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Values of Twisted Tensor L-functions of
Automorphic Forms Over Imaginary
Quadratic Fields

Dominic Lanphier and Howard Skogman
Appendix by Hiroyuki Ochiai

Abstract. Let K be a complex quadratic extension of ) and let Ax denote the adeles of K. We find
special values at all of the critical points of twisted tensor L-functions attached to cohomological cusp-
forms on GL,(Ak) and establish Galois equivariance of the values. To investigate the values, we deter-
mine the archimedean factors of a class of integral representations of these L-functions, thus proving
a conjecture due to Ghate. We also investigate analytic properties of these L-functions, such as their
functional equations.

1 Introduction

Let D > 0 be an integer and let K = Q(y/—D) be a complex quadratic extension
of Q. Let Ak be the adeles of K. Then GL,(Ag) acts on hyperbolic 3-space 3. The
twisted tensor L-function Lr(s, f) attached to a cohomological cuspform f on 93 is
essentially a subseries of the standard L-function of f. As such, it is analogous to
the Asai L-function [2] of a real quadratic extension of Q). A precise definition of
Lr(s, f) is given in Section 3. Analytic properties of Lr(s, f) for certain cuspforms
were studied by Takase [19] and Zhao [20]. Arithmetic properties of the L-functions
studied here were investigated by Ghate in [6,7]. In particular, special values at all
critical integers in the right half of the critical strip were found, and these values were
shown to be consistent with the conjecture of Deligne [3]. The arithmetic results
were generalized to the case where K is a complex quadratic extension of a totally
real number field in [8].

The special values in [6—8] were obtained by studying a certain class of integral
representations of Lr(s, f). The arithmetic properties of the integrals follow from
ideas developed by Hida in [11]. The integrals were not completely determined as
their archimedean factors were not fully computed. However, an explicit form for
these factors was conjectured in [7], and the conjecture was subsequently proved by
H. Ochiai, but not published. We thank the referee for pointing us to Ochiai’s proof,
which now appears as an appendix to this paper. In this paper we study these integral
representations and determine the archimedean factors precisely, consequently giv-
ing a different proof of the conjecture of [7]. This and the functional equation for the
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twisted tensor L-function allow us to extend the special value results of [7] to the re-
maining critical points in the left half of the critical strip in the sense of [3]. Note that
the functional equation in this setting was proved in [6] under the assumptions that
w is odd, v is primitive, and 1 is an extended ideal. Here we include the case when
1y 1s trivial, but only when K has class number 1. We also prove Galois equivariance
of the values and investigate the locations of possible poles of the L-functions. Galois
equivariance can be readily established following [14, 16].

Let Ok denote the integers of K and let 1 C Ok be a nonzero ideal. Let
S8n(To(11), 1) be the space of cuspforms on $; of weight n, level 1 and nebentype
a Hecke character .. The precise definitions of these cuspforms and their adelic
versions are given in Section 2. A cuspform f € 8,(I'z(1), 1) can be realized as
a differential 1-form &(f) on hyperbolic 3-space where ¢ is the Eichler—Shimura—
Harder isomorphism. Then J(f) takes values in a certain sheaf constructed from
an irreducible SL,(K)-module and the restriction §(f)|g, to the complex upper-half
plane $, decomposes into a sum of differential 1-forms on $,. We denote such a
summand as 8,2, (f). An Eisenstein series Ey,_2,,12 on 9, and a pairing (-, -)
of cohomological automorphic forms are defined in Section 3, following [11]. The
Dirichlet character 1y is defined from 1, in Section 3. For i and ¢, the two embed-
dings of K into C, let n = ;i + n.c and v = v;i + v.c where the infinity type of ¢,
is —n — 2v. The main results of this paper are the following integral representations
(first studied in [6]) and the special values of Theorem 1.4.

Theorem 1.1 Let f € 8,(I'o(n),¢n) be a newform and a Hecke eigenfunction and
let

Loo(s —m, f) =
(*l)mﬁ(")zf(gﬂ-n*fﬂﬂ-l) I's+n—m+ DI (s+2n—m+2)

28 1"(%4.%) I'(s+2n—2m+2)

For vy primitive and nontrivial let 0 < m < n, and for 1y trivial let 0 < m < n. For
m=v;+v., (mod2)andw =n+1+v; +v,., we have

/ <52n—2m(f)a E2n—2m+2(5; . 3¢N)> =
To(N)\

\/5$+n—m+w+1l,vi_vc
(2m)st2n+2—m[ (25 + 2n — 2m + 2,1N)

X Loo(s —m, f)Lr(s+n—m+w+1, f).

All of the results here can be generalized to CM fields following [8]. The explicit
integral representations above give the following, which was also shown in [5], and
the w odd case was shown in [6, Section 7.2].

Corollary 1.2 Let f € 8,(Lo(n),¥n) with 1w primitive or trivial. Then Lr(s, f) is
holomorphic for w odd and has at most a simple pole at s = w + 1 for w even.

Theorem 1.3 gives explicit functional equations of Ly (s, f) for odd and even
weights of f, where g(1)y) is a Gauss sum defined in Section 3. This result is proved
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in Section 5. In the following we normalize the cuspform f so that its first Fourier
coefficient is 1, as in [7], and ? is the cuspidal eigenform whose Fourier coefficients
are the complex conjugates of those of f. As discussed in Section 5, we take K to have
class number 1 for simplicity.

Theorem 1.3 Let f and Ly (s, f) be as in Theorem 1.1 and let K have class number 1.
Set € = 0 for w even and € = 1 for w odd and set

ﬁ)sr(s—whs

= . )zf(s—w+n+1)LT(s, .

Arts, ) = (

Then
Ar(s, ) = by (=1) gy )N FAr 2w +1 =5, f),
where ¢ € Q(f, ) and |c| = 1.

The critical points of L7 (s, f) in the sense of [3] are k € [w — n, w] for k odd and
k € [w+ 1,w+ 1+ n] for k even. The result below for ¢y primitive and k even
is essentially the main result of [7], where €2(f) is a canonical period attached to f.
We define Q(f) in Section 3. Here we obtain special value results at the remaining
critical points of L7 (s, f) for ¢y primitive or trivial and 1t principal. We also establish
Galois equivariance for all of the values. The special values follow from Theorem 1.1,
the ideas of Hida in [11], and the functional equation. In the following, Q(f,¥y)
denotes the field ) adjoined the values of the Fourier coefficients of f and the values
of the character v,. Also, Aut(C/Q) denotes the field automorphisms of C, and for
a € Clet a° denote the action of o on a and for f a cuspform let f° denote the action
of o on the Fourier coefficients of f.

Theorem 1.4 Let 1N be primitive and nontrivial and let f € 8,(Io(1), ) be a
normalized newform that is a Hecke eigenfunction. For even k € [w + 1, w + 1 + n] we
have

LT(ka f)
Q(f) g(¢N)(2ﬁi)3k—3W+n+1

and A (f,¥n)” = A1 (f7, %) for o € Aut(C/Q).
Let K have class number 1. For odd k € [w — n, w] we have

Ly(k, f)
Q(f)\/ﬁ(zﬂ—i)kfwﬂﬁl
and A,(f)° = Ay(f7) for o € Aut(C/Q).

In the case that 1y is trivial and m # n, the values hold as above with the factor
a(yN) removed.

Ai(f,¥n) = € Q(f, ¥n)

Ay(f) =

6 (Oz(fv ¢n)

In Section 2 we define the class of automorphic forms that we work with, and in
Section 3 we introduce the integral representations of Lr(s, f) from [6] and [7]. We
prove the conjecture from [7] in Section 4, and this gives Theorem 1.1. We prove
Theorems 1.3 and 1.4 and Corollary 1.2 in the last section.
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2 Automorphic Forms and Differential Forms

In this section we define cuspforms of a complex quadratic extension of ) adelically
and recall the formalism of cohomological automorphic forms following [11]. To a
cuspform on the adelic group we then associate a cuspform on hyperbolic 3-space,
as in [7]. For integral D > 0 let K = Q(y/—D) be a CM extension of Q) with
discriminant —D. Let Ok denote the integers of K. Denote the two embeddings of K
into Cbyi and candletn = n;i+n.c and v = v;i+v.c be formal sums in Z[i, c], where
n;,n. > 0. Let Ag denote the adeles of K and let Jx be the ideles of K. Fix an ideal
n C Ok and let ¢: K*\ Jx — C be a Hecke character with infinity type —n — 2v
whose conductor divides n. Let W(n; + n. + 2,C) be the space of homogeneous
polynomials of degree n; + n. + 2 over C in variables S and T. Let Ok = I1

v prime OV’
Then ¢|6K can be considered to be a character on (O x/ (n)) * and we denote this
character by v,. For a matrix m let m” denote its transpose.

For a function f: GL,(Ax) — W(n; + n. +2,C) and g € GL,(Ag) we have
that f(g) is a function of the variables S and T and so we can write f(g)(S, T). For
o = i,clet D, be the operators from [10, Section 1.3]. That is, D, /4 is a com-
ponent of the Casimir operator in the Lie algebra sl,(C) @g €. For a ring R let
Ur = {( 5 ‘1‘) | u € R}. Let Z denote the center of GL,(Ag), let

To(n) = { (‘CI Z) € GLy,(Og) ’ c=0 (mod n)},

andfor (9%) € To(n) letyy (94) = L 9(dy).
A cuspform of weight (n,v), level 1, and central character 1, is a function
f: GLy,(Ag) — W(n; + n, + 2, C) with the following properties. We have f(vg) =

f(g) for v € GL,(K), f(zg) = ¥n(2)f(g) for z € Zy, and for Voo € [o(11)SUL(C)
we have f(g7700)(S: T) = (%) f(£) (Vo0 (S, T)). Let f be an eigenfunction of the
operators D, as in [10] or [20]. In particular, D, f = (n%/2 + n,)f asin [11]. As f

is a cuspform, we have
/ flug) du =0
Ux\Ua

for all g € GL,(Ak) and where du is Lebesgue measure on Ag. Denote the space of
such cuspforms by 8 y)(11,%,). Following [10, Section 2.3, Corollary 2.2] we can
assume that n; = ., which we denote by n.

Let
| (x =y
553{2()/ x)’xG(C,yG]R{,y>O}

be upper-half hyperbolic 3-space. Fora € Clet 7(a) = ( 82) . Fory = ( g Z) €
SL,(C), the transitive action on $; is given by

(@) = [r@)(@) + (0] [T + ()] .
Let j(v,2) = 7(c)(z) + 7(d). There is a natural embedding $, — 9; given by
x+iy < (3 %). The stabilizer of (§ ') is SU,(C), so we can identify $; with
SL,(C)/SU,(C). The embedding above is compatible with

SL,(R)/SO(R) < SL,(C)/SU,(C).
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A cuspform f € 8,y (11,9y) gives rise to a cuspform on GL,(C) and then on $;
following [7]. Let h be the class number of K and let Ay denote the finite adeles of K.
By strong approximation we have

h
GLy(Ax) = || GLy(K)(§ |) To(WGL,(C)
j=1

for certain a; € Ay, and we can assume that a; = 1. Let a; = a; Ok and let

d
For f € 8(nv)(11,%n), define a cuspform on GL,(C) by F; = f( ( 4 O)g) . Let

01
) T
fi2)(S,T) = Fi(9)j (g, (15") ) (S D),
where g € GL,(C) is chosen so that g( ) ') = z. Then f;: $; = W(2n +2,C) is
well defined, and for v = ( ¢ Z) IS I‘a]. it satisfies

fiya)(S, T) = u(d) fi(2) j(,2)" (S, ).

Thus, f; is a cuspform on £; of weight n, character v, and with respect to I';; and
we denote the space of such cuspforms by 8,(I';,%n). Let dx be the different of
K and let dx € Jg be so that dgOx = (dg). Let |- |y denote the idele norm. Let
W: C* — W(2n+ 2, C) be the Whittaker function

Ly, = { (Z b) EGL2(6K) ‘ a,d € Og, b € qj, cea].’ln, ad — bc = 1}.

2n+2

2n+2 1 S\ ntl—s oo
=S () ) e
a=0

where K, (x) is a modified Bessel function, as in [1, Section 4.5]. Let

ex = [[(ey 0 Trg,/0,) - (0o © Trc/m),

where EV(Z]' civl) = e w5 and oo (x) = ¢2™*_ Then from [11, Theorem 6.1]

for example, a cuspform f as above has a Fourier expansion given by

(2.1) FO3T) =17l D ep(€yd)W (Epso)ex(Ex),

£EKx
where y. is a real place of y. Note that /(- ) can be considered to be a function on
the fractional ideals of K that vanishes outside of the integral ideals. In the sequel we
consider f to be a newform, a Hecke eigenfunction in the sense of [20, Section 4],
and normalized so that ¢/(Ok) = 1.

Let A be a Q(¢/y)-algebra and let L(n, A) be the space of homogeneous polyno-
mials of degree n in x = (X,Y) and degree n in X = (X,Y) with coefficients in
A. Then L(n, A) is a I'y;-module, since for 7y = (et) € T'y; we have vP(X,X) =
Y (d)P(y'X,5TX). Let L(n, A) be the sheaf of locally constant sections of the pro-
jection T'y\ $3 xL(2n +2,A) — Ty, \ 3. The cuspforms on $; contribute to the
cohomology of T'y;\ 95 in degree 1 and let Hy,,(T's;\ 5, L(n, C)) be the cuspidal
cohomology group. This is the subgroup spanned by cuspidal harmonic forms of
the square integral cohomology group; see [11, Section 2] for more details. The co-
homology is computed using the de Rham resolution. As K is complex quadratic,
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there are two isomorphisms 6y, , that generalize the Eichler-Shimura isomorphism
([9, Section 3]). We are interested in

51t Sa(Ta; 1) = Hiy (T, \ 95, L(n, O)),

which realizes cuspforms on $; as differential 1-forms. In the sequel we simply label
01 by 4. The Hecke algebra acts naturally on both spaces above, and the isomorphism
0 is Hecke equivariant. Thus, we can consider 6(f;) to be a differential form on $;
that takes values in the sheaf L(n, C). In [11, Section 2.5] this isomorphism is given
explicitly.

By the Clebsch-Gordan formula there is an injection ®: W (2n+2,C) — L(n,C)®
L(2,C) and we define §(f;)(g) := g - (<I> o fj(g)). As in [7, Section 5.1], d(f;) is
SU,(C)-invariant. Note that the action of g on L(n, C) is as above whereby the action
on L(2, C) is given by gP(A, B) = P(j(g~!, ( (1) Bl) YT=1(A, B)). This notion is made
completely explicit in [6] which we summarize for our applications to the special
value results. From [11, Section 11] we have that, as an SL,(Z)-module, L(n, C) is
not irreducible, and so as SL,(7Z)-modules we have the decompositions

n
L(n,C) = @ L(2n — 2m,C)

m=0
_ nool 0* " N
X = B e (337 ~ or) Px®) x=x

This gives the decomposition
Hclusp(FO(N)\ S517 L(n7 (C)) = @ Hclusp(FO(N)\ S51714(2” —2m, (C)) )
m=0

where
Ty(N) = { (i’ Z) € SL,(2) ‘ c=0 (mod N)}.

Therefore restricting 5(f;) to $,, we have the decomposition

5y = G:;O(Szn—m(fj)-

In the sequel, we fix f; to be fi, and when we consider a cuspform on £; we simply
write f for fi. We let 8,(I'o(1), ¢y) denote the space of cuspforms on $; of weight
n, level 11, and nebentype v,,. Note that for j = 1 we have a; = 1, and so a; = O.
Thus, I'y, = I'g(n), and therefore I'y, N GL; (Q) = I'o(N), where N € Z is the
generator of the ideal nN7Z.

Let f* be a component of f asa W(2n + 2, C)-valued function, so

2n+2

f(Z) _ Z fa(z)SZnJeraTa‘

j=0
Let w(Xa Ya Xv 77A7B) = (7/107 s 7w2n+2)T) where

2¢, — 2ABco—1 + B

(%)

— A
7/}(1(X7Y7X7Y7AaB) = (71)(1
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and

=

(X, Y, X,Y) = (=) ( Z) (’]’) xnkx" I yky!,

Then from [7],

2n+2

— 1 1
3(Pls, () = 30 V7" f @ (=X, VIV, —=XYT, A, —=B).
Z vy f VY Y
Let 5’(];)|55l =(s7) 5(f)|b1 This differential form is simpler than §(f)|g,, as it
amounts to setting x = 0 . This occurs in the evaluation of the relevant integral
representation in [7] and these terms are used to evaluate the archimedean factors,

so we give this differential form explicitly. We have

2n+2

(S/(\/f‘)|551 (Z) = Zfa(z)wa(xv }’Y,X; )’Y7A>B)

a=0

Forz=x+iy € 9, let

fa(z) + (_l)n—m+1—af2n+2—a(z)

(2n+2) a=01,...,n,
@) =19 m “
: 7f (@) a=n+1
2n+2 )
(n+l)
and following [7, Section 5.2] let

(2.2)

atm 0,00 = (1) =05 3 ()
p=0
(o) (sl )+ (amntint ) (sl )

2

im0 = (2)2“1)”‘““‘*1 > (")
p=0
(st ) (il )

Therefore from [7, (24)], for z € $, we have

— 2n—2m n+l
(D@ =% [ (X1 @a(m, () d

(=0 a=0
#2 S @ oy
g4 (@)b(m,l,a) ) dy|y XY
a=0

and52,, wm(f) € Cugp(l“O(N)\Sﬁl,L(Zn 2m, C)).
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3 Integral Representations of the Twisted Tensor L-Function

In this section we recall the integral representations of L7(s, f) developed in [7] and
give a brief overview of their arithmetic properties following [7,11]. We prove Galois
equivariance of the values obtained in [7]. The details of the (partial) evaluations of
these integrals are in 7, Sections 6 and 7].

Let f € 8p(I'o(11), 1y) be a normalized primitive form as in Section 2 and let

YN = Pl - | [FH Q*\AG — C*.

We regard ¥y as a Dirichlet character iy : (Z/NZ)* — C* and note that we define
1N as the inverse z/JIQl of the Dirichlet character in [7]. Let Ly(s,%y) denote the
Dirichlet L-function attached to ¥y. The twisted tensor L-function is defined by

cr(k)
ks

Ly(s, f) = Ln(2s = 2w, 0hn) )
k=1

where the coefficients c(k) are from (2.1). The L-function has an Euler product of
the form Lr(s, f) = Hp prime L, (s, f) where

LP(S, f)_l =
(I = apagp™)(1 — apBpp )1 — Bpagp™*)(1 — ByBsp™") p = pD,
(1 = app™*)(1 = ula(p)p™ )1 = Bop ™) p=m,
(1= agp™) (1 = ¢hu(P)p™ (1 = B3p™) p=v.

The L-function Lt (s, f) has a meromorphic continuation and functional equation
from [20]. All critical values of Lr(s, f) in the right half of the critical strip were
treated in [7]. Further, a functional equation was proved in [6, Theorem 7.2], and a
motivic interpretation of L1 (s, f) was given in [7].

For z € $, consider the Eisenstein series

Ern—omi2 (5; 2, wN) = Z wN(d) J’SW,

(cz+ d)?—2m+2|cz + d|?s
(48) era\ro

where w = (X — 2Y)*?"dzand I'o, = {( }#) | n € Z}. The relevant arithmetic
properties of these Eisenstein series are summarized in [11, Section 10]. From [11,
Equation 3.1b], for a )-algebra A we consider the pairing

(-, ): L(n,A) @ L(n,A) — A
defined by

<[z:% XY /z:%) b[aner> - ﬁz:%(—l)éazbn—tz (Z) 71.

From [11], the pairing is SL,(7Z)-invariant and it follows that
(Oan—2m(f); Ean—amia(s, -, UN))
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is an integrable function on T'o(N)\ ©,. The main objects of investigation in [6,7] are
the integrals of these functions. In particular, the following integral representation
was determined.

Theorem 3.1 ([7, Equation (29)]) Form =wv;+v, (mod 2),w =n+1+4+v;+v,
and 1y primitive or trivial we have

(3.1) / (Sanam(F)s Exnamsas, -, x))
To(N)\ 9,

\/Bs+n7m+w+livi7w
T Qm) ML (25 + 21 — 2m + 2, )
X Loo(s —m, f)Lr(s+n—m+w+1, f),

where
(32) Loo(s—m, f) =
Zirz C(m7a)r(s+n+1—m+a)r(s+3n+3—m—a)
2 2
a=0
a=n+1+m (mod 2)
and

(—1)n+1 2n—2m
> it (alm, 0 —1,0) = 2b(m, £, ).

(=0
{ even

c(m,a) =

The archimedean factors Lo, (s — m, f) were not computed in [7]. However, the
following conjecture was formulated.

Conjecture 3.2 ([7, Conjecture 1]) Lete € {0,1} beso thate = n+1+m (mod 2).
Then

Loo(s —m, f) = Cum 'Pn,m(s) :

I'(s+2n—m+2) F(s+n+1—m+e)2
I(s+2n—2m+2) 2 ’

where

Pum(s) =(s+1)(s+3)(s+5)---(s+n—m—¢)

s s s n—m-—1—e€
X (7+nfm)(f+nfm71) ~~~<7+n7m77>
2 2 2 2

is a polynomial in s and
(=)™ - n?
m!2 - P, n(0) - <%—1+6) 12

Letc,, = (—=1)" and P, ,(s) = 1.

Com =

Note that a footnote on [7, p. 630] states that Conjecture 3.2 was subsequently
proven by H. Ochiai. However, the proof does not appear in the literature. Therefore,
we provide Ochiai’s proof in the appendix as well as our alternate proof in Section 4.
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Using well-known properties of the gamma function, for m # n we can rewrite
this conjecture as

LOO(S*m,f):
(—l)mﬁ(;)zf(%-i-ﬂ—m-i-l) I(s+n—m+1)I(s+2n—m+2)
25 I‘(%+%) T'(s+2n—2m+2) ’

Note that restricting this expression to the m = n case we get

(~1)"/aT($+1)D(s+ DI (s+n+2)
z I(5+3)T(s+2) '

Multiplying the top and bottom of the latter expression by F( % + 1) , applying the
duplication formula F(x)F( x+ %) = /m2!7>*T'(2x) in the denominator, and sim-
plifying gives
(—1)'T(s+n+2)0(5+1)"

Lools=m f) = T(s+2)
These are the factors suggested by Conjecture 3.2 in the m = n case. Also note that,
using our notation, the Lo, (s—m, f) factor here differs by the factor I'(s+2n—2m+2)
from the same symbol employed in [7].

Although the archimedean factors were not completely determined, the integral
was explicit enough to determine some arithmetic properties of L7 (s, f) in the fol-
lowing way. For m C Ok let T(m) be a Hecke operator as in [20, Section 4] and
then T(m)f = Ar(T(m))f, where Af is the Hecke algebra character corresponding
to f. Let E = Q(f, t¥n). From [11, Section 8] we have the rank-1 free modules over
E given by

Sa(To(m), )\ = - f
Heup(To(W)\ 93, L(n, E)) [Af] = E - 0(f),

where 7(f) is a rational Hecke eigen-differential form. From the Eichler-Shimura
isomorphism  we can define a period Q5 (f) by 6(f) = Q) (f)n(f). Note that
the period depends on the choice of basis of the above cohomology group. However,
the period is independent of the basis up to multiplication by a nonzero element of
E. As the arithmetic results of Theorem 1.4 are only determined up to multiplication
by such an element, we can denote the period simply by £2(f). As in Section 2 we

have the decomposition of the restriction to 9, 7(f)|s, = @2:0 Mn—2m(f), where
we have the rational forms

Mon—2m(f) € Hlyp (To(N\ 1,121 — 2m, E)).
Thus, we have §,,—2,(f) = Q(f)2n—2m(f), and so

L(f,iby) = / oo (F)s Eonamin(0, 1))

To(N\ 9,

= Q(f) <7]2n—2m(f)aE2n—2m+2(07 : 7¢N)>'
To(N)\ §,
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The arithmeticity of the latter integral basically follows from [11, Equation 5.3].
From [7, Lemma 5], and [11, Equation 5.3], composing the cup product with the
pairing ( -, - ) maps

(3.3) Hlop(To(N)\ 91, L(2n — 2m, E)) @ H'(To(N)\ 91, L(2n — 2m, E))

to H2(Ly(N)\ 91, E), where H? means those forms with compact support. By defi-
nition, we have 1,2 (f) € Hclusp(I‘o(N)\ 91, L(2n — 2m, E)) and from [7, Propo-
sition 4] we have

Exnams2(0,2,¢y) € H' (To(N)\ $1,L(2n — 2m, E)).
It follows that
<772n—2m(f)7E2n—2m+2(0; : ,7/1N)> € HCZ(FO(N)\ 5517E) )

and therefore we have the arithmetic result

L(f,¥n) = / {an—2m(f)s Ean—am+2(0, -, ¥bn)) € E.
To(N)\ 9,

We then obtain arithmetic results on certain values of Lr(s, f) from integral (3.1),
assuming the nonvanishing of the integral. The nonvanishing was shown in [7] by
indirect methods using an argument due to Hida. Of course, it follows trivially from
Conjecture 3.2. Given Lo, (—m, f) # 0, the special value results of [7] (and some
of the results of Theorem 1.4) are obtained as follows. Recall that for k even and ¢y
a primitive even Dirichlet character we have Ly(k, ¢¥n)/ % g(hy) € Q(y), where
alyn) =3, (mod N) 1/JN(a)62”i“/N is a Gauss sum. For vy primitive and nontriv-
ial, the integral representation of Theorem 1.1 gives the first special values result of
Theorem 1.4 directly, and this is the main result of [7].

To obtain Galois equivariance of the values, we first establish Galois equivariance
of the integrals I, (f, ¢n). The equivariance essentially follows, because the cohomo-
logical pairing is equivariant.

Lemma 3.3 Foro € Aut(C/Q), we have L(f,¥n)’ = L(f%,¥%).

Proof The pairing of (3.3) is obtained by cup product and (-, - ), which induces
Poincaré duality on cohomology. From [14] such a pairing is Galois equivariant, so
we have

<772n—2m(f)aE2n—2m+2(07 ) 7¢N)>U = <7]2n—2m(f)gaE2n—2m+2(07 : 77/’N)U> .

From the definition of the Eisenstein series we have
Ern—ami2(0, -, 9N)” = Easu—ame2(0, -, 9%,

and from the rational structure defining 1,,—2,(f) we have

7]2n—2m(f)” = 772n—2m(f”)-

From [16, Section 3], by the definition of the action of o on de Rham cohomology
classes, for any w € H?(m,C) we have ( [,,w) 7 = Jyyw?. As the integrand of
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L(f,¥n)isin HX(To(N)\ 91, E), we can put all of these results together and compute

g

L(f,¢¥Nn)7 = </r( s (2n—2m(f); Ean—2m2(0, 'J/JN)>>
o(N 1
=/ (M2n—2m(f)s Ban—2m2 (0, - )
To(N\ §,
:/ (Man—2m()7, Ean—am2(0, -, 1bn)7)
To(N)\ $,

- / (o) Eanomn 0, - 050)) = L(f745).
To(N)\ 9,

Therefore, from Lemma 3.3,

L{f7,4%)

(Il(f, ¥N)
Q(f7)

3 ) = L(f,¥n)7 = L(f7,¢¥5) =
Thus, we obtain Galois equivariance for the special values of L1 (s, f) at the even
critical points. For ¢y trivial we have Ly (s, ¥n) = ((s) HP‘N(I —p7). As C(k)/7rk €
Q for k even, then from the integral representation of Theorem 1.1 and the functional
equation of Theorem 1.3 (proved in Section 5) we get the special values at the odd
critical points as in Theorem 1.4. Galois equivariance follows as above. The proof of
Theorem 1.1 is completed in the following section.

4 Hypergeometric Series and Archimedean Factors

In the sequel we fix n and m for a given f. The main result of this section is the
following theorem.

Theorem 4.1 Conjecture 3.2 is true.

Applying this result to Theorem 3.1 we get Theorem 1.1. As an immediate conse-
quence we have that

Loo(—m, f) = (_1)mﬁw £0

m!2 (2n —2m+1)!

Although somewhat lengthy, the proof does not require deep machinery but fol-
lows from adroit use of gamma function and hypergeometric series identities. We
evaluate

2n+2

(4.1) Z C(m,a)F(s+n—r;z+1+a)r<s+3n—rzn+3—a)

a=0
a=n+1+m (mod 2)
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using notation similar to that of [7, (30)]. Note thatas @ = n+ 1+ m (mod 2),
3n —m+ o + 1is even. Setting £ = 27, from (2.2) and (3.2) we can write

c(m, )
(_1)n+l n—m j ) )
— 5 Z(—l) (a(m, 2j—1,a) — 2b(m,2],oe))
j=0

- S [ Sr() ((etia ) (st )

j=0 2

n ( n—m ) ( n—m )
n—m—2j—l+a 3n—3m—2j+3—«
——— — D ———— *+p

2 2

n—m n—m
+2(n—m—§j+a—l _p) (3n 3m— 2] atl +P)

Note that o has the same parity as n+m+ 1 and so the sameasn —m+1,n —m— 1,
3n — 3m + 1, and 3n — 3m + 3. Switching summations, applying the Vandermonde
convolution ZTZO (aﬂ\:].) (hlj ].) = (a +h) and then ( )+ (alj 1) = (N ﬂ) three times each
to the expression for c(m, o), we get that (4.1) is

2n+2 3n— mmn
(AN DR 2< or(") (32

a=0
a=n+1+m (mod 2)

F(s+n—r;z+a+1>F(s+3n—r2n—a+3>.

Note that this is [6, (6.5)].
For simplicity, we make the substitution o« = 23 + €. Thus, (4.1) is

SV () ()

XF(n_m+l+€+£+5)F(3n_m+3_6+i—ﬁ).
2 2 2 2

Let s € C so that Re(s) < —2(n — m) — 1. From the reflection formula

FEIr =) = sin(xm)

we can write

F(n—m+1+e+i+ﬂ>_ T 1
2 ) TR L ) (e g
For a € Z we have sin((x+a)m) = (—1)?sin(x7), and thus the summation in (4.2) is
1)” m+1+r n+l—e m n—2m+2 1—\(3n+3—m—( + s _6)
)4 2 2
43 Sy 2 () (Gl ) ey

Sln =0 p=0
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Note that —%‘He — RET(S) > 0, and so (4.3) is

(4.4)
( l)n mtlte nt+l—e M —2m+2 F(3n+3;m € 4 % _ﬁ)
sm Z( Y ( ) /3;0(25-%62]))1“(_"’”21%_;_5)
)n SRt e 2n—2m+2 1—\(73n+3—m €43 _5)
B sm Z( e ( ) SZ_p (25*‘672])) F(_@ _2 ﬁ)
_ )" Ea s "2 — 2m+ 2
B sin ( Z( 1)P( ) g ( 2B8+¢€ )
y F(3n+3;m € % B p)
F(—n7m271+6 _ 6 p)

B %‘rlﬂ n+l—e—m _ m
SRS ) S

5=0

X

F( 3n+3;m € % ﬂ p)
-B-

F(_n—m2—1+s _ P) !

The inner sum of (4.4) can be written

3nt+3—m—e _

u I( +5-8-p)
(4.5) —nr(" 2 Y2 =
p;) (P) D(—t=mdic s —B—p)

m!Z(—l)P (25 =5 p) .
S plm— p)T(—"=e — 5 — B p)

Recall that for p € Z>, the Pochhammer symbol is (a), = I'(a + p)/I'(a). A
hypergeometric series is defined by

 (a1)p - (am)p xP
mEa(ar, ...,am; by, ..., by x) = —_—t =
(a1 1 ) Z:; (bl)p"'(bn)p p!

If one of the factors in the numerators of the terms in the summand is (—a), for —a

a negative integer and none of the factors in the denominators is the Pochhammer

symbol of a negative integer, then the index of such a sum will range from 0 to a.
We have

(=DPT(a+1)

Fa+1—-p) = a)
)4
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Applying this and simplifying, we can rewrite (4.5) as

I‘( 3n+35m75 +5— 5) zm: (,m)p(%ﬂJre +3 +5)p
1‘\( —n+n;+1—s _ % _ 6) prt (_3n+1—m—€

2 _%+6)pp!.

The factor (—m), is in the numerator, and it follows that the summation above can
be expressed as an , F;-hypergeometric series. Thus, (4.5) is

3n43—m—
(46) (n+2m 6_1_%7/8)
: F(—n+m+1—s_§_ﬁ)
2 2
n—m+1l+e s 3n+l—m—e s
F(— et -t — =+ ;1).
A 2 P 2 2 tP

Gauss’s Theorem for ,F,-hypergeometric series, from [1, Theorem 2.2.2, p. 66]
for example, states that for Re(¢c — a — b) > 0 we have

I'e)'(c—a—>b)
4.7 F b; ;1 = -
(4.7) 2Fi(a, b;c1) T(c—al(c—b)
Takinga = —m, b = %ﬂﬂ +5+Bandc = _ 3ntl—m—c

— 5 + 3 we see that

c—a—b=—-2n+2m—1—Re(s) > 0 by our condition on s. Thus, (4.7) applies to
(4.6), and we get

(3n+3—m—s

(4.8) T+ 5= B)T _%—%‘Fﬁ)r(—Zn-i—Zm—l—s).
F(%HE_%_ )F(%—é‘*ﬁ)r(—%ﬂ—m—l—s)
The reflection identity gives
EAEELEUNERP I A2 S R G
P ’ ’ sn(37)

and therefore (4.8) is

(—1) "5 (—2n+2m — 1 — )
S

sin($m) [(=mtmtlee — s g)T(2emlic — s 4 BT (—2n+m—1—s)
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Applying this to (4.3) we get
(4.9)
I(=2n+2m—1—s) (=1)"n?
I(—2n+m—1—y5) sinz( %w)
n+l—e—m
g(2n—2m+2 1
X Z (_1)d< ) —ntm+l—e s —3n+3m—1+¢ s
= 25+¢ ) (= = - )T (=g — 1+ 5)
I(—2n+2m—1-— —1)"m?
= (Z2n+2m S)(Zn—2m+2)!(.2i
I'(-2n+m—1-—5) sin (%7‘(‘)

n+l—e—m

1
_1\8
x > Y orr a3 o

=0 x T(=tgelas — 5 — g) I (=2mplc — 5 4 )

AsT(a+B) =T(a)(a)g, wehave I'2B +e+1) =T (e+ 1)(e+1)3 = (e + 1)1
also

F(—3n+3m—1+e_£+6)
2 2

7F(—3n+3m—1+e s>(—3n+3m—1+e 5)
]

2 2 2 2
F<7n+m+1767575) B (—1)/T(=mti=c _ 3
2

2 (),

(—D)*Ir'2n —2m+3 —¢)
(=2n+2m—2+¢€)y

I'Cn—2m+3—¢e—2p8) =

Thus, (4.9) is

and

(4.10) (—=1)"n? IN(—2n+2m—1—35)'Q2n—2m+3)
’ sinz(%ﬂ') F(—2n+m—1—s)l"(2n—2m+3—€)1—‘(%ﬂ_‘—%)
X F( 73n+32m71+6 _ %)

MM (—2n 4 2m — 2+ €)yp ( BEHEE 1 5)

= (6 + 1)2/3( 73n+32mfl+e _ g) 5

X

As (a)ys = 22“3(§)[ () > We have

=2 () (5, (1) 0
1
2

(—2n+2m—2+6)23:22/5<—n+m—1+§)3(—n+m—
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Thus, we can rewrite (4.10) as

(=1)mr? N(—2n+2m—1—sT'Q2n—2m+3)
s1n( )F( 2n+m—1—)I'2n—2m+3 —¢)
X F( —n+rg+1 € _ %)1—\( —3n+3m I+e

S

2

”—m“_f(fnﬁ-mflﬁ-g)/( n+m7—+§) (
N

3) 50

(€+ %)6(73n+3m I+e

)

m+l+e %) 5

X
5=0

Ife =0, then (—n+m — 1)g = (—n+m — 1 + €) is in the numerators of the terms
of the above summand, and if e = 1, then (—n +m)g = (—n+m — 1 + €)g is in
the numerators. The denominators of the terms of the summand do not have factors
of the form (b;)g with b; a negative integer. As the index 3 already ranges from 0 to
n—m+ 1 — ¢, it follows that the above sum can be written as a 3 F,-hypergeometric
series. So (4.10) is

(—=1)"mm? I'(=2n+2m—1-35I'2n—2m+3)
n( )F( 2n+m—1—)I'2n—2m+3 —¢)
% F( —n+rg+1 € _ i)l—\( —3n+3m—1l+e __ i)

(4.11)

2 2 2
€ 1 en—m+1l+e s
$GER(—n+m—1+-,—n+m— -+ -, ———— + =3
2 2 2 2 2
1 -3n+3m—1+€¢ s
et —, - = 1) .
2 2 2
From [1, (2.2.11), p. 72] for example, Dixon’s identity gives that for Re( %+b+c+1) >

0 we have

(4.12) 3F(a,—b,—ca+b+1l,a+c+151) =
L(4+1)T(a+b+DIa+c+ DI ($+b+c+1)
Fa+DI(4+b+1)D(¢+c+1)T(a+b+c+1)

Note that by the reflection identity, for x, y > 0 we have

I'(—x) T(y+1)sin(mx)
I(—y) T(x+1)sin(ry)’

The latter expression can have proper Values for integral x and y. Therefore in the
sequel we abuse notation and write ) for x, y € Z-o. We distinguish the cases

e—OandE—l.Fore—Oleta——rrl-f—m—lb—n—m+2,and6—”Jrfm1 3
Then (4.12) applies to (4.11), and in this case (4.11) becomes
(—1)"n? L(—2n+2m—1—9sIT'2n—2m+3)
sm( )I‘( 2n+m—1—5)1"(2n—2m+3)f‘(m—%)F(%—%)
P(==+ YT () (== = 3T —5)
D(—n+mD(2 -2+ )T (—n+m— 5T (=22 —35)

https://doi.org/10.4153/CJM-2013-047-5 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2013-047-5

Values of Twisted Tensor L-functions 1095

Fore =1leta = —n+m,b:n—m+%,andc: %’"‘2 — %.Asabove, (4.12)
applies to (4.11) in this case also. We get
(=1)"7? D(—2n+2m—1—3sT02n—2m+3)
sinz(%ﬂ) D(—2n+m—1—s'(2n—2m+2)( =22 — 5) (=L _ )
(=52 +)0(3)T(=52" - 5)T(5—5) .
D(—n+m+ DI ( 2T (—n+m — §)T( =2t — 5)

We can put these cases together and get that (4.3) is equal to

(—1)"x? D(—2n+2m—1—sL'(2n—2m+3)
sinz(%w) I'(—2n+m—1-—3s5)I'Rn—2m+3—¢)

X F( —n+r;+l—e _ %) F( —3n+32m—1+e _ %)

(4.13)

(=gt T+  T(=ptee — T4 - 9)

2
D(—n+m+ el () T (—n+m — §) D (=bme — £)
It is a matter of using common gamma function identities to show that replacing the
summation in (4.2) with (4.13) yields the result. For completeness, we give an outline
of these simplifications. Applying the reflection identity several times as necessary
gives the identities

(=1)"r?

sinz(éw)f‘( —n+n;+1—s _ %)F< —3n+32m—1+s _ %)

n—m+1+e S)F(3n73m+376+5>F(72n+2m7175)
2

:(71)@( 2 3 2 [(—2n+m—1—5)

_(=D"T(s+2n—m+2) T(=2e=tic — HP(3 - 3)

L3 4n—ms D[+ 2)

IR

Also, from the reflection identity we have
T ( —nt+mtl+te )

2 — (—
I'(—n+m+e) =D

n—mi—e I'(n—m+1—¢)
: F( n7m+175)
2

Applying these to (4.13) and simplifying, we get

vwae T(n—m+1—¢) T(3+€¢) T@n—2m+3)
(4.14) (=1) 2 F( n—m;l—e) F( n—mz+2+e) T(2n—2m+3—¢)
D(s+2n —m+2)T (5 + 2= (5 4 2ombiec)
I‘(s+2n—2m+2)F(§+%) )
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Applying the duplication formula I'(x)I' (x+1) = /72! 72T (2x) gives the identities

F(£+n—m+1+e)r(i+n—m+2—e) _ Vil(s+n—m+1)

2 2 2 2 25tn—m

F(n—m+1—e)r(n—m+2+e) _Valn—m+1—e)(n—m+ 1)
2 2 - on—m '

Putting these into (4.14) and simplifying, we get that (4.3) is

n— m+1 €

(-5  T(i+¢T2n—2m+3)
251 I'n—2m+3—¢e)(n—m+1)°
F(s+n—m+1)F(s+2n—m+2)F(§+n—m+1)

I'(s+2n—2m+2) I‘(%+%)

(4.15)

( +s) T'(2n—2m+3)
m+1)C(2n—2m+3—e) ~

Loo(s —m, f) =
(*l)m\/%(,Z)zF@%-ﬂ—m-i-l) Ps+n—m+1I(s+2n—m+2)

s F(%+%) T'(s+2n—2m+2)

We now apply .- = /7 to (4.15) and get

This holds for s € C with real part less than —2(n — m) — 1. Meromorphically
continuing this to all s € € proves Theorem 4.1.

5 Applications to Values and Poles of L (s, f)

In this section we apply the exact integral representations of Theorem 1.1 to prove
explicit functional equations of the L-functions. From the functional equations we
get special value results at critical points of L1 (s, ) not studied in [7]. We also study
the poles of Ly (s, f) and prove Corollary 1.2.

Following [18], for o > 0 let

Ha(s, z, wN) — 7.[.—51'\(5))/5 Z 'l/)N( )(mNZ + }’l)

Mg |mNz + n|>’
(m,n)#(0,0)

This series is absolutely convergent for Re(s) > ¢ +1. The o = 0 case of the following
result is [20, Lemma 2.6].

Lemma 5.1 Ifa > 0, then H,(s,z,1N) can be continued to an entire function in
seC
If 1 is primitive, then

H(y(a +1-— S, 2, wN) = 7#N(_l) g(¢N)N35_a_2ZQH(y(5a %7%1\!) .
Iwa = 1y, then

—1
Ha(a +1-— S, 2, IN) = (_l)a+1N35_a_2ZGH(!(57 N77 IN) .
z
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Proof For vy primitive the result follows from [18, Lemma 3.3]. We modify that
proof for the case ¢y = 1y. Following [18, (1)] we define

fa(t,z, (p’ q)) _ Z (mz + n)uefﬂ't\mZJrnP/Nzy
(m,n)=(p,q) (mod N)

_ (_N)at—a—l Z eZm‘(qm—pn}/N(mZ + n)ae—ﬂ|mz+n|2/yt
(m,n)€7?

— (_N)at—a'—l Z eZm’(qa—pb)/Nfa(I\ﬂt—l’Z’ (a, b)) )
(a,b) (mod N)

Let 10 (t,2, (p, @) = Yoy ¥n(K)éa(t, 2, k(p, ). Then

na(t_laza (pa Q))

N
— NS ) S0 @) ¢ (N2 2 (a,1)

k=1 (a,b) (mod N)

N
= (NS RN N P(qa — ph)ea (Nt 2, (a, b))

k=1 (a,b) (mod N)

by replacing k(qa — pb) with k. Now, sz\r:l P (k)N = g(4hy) for thy primitive
and —1 for ¢ trivial. In the latter case we have

o (7,2, (p, @) = —(=N)“**! > £a(N*t,2,(a, b)) .
(a,b) (mod N)
(qa—pb)#0 (mod N)

From [18, (4)], for « > 0 or N > 1 we have

° N-1 .
/ mo(£,2,(0 D) 6 de = N¥T T Yy Y
’ k=1

= N®H,(s,z, 1y).

From [18, (5)] we have that |7, (¢, z, (p, q))| is less than or equal to Me~“ fort > 1,
and less than or equal to M't~*~'e=* for t < 1, where M, M’, ¢, ¢ depend only on
z, p, q. Splitting the above integral into integrals over (0, 1) and (1, c0), the inequal-
ities show that the integral above converges for all s € C. Thus, H,(s, z, 1y) is entire
fora > 0. As

/ Ea(N*t,z, (a, b)) dt = Z (mz + n)® / e~ mHmztnl*/yys—=1 gy
0 0

(m,n)=(a,b) (mod N)

=7 T(s)y’ Z tme 4 n)°

|mz + n|?’
(m,n)=(a,b) (mod N)

https://doi.org/10.4153/CJM-2013-047-5 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2013-047-5

1098 D. Lanphier, H. Skogman, and H. Ochiai

we have

(5.1) N2OH=IH (0 +1—35,2,1N)

B / Na(t,z,(0,1))t" " dt
0

- / na(t",2, (0, 1) dt
0

(mz + n)“
|mz + n|?’

= —(-N)*7"T()y" > 1x(m)

(mm)€72 —{(0,0)}

From a direct computation,

1 I s —a (nz +m)®
Hn (S, m, IN) =1N F(S)y z Z IN(T’I)W
(mn)ez? —{(0,0)}

Thus, (5.1) is (—1)*"'N**z*H, (s, 7%, 1n) . [ ]
Following [15, equation 7.2.62] we have

g 62 =2m DD (64 2y — 2m 4+ 2)2LN (25 + 21 — 2m + 2, UN) Ean—amia (s, 2, UN)

1 _
(52) = WHanhrﬁ—Z(s +2n—2m+ 27 Z, wN) s W,
where w = (X — zY)?" 2" dz as in Section 3. From Theorem 1.1 and Lemma 5.1 it

follows that
I’(%+n—m+1)F(s+n—m+1)F(s+2n—m+2)
TG

2 2

Lr(s+w+n—m+1,f)

is holomorphic for all s € C, where w = n + 1 + v; + v.. Therefore the only possible
poles of Ly (s+w+n—m+1, f) occur where s < —1 is an odd integer. Because of the
gamma functions in the numerator above, any pole must also satisfy s > —(n—m-+1).
For w odd, as m and v; + v, have the same parity, we can put m = n, and so the
conditions s < —land s > —(n—m+ 1) imply that Lr(s+w+ 1, f) is holomorphic.
For w even we put m = n — 1 and this gives the conditions s < —1 and s > —2. So
the only possible pole of L+(s + w + 2, f) is at s = —1. This gives Corollary 1.2.

The functional equation for the w odd case is also obtained in [6, Section 7.2].
Note that from Section 2 we are considering only one component f; (which we label
f), arising from strong approximation, of the cuspform on $;. So we need to obtain
a functional equation for each component. Therefore, for simplicity, we assume that
there is only one such component, and so we require K to have class number 1. For
m = n, from (5.2) and the integral representations of Theorem 1.1,

1 _
53 [ AW 2.2 0 d2) =

(71)712\/BS+W+11'V1*V:
(27T)S+n+2ﬂ-s+2

2
Xr(§+1) Ps+n+2)Lr(s+w+1,f),
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andform=n—1,

1 _ D\
G [ B 2 (X ) de) =

(_l)n—ln2\/Bs+W+21’Vi—Vc I(:+ 1)21"(s+3)1"(s+n+ 1)
(27T)s+n+3,ﬂ-5+4 F(S + 1)

Lr(s+w+2,f).

For f € 8,(To(n), ¢n) let f'(g) = Jn(detg)f(g( S 7)1 ) ) , where v is a finite idele
so that v Og = n. As in [6, Proposition 3] we have f’ € 8,(I'y(n),%,,). Following
[6], for f a normalized newform that is an eigenfunction of the Hecke operators
(as in [20, Section 4]), we have f' = c?, where |[c| = 1, ¢ € E, and ? has Fourier

coefficients c(m, f) = c(m, f). Following [6, Section 3] for v = ( % ') we have

YV O(f) = 0(fory) = N—(n+k+v,+w)z—k§k(f/) _ CN—(n+k+Vi+V[)Z_k6k(?),

From Lemma 3.3, for ¢y primitive or trivial we have the functional equations

(55 Hls+2.2,0) = n(-DaWwN 28, (15,2

(56)  Hils+4,2,0n) = dn(-DaWnN 2, (1 -5 .7y,
—1

(5.7) Hy(s+2,7 1y) = —N‘35—122H2<1 —S,E,IN),

1
(58)  Hy(s+4,%1y) = —N_35_3Z4H4<1 s 1N) .
z

From the functional equation (5.5) we have

1 _
59 [ (o 2T i ) =

-2 _ .
NN [ (o) S s ) )

To(N)\ 9,

Fory = ( v ’01) we make the substitution vz = ;]—i for z, and (5.9) becomes

Un( D8NS [ (8, S - 5.2, de)

1
To(N)\ 9, "’
_ 1 _
_ _ —3s—w—1 - .=
= el aEIN [ (52 T )

= CwN(*l) g(d)N)N*—”wafl (_1)712\/5_ 1:'1'*1/[
Q)i

x r(?) T+ 1—)Lr(w—s, 7).
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Applying this to (5.3) and substituting s with s — w — 1 gives the functional equation
of Theorem 1.3 for w odd. In a similar way we apply (5.6) to (5.4) and get

cn(—1) glehy) N~ /
To(N)\ 9,

5 (_Dn—lnz\/ﬁw_s_liwfvc
(27‘(’)"_57'('1_5

(8:7). SiHi(1 = 5.2 )0~ 2Y ) dz)

= cpn(=1) g(hn)N"*7"

T(=1=)"T(=s)T(n—2 —s)
I'(—=s—2)
Making the substitution s with s — w — 2 and simplifying by applying the reflec-
tion identity twice gives the functional equation of Theorem 1.3 for w even. Note
that normalizing the functional equations to be with respect to the transformation
s <> 1 — s, the Langlands parameters for the archimedean factors are €/2, ¢/2, n/2,
(n+1)/2; see [13].

For ¢y = 1y, we apply (5.7) and (5.8) to integral representations that are entirely
analogous to (5.3) and (5.4) for that case. The functional equations are of the same
form as that of Theorem 1.3 but with the factors 1) (—1) g(¢)y) removed. A direct
application of Theorem 1.3 to the special values of L1 (s, f) at the even critical points
gives the special values at the odd critical points. Galois equivariance of the values
follows as in Section 3. This proves Theorem 1.4.

Lr(w—1—5,f).

Appendix A

A Product Formula for the Gamma Factor

Hiroyuki Ochiai

Abstract. 'We give a product formula of the Gamma factor arising from the study of the twisted tensor
L-function of a cuspidal automorphic form on the imaginary quadratic field.

A.1 Introduction

The twisted tensor L-function [2,4,20]

G(s, f) = L(s) > _ Clm, fym™*
m=1
is a Dirichlet series, up to an explicit normalizing factor L(s), attached to a cuspidal
automorphic form f over K, a quadratic extension of a number field. It is important
to study the arithmetic property of critical values of the L-function G(s, f). In the
case of Hilbert modular forms, this property has been discussed by Shimura [17].
On the other hand, E. Ghate considers the arithmeticity of the L-function G(s, f) in
imaginary quadratic case. He introduces a function G (s, f) defined by

Goo(s, f) =T(s+2n—2m+2)G. (s, f),
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with
(A.1)
pay stn—m+l+a s+3n+3—m—a
' _
G (s, f) = ; c(m,a)r( . )r( . )

a=n+1+m(2)

where the coefficients ¢(m, ) are given in (A.2). It has been shown that the product
function G (s, f)G(s + jo, f) is expressed by means of the Rankin-Selberg integral,
where the integer jj is explicitly given by the cusp form f. Hence, in order to prove
the arithmetic property that the critical value G(jo, f) is an algebraic number times
a “period” of the form f, it is sufficient to prove the non-vanishing of G, (s, f) at
s=0.

In this appendix, we give a product representation of the function G (s, f). This
representation completely describes the zeros of G (s, f). Using Theorem A.1, we
also show that G (0, f) does not vanish and that [7, Conjecture 1] by Ghate holds.

A.2 Main Result

We recall the definition of the constant c(m, ) appearing in (A.1),
(—1)m1 2n=2m

5 > il(a(m, I—1—a)—2b(m,l, a))

1=0,even
( )n+l

[ Z D¥a(m, 2k — 1,0) — 2 Z 1)*b(m, 2k a)}

(A2) c(m,a) =

(A3) atm,1a) = (1) (o ”C”Z( D (o)

% ( n—m ) + ( n—m ) ( n—m ) :|
3n—3m—I—a . n—m—lHa—2 . 3n—3m—I—a+2 : )
2 t 2 - 2 t

(A4) bim, o) = (:1) 2(_1)%(n—m—l+a—1)

morm n—m n—m
E () (i),
j;)] l+,1_] 3n—3 l,+1+]

2 2

Then our main theorem follows.

Theorem A.1  Let m,n be integers with 0 < m < n. We take ¢ = 0 or 1 so that
n—m—1—¢e & 27. Then we have

: +n—m+1+e\2
Gools, f) = (_1)m2€—1(:1> T(s+2n—m+2) F(%)
(n—m—1—¢)/2
x H (s+1+2i)(s+2n—2m — 2i).

i=0
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The zeros of Goo (s, f) are described completely in Theorem A.1. For example, as
a corollary of Theorem A.1, we have the following statement, which is proved under
some condition in [7, Proposition 5].

Corollary  Goo(s, f) # 0.

We hope that Theorem A.1 will be helpful in analyzing further properties of
G(s + jo, f). The proof of Theorem A.1 is given in the next section, where we use
several kinds of identities on binomial coefficients.

Next we show [7, Conjecture 1].

Theorem A.2 We have
+tn—m+1+e\?2
Goo(5, ) = ComPrm(s) - D(s + 21— m +2) r(%) :

where
(n—m—1—¢)/2

Py(s) = g (s+1+2i)(%+n—m—i>
and
B (=)™ - n?

Com = — .
m2 « Py m(0) - (%Hf)!z

Proof It is enough to show that
(n—m—1—¢)/2

__ (_1\mHe—1 n 2 : _ I )
CnmPum(s) = (=1)"2 (m) X 11 (s+1+2i)(s+2n—2m — 2i).

Since
Poim(s) =(s+1)(s+3)(s+5) - (s+n—m—e¢)

s s s n—m-—1—c¢
X (7+n—m)(5+n—m—l) ~--(E+n—m—7),

2 2

we see that ( )

n—m)!
Pnﬁm(O) = (7’1 —m — 6)” X m
=)
Hence
2 —m)!
Com = (71)m( n) (n mn);m-%—efl
' m/(n—m— e)ll(*—==)!

= (_1)’”(:1) 2n—m+e— DI — (_1)m(r’:l) 22(n—m+e—1)/2

(n—m2+e—1 )|

_ (71)7!12671 (:1) 22(”77}11’176)/2.

Here the second equality follows from the formula k!/(k — €)!! = (k+ e — !l for
€ = 0, 1, and the third equality from the formula (2k)!!/k! = 2*. This completes the
proof. ]
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A.3 Proof of Theorem A.1

We begin by calculating the constant c(m, ). We refer the reader to [12] for several
kinds of identities for binomial coefficients.

Lemma A.3

(A5) elm,a) = (~1)" (1) Ly 93 (- o) (25

= oa—27

Proof Definitions (A.2), (A.3), and (A.4) lead to

( 1)n+1 n—m

(Z( D¥a(m, 2k — 1, ) —22( 1)*b(m, 2k, a)>

_ (712)r1+1(:1) (— %n m+1+a)Z( 1)]( )
[z (et " ) (™ )

2

+(*”"” ) (sgZon 1, )]
nfm;afl _ k—] 3n—3m—a+3 —k+j

2

+22(n m+a 1_ _j)(3n3rgna:1’n_k+j>:|'

c(m, ) =

Thus, deriving (A.5) is equivalent to proving

=

—m

(A6) H(n meetl _k)(%fa:lnij—k)
™) ()
+zZ(n o 1_]-_,()(%?511?]'%)
= (")
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The first sum of the left-hand side of equality (A.6) is calculated as

n—

Z( n—m )( n—m )
n—m2+(1+1 _ ] —k 3(){—3n21—a+1 + ] —k

= (%Tjik)(wa—_lmj+k)

> —

where the first equality follows from the identity (}) = (,”,),and the second equality
from the identity on the binomial coefficients

min(b—d,c) . ) b
kmax%;a’_d)(c - k) (d + k) - (c + d) '

Similarly, the second and the third sums of the left-hand side of (A.6) are calculated

as
n—m( n—m )( n—m )7(271—2711)
2 (mmgesr By ) (maamian™ ) = (0 2275)
niyf( n—m )( n—m )_(Zn—Zm)
e\ mmmet — o j) \=igmetl — ke j) — Na =2 = 1)

Hence the left-hand side of (A.6) is reduced to

2n —2m 2n —2m 2n —2m
( a—zj) +2<0¢—2j—1) * (a—zj—2>’
which is easily shown to be the right-hand side of (A.6).

In what follows, we use the Pochhammer symbol defined by

(k) =T(a+k)/T(a) =ala+1)(a+2)---(a+k—1), foracCkeZs.

With the help of Lemma A.3, we deduce the following expression of G/_(s, f).

Lemma A.4
2 +tn—m+1+e\?

(A7) G’Oo(s,f):(—l)m(;) r(%) (s+2n — 2m + 2;m)

1 1 (it 2n—2m+2\ /stn—m+1+e

L om0 1y stn—m+lte .
A S e (seammi o

=

s+tn—m+1+e .

X(f;nfm+lfefl).
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Proof By substituting the identities

F(s+n—m+1+a) _ <s+n—m+1+e'a—e)r(s+n—m+l+e)

>

2 2 2 2
s+3n+3—m—a« stn—m+1+e a—€
( )= (SHrmmele Ly
2 2 2
+n—m+1+
XF<S n—m e),
2
into definition (A.1), we have
stn—m+l+e\? o=
s, ) =D(F—=—)" Y cma)
a=0,
a=n+1+m(2)
stn—m+1l+e a—e stn—m+1+e a—€
x( ; )( sntl—e€— ),
2 2 2 2
which leads to the following by Lemma A.3.
stn—m+1+e¢ 1 Fay
G/ — lm( ) ( ) . -1 %(n—m+1—o¢)
o5, ) = (=1) — ) 5 2D
a=0,
a=¢(2)
2n—2m+2 stn—m+l+e a—e
() (5 )
Z( ) —2j 2 2
stn—m+1+e¢ a—€
(— +1—e— )
2 2

The change of the variable « into i such that a« = 2i + (e + 2) results in

G:x)(s, fl=(- l)m( ) ( )2 % %(,1)%(71777”175)

n—m+l—e

X (M () ()

=0

s+tn—m+1+e€
2

( stn—m+1+e
2
The desired formula follows from the identity

“ (x+47) (y+b—mm—j)
,-Z;( ") G+ (b - ) = miGsi)(ysb—m >]ZO E T

(x+i+y+b—mm)
m! ’

;n+1—e—j—i).

= ml(x;1)(y; b — m)
Here the quantity
i () (sm—j)  (x+y;m)

b (m—j)! m!

j=0

is the coefficient of the term " of the generating function (1 — ¢)™*(1 — )™ =
(1—t)*V’withb=n+1—ec—iandx=y=(s+n—m+1+e)/2. [ |

https://doi.org/10.4153/CJM-2013-047-5 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2013-047-5

1106 D. Lanphier, H. Skogman, and H. Ochiai

In what follows, we fix a non-negative integer N. In order to evaluate the sum
over i in the right-hand side of equality (A.7), we introduce a polynomial F(¢; x, €) in
t with a complex parameter x and a parameter € = 0, 1:

2N
(A.8) Fltix, 0 = 3« (4;‘1 I 56) (t37)(t; 2N — ).
i—0

The polynomial F(¢; x, €) has the following properties.

Lemma A5 (i) The polynomial F(% + € x, €) in x has zero at x = —1 with the
multiplicity 2N.
(ii) For a non-negative integer j, we have
(t+60 )t +2N — 0y )
(t; )
where the Euler operator in x is denoted by 0, = x(%.
(iii) F(i+e+j;—1,€)=0forj=0,1,...,N— 1L

(A.9) F(t+ j;x,€) = F(t;x,€),

Proof (i) We consider the two cases, ¢ = 0 and € = 1, separately.
When € = 1, we have

N . .
3 _ J/4N 42\ (2i +1)! (4N —2i+1)!
F(E’x’ 1) B ;x ( 2i + 1) 2% 24N-2(ON —i)!
(4N +2)! & (ZN) . (4N +2)! -
== =1+
2N (2N)! ZO: i )%= oy YT
where the first equality follows from the identity (%; a) = (2a+ 1)(%; a) = (22‘2:;!)!.

This shows the desired property of F (% + 1;x,1).
When € = 0, the similar calculation leads to
(4N)!

_ 2N
- 24N(2N)! (1+2)7,

1
F(=;x,0
(53%,0)
which proves the desired property of F (%;x7 0). This completes the proof of (i).
(ii) It is seen that
2N

. (AN +2 . o (t+i)E+2N — i
F(t+];x,e):Zx( 2i+:)(t;1)(t;2N—1)~( ])((t;j)z j)
i=0

2it+e (t;7)? ’

where we have used the identity (t; j)(r + j;i) = (t;1)(t + i; j) for the first identity.
By using the definition (A.8), we obtain the desired equality (A.9).

(iii) Let j be an integer with 0 < j < N. As a special case t =  + ¢ of for-
mula (A.9), we have

2N . .
_ Z<4N+ 26) () E2N — ) - (t+ 0. 7)(t +2N — 9x,J)xi
i=0

(%+e+9x;j)(%+e+2N—0x;j)F(1

1
A.10 F(7+ +';,):
( ) 2 €T X, € (%+E;j)2 2

+e;x,e).
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By (i), the order 2j of the differential operator in the right-hand side of (A.10) is
strictly less than the multiplicity 2N of the zero of the polynomial F (% + € x,€) at
x = —1. Hence we know that the right-hand side of (A.10) has zero at x = —1. This
meansthatF(%+€+j;—l,e):0. [ |

Proposition A.6  The polynomial F(t; —1, €) is expressed by
N-1 !

(A.11) F(t;—1,€) = (—1)N22N*(;N) Ho(t—i—e—j).
=

Proof The polynomial F(t; —1, €) can be divided by the polynomial P;(¢) = (¢; N),
because the polynomial (¢,7)(¢t; 2N — i) for 0 < i < 2N can be divided by P (¢).
On the other hand, Lemma A.5(iii) implies that the polynomial F(f; —1,¢) can be
divided by

N—1 ]
Py(t) = H(t— 5D
j=0
Therefore the polynomial F(t; —1, €) can be divided by the product P;(¢)P,(t), since
two polynomials P, (¢) and P, () have no common zeros.
Note that the degree of the polynomial F(t; —1, €) in ¢ is equal to 2N. Indeed, the
coefficient of t2V in F(t; —1, €) is

2N 4N+2e
S (1) =re S ()
i=0 j=0

= Re(v/—1) (1 + /—1)#N*2¢ — (_1)NpN+e,

Since the polynomial P; (¢)P,(t) is monic and of degree 2N, this proves that

F(t;—1,¢€) = (—1)N22N*P (1) P,(2). |

By using Lemma A.4 and Proposition A.6, we give a proof of Theorem A.1. We
consider F(t; —1, €) with
N:n—m-i—l—€7 t:5+n—m+1+e
2 2
Formula (A.11) leads to
(n—m—1—¢)/2
(A12) F(t;—1,6) = (=127 T (s+1+2i)(s+2n— 2m — 2i).
i=0

On the other hand, formula (A.7) implies

s+n—m+1+e€

2
> ) (s+2n—2m+2;m)

(A.13) G;O(s,f):(—l)m<:1)2'r(

1
X E(71)%“1*"1“*)13(@71,6).
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Combining equations (A.12) and (A.13), we obtain

stn—m+1+e
2
(n—m—1—¢)/2
x 2671 H (s+1+42i)(s+2n—2m — 2i).
i=0
Since (s+2n—2m+2;m)['(s+2n—2m+2) = I'(s+ 2n — m + 2), we have obtained

Ggo(s,f):(—l)m(:;)z-F< )2(s+2n—2m+2;m)

s+n—m+1+e€
2
(n—m—1—¢)/2
<270 [ GH+1+2i)(+2n—2m—2i).
i=0

Goole ) = 1 (1) 1 ) TG+ 20— m+2)

This completes the proof of Theorem A.1. ]
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