidimension (1,1) supported on

Σ. Then if Γ is nonzero

So T = 0. D

Remark. Let Σ be a real hypersurface in Fk. We prove similarly that

there is no non-zero positive closed current of bidimension (1,1) supported

on Σ. We get

In particular there is no one dimensional complex curve on Σ.

Acknowledgements. The second author thanks Ngaiming Mok for

pointing out that the manifold M in Theorem 1.2 is not a manifold with

nonnegative holomorphic bisectional curvature (see [M]).
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