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Abstract

We analyse the structure of a regular extension A4 X, Q of a von Neumann algebra .4 by
an action (modulo inner automorphisms) v of a discrete group @, and a non-abelian 2-cycle
v for ~, under the assumption that the “action” ~y of @ is cocycle conjugate to an “action”
a which leaves globally invariant a Cartan subalgebra @ of .#. We show that .# X, . Q is
isomorphic with the algebra of the left regular projective representation of a certain discrete,
non-principal groupoid Z# V Q determined by the action of @ on the given Cartan subalgebra,
where % is the Takesaki relation associated to the pair (#,%). We apply this description to
give a decomposition of the regular representation of a group G into irreducibles, where G is
a split extension of a type I group K by an abelian group @, and work out the details of the
author’s earlier abstract Plancherel theorem in the case when K is abelian.

1980 Mathematics subject classification (Amer. Math. Soc.) (1985 Rewision): 46 L 10, 22 D 25.

1. Introduction

In an earlier paper, [15], this author has given a Plancherel formula for locally
compact second countable groups G whose regular representation p¢ is such
that p%(G)’ contains a Cartan subalgebra in the sense of [6]—this includes all
solvable or connected groups, since for such groups, p¢(G)" is semifinite, [4], and
injective, [2]. The formula is expressed in terms of data derived from irreducible
representations of G rather than factor representations occuring in the central
decomposition of p¢ as has been the case with most “non-type I” Plancherel
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formulae. In order to apply the Plancherel formula of [15], it is necessary to
have at hand an explicit decomposition,

G 5]
pe = / Pz dp(z)
X

of p©, with the diagonal subalgebra & of the decomposition being a Cartan
subalgebra of p%(G)'; for G solvable, connected, or discrete amenable, such a
subalgebra exists and is unique up to automorphisms of p¢(G)'.

This paper is an attempt, only partially successful, to construct such an al-
gebra and decomposition when G is an extension of a normal subgroup K by
a discrete group @, and a suitable subalgebra of p¥ (K)' is known. As is to be
expected, this program is intimately related to that of [11], and its extension
in [12] to the non-smooth case, which seeks to describe all of the irreducible
representations of G in terms of those in K and the action of G on this space.
Our goal is more limited—we seek only sufficiently many irreducibles of G to
decompose p®. Our point of view is also somewhat different from that of [11]
or [12]; rather than work with the space K of equivalence classes of irreducible
representation of K, we work with (a part of) the category Irr(K) of concrete
irreducible representations of K, with intertwiners as morphisms, together with
the natural action of G.

In order to perform our analysis, we need to make some assumptions on the
action of G on A# = p¥(K)"; roughly speaking we need to assume the existence
of an action a of G on .# conjugate to the natural action, and which leaves
some Cartan subalgebra % of .# globally invariant—the precise requirement,
given in Assumption 3.1, is somewhat weaker than this, and applies whenever G
is discrete amenable, or @) is discrete amenable, 1 - K — G — @Q — 1 is split,
and pK(K)" is injective and semifinite, using results of [17].

For us, the main virtue of working with decompositions over Cartan subalge-
bras is that such a decomposition leads to a description of the algebra in question
as an algebra of “coherent sections” (or “random operator fields” in the termi-
nology of [1]). More precisely if .# is a von Neumann algebra in standard form
on a Hilbert space # and & C .#' is any maximal abelian subalgebra, and if
A C A is any o-weakly dense separable C*-subalgebra, then the decomposition
of the self-representation ¢y of & over &,

(2
Loy =/ gz du(z),
X

gives rise to an equivalence relation # on X defined by (z,y) € & if and only
if m; ~ m,, where ~ denotes unitary equivalence. According to [18], % is (effec-
tively) independent of the choice of &/. In addition, by [13], if we choose uni-
taries v(z,y) such that Adv(z,y) omy = 7, for (z,y) € #, then v(z,y)v(y,2) =
f(z,y, z)v(z, 2) for some 2-cocycle f € Z2(H#,T) on #. The results of [13] also
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tell us that if & is a Cartan subalgebra, .# is a countable non-singular equiv-
alence relation as defined in [6], and the Hilbert space of m, may be identified
with 12(Z(z) = {y: (z,y) € #}); furthermore we may take v(z,y) = L/ (z,y)
where (Lf(z,y)€)(2) = f(z,z,y)é(2), and the algebra .# is unitarily equiva-
lent to the algebra I'j°(Ad L) of essentially bounded measurable operator fields
z € X — T(z) € B(I*(#(z))) which satisfy L/ (z,y)T(y) = T(z)L’(z,y) a.e. on
S (where we identify fields which agree a.e.). It is this description of .# which
allows our analysis to proceed.

The organization of the paper is as follows; §2 is preparatory, and shows
how to synthesise a measured groupoid (# V @, u) out of measured discrete
equivalence relation (&, u) and a discrete group @ acting, modulo inner auto-
morphisms, on (Z#, u). We also provide a description of the cohomology group
H ﬁ (Z# V Q;T) needed in the subsequent analysis. In §3, we analyze regular ex-
tensions, [14], # X4, Q of a von-Neumann algebra .# by an action o (modulo
inner automorphisms) of @ and a (non-abelian) 2-cocycle w, under the assump-
tion that o admits an invariant Cartan subalgebra &. Using the results of [6,
13] described above (see also [9]), we know that in this case .# = I'°(Ad L);
we prove, in Theorem 3.8 that A# Xo. @ = T'°(Ad L’ } for some explicitly
determined f € H3(RV Q,T).

The groupoid % V @ is not in general principal, that is, not an equivalence
relation. Indeed, it has isotropy groups Q; = {8 € Q: 7, o ay ~ 7} where {m;}
are as above (the decomposition being over & = J&J, where J is a modular
involution for .#. The algebra I'4(Ad Lf ) may then be described as the algebra
of bounded measurable operator fields z € X — T(z) € B(#; ® I2(Qz)), where
#, is the Hilbert space of 7z, which commute with 1 ® A°*(Q,), and which are
“coherent” with respect to a natural action of the underlying equivalence relation
& of # vV @Q; here A°= is the left regular projective representation of @, for a
certain multiplier ¢, of @, derived from f . This is accomplished in §4. In §5, we
apply our results to exact sequences 1 - K — G — Q — 1 of locally compact
second countable groups, with Q discrete, and for which the associated “action”
of Q on p¥ (K)" satisfies Assumption 3.1. Our conclusion, Theorem 5.3, is that
there is a decomposition p¥ = |. )? pz du(z) of p¥ into irreducibles such that if
G ={g€G: psoAdg~ p;} and ¥, = Ind§* p, then

(i) if Y = f,i Yz udpe(u) is any decomposition of 1, into irreducibles,
f,i IndGz Yz,u diiz(u) is a decomposition of p, = Ind$ p, into irreducibles;

(ii) all irreducible decompositions of p, arize in the manner described in i).

The commutant of 9, is identified explicitly as being isomorphic with
2°(Q;)", where Q; = G./K, and c, is identified with the (Mackey) multi-
plier naturally attached to the representation p, of K. Thus in specific instances
we can, in principal, find irreducible decompositions of p%; §5 also presents some
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(non-type I) examples where this procedure can be made explicit, and computes
the data necessary for application of the Plancherel Theorem of [15].

As stated earlier, the final goals of the program are only partially met; even
with abelian groups @, the algebras A°=(Q)"” may fail to be type I, although
they are always finite, and injective if Q) is merely amenable. Thus there is no
known constructive procedure for constructing irreducible decompositions of the
representations 1, above. The machinery needed to obtain the results presented
here is quite elaborate, and the results themselves a little cumbersome; the au-
thor feels that while it may well be possible to generalize the results to include
nondiscrete groups @, it may be preferable to instead concentrate on specific
(families of) discrete groups, and on constructions of concrete (families of) irre-
ducible representations of them, rather than to pursue the “normal subgroup”
approach used here. The results of this paper are intended more as guidelines
than as models.

2. Extensions of equivalence relations and their cohomology

Throughout, (#, u) will denote an (orbitally) discrete measured equivalence
relation as in [6], » and s denote the range and source maps respectively, X =
#(0) the space of units, and #Z(? the domain of the composition; 6(z,y) =
dpor/duos(z,y) denotes the modular homomorphism. H will denote a discrete

group.

DEFINITION 2.1. An action of H on (#,u) i3 a Borel action (z,h) € X X
H —zh e X of H on X with

(i) u(ER) =0 if EC X and u(E) = 0;

(ii) (z,y) € # if and only if (zh,yh) € # for allh € H.

Given an action of H on (#, u), we may construct a standard Borel groupoid
Z = H# x, H by declaring

Z® = {(z,y,h), (yh, zh,g)) € (F x H) x (£ x H):
(z,y) € # and (y,2) € #},

and (z,y, h)(yh, zh,g) = (z, 2, hg). We have r(z,y,h) = z and s(z,y,h) = yh in
X xs H, and (z,y,h)”! = (yh,zh,h™1). See [1, 6, 12] for further discussion of
groupoids.

Assume now that H acts on (<, ) and that NV is a fixed normal subgroup of
H with the property that (zn,z) € & for all n € N; in this case we say that ¥
acts via inner automorphisms. Define an equivalence relation ~n on # x s H by
(z,y,h) ~~ (21,y1, k1) if and only if z = 2; and (y1,h1) = (yn,n~1h) for some
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n € N. Note that if ((z,y, ), (z',v', ) € (£ xs H)?P, and if (z1,y1,h1) ~n
(I’y’ h) and (xlhyllahll) ~N (zl7y”h/)’ then ((xlayl,hl), (.’I:Il,yi, '1)) eZ Xs
H)® and (z,y, h)(z',y', k') ~n (21,91, h1)(2}, ¥}, h}). Thus the quotient F X
H/ ~y becomes a standard Borel groupoid which we denote by % V Q, where
Q = H/N. It is largely groupoids of this form which will be of interest in the
remainder of the paper.

There is an alternate description of % V @ which will be useful also. If
8 € @ — hy € H is a section for the map p: H — Q, and [z, y, h] denotes the class
of (z,y,h) € # xsH in ZVQ, the map (z,y,8) EZ XQ — [2,y,hs] EZVQ
provides a Borel isomorphism of the underlying Borel space of #VQ with # xQ.
Transferring the groupoid structure on # V @ to # x @, we obtain a product
on # X @ given by

(2,9, 8)(yhs, 2hs, t) = (z, 2hshihy, st).

Thus & V Q is to be viewed as a general extension of # by Q; note also that if
1—- N— H— Q— lissplit and s — h, is a homomorphism, then (z, s} — zh,
provides an action of @ on (#, i) and # V @ coincides with % x, Q.

For subsequent applications, we will need a description of the cohomology
groups H2(Z v Q; A) and H%(% x, H; A), where A is a fixed abelian group,
typically the circle group T. Since the groupoids &# x, H, % V Q may fail to
be principal, these cohomology groups do not fall under the discussion of [6], so
we give a brief description of their development.

For & = #ZVvQ or # x,H, let #™(%) denote the space of equivalence classes
modulo equality a.e. on £, of Borel functions f: £ — A with

f(m,v2,---,m) =0 if any v; is a unit.
Define successively
(8) On: € (%) - F"H1(Z) by
Bnf) s+ Mmt1) = F(020 10+ s Wt 1) + (1) (1,725, 1n)

n
+ Z(—l)]f(’h’ RN (A8 T 'S PRI 7’71!.)3
i=t

(b) Z}(¥, A) = ker 0y; B}(¥, A) = Image 01, and
H(%,A) = Z}(%,A)/B"(Z,A).

Note H}}(%, A) is well defined as 841 © 3, = 0, and that our definition agrees
with that of [6] in case is ¥ an equivalence relation.

The proper explanation for the analysis of H 3 (# xs H; A) which follows un-
doubtedly lies in a spectral sequence for HJ}(%;A) with the E?%-term
HE(H; HY(Z; A)); since the applications we have in mind do not seem to neces-
sitate such machinery, we will not attempt its development here. We will assume
throughout the discussion that the coefficient group A is divisible.
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LEMMA 2.1. Each element of Z2(F x,H; A) is cohomologous to an element
F € ZY( x4 H; A) which satisfies

(@) F(7,771) =0 for y€ # x, H;

(b) F((z,z,h), (zh,yh,e)) =0 for (z,y) € #, he H.

PROOF. (a) This follows precisely as in [6, Lemma 7.6] since A is (assumed)
divisible.
(b) If Fy € Z3(Z x, H; A) is arbitrary, define
a(z,y,h) = Fi((z, z, h), (zh,yh,e)).

Then if F = F,0a,
F((z,z,h), (zh,yh,e)) = F1((z,z, h), (zh,yh,e)) — a(z,y, h) =0,
as a(z,z,h) = a(zh,yh,e) = 0. Also, if F; satisfies the normalization in a}, so

does F.

THEOREM 2.2. Let F € Zﬁ(ﬂ xs H; A) be normalized as in Lemma 2.1,
and define for ((z,y), (y,2)) € #? and g,h,k € H,

f(z,y,2) = F((z,y,€), (y, 2,€)),
an(z,y) = —F((z,9,¢), (v, 9, b)),
cg,n(2) = F((2,2,9), (29, 79, b)),
A(g,2,y,2) = a4(z,y) + ag(y, 2) — ag(2,2) + f(2,9,2) — f(z9,y9, 29),
B(g, h,z,y) = an(zg9,y9) + a4(z,y) — agn(z,y) + cg,n(y) — cg.n(z),
C(g,h, k,z) = ch k(zg) + cg,nk(T) — cgn k() — cg,n(2)-

Then (i) f € ZX(Z#,A) and
F((z,v,9), (v9, 29, h)) = f(zgh,ygh, 2gh) + cg n(z) — an(zg,y9);

(i) for all 2, y, 2z, g, h and k,

A(g,7,y,2) = B(g,h,z,y) = C(g,h,k,2z) =0, and
an(z,y) + an(y,z) = ag(2,2) = 0;

(iii) if f € Z2(H#, A) is given, and we are also given Borel functions ap: £ —
A, cgn: X — A satisfying the identities in (ii), then the formula in (i) defines
an element of Z2(# x, H; A).
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PROOF. Let F € Z2(# xs H; A) be given, and define f, as, ¢4, as above.
Clearly f € Z2(Z#, A), and we calculate

F((z,y,9), (v9, 29, h)) = f((z,,9)(zg9,y9,€), (yg, 29, h))
= F((z,z,9), (g, 29, h)(zgh, zgh,€))
+ F((zg,yg,¢), (v9,y9, k) (ygh, 2gh, €))
= cg,n(7) — an(zg,yg) + f(zgh, ygh, zgh),

where we have used the normalization of F in Lemma 2.1(b) and the cocycle
identity for F' with the indicated variables at each stage. Thus (i) is verified.

It is clear from the definition that as(z,z) = 1; the relation a(z,y) +
an(y, z) = 0 follows from Lemma 2.1(a).

To establish the remainder of (ii), and (iii), suppose f € Z2(%, A) is given,
and we are given arbitrary Borel functions ap: £ — A, cgn: X — A with
an(z,z) = an(z,y) + ar(y, ) = 0. Define F: (# x, H)(?) — A by

F((z,y,9), (vg.29, h) = f(zgh,ygh, zgh) + cg n(z) — an(zg,yg).

Using the cocycle identity for f with the variables zghk, yghk, zghk and wghk,
we find

(OF)((z,y.,9), (yg, 29, h), (2gh, wgh, k))
= B(h,k,zg,yg) + C(g, h, k,z) — A(k, zgh, ygh, zgh).

Thus, if the identities in (ii) are satisfied, F € Z2(% x, H; A). Conversely, if
F € Z}# x, H; A), and ap, cg 1, are as defined in (i) then, using (i) we have

B(h,k,zg,yg) + C(g, h, k,z) — A(k, zgh,ygh, zgh) = 0.

In particular, A(k,zgh,ygh,zgh) is independent of z, and taking z = y, we
obtain A = 0. Similarly, B(h, k, zg,yg) is independent of y and hence zero, and
C=0.

REMARK 2.3. The concluding argument in the above proof depends crucially
on the diagonal in X x X having positive .#-measure. In addition if H is allowed
to become locally compact and second countable, # x {e} may have measure
zero in # X, H so that, for example, f is no longer well defined. Thus any
extension to more general groupoids and groups of Theorem 2.2 is fraught with
measure-theoretic difficulties.

REMARK 2.4. The conditions A =0, B =0, C = 0 in Theorem 2.2(ii) may be
rephrased by saying f € H2(%; A)¥ for the natural action of H on H2(Z#, A),
g — ag defines an element of Z}(H; H}(Z#, A)), and (g,h) — ¢4 defines an
element of Z2(H; H)(#; A)). We thus see all the terms expected from spectral
sequences appearing.
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We now turn to a discussion of H2(# VQ; A) where Q = H/N, and N acts via
inner automorphisms. Let p: #Z x; H — % VQ be the quotient map, and define
et Z2(BVQ; A) - Z2(F xs H; A) by p.f = fo(pxp) for f € Z2(Z VQ; A).
The range of p. evidently consists of those 2-cycles on # x , H which are invariant
under the (left) action ((z,y,9), (vg, 29, h)) — ((z,yn~*,ng), (yg, 2gm=*,mh))
of N x N on (# x, H)?). It is straight-forward to describe this range in terms
of the description of 2-cycles offered in Theorem 2.2; we leave this to the reader.

PROPOSITION 2.5. p. determines an injection of Hﬁ(g V @Q;A) into
H2(Z xs H; A).

PROOF. Suppose f1, fo € Z2(# V Q, A), and p.fi = Fi, p.fo = F; with
F, = F; + dd. Since Fy, F; are invariant under the action of N x {e} we obtain
d(z,y,9) — d(z,yn"",ng) = d(z, 2, gh) — d(z, 2n" ", ngh).

Thus d(z,y,9) — d(z,yn~!,ng) is independent of g and of y (with (z,y) € £#).
Similarly, using invariance under {e} x N,
d(yg, 29, h) — d(yg, zgm™",mh) = d(z, , gh) — d(z, z2gm™ "¢~ ", gmh),

from which it follows that d(z,v, g) — d(z,yn~!,ng) = b.(n) depends only on n
and the class of z in #. Note that b, is a character on N, and that, from the
second of the above invariance conditions,

byg(m) = bz(gmg~') for g€ H, (z,y) € Z#.
Thus if s € Q@ — h, € H is a section, and
d'(z,yn" 1, nh,) = by(n) + d(z,yn"1, nh,),

d' is N-invariant and 8d = 8d'. Since d’ = d o p for some d defined on Z V Q,
fi = fa + 8d as required.

We note that it is possible to analyze Z 3 (# VvQ); A) along the lines of Theorem
2.2. However, this is algebraically very messy indeed, and omitted for lack of
elegance and application—the reader need only examine the 2-cycle on # V Q
described in Theorem 3.8 to appreciate the complexity of the situation.

3. Regular extensions of algebras of sections

Throughout this section, .# is a von Neumann algebra acting on a separable
Hilbert space #, U(A4) is the unitary group of .#, and Q is a discrete group.
We assume we are given maps s € Q@ — s € Aut(4) and (s,t) € Q x Q —
v(s,t) € U(A) satisfying

Ysoye = Adv(s,t)ove on Q xQ,
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v (v(s,t))v(r, 8t) = v(r,8)v(rs,t) on Q@ x @ x Q.
We will be interested in the structure of the regular extension .# x., Q as
defined in [14], under a certain assumption concerning the “action” of Q. This
assumption is rather technical in nature and is easiest to state after the following
construction has been made.
Let Uy C U(#) be the smallest subgroup which contains {v(r,s): r,s € Q}
and is invariant under {v,: s € @}; endow H = Uy x @ with product

(u, 7)(v, 8) = (u(v)v(r,s),r3),

so that H is a discrete group also. Note there is a homomorphism 3: h€ H —
Bn € Aut(#) given by

ﬂ(u,r) = Aduon,.
ASSUMPTION 3.1. # i3 in standard form, and the action B of H on A

i3 cocycle conjugate to an action a of H on .# for which there is a Cartan
subalgebra & C A invariant under {ap: h € H}.

Here, standard form is as defined in [8], cocycle conjugacy is as discussed in
(for example) [10], and a Cartan subalgebra is as defined in [6]. Despite its some-
what peculiar appearance, Assumption 3.1 is met in many non-trivial cases—for
example, using [17, §5], it holds whenever .# is semifinite and injective, and H
can be chosen to be amenable. Note that we may take o = Ad up o fp for some
1-cocycle u € Z}(H,U(A)), since if § 0 Adup 0 B, 0 0! admits an invariant
Cartan subalgebra, so does Ad uy, o G

Note that if we write as = 0/(1,4), Bs = B(1,5) = Vs aDd Us = U(1,s) for s € Q,
then with w(s,t) = us8s(us)v(s, t)ul,,

asoay = Adw(s,t)oas on @ x @,
ar(w(s,t))w(r, st) = w(r, s)w(rs,t) on Q@ xQ x Q.

We take the generators of A x4 ., @ on I2(Q;#) to be
(1%(2)€)(s) = as(2)é(s), zE€A,
(P ()€)(s) =w(s,t)é(st), t€Q,
and similarly for .# x., , Q. Note these are unitary transforms of the generators
used in [14] by the unitary (5€)(s) = £€(s™1).
LEMMA 3.2. (a) The map
7 (z) - 7%(z), re M,
p¥(8) — m%(u3)p“(s), s€Q,

extends to a unitary equivalence of A %, Q with # %o, Q.
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(b) If A 1is in standard form, and {as: s € Q} are the canonical unitaries (as
in (8]) implementing {a,: s € Q}, then the commutant of # X, ., Q 13 generated

by

(E)(s) = y&(s), yeA,
(A“(1)€)(s) = aj_yw(t™,9)E(t71s), teQ.

PROOF. (a) The unitary U on {2(Q,#) defined by (U¢)(s) = u,£(s) imple-
ments the indicated isomorphism.

(b) It is routine to check that § and A“(t) lie in (# Xq,., Q) for y € A’
and t € Q. Conversely, if z € B(1*(Q;#)) commutes with {§: y € #'}, then
z € A x B(1%(Q)), so we can write z = (2, 5) as an .4 -valued matrix. If z also
commutes with A*“(t) for all ¢, we obtain

Zrs,rt = w(r, 3)*ar(z8,t)w('r’ t)

for all r,s,t € Q. From this, one now obtains

z= Z pe(r)*n%(zre) € M Xg,u Q.
r

We now proceed to examine .# X, , Q. The following auxiliary construction
will be useful. Note that if N = Uy x {e} C H, N is normal in H with H/N = Q;
further, there is a unitary representation n € N — t, € U(A) with a,, = Adt,
on N. Let & be any separable, o-weakly dense *-subalgebra of .# which is
a-invariant, and contains both {t,: n € N} and {u,: h € H}; the system
(¥, H,a,t) is now a twisted covariant system in the sense of [7].

Let J be a modular involution for .#, and set & = J&J C .#'. Let

&
{1 ) = /X {12, .} du(z)

be the decomposition of the identity representation ¢y of & with diagonal al-
gebra &. Let H# be the Takesaki relation on X, [18], so that (z,y) € & if
and only if 75 ~ Ty Where ~ denotes unitary equivalence; let o(z,y) denote the
associated (automorphic) representation of %, [13], determined by the equation
o(z,y) o my = 75, and choose a unitary-valued Borel map (z,y) € # — v(z,y)
with o(z,y) = Adwv(z,y). The unitaries v(z,y) may be chosen to take a very
special form when & C .#" is a Cartan subalgebra, but this does not concern us
yet; for the moment all we will need is the fact from [13] that .# =T'§°(c), that
is, those essentially bounded operator fields £ € X — T(z) € B(#;) satisfying

o(z,y)(T(y)) = T(z) ae onH

(identified up to null sets), acting on # in the obvious way. (See also [9].) We
note also that (#,u) may be assumed to be a discrete measured equivalence
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relation, as in [6]. In addition, the unitaries {as: h € H} admit descriptions of
the form

(an€)(z) = b(z, h)a(z, h){(zh),
where (z,h) € XxXH — zhis a point realization of the action h € H — ay g of H
on %, a(z, h): Zn — Az is unitary, and é6(z, h) denotes (as it will, throughout)
the appropriate Radon-Nikodym derivative.

LEMMA 3.3. We may assume that

mzoap =Ada(z,y)omzn on X x H.

PROOF. By [5, 8.2.4], the desired relation holds a.e. in z for each h € H; the
result follows after deletion of a null set from X.

Note that (z,h) — zh now provides an action of H on (#,pu) as in §2—we
have (z,y) € Z & Ty ~ Ty & Tr0ap ~ Tyoap < (zh,yh) € Z forall h € H.
Further, N acts as inner automorphisms.

We return now to the twisted covariance algebra (&, H,a,t), introduced
above and let #, denote the induced representation Ind 7, of the twisted covari-
ance algebra B = C*(&, H,a,t); recall from [7] that #, acts on the Hilbert
space L% (H,#;) of measurable (classes of) functions {: H — #; satisfing
&(nh) = 7;(tn)€é(h), n € N, and fH/Nlé“(h)|2 dh < oo, and that the action
is determined by the operators

(2(a)§)(h) = mz(an(a))é(h), ae€H,
(fz(h1)€)(R) = &(Rh1),  hi€H.

LEMMA 3.4. For § € L% (H; %) and (z,y,h) € £ X, H, define

(Vw (2,9, h)€)(g) = a(z, h)v(zh, yh)§(h™g).
Then
(a) Vn(z,y,h) is a unitary operator from L% (H;#r) to L% (H; %,);
b) AdVN(z,y, h) o fryh = ’fr:,-_;
¢) (z,y,h) = Vn(z,y,h) i3 a projective representation of % xs H;
d) forn€ N, Vy(z,zn~1,n) s a scalar.

(
(
(
PROOF. (a) For n € N and ¢ € L%, (H; #,,) we have
(Vn(z,y,h)€)(ng) = a(z, h)v(zh, yh)E(h ™ nhh ™' g)
= a(z, h)v(zh, yh)myn(th-1nn)E(R " 9)
= a(z, h)mon (th-1nn)0(ch, yh)E(R ™ g)

= 7r:::(C'h (th—‘nh))a(z’ h)’l)(:th, yh)f(h_lg)
= 7ra:(tn)(VN(a:7 Y, h)g) (g)
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(b) This follows from routine calculation of AdVn(z,y,h) o #yn(a) and
AdVn(z,y,h) o tyn(g) for a € & and g € H.
(¢) For ((z,y,9), (¥9, 29, h)) € (Z X, G)* and & € LY (H; #g))

(VN(:E’ Y, g)VN (yg’ 29, h)E)(k)
= a(z, 9)v(zg, yg)a(yg, k)v(ygh, zgh)E(h~ g~ 'k),

while (Vn(z,2gh)€)(k) = a(z,gh)v(zgh,zgh)é(h~g~1k). However, both
a(z, g)v(zg, yg)a{yg, h)v(ygh, zgh) and a(z,gh)v(zgh,zgh) implement equiva-
lences between the irreducible representations 7,4, and 7, 0 agp, so the assertion
is verified.

(d) For n € N and ¢ € L% (H;#;,), we have

(Vn(z, 2071, n)€)h) = a(z, n)v(zn, z)me(tn)* E(R);
however

Ada(z,n)v(zn, 2)my(t,)* o 7y
= Ada(z,n)v(zn,n) om0 a;!
= Ada(z,n) o mzp 0!

=1r,ooznooz,‘,1 = Mg,
so Vn(z,zn~!, n) is indeed scalar.

In view of the identity (z,yn~!,ng) = (z,2n"!,n)(z,y,9) in # x, H, and
Lemma 3.4(c) and (d), there is a unique representation & of the groupoid % Vv Q
of §2 determined by

oo p(za Y, h) =Ad VN(I, Y h)

THEOREM 3.5. The algebras [0 (6) and A X4, Q are unitarily equivalent.

PROOF. Note first that there is a unitary U: L%, (H;#;) — 1?(Q; #z) given
by
(Us)(8) = €£(s): (Uzn)(ns) = mz(tn)n(s)
for € € L% (H;#;), n € 12(Q; #;), and we identify n € N with (n,e) in H, and
s € Qwith (1,s) € H. Welet U = ff? Uz du(z),s0U: L%,(H; #) — 2(Q; Z) is
unitary; note that AdU,Vn(z,y,e)U; = v(z,y) ® 1. Thus if T ~ T(z) € T'?(6)
and § = UTU* ~ U,T(z)U;, we have

S eTP(0®) =T (o) ® B(I*(Q)),

using [13]. Note also that every element of # x, H is a product of elements of
the form (z,y,e), (z,zn~!,n) for n € N, and

(Iyxa (173)_1) = (11:‘:1 (w(sas_l)"s_l)))
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(UzVn (2,2, (1,57) )01, -1)-1 €)(2)

= a(z,(1,571) ") (U3 (1,6-1)-1 ) (L, s71)(1,1))

= a(z, (1,57 ) (U2, 0-1)-1 ) (s, 1), 871)

= a(z, (1,87 ) ") ma(w(s™1t))E(s7 ).
Since, in general a(z, g)a(zg, h) = a(z,gh) on X x H x H, we have

a(z, (L,s71)™1) = a(z(1,s71) 71, (1,871))",
so that if

(Vi (s)€)(z) = 6(z, (1,57) " VN (2,2, (1,871)"Hé(z(1,s71) 7,

we have UVn(s)U* = A“(s) as defined in the proof of Lemma 3.2(b), and
UTP(6)U* = # @ BI*(Q))N{A“(s): s € Q} = A %o, Q, by Lemma 3.2(b).
_ We now seek to realise & as (equivalent, via {U;}, to) Ad L7 for a suitable
fe Zﬁ (Z# V Q), using the full strength of the assumption that & is a Cartan

subalgebra. For & = #Z, Z x, Hor ZVQ, and f € Zﬁ (Z) define operators
LI(v): B(r=1(s()) = P(r~1(r(v)) and K/ (v): 12(s7(s(v)) — (s71(r(7)) by

(L ()& (1) = f(v3 1 1) €T ),

1 —1N—
(K (m)€)(v2) = 6(m)2 (v, (v2y1) 1) " €(vem)
Note that
LI(m)Lf (v2) = f(71,72) LY (7172) and
K (v)K' (2) = fln,72) K (i)

on # (). Since % is a Cartan subalgebra, we know from (6] that ¢ = Adv =
Ad LS for some f € Z2(F) determined, up to cohomology, by the equation
v(z, y)v(y, 2) = f(z,y, 2)v(z, 2) on #2. Furthermore,

(J&)(z,y) = 6(z,9)" /%€y, 2)
is a modular involution for .4, and

& ={Sy: v € L®(X,u)}, Z={Ry:y€L®X,p)},
where (Sy€)(z,y) = ¥(¥)é(z,y) and (Ryé)(z,y) = ¥(z)&(z,y). Also, since
JapJ = an, Aday normalises both & and &, so that
(a’h 5)(2’ y) = 6(9:’ h)ah(x’ y)f(zh, yh’)
for some Borel functions a;: # — T. In addition there are Borel maps ¢,,: X —
T with
(tal)(2,y) = ta(¥)f (v, yn, 2) " &(z,yn), nEN.

To see this, observe that unitaries wy, of the indicated form lie in T'j°(Ad L),
and Adwn(Sy) = Adt,(Sy) for all ¢ € L*°(X, p); the desired expression for ¢y,
follows since & is maximal abelian in I'°(Ad LY).
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PROPOSITION 3.6. The functions ag, t,, satisfy the relations (a.e.)
(a) ag(z,y) = ag(y,z)~! and ay(z,z) =1 for g € H;

(b) ag(x y)ah(zy, yh) = agn(z,y) for g,h € H;

(¢) (f2 - f~1)(z,y,2) = Bay(z,y, 2) for g € H;

) on(org) 2 eI o g ) -1 for m € N

(€) tn(zh) = tpopn-1(x)an(z,zhnh~t) forh€e H,n€ N.

PROOF. (a) This follows from the identity Jay,J = a, and the observation
that a,€o = &, where p is the characteristic function of the diagonal.

(b) This is a consequence of the identity agar = agn.

(d) Follows from the identity a,, = t,Jt,J, and the known form of ¢,,.

(e) Recall that ay(t,) = tgng-1; we thus obtain

1 -1

ag(z, y)tn (y9) f(yg, ygn, z9) ag(z,ygng™") "' = tu(y) f(y, ygng ', n)

Using (c), (to be proven below), and the skew-symmetry of a4, we obtain
tn(y9)ag(y, ygng ™) ™! = tn(y)

as claimed.
(c) Observe that the unitaries a(z, g) introduced already are given by

(a(z,9)€)(y) = ag(z, y)€(vg)-
Note that if b € & C I'°(Ad LY), then ¢ = agba} is in T'°(Ad L), so that
Ad LY (z,y)a(y, g) o myg(b) = Ad LY (z,y)my(c) = 75(c)
= Ad a(a:, g)Lf(:L'g, yg) ° Wyg(b)-
Since my, is irreducible, we obtain
L’ (z,y)a(y, ) = dy(z,y)a(z,9) L (29, y9)

for some Borel map dg: % — T. From this we see

f(za z, y)afg(y’ Z) = dg(z, y)ag(I, z)f(ZQa Y9, zg)
a.e. on #(?); taking z = z and noting a,4(z,z) = 1 = f(z,2,y) = f(z9, 29,y9),
we obtain dg(z,y) = a4(y, z). Thus we have
(fe- f—l)(z’ z,y) = ag(y, z)aq(y, z)_lag(x, Z)_l
= ag(z’ z)ag(a:, y)ag(z,y)_l

Proposition 3.6(a), (b), (¢) and Theorem 2.2 together guarantee that the
formula

F((z,9,9), (9, 29, b)) = f(2gh, ygh, zgh)a; (zg,yg)
defines an element of Z2(% x, H).
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LEMMA 3.7. (a) (VN (2,9,9)€)(2, k) = F((z,2,h) 7", (z,y,9))€(29,97 k) on
LY (H; yg);
(b) Vn(z,zn"1,n) =t,(z)"!, nE N.

PROOF. (a) With the notation as already established
(Vn(2,9,9)€)(2, h) = (a(z, 9)L! (29,y9)€) (2, 97" h)
= a4(z,2)(L7 (29,99)€) (29, 97" h)
= a4(z,2)f(29,29,y9)€(29,97 ' h)
while
F((a:,z, h)—la (I,y, g)) = F((Zh, zh, h—l)a (Z‘, Y, g)) = f(zg, zg, yg)ay(z’ x)_l
The conclusion follows, using Proposition 3.6(a).

(b) (Vn(z,zn~1,n)€)(h) = a(z,n)L? (zn, z)mg(tn)*€(R)

as in Lemma 3.4(d). However for n € #; = i2(r~!(z)),
(a(z, R)LY (zn, 2)Ta(tn-1)0) (4) = an(z,9)f (yn, 20, 2)tn-1 (yn) f (yn.y, 2) "0 (y).

But t,t,-1 = 1, so that t,-1(yn) = t,(y)~!; using also the form given for a, in
Proposition 3.6(d), and the cocycle identity for f with the variables yn, y, zn
and z, we conclude

a(z,y) L (zn, 2)mo(tn)* = to(z)™?

We thus see, that in the case when NV is trivial (so that we had started with
an action of Q on .#) that 6 = AdL¥. Our final conclusion is that F defines
a cocycle f on # V@, and § is (equivalent to) Ad Lf. For the purpose of this
proof we use the notation hs = (1,s) € H.

THEOREM 3.8. With the notation already established, the formula
F((2,9,9), (yhs, 2hs, 1))
= f(zh, hh, yhs h:_ll,zhsht)ah-_ll (zh 4, yhs) ™t
x f(zhl b, zh] l3_,,zh3ht)a_1
X ah,_-l,-l (xhs_,ht_lht-ls-l,z)th:_llh:l h

11,41

(@)

defines an element of Zﬁ(% V Q); further, & is equivalent, via the unitaries Uy
of Theorem 3.5, with Ad LY, as automorphic representations of Z V Q.

PROOF. Note the map (z,y,3) € ZVQ — (z, yhshs-n,h;_ll) € # x H
provides a section for the quotient map # x, H — # V Q. Since Vy is a
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projective representation with multiplier F' (Lemma 3.7(a)), we have
VN(.’L’, yhshs_l ’ hs_—ll )VN(yhsa Zhshtht‘l ’ h;—ll )
= F((z, yhshs-1,h7 1), (yhozhshihs-1, hY).

Vin(z, zhshehs-1hg-1, R7Y BTY)
= F((z,yhsho-1,h74), (yhs, zhshg-1,h]2))
x F((z, zh} _ hg-1hg—1, hs——ll’ h,t—_ll ht—ls—l)th——_llh—l ' (z)—l

-1
t—ls —170

x Vn(z,zhshihy-15-1 ht _1),

1h-1g

where we have used the identity
(z, zhshehi-1hg-1, A1 BY)
= (2,2h; 4,1 he-1he-1, R R hym1g-1), (2, 2hohehy-14-1, R )

t—1s
and Lemma 3.7(b), with n = hs__ll ht__ll hs-15-1. However, the above coefficient
of Vi (z,zhshthy-14-1, ;'_118_1) is precisely f((z,y,3), (yhs, zhs,t)) as defined is
the statement of the theorem, so that f € Z2(Z v Q)—the masochistic reader
may also check this by direct calculation.
Note that by definition we have

f((z’ o t)_l’ (x’ Y, 8) = f(Zhs_—l‘ ’ zhz_:—ll’yhs)f(zhs_—lnthhs—_lxt’yhs)—l
xah:_ll (z’ z)_lah:_‘lt(Zhs_—ll ha“t, zht)tht_lh:—ll h,—l,(zht)_l .

If U; is as in the proof of Theorem 3.5,

(U::VN(Z, yhshs—lahs_—ll)Ug;h,f)(t)
= a(z, k)L (zh 2y, yhs) (Ugh, £) (he-1 heh 2y ho-1e)

81t

= a(2, A2 )L (zh s, yha)myn, (w(s ™, 1) €(s™8);
for ¢ € #yn, we have

(a(z, Ay )L (zh 2y yho)myn, (w(s™1,)))(2)
= ah:_’l (=, Z)f(Zh;—ll ) yhs)tw(s—l,t)(Zh;—ll)
x f(zh; L, zheh 7, yhs) " s (2heh ).

s~1t

However, using the fact that th‘-:h’—_llha_“(zht)"1 = th,'_'l,".—lhe(Zh;‘l‘ h;_llt),

and Proposition 3.6(e) with z = zh[}\ he-14, g = b7y, and n = he-1heh ],
this last expression reduces to f((z, z,t), (z,y, s))g(zhth;_llt).

We thus have the desirable, but not unexpected, result that .# X, Q@ =
'y (Ad Lf ) for some specifically determined f € ZX(ZVQ). The author believes

that this fact should have a much more simple proof than the one given here;
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despite many attempts, even in the presence of some simplifying assumptions, a
simple, “conceptual” proof has not been found.

Another important feature of the analysis so far is that the generators #(a),
#(s), for a € & and s € Q, of the representation Ind: of & = C*(%/,H, a,t)
admit explicit decomposition over 2 ® 1 of the form

(2(a)€)(t) = mz(0n(a))é(t), a€H,
(72(8)€)(t) = ma(w(t, 8))é(ts.), s€Q.
Here, we have realized the representations 7, of the discussion preceding Lemma

3.4 on 12(Q; #,) via the unitary U,. We shall further analyze these representa-
tions in the next section.

4. Analysis of the representations 7,

In general the representations #, are not irreducible, we seek here information
as to the precise extent to which this irreducibility fails.

We consider, as in §3, the twisted covariance system (&, H, «,t); we define
H.,={h€ H: m,0an~m,}, and Q; = H,/N C Q. Let ¢, = Indy= 7, be the
induced representation of the twisted covariance algebra &, = C*(¥, H,, a,t),
acting on L% (Ha,,#;). Unfortunately, Green’s notion of induced representation
does not allow us to consider Indgz ¢, since H, may fail to be normal in H.
Even so, one may consider the Hilbert space quz (H; L% (G, 7)) as a space of
appropriately invariant /# -valued functions on H X G, where the action on H
is via the induced representation, and this Hilbert space is unitarily equivalent
to L%, (H;#,) via the unitary P, defined (formally) by

(Pz&)(h) = &(h,e€), (Prn)(h1, ha) = n(hah1)
for £ € L} (H;L%(H:; %)) and n € L% (H;#;). Also, if T € ¢-(B:)' on
L% (H,; #;), we define
k2(T) = P, TP}
where T acts on L _(H; L% (H,,7)) via (T€)(h) = TE(R) for h € H. It is
routine to check that «,(T') € #,(B)' on L% (H;#;).

THEOREM 4.1. For almost all z, K, 13 an tsomorphism.

The proof is given in the sequence of lemmas which follow.
For s € @, we choose a unitary v, on #; with

Advs o7, = T 0 (g,

note v,y = ¢x(8, t)me(w(s,t))ver on Q2 X Qz, where c.(s,t) € T. Clearly ¢, €
Z%*(H.;'T).
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LEMMA 4.2. Define V, on 13(Q.; %) by (Vo€)(s) = v:€(s). Then Adv, o
¢z (F,)' is generated by {1 ® A°=(3): 8 € Qz}, where A°= i3 the left regular c,-
representation of Q;, defined by

(A= ()n)(t) = ca(s™H, ) "Mn(s7ME),  m € *(Qu).

PROOF. With ¢, realized on 12(Q,;#;) we have, for a € &
(Vz¢z(a)V;€)(3) = Ad U; OTg O as(a){(s) = Wz(a)g(s)’
and

(Vad(t)V; €)(3) = vymz(w(s, t))vst&(st)
= cg(s,t) " v &(st)
= v (p%* (t)€)(5)

Thus AdV; o ¢-(%;) is generated on # ® 12(Q,) by {n:(a)®1: a € ¥}, and
{v: ® p°=(t): t € Q}, and the assertion follows.

LEMMA 4.3. #;(Z) is generated on L% (H;#;) by {Vn(z, a:hs-n,h;_l,)},
where hs 13 as tn Theorem 3.8.

PROOF. Transform L% (H;#) to 12(Q,;#z) as usual, so

(f2(a)€)(t) = ma(ae(a))é(t), a€,
(F=(8)€)(t) = ma(w(t, 8))E(ts), te€Q,
and (Vn(z, zhs-1, ;) €)(t) = du(s,t)€(s71t), where
dz(s,t) = a(z, ha__ll)Lf(a:h;_l1 L Z)me(w(s™1,))

is a unitary which conjugates 7, 0 ag—1; to 7z 0 .

Now if T € B(I?(Q;#;)) commutes with the above generators, write T =
(Tt,s) as a B(#;)-valued matrix, and we see that

(a) Ty, emz(as(a)) = mg(oe(a))T:s, ¢ € &, from which it follows, by irre-
ducibility of w,, that

Tt,s-lt = ¢(3,t)dm(3a t)

for some 1(s,t) € T. In addition, for r € Q,,

(b) Tir,sr = ma(w(t, r))* Tt o7 (w(s,1)).
To prove our assertion, it is enough to show that (s, t) is independent of ¢t. But

’(/)(3, t) = Tt,s“tdz(s’ t)‘
=Ty o-14mz(w(s™1,8))* L (zh 1 2)*a(z, b L))",

8
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so that, to show ¥(s,t) = ¥(s, tr) it is enough to show
(¢) Ty o-14mz(w(s71,8))* = Ty o-14rmz(w(s ™1, 8r))".
Using (b) above, the right hand side of (¢) becomes
T (w(t, 7)) * Ty s-1:mg (w871, 7)) (w(s™1, tr))*.

Applying (a) and the identity a,-1(w(t,7))w(s™ 1, tr) = w(s™!, t)w(s1¢,r), the
desired identity (c) is established.

COMPLETION OF PROOF OF THEOREM 4.1. It suffices to show that
Kz (Vo A= ()V) = Vi (T, zhe-1, h]H).

With the unitary V, as in the proof of Lemma 4.3, and U;: L% (Hz; %) —
12(Qz; #2), we have U2V, (1 ® A°=(3))V,U, = A;(s), where

(A (8)§)(nt) = ma(tn)v;-1€(s7'2)

The associated operator A(s) on L% (H;L}(Hg; ) is given by (A1(s)€)(R)
= M(s)€(h), and if P, is the unitary identifying L% (H;L% (Hn; %)) with
L%, (H;#;) given in the discussion at the start of §4, then

(PeA1(s)P;€)(h) = v3-1(PrE)(h,s™1) = v3-1£(s™ h)
=a(s, A7 )L (zh 2, ) €(hs-1 h)
= (Vn(z,zhs-1,h 7% )€)(h),

since we may choose vy = Lf(Ihs—l, z)*a(z, h;1)*.

REMARK 4.4. The cocycle c; used throughout the proof of Theorem 4.1 is
nothing but the “Mackey obstruction” associated to the representation m, of &,
the action o of H on & and the “little group” @,. Note that by the proof of
Theorem 4.1, and the fact (cf. Theorem 3.8) that

LY (z,y,s) = U.Vn(z, yhshs-x,h;_ll) whas

that on @, x @z, ¢z{s,t) = f((:z:, zh;1,s), (z,zh;,t)); thus all the Mackey
obstructions appear as restrictions to isotropy groups of a single cocycle f €
ZUZVQ).

REMARK 4.5. To obtain a decomposition of the representation # = Indﬁ T
of &# into irreducibles, it is evidently sufficient to choose a maximal abelian
subalgebra 2, of 1®A°=(Q,)" (or more accurately, of {Vn(z,zh;t,s): s € Qz}')
and to decompose the representations #; over &,. If this can be done in such a
way that

(a) &; is a Cartan subalgebra;

https://doi.org/10.1017/51446788700030160 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700030160

268 Colin E. Sutherland [20]

(b) AdVn(z,y, h)(Dyr) =D, on F x, H,

the algebra & = [ f 2, du(z) is a Cartan subalgebra of #(B)’, and the associ-
ated decomposition is of the desired kind. Regrettably, we know of no method by
which such a “coherent” family of Cartan subalgebras may be found, nor abstract
conditions under which such a family exists, although the existence, individually,
of Cartan subalgebras in A°+(Q,)" is assured if @ is amenable. However, in the
case where \°=(Q,)" is type I, we may use simply the central decomposition and
multiplicity theory to effect the desired decomposition.

5. Applications to group extensions

We consider an exact sequence 1 — K — G — @ — 1 of locally compact
second countable groups, withQ discrete. Let .# = pX(K)", where p¥X is the
right regular representation of K on L?(K). Since G acts on K, it acts on
A via an action ~y where v,(p*(k)) = p¥(gkg™?). f s € Q — g, € G is
a section for the surjection G — Q, and v(s,t) = p¥(gs9:95;'), then we have
Ys ot = Adv(8,t)vst, and A, (v (s, t)(r, st) = v(r, 8)v(rs,t), as at the beginning
of §2. We assume that {#,~,,v} satisfies Assumption 3.1 of §3; note that by
the results of [17, §5] this hypothesis is satisfied if G is discrete and amenable
(in which case the group H of §3 may be viewed as a subgroup of G), or if the
sequence 1 - K — G — @ — 1 is split and .# is semifinite and injective, and
@ is amenable.

In order to apply the results of §3 and §4 we need

LEMMA 5.1. (a) The von Neumann algebra .#(G) generated by the right
regular representation p€ of G is unitarily equivalent with # X, Q@ under the
map taking pC (k) to ©7(p® (k)) for k € K, and p®(g,) to p*(s) for s € Q;

(b) The map 77 (z) — 7*(z), for x € # and p”(s) — 7P (u2)p“(s) for s€ Q
extends to a unitary equivalence of # X, Q with # x4, Q.

PROOF. (a) If we identify G with K x Q via kg, — (k, s), the associated
unitary (U€)(k,s) = &(kgs) from L%(G) to 1?(Q; L?(K)) conjugates p®(k) to
77 (p¥ (k)) and p%(gs) to p¥(s) for k € K and s € Q.

(b) The map U: 1*(Q; L?(K)) — 1*(Q; L*(K)) given by (U&)(s) = us&(s)
implements the indicated equivalence.

Now, by Theorem 3.8, o€ is (unitarily equivalent with) a representation
which generates I'y°(Ad Lf ); note if C*(G) denotes the group C*-algebra of

https://doi.org/10.1017/51446788700030160 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700030160

[21] Cartan subalgebras 269

G, both p(C*(G)) and #(B) may be viewed as separable, o-weakly dense C*-
subalgebras of I'??(L/), so that if

G ® G
p =/ Pz dp(z)
X

is the decomposition of p¢ over & ® 1, then using the arguments of [18], we
may delete a g-null set from X and assume that pG ~ pg o Fp ~ ty, and that
the intertwining operators between these pairs of representations are precisely
the same—indeed we may choose the auxiliary C*-algebra %/ of §3 so that
& 2 p¥(C*(K)).

We now wish to interpret the results of §3, §4 in terms of K, G, and the Mackey
theory; some care must be taken in this since our results in §3, §4 relate to the
auxiliary twisted covariant system (%, H, o, t), whereas we need interpretation
in terms of the system (C*(K),G,+, 1), where the normal subgroup for 7 is K,
and 7(k) = p¥ (k).

We set G, = {g € G:pz 0oy ~ pg), and note that G,/K = Q, since
Pz ~ Py & Ty ~ Wy; let P = Indgz pz be the (Mackey) induced representation
on L% (G.; #), and j, = Ind§ p, on L% (G; %)

PROPOSITION 5.2. The natural map from ¥.(Gz)' to p-(G) i3 an isoomor-
phism for almost all z.

PROOF. We have unitary equivalences
and
Lk (G: ) ~ 1Y(@Q; %) ~ Ly (N %)

of the form already used; the map in question is just the composition of the
corresponding spatial isomorphisms with the map «, of Theorem 4.1, and the
result follows.

THEOREM 5.3. Letl -+ K —- G — @ — 1 be an ezact sequence of locally
compact second countable groups with Q) discrete, and either G discrete amenable,
or Q amenable, G a split extension, and p® (K)" semifinite injective. Then there
18 a decomposition

K @
po = / Pz du(z)
X

of the right regular representation p* of K such that

(i} the diagonal algebra for the decomposition is a Cartan subalgebra of
K ’
P (K)';
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(ll) lf Gy = {g €EG: 7, ° g ~ 7(‘1-}, e = Ind1G(z Pz and Yz = f(i "/)z,u dl‘z(u)
18 a decomposttion of 1, into irreducibles, then

@
Ind$ n, = / Indg, ¥z,u dpz (u)
Uz

is a decomposition of Ind$. m, into irreducibles;
(iii) every decomposition of Ind?{ wg into irreducibles arises in the manner
described in (ii).

PROOF. By the hypotheses on the sequence 1 - K — G — @ — 1, the sys-
tem {~s,v(3,t);8,t € Q} introduced at the start of §5 satisfies Assumption 3.1;
with the notation already in use, the desired decomposition of p¥ is the one with
diagonal subalgebra &. The assertions (ii) and (iii) follow from the fact (Propo-
sition 5.2) that the natural map, say ¢, from Ind,G(’ p=(Gz)' to Ind?( 7(G), is
an isomorphism, and the observation that if ¢, = Indf';z Pz = f(? Yz u dug(u) is
a decompositon of 1, with diagonal algebra &, then the diagonal subalgebra for
the decompositon p, = Indgz Y = fgi Indg: VYz.u Atz (u) is €4(&).

We note that in the case K is type I and @ is arbitrary, it follows from [11,
Theorem 8.1] that irreducible representations of G restricting to a multiple of
pz (such as 1)) induce to irreducible representations of G, establishing (more
than) half the result. In the other direction, if K is type I and @ discrete, it
follows from [12] that each irreducible decompositon of j; is induced from an
irreducible decomposition of ¥,. Note, however, that it suffices to use repre-
sentations induced from genuine subgroups of G rather than being obliged to
use also representations induced from representations (cocycles) of the “virtual
subgroups” of G arising from the action of G on K, as one might expect from
the analysis in [12] of the irreducibles of G.

We should also point out that any generalization of Theorem 5.3 to non-
discrete groups ¢ will have to contend with the possibility that the groups Q-
need not, in general, be closed. The author believes that if the @, are (almost)
all closed, Theorem 5.3 should remain true, but no complete proof exists.

Also, we note that the cocycles ¢, appearing in Lemma 4.2 are precisely the
Mackey obstruction attached to the representation p, of K—this follows from
the observation that p; o 4, ~ p; if and only if 7, o a5 ~ m, and that if
Advsomy = mz 0, then Adw, 0 p; = p; 0y, Where w, = m,(ul)v,; in addition

wewy = mg(uy)mr(as(uy))vsve
= cg (3, )T (Vs (uf Jusw(s, t))ve
= cz(8,t)pz(¥(8,t))wst,

so the obstruction to extend p;|x to a representation of G; is given by ¢; €
Z*(G./K,T).
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Finally, we note that under the hypothesis of Theorem 5.3, the equivalence
relation (%, u) is hyperfinite by [19] and (3], so that HZ(#, T) = 0. In addition,
if H is amenable, # x, H is also amenable, (as a groupoid), so that so also are
Z NV Q and & = (r,8)(Z# V Q), the equivalence relation generated by # and
the action of H. The analysis of [16, §2] now yields a homomorphism from
& - # VQ, and a decomposition F V Q = & X, .5 where & denotes the
Borel functor z € X — &, = @, with the natural action of .. The description
of H 3 (< v Q) approached in §2 may now be completed via the exact sequence

0— H,(FHy(&,A) » HA(Z VQ;A) — H2(@,A) - 0.

We turn now to some examples. Since discrete groups are never type I unless
they have an abelian subgroup of finite index, and since being type I for a
nontrivial multiplier is even more rare, we restrict attention to the case where
@ is abelian.

Note that if 0 - A — G — @ — 0 is exact, with A abelian, and @ is the
multiplier associated to the extension, then the Mackey multiplier ¢, associated
to the character z € A is just

cz(s,t) = (z71,8(s,t)) on Qz X Q,.

If ¢ is trivial, the corresponding representation 1, = Indﬁ‘ z of G, has com-
mutant which is isomorphic to A(Q)’, and 9, admits a decomposition

[57]
¥ = f pdap,
(e

where G; denotes the group of all characters of G, which extend z on A (which is
isomorphic to Q) and d.p denotes normalized Haar measure on (Qz transferred
to) G.. Note that P = U G, carries a standard Borel structure for which the
natural action of G by conjugation is Borel, using the results of [16]; in this case,
one may also check that £ — d,p provides a Borel field of measure on G..

We know from the previous results of this section that

S r®
[ [ a8, pdepduta)
X JGy

provides a decomposition of pG with Cartan diagonal algebra. We will need
a concrete realization of this fact, as follows. Let % denote the equivalence
relation on UG, coming from the action of G; for each (p,q) € &, we may
choose g = ¢, 4 € G with po Ad g, ¢ = q. Note

9p.q9q,r = WP, q,7)gp,r for some h(p,q,7) € Gpja

and that (p,q,7) — h(p,q,7) is a 2-cycle on & with values in {G,: z € X}. Since
& is hyperfinite, by [3], h is a coboundary and we may assume that g, ;9. = 9p,r
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on @, Let Lz(G) denote the space of the representation Indgz p = p, and
note that for £ € L2(G) and h € Gq|4

€(ga,phg 971) = €(ga.ph9; 90,0997 2)
=gqoAd gq,p(h)§(gq,pgg&:xli)
= p(h)€(9q.p997 )

so that (Up,q€)(g) = €(gq,99; ) defines a unitary from L2(G) to L2(G). Also

(Up,ad(9)Uy ;NG') = €(' 95 p990.p) = (P95 994.0)E)(9"),

so that (gq,p)Up,q is an intertwiner between ¢ and p. In addition, if V,: L2(G) —
12(r=1(p)) is defined by (V,€)(r) = &(gp,r), we have

(Vpﬁ(gq,p)Up,qVq‘f)(r) = (Up,qVq*f)(gp,rgq,p) = (Vq‘f)(gq,pgp,r)
= (V7 §)(9q,r) = &(r) = (L(p, 9)€)(r)
Thus the representations p, = Ad V, o p have the property that Ad L(p,q) o pg =
pq> Where L is the left regular representation of the equivalence relation 7. It

now follows from [13] the diagonal algebra of | ;? Ja, Podzp du(z) is a Cartan
subalgebra.

We now compute the data necessary for the Plancherel formula of [15], using
the representations p,; 1, denotes the characteristic function of g € UG, viewed
as an element of {2(r~!(p)) for any p with (p,q) € . Observe that in our
situation, the groups G, are normal in G and hence constant, G; = Gy, at
least on ergodic components of the action of G on X. Also, we have g, ,gps =
hy(r,8)gp,rg,., for some hy(r,s) € Gpa = Go; in fact b, may be viewed as the
2-cycle naturally attached to the extension

1> Gpa—G—G/Gpa — 1.
for each p. We compute
(Po(9)10)(r) = (Vob(9)Vy 1a)(r) = (V' 19)(9p,r9)-
Thus, when g = k € Gg, we have
(Pp(R)19)(r) = P(gp.rhgps)La(r) = (a(R)1g)(r),

and

(Pp(gp,s)1g)(r) = (thlq)(hp("» 3)9p,fgp,.)
= p(hp(r, 8))14(rgp,s)-
= p(hp(99s,p, 3))1qg.,p (r).
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Thus for ¢ € I1(G) NI3(G). We have

pp(¢)lg = Zp(hp(qgs,zns)) ( Z §(hgp,s)qgs,p(h)) 14g,.,

s~q heGy

= Z p(hp(qgs,;n 3))(p,8§)/\ (Q) lqga,p’

8~q

where (p,s¢)"(q) is, by definiton, 3=, . ¢(gp,sh)q(h), since

Z $(hgp,s)q9s,p(h) = Z ¢(hgp,s)a(9s,0hgp,s)

hE€Go heGo

= Y ¢(gp,5h)q(h).

heGo

Thus ||pp(¢) 14|12 = Ye~q |(p,s$)"(q)[?, since the vectors 1y, , are orthogonal as
8 varies, and p is a character. Note that in fact this quantity is independent of
p with (p, q) € &, and hence

llos ($)1ql1 = Z (0,59 (@1,

8~q

and the Plancherel formula of [15] for G takes the form

l¢lI3 = /x /G S 1) @1 deg di(z),

? (s,9)€F

for ¢ € I}(G)NI%(G). To the author’s knowledge, formulae of this type have not
appeared before.

We note finally that in attempting to apply the analysis of §§2, 3, 4 to exten-
sions of the type

1-G—-G;—-Q,—1

where @Q; is discrete abelian, and G is of the type already considered, that
is, an extension 1 - A — G — Q — 1 with A and @ discrete abelian, one
encounters the problem that the decomposition of p© already displayed might
not have suitable invariance properties under the action of G;——certainly if G,
leaves A invariant, it will conjugate the isotropy groups G, appropriately, and
the analysis carries through. Details are left to the reader. However, in other
situations, we must modify the action of G; by a cocycle which is very difficult
to find explicitly, and the formalism becomes much more difficult to control.
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