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JULIA DIRECTIONS OF ENTIRE FUNCTIONS
OF SMOOTH GROWTH

H. YOSHIDA

§1. Introduction

Let f(2) be entire i.e. analytic in the finite whole plane Z. The order
of f(2) is defined as
o = Tim log*(log* M(r, f))
T logr

where M(r, f) = max|f(2)]. Aray y(0) ={z=r-e’:0 <r< + oo} is called
a Julia directiorlzﬂz;f f(2) if, in any open sector containing the ray, f(z)
takes all values of Z, with at most one finite exceptional value, infinitely
often.

We can guess that the smoothness of growth of M(r, f) causes simple
boundary behaviors of f(z). In this paper, we exemplify this fact, by
picking up two kinds of smoothness conditions.

The following problem comes into question: Let f(z) be an entire
function of order less than  and let x(6) be any ray. Either is y(6) a
dJulia direction of f(2) or is f(2) convergent to co as |2|— + oo on some
sector containing y(6)? So, we shall prove in Theorem 2 that if we assume
the smoothness of growth of M(r, f): if there is a constant p, # < %, such
that

log M(x-1,f) _ .
(A) log M‘(;”f) LZx (rzr)

for some x,, x, > 1, and r,, this fact is true. Theorem 1 is the preliminary
result for this theorem.

Further, we shall show in Theorem 3 that, under the assumption of
the stronger smoothness condition:
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(B) logM@-r,f) ~log M(@r,f), (r— o)

a Julia direction y(6) of f(2) is characterized as the ray y(6) for which 4
is a limit point of the set

Z(f) = {argz, : f(z,) = 0}.

Hence, according to Hayman [9, p. 143], it follows that all Julia directions
of entire functions f(2) satisfying the condition

log M(r,f) = O(log’r) (r — o)

are the directions corresponding to the limit points of the set Z(f).
Hayman [9, p. 130] remarked that any entire function satisfying (B) has
order 0. An example will be given to show that any entire function of
order 0 has not always this property.

By using this Theorem 3, we shall give an example of an entire
function f(2) for which any non-empty closed set is precisely the set of
Julia directions of f(z). This generalizes an example of Anderson and
Clunie [2].

The author wishes to acknowledge with grateful thanks the help of
Prof. W. K. Hayman.

§2. The boundary behaviour of entire functions

In the following, the spherical derivative of a meromorphic function
f(2) is defined by

_ el
@) = 115

We denote the set {2: |z — 2,|<¢|z|} by D(z,, ¢) and the sector {z: |argz — 0|
<&} by V(4,¢).

LEmMMA 1 (Clunie and Hayman [4, p. 125]). Let f(2) be regular in
|z — 2| <6 and satisfy |f(2)| =1 there. If |f(z)| =1 for some z, with
|2, — 2| = 8, then for some z on the segment joining z, to 2, we have

log|f(20)|

LeEmMmA 2. Let f(2) be an entire function and let & be a constant,
0< o<l If {z,}, |2.] = o, is a sequence such that
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[f(2)] — o0

and f(2) does not converge to o as |2| — + oo on the set \ J, D(z,, d), then
there is a sequence {&.},|&| — oo, & €\, D(z,, ), satisfying

Proof. By the assumption, we can find a subsequence {z,} of {z,}
and a sequence {¢.}, |&i| = o0, & € D(z,,, 9), for which

fCl = K

where K is a constant, K > 1. Put 4§, = dis(S, z,,), where S = {z:|f(2)|
< K} and dis (4, B) denotes the distance between A and B. Then, we
have

(1) 6k§l£k_znkl§_6lznkl (k:13233"”)'
Now, consider the function

g =12

From Lemma 1 applied to g(z), we see that there is a sequence {&}, |& — 2.,
< §,, such that

s log |g(z.,)] _ o
(2) P(b (Ek)) = —_——10‘51;———‘ 10g2 (k 1,23, ) .
Since
OERSIEC)
and

I&k‘g(l—'a)'lznkl (k:1;2,39"');
from (1), we finally get from (1) and (2) that

, (1 —9)-{loglf(e.)| —log K}, _
|- o) = 105K g3 (k=1,23 )

which gives us the conclusion.

LemMA 3. Let 4, p, and p, be constants satisfying 0 < 6 << 2z, 0 < p, <1,
0<p.<1 and let z, 2z, be any numbers on x(0). If the circles D(z, p)
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and D(z,, p,) intersect, then the angle which is subtended at the origin by

the chord connecting the points of intersection is dependent only on t = z,/z,
01 and p;.

Proof. We can see from easy calculation that (Y/X)* is the function
dependent on ¢, g, and p,, where (X, Y) denotes the coordinate of the points
of intersection of both circles.

LEmMMA 4 (Lehto [11, Theorem 3]). Let f(z) be meromorphic in
R < |z| < oo. If, for some sequence {&.}, |&;| — o

lim |6,/ (&) = + oo,
then f(2) assumes every value infinitely often with at most two exceptions
of values in the extended plane on the set | ), D(&,, ¢) for each fixed ¢ > 0.
We now state and prove
THEOREM 1. Let f(2) be an entire function and () (0 < 6 < 2r) be a

ray on which there exist a sequence {z,}, |2,| < |2,.1l, |2:| — o, and a con-
stant M, satisfying

Zn+1 — 2y
2

<M

and

lim|f(z,)| = + oo .

n—oo

Then, x(6) is a Julia direction of f(z) or f(z) is convergent to oo as |z| —
+oco on some sector containing y(6).

Proof. First of all, suppose that f(z) does not converge to oo as |2
— +oo in the set |, D(z,,¢) for any ¢ > 0. Then, by Lemma 2, for any
g, 0 <e< 1, we can find a sequence {{;}, ¢, € D(z,,, ¢), such that

lim |Ge|- p(f(C)) = o

Lemma 4 shows that f(2) assumes every value of Z infinitely often with
at most one exception in the set V(4, ne) and hence x(f) is a Julia direc-
tion of f(2).

So, suppose that f(z) converges to co as |z| — + o in the set |, D(z,, ¢)
for some ¢ > 0, and denote by E,, the set of these ¢s. We put
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0, = Supe.
¢e€E;y

If o, > 1, we have |, D(z,,¢) = Z for some ¢c E,, ¢ > 1, and hence we
get evidently the conclusion. So, we suppose that 0 < p, < 1. Take the
sequence {2}, 2 € x(0), satisfying

122 =lz.]- L+ %-p) (n=1,2,38--.).
By using the fact that

/(@) = o0 (n—o0),

we repeat the same argument. If f(2) does not converge to o as |z|—
+ oo in the set U, D(z?,¢) for any ¢ > 0, we can also conclude that x(6)
is a Julia direction of f(2). In the case that f(z) converges to « as |z| —

+ oo in the set |, D(z®, ¢) for some ¢ > 0, denote by E, the set of these
¢’s and put

0; = Supe.
eCEg

Then we can suppose that 0 < p, < 1. Again, take the sequence {2}, 2
€ x(6), satisfying

|22 =122 L+ §-p) = |2.|- A+ $0) QA+ %00 (n=1,23,---).
Repeat this process over and over until we get either the conclusion that
x(@) is a Julia direction of f(2) or the conclusion

(3) ]f[l(1+%-pi)>M+1

at some step N. In the case that (3) happens, we can easily show from

Lemma 3 that f(z) converges to oo as |z| - +oo on the set V{4, «) for
some « > 0.

Now, suppose that these processes are continued infinitely. Then, we
have

MQ+4e)<M+1.

Since f(z) does not converge to oo as |z| — +oco on the set |, D(z{’, 2-p,)
for each i satisfying p, < }, Lemma 2 gives a sequence {§{}, |§’| — oo
(B — ), &P e, Dz, 2-p,), such that

Lim [£2]-p(f(§)) = +oo.
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From the fact p,— 0 and Lemma 4, we can conclude that y(0) is a Julia
direction of f(2). Thus, we complete the proof.

To prove Theorem 2, we need the following property (Lemma 7) of
entire functions f(z) for which log M(r,f) satisfies the smoothness con-
dition (A).

LemMa 5. Let x, x,>1, p, £ =0, r, and R, r, > R, be constants. If
h(r) is a positive, non-decreasing function defined on the interval R < r <
+ oo and satisfies the condition:

h;’z"r ')”) <% G=r),
then
(i) MET) o ioxr rzr

Mr) =

for any x, x = x,, and
(i) for any a, a > p,

Im _h(t) dt < S(xo; «, ﬂ)h}%.(ar%) (r=r),

t1+a

where

x5 —1

T ext
a(x§ — x5)

xt.

S(xo: a, ‘LC) =
Proof. Take any x = x, and choose an integer p such that x} < x <
x2+!, Then,
h(x-r) < h(xp*r) < (x2™)-h(r) < xf-2*-B(r)  (rzr).

This gives (i).

Since
e -r) < () -h(r), (rzr) (=0,12---)
we have
JRAUUED SN
- tl+a i=0 afor t1+a

IA

X [1 — }_] L) .g‘)(xg-“)i = S(x,: @, /1)—}1—7(;2 r=ry.

(44 x5 re
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Thus, (i1) is obtained.

LemMma 6. (Denjoy [5] and Kjellberg [10, p. 17-18].) Let f(2) be an
entire function of order p, 0 < p < 3, and f(0) = 1. Then, for any a, p <
a<i$,

.| Rog met,f) — (cos ne)-log Mt A1 % > 1= COSTE Jog M(r, f)

tl+a

O<r<+c),
where m(t, ) = ﬁl;rtllf @)

LemMMA 7. Let f(2) be an entire function for which f(0) =1 and
log M(r, f) satisfies the condition (A): there is constant p, p < %, such that

]-OgM(xo'r’f) p
TlogMGp = 0=

for some x,, x, > 1, and r,. Then, for any «, p < a < %, there exists a con-
stant k such that for some t in any interval (r,k-r) (r = r,)

log m(t, ) > coszna-log M(¢,f) .
Proof. First of all, we have

re-[" [ogmlt, f) — (cos wa)-log M, fr--3

tl+a

< r(l — cosra)- v

< r*-(1 — cosrna) - S(x: @, ). x5-x*~*-log M(r, f)
(x=x, 7= 1)

from Lemma 5 in which A(r) = log M(r,f). Thus, since we see from (i)
of Lemma 5 that f(2) has at most order u, we get

r.. j “" [log m(t, f) — (cos za)-log M, )]--F-

t1+a
> (1 — cosza)- [-1— — S(xy: e, ,u)'x{,‘x"‘“] log M(r, f)
o
(x=zx, rzr)

from Lemma 6. Here, if we take a k, & = x,, such that

1_ St ey ) x4 - k"= >0,
[24
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the right-hand side of the inequality in which x is replaced with & is
always positive for all r > r, and hence the left-hand side is positive.
Thus, we obtain the conclusion.

Now, we have

THEOREM 2. Let f(2) be an entire function for which log M(r, f) satisfies
the smoothness condition (A) for some p, x, and r,, where p < ¥ and x, > 1.
Then, for any ray x(0) (0 < 6 < 2z), x(0) is a Julia direction of f(z) or f(2)
is convergent to o as |z|— -+oco on some open sector containing y(f).

Proof. It is evident that we can confine ourselves to the case f(0) = 1.
If we denote by ¢, such a ¢ of the interval (k" -r, k**'-ry) (n =10,1,2, ---)
in Lemma 7, we have

t'n+1 - tn
i,

kn+2_r0 _kn.ro _ k2 . 1.

<
E*-ry

Thus, we see that the sequence {t,-¢'’} for any fixed 4 (0 < 0 < 2n) is
a sequence satisfying the condition of Theorem 1. Theorem 1 gives the
conclusion of Theorem 2.

QuesTiON 1. Is Theorem 2 true for every entire function of order
less than { without any kind of smoothness condition?

Remark 1. We note that (A) is implied by the following smooth
condition: there exist a proximate order o(r), po(r) — p (r — o) for some
0, 0 < p< %, and two constants a, b such that

o<a§mwémw§b< +o0
r—co re roroo re®
(see Cartwright [3] for the definition and the properties of proximate order).

Hence, for example, Theorem 2 is true for entire functions f(2) which
satisfy the condition

log M(r, f) ~ r¢-log’'r-logsr- - -logtrr  (r — o)

where log;r = log (log;_,r) and p (0 < p < %), o1, o5, - - -, p, are real numbers.
Next, we shall consider Julia directions of entire functions satisfying
the smoothness condition (B).
A countable set of circles C, in Z is said to form a slim set S, S =
U, C,, if the sum >, r,, of the radii r,, of those circles C,, intersecting
the annulus {z: 2* < |z| < 2¥*'} is 0(2%) (& — o) i.e.,
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& —>0 (B—o0) for D7, =¢-2°

(see Anderson [1]).

LemMA 8. A slim set S has the following properties:

(i) Each component of S that intersect the set {z:|z| > N} for a
sufficiently large number N is contained in some annulus R, = {z:2" ' <
|z] <2+,

(ii) Let G, be a component of S contained in R,. If we denote by 0,
the angle which G, subtends at the origin, then

0,—0 (k— ).

Proof. Evidently, (i) is true. If we denote 4,, the angle subtended
at the origin by the circle C,,, we have

0, < Z 0,%-1 + Z 0, = mlep- + 2-5,) .

Since ¢, — 0 (k — o), (i1) follows.

LEMMA 9 (Anderson [1, Theorem 2]). Let f(z) be an entire function
for which log M(r, f) satisfies the condition (B). Then,

log|f(2)| ~ log M(r,f)  (l2| = r— o0)
outside a slim set S;.
We deduce

THEOREM 3. Let f(2) be an entire function for which log M(r, f) satisfies
the condition (B). Then, the set of ray y(6) for which 6 is a limit point of
the set

E(f) = {arg z, : f(2,) = 0}

is precisely the set of Julia directions of f(z). In fact, if 6 € E(f), f(2) as-
sumes every value without exception infinitely often in any sector containing
x(0). Otherwise f(2) converges to o as |z| — +oo in some such sector and
so assumes no value more than a finite number of times in this sector.

Proof. Tt is evident from Lemma 9 that f(2) converges to oo as |z| —
4-co in the sector which intersects a finite number of components of the
slim set S,.

Now, suppose that any sector containing y(f) intersects an infinite
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number of components of S;. Then, Lemma 8 shows that such sector
contains an infinite number of components of S; completely. Here, we can
easily see from Lemma 9 that for any fixed M > 0, any component con-
tained inside R,, where % is sufficiently large, contains at least one com-
ponent of F§, where F denotes the complement of the set {z: |f(2)| = M}.
Thus, since such sector contains an infinite number of components of Fg,
Rouche’s theorem gives us the conclusion of Theorem 3.

QuEesTiON 2. A function satisfying (B) has order 0 (see Hayman [9,
p. 130.]). As a natural generalization, we can consider the class of entire
functions of order p, 0 < p < 4, satisfying the condition:

= log M(x-r,f)
W e og M(n f) =
for any x, 1 < x.
Is the analogie of Theorem 3 true for this wider class, or for the still
more general class satisfying the condition (A)?
The following example shows that Theorem 3 depends on the smooth-
ness of growth of M(r,f).

ExampLE. Let p be any positive number. Take two sequences {a,},
{b,} (n =1,2,3, --.) defined by
a, =c
where ¢ = [1 + 1/p] + 1, [«] is the integral part of x, and
log'**b, = a, .

We define the entire function f(2) by

(4) f@=J--2)"
k=1 b,
This f(2) has the following properties:
(a) Any 30), 0] < #/2, is a Julia direction of f(2), in spite of the fact
that only ¢ = 0 is the limit point of the set {argz, : f(z,) = 0};
b) log M(r, f) = O(log***r).
First of all, we shall show that

f(2) converges to 0 as |z|— +oco on the set

5
(6) U{z:|z — b,] < ¢-b,} for any fixed ¢;, 0 < e, < 1.
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Decompose the product (4) into four subproducts I(z) (i = 1, 2, 3, 4):

1@ =1(5)" 1o =T (% 1),
I(z) = (1 _ bz;)an , 1(2) = kzlojﬂ (1 _ 75;“)“ .

We have to determine a upper bound of I(2) (i =1,2,3,4) for any z,
|z — b,]<¢;+b,. First, we have

n=1
L@ < LI+ e)b,]" = (L4 e)rrenpiroeons
.z (1 + cl)o(l)-an(bg7,~1/an)(1+o(l)).an — (1 _+_ 0(1))4” (n — OO) ,

because of the fact
(6) Efak==0ﬂ%an (n— ),
k=1

and, since ¢ > 1 + 1/p, we deduce
bZn—l/an —1 (n s OO) .

Next, we have

L) < 11:[1(’ b + 1)% < "ﬁl (g_—- cl)"’c _ <§7777_c1‘)o<1)~an

k=1 \| 2 e=1\1 — ¢ 1—og¢
=1+ o), (n—o0)

since

| b

|z

b* 1
< - <
T A — b, 1—oc

k=123 -,n—1).

For I(z), we have

1@l 1 (1+ CEP) cexpla+ e 11 %]

=140l (n— o)
by using the inequality
1+x<e” (x > 0)
and

(7) b,

—0 (n-—- o).
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Thus, we get

f@I =1+ o] [ + o@)-c]** (n— o0),

which shows (5).
Next, we shall show that
f(2) converges to co as 2| —> +oo on the sequence of circles

8
(8) {z:12—b,] = ¢c,-b,} for any fixed c,, ¢, > 1.

Decompose the product (4) into three subproducts J,(2) (j = 1, 2, 3):

oo

y,ﬂa=@—:y,4@=11@—iyﬂ

n k=n+1 bk

J@:ﬁ@—:

k=1 &

First of all, we have

n—-1 ak
> i%—) >
IJI(z)I_kll( & -1) =
since
Bz k=123-n-1
k bk

for sufficiently large n. Secondly, we have

logldy(2)| = . ak.log(l_M)
k=n+1 bk

> —2.1og2-(1+¢)-b,- > Pe=ol) (),

kia+1 b,
by using the inequality
log(1 —x) = — 2-(log2)-x 0x<1/2)
and (7). Thus, we get
f@l =@ —o@)-cg»,  (n— o)

which shows (8).

Now, we can prove (a). Let 6 be any fixed number satisfying |0| < z/2
and denote by {z,} the point, other than the origin, where the ray x(f)
meets the circle {z:|z — b,| = b,}. Consider the sequence of functions

fn(z) = f(lznl'z + zn)
and suppose that {f,(2)} is normal at z = 0. Then, there is a J, 6 > 0,
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such that f(2) converges uniformly to some function g(z) on the sequence
of discs D(z,,d). If we take a ¢, in (5) and a ¢, in (8) such that

1>c¢,>1—25-cosf, 1<e, <1+ 25-cos@,

then (5) and (8) show that g(2) = 0 and g(z) = oo, respectively, which is
a contradiction. Hence, we see that {f,(2)} is not normal at z = 0. Now,
Ostrowski [13, Satz 1 and p. 234] gives that x(0), |0|<x/2, is Julia direction
of f(z). It is easy to see that (xx/2) is also a Julia direction of f(2).

Next, we shall prove (b). For any r, r= b, take an n such that
b,<r<b,,;. Then, for the number n(r, 1/f) of zeros of f(z) inside the
circle {z:]z| < r}, we have

n(r, —}) = Sa =% 0 +a, =1+ oD)-a, <A+ ol)-log*’r,

from (6). Thus,

,--r it}zl/fldt < (A + o®)-(og'*r).  (r— o0)
So we get

log M(r, f) = log f(— r) = j: log (1 + L)dn(t, l)

¢ f
N A (URY )R " n(, 1) > 1)
_rJO t(t+r)dtgjo t dt—i—rJT 1) ay
= O(log***r).

Remark 2. The property (5) shows that Lemma 9 holds only for the
functions having some smoothness of growth of M(r,f). From this fact,
we can see that this example also satisfies

im Jog M(r,f) _

-+ oo
r—  log'r

by the fact of Hayman [9, p. 143].

§3. The set of Julia direction and growth of M(r, f)

It is easily observed that the set of Julia directions of a transcendental
entire function is a non-empty closed set. Polya [14] showed that for any
given non-empty closed set E, there exists an entire function f(2) of order
oo having just E as the set of Julia directions of f(2). Anderson and
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Clunie [2, Theorem 1] also gave this sort of an example in the case p = 0.
Drasin and Weitsman [6, Theorem 1 and p. 209-210] constructed an example
in the case 0 < p < 1/2. But their construction depends on a general
theorem of Levin [12, p. 95 and Chapter 2] and hence the condition p >0
is essential to show that a direction is a Julia direction.

The example in the following Theorem 4 generalizes the example of
Anderson and Clunie [2] in the sense not only that it has order p =0
but also that it has an arbitrarily given growth subject to (B).

LemMma 10 (Valiron [15, p. 130], Edrei and Fuchs [7, Theorem 1]). Let
1(r) be a function

1(r) = constant + jr j’—i—t) dt, (r=zr>0)

where (t) is a non-negative, non-decreasing and unbounded function.
Assume further that

(9) Ay £ r¥

for some K and all sufficiently large r.
Then, there exists an entire function g(z) such that

log M(r, g) ~ A(r) ~ N(r, l) (r — o)
g

where

0

N(r, é-) = fr e, Ug){L(OzﬂQ dt + n(O, —};)-logr .

LEmMMA 11 (Hayman [9, Theorem 6]). Let f(z) be an entire function.
Then, f(2) satisfies
(10) T(r,f) ~T@rf) (r— o)

if and only if f(z) has genus zero and further

1) _ 1 — 0
n(r, —f‘) = o(N(r, 7)) (7' )7
where T(r, f) denotes the characteristic function of f(2).

Remark 3. That (B) is equivalent to (10) is easily seen from the
inequality

https://doi.org/10.1017/50027763000019930 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000019930

JULIA DIRECTIONS 55
. R+r
T(r, ) < log*M(r,f) < ~R~——T(7‘, ) O=r<RB
—r

(see [8, p. 18]).

THEOREM 4. Let E be any non-empty closed set on [0, 2r) and let A(r)
be a function given by

A(r) = constant + j iigdt r=r>0)

where ¥(t) is a non-negative, non-decreasing and unbounded function.
Further, in the case

m AT — 4,
7~ log’r

we assume that

11) A@r) ~ A(r) (r — ).

Then, there exists an entire function f(z) such that
log M(r,f) ~ A(r) (r - )
and E is precisely the set of Julia directions of f(2).

Proof. First of all we remark by an argument of Hayman [9, p. 130]
that (9) is satisfied for any positive K if (11) holds.
Now, as in Edrei and Fuchs [7] we construct the function

o1+ (7))

j=1 t;

such that
12) log M(r, g) ~ A(r) ~ N<r, l) (r — o)
g

where {¢;} and {q;,} are the sequences chosen in [5, p. 388]. We take a
countable dense subset {6,, ,,6;, - --} of E and put

z],k=tjewk (k=1,2939"’sQJ;j=192333"')'

We define the required function f(2) by

f&=1"T (1- =)

j=1 k=1 25,k
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First, in the case

lim 22 A _
7~ logr

we have from (11) and (12) that
log M(2r, g) ~ log M(r, g) (r — o).

Hence, by Lemma 11 and Remark 3,

n(r, -1—> = o(N (r, —1—)) (r— )
g g
and g(2) has genus zero. Again from Lemma 11, Remark 3, (12) and the

fact of Hayman [9, p. 133],

1\ 1\ _ e
(13)  log Mr, f) ~ log M(r, f) ~ N(r, 7) - N(r, E) A (r— o).

Thus, this f(2) satisfies
log M(r,f) ~ A(r)  (r—o0).
In the case

fim A0)

< +oo,
r~ log’r

from (12) and Hayman [9, p. 143],

Y=o L) e
n(r, %) — o(N(r, _})) (r— o).

Thus by the same argument, this f(2) satisfies
14) log M(2r, ) ~ log M(r,f) ~ A(r) (r— ).

and hence

Now, it is easily observed from (13) and (14) and Theorem 3 that E is
precisely the set of Julia directions of f(2).
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