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LIE DERIVATIONS ON SKEW ELEMENTS IN
PRIME RINGS WITH INVOLUTION

BY
ELEANOR KILLAM

ABSTRACT. Let R be a prime ring with involution satisfying x/2 € R
whenever x € R. Assume that R has two nontrivial symmetric idempotents
ey, €; whose sum is not 1, and that the subrings determined by e, e,
1 — (e, + e,) are not orders in simple rings of dimension at most 4 over
their centers. Then if L is a Lie derivation of the skew elements K into R
there exists a subring A of R, A C K, a derivation D:A — RC, the central
closure of R, and a mapping T:R — C, satisfying L = D + T on K and
T[K NA,A} = 0.

Introduction. A Lie derivation on a ring R is a mapping L:R — R’, R' a ring
containing R, such that L is additive and L[x,y] = [L(x),y] + [x,L(y)] for all x,y
in R, where [u, v] = uv — vu is the Lie product. A derivation on a ring R is a mapping
D:R— R', R’ aring containing R, such that D is additive and D (xy) = D(x)y + xD(y)
for all x,y in R.

It is easily seen that if D:R — R’ is a derivation and 7 is an additive mapping of R
into the center of R’ such that T[R,R] = 0, then L = D + T is a Lie derivation on R.
Martindale [3] has shown that if R is a primitive ring, not of characteristic 2, which
contains a nontrivial idempotent, and has a Lie derivation L:R — R, then there exists
a primitive ring R’ containing R, a derivation D:R — R’ and an additive mapping
T:R — Z(R'), the center of R’, such that T[R,R] = 0and L = D + T. He has also
noted (in conversation) that the same proof works for prime rings using the central
closure for R’. Jacobs [2] has shown the following: Let R be a simple ring with
involution, of characteristic not 2, with two nontrivial symmetric, orthogonal idem-
potents whose sum is not 1. Then if L is a Lie derivation of the skew elements K into
R there exists a derivation D:R — R and an additive mapping T:R — Z(R) such that
T[R,R] =0andL =D + T onK, providing R is not isomorphic to the 4 X 4 matrices
over a field on the 3 X 3 matrices over a field of characteristic 3.

We show the following: Let R be a prime ring with involution, with x/2 € R
whenever x € R, and with two symmetric orthogonal idempotents whose sum is not 1.
Then if L is a Lie derivation of the skew elements K into R there exists a derivation
D:A— RC, where A is a subring of R, A C K, RC is the central closure of R, and there
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exists a mapping T:R — C satisfying L = D + T on K and T([K N A,A]) = 0,
providing the subrings determined by the idempotents are not orders in simple rings of
dimensions at most 4 over their centers.

In what follows R will denote a prime ring with involution; § = {x:x* = x} is the
set of symmetric elements of R; K = {x:x* = —x} is the set of skew elements of R;
R’ = RC is the central closure of R; B is the subring of R generated by a subset B of
R. Similar notation will be used for related rings.

PROPOSITION 1. (Erickson [1].) Let R be a prime ring with involution. Then K
contains a nonzero *-ideal of R unless R is an order in a simple ring which is at most
4-dimensional over its center.

We now add the assumptions that x/2 € R whenever x € R, and that R has two
nontrivial symmetric orthogonal idempotents e, e, such that e, + e, # 1, and we set
e; =1 — e, — e, whether or not 1 € R.

Let R; = eRe;, i, j € {1, 2, 3}, and let x; = e;xe;, x € R. Note that each R;; is
prime and R = 2 @ R;;. Let K; be the skew elements of R;; and note that K; = e;Ke;.
We also assume each K, contains a nonzero #-ideal U;. We use similar notation for R’.
Note that Z(R};) = ¢;C, i = 1,2,3. Note that if R is a prime ring with involution such
that K contains a nonzero ideal U then x € R, xK = 0 or Kx = 0 implies x = 0, and
[x,K] = 0 implies x € Z(R).

LEMMA 1. Let L:K — R be a Lie derivation, and let k; € K;, i = 1,2,3. Then
with h, i, j distinct

Lk)=a;+a;+a;+ay+ay+tz
where
z€E€C, a;=elL(k)e; —z, €ER', a,,=e,L(k)e,, m,n€{h,j}, m+*n.
PROOE. Let k; € K, k; € K;. Then 0 = [k;, k;] so
0 = L([k;, k;]) = [L(k;),k;] + [ki,L(k;)] = L(kj)k; — k;L(k;) + k;L(k;) — L(k;)k;.

Taking the R, component yields e,L(k;)e;k; = 0. Since k; was arbitrary e,L(k;)e;
= 0. Similarly e;L(k;)e, = 0. Taking the R;; component yields

e;L(k)ejk; — kje;L(k)e; =0  so [e;L(k)e;,K;] =0,
SO ejL(k,‘)ej S Z(e“) (_: ejC, SO ejL(k,')ej = €;Z;

for some z; € C.
Now let 0 # x;, € R, and let x,; = x}. Then

0= L([ki,xjh - xhj]) = L(k) (xjh - xhj) - (-xjh - xhj)L(ki)
+ kiL(xjp — xpj) — L(xj, — Xnj)ki.

Taking the R, component yields

0= ejL(k,')th - Xj;,L(k,')e;, = ZjXjp — XjpZp = (Zj - zk)xj,,.
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Since C is a field and xj, # 0 we have z; = z,. Let z = z, = z;. Then ze; + ze, =
z(1 — ;) and L(k;) has the stated form.

LEMMA 2. Let L:K — R be a Lie derivation, and let x;; € R;;. Then e,L(x; — x,\)ey,
= zey, for some z € C,h,i, j distinct.

PROOF. Let X = x; — x}; and let k € K. Then
0 = L[X,k] = L(X)k — kL(X) + XL(k) — L(k)X.

Taking the R, component yields 0 = e,L(X)e,k — ke, L(X)e;, so e,L(X)e, € Z(Ru,),
so e,L(X)e, = ze, for some z € C.

DEFINITION 1. (a) Define a mapping D:K — R' by D is additive,
D(k)) = L(k)) — z, D(x; — x}}) = L(x; — x) — z, i # J,
where the z's are as in Lemmas 1 and 2. Note that
[D(k),r] = [L(k),r] for k€K, r€R.
Also note that
eD(k)e; = elL(k)e; for kE K, i+
(b) Define D on U, by D is additive and
Dk€...m)y=Dk)}¥.. m+ kDX ... m+...+kl...D(m), k,€,m € K,.
(c) Define D on UR;U; by D is additive and
D(uix;u;) = D(u)xzu; + uD(x; — x;)u; + ux,D(u;),

. . * *
where U; (S U,’, Uuj S Uj, Xij c R,‘/‘, i+ J- Note (.x,'j - .x,'j)uj = XU and u,'(.x,'j - x,'j)
= UiXjj.

(d)Let A = 2, ; (U; + UR;U;). Define D on A by the above with D additive.

Note that A is a direct sum and is a subring of R. (In particular (U,R;U;)(U,R;U;)
C U, since U, is an ideal in R;;.) Also note A C K. We will show D is a derivation on
A. We first need to show D is well defined on A.

LEMMA 3. Let m € K, and n € K, or n = x;; — x;, h, i, j distinct. Then
D(m)n + mD(n) = 0 = D(n)m + nD(m).
PrROOF. 0 = [m,n] so
0 = L([m,n]) = [D(m),n] + [m,D(n)] = D(m)n — nD(m) + mD(n) — D(n)m.
This yields
D(m)n + mD(n) = nD(m) + D(n)m.

By Definition 1(a) and the lemmas we have
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(e; + e ){D(m)n + mD(n)} = 0

hence
(ei + e)){nD(m) + D(n)m} = 0
Also
ex{nD(m) + D(n)m} = 0
hence
ex{D(m)n + mD(n)} = 0.
Therefore

D(m)n + mD(n) = 0 = D(n)m + nD(m).
LEMMA 4. Let
K(i,j) = K; UK; U {x; — x};:x € R}.
Define P(y,k€ .. .m) for
y=ewxe,x ER,k,€,..., mE K(,])

by
P(y,k€...m) =[[...[ly — y* k1€],...1,m].
Then
(a) P(y,kl...m) = yk€...m — m*.  €¥k*y*.
(b) e L{P(y, k€ ... m)} = e,D(y — y®k€...m + yD(k€ ... m)

— e D(m* ... €¥k*)y*.
LEMMA 5. D is well defined on each U,.
PROOF. Assume 0 = 2k€...m with k,€,...,m € U,, and let
r=3{Dk}X.. m+kD®)...m+ ...+ kl...D(m)}.
Note that r = ZD (k€ . . . m) by Definition 1(b). For each n € K, j # i, we have
rn=2k€...D(m)n = Zk€...{D(m)n + mD(n)} =0

using Lemma 3 and our assumption that 0 = 2k€...m. Since rn = 0 for all n € K;
we have re; = 0. Similarly 0 = re, = e,r = ¢;r. Also, for x € R, y = e,xe; we have

0=2Z3{k€...m — m*... €xk*y*}

since Zk€ ... m = 0 implies Em* . . . €*k* = 0. Thus by Lemma 4(a) SP(y, k€ . .. m)
=050 2L{P(y,k€...m)} = 0. This implies SyD (k€ . . . m)e; = 0 using Lemma 4(b),
the assumption Zk€ .. .m = 0 and y*e; = 0. Thus 0 = y{ED (k€ . . . m)}e; = yre,. Since
x was arbitrary (e,Re;)re; = 0 so e;re; = 0. Therefore every component of r is 0 and
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D is well defined on each U,.

LEMMA 6. D is well defined on each UR;U;, i # j.

PROOF. Assume 0 = Zuxv where u € U;, x ER;, v € U;. Let X = x — x* and note
that uxv = uXv. Let r = Z{D(u)Xv + uD(X)v + uXD(v)} and note that r = =D (uxv)
by Definition 1(c). Then for k € K, h # i, j, we have

kr = ZkD(u)Xv = Z{kD(u) + D(k)u}Xv = 0

using Lemma 3 and our assumption 0 = ZuXv. Therefore e,r = 0. Similarly 0 = ¢;r
= re; = re,. Now let z € R, y = ejze;. By assumption we have

0 = Z(yuXv — viX*u*y*).

Thus by Lemma 4(a) 2P(y,uXv) = 0 so 0 = ZL{P(y,uXv)}. This implies 0 =
2eyyD (uXv)e; using Lemma 4(b), the assumption XuXv = 0, and y*e; = 0. Therefore
e,Re;re; = 0 so e;re; = 0. Thus every component of R is O and D is well defined on
each UR;U,;.

THEOREM 1. D is well defined on A = Z; ; (U; + UR,;U,).
ProoOF. Definition 1 and Lemmas 1, 2, 5 and 6.
THEOREM 2. D:A — R' is a derivation.

PRrOOF. (a) It follows from Definition 1 that D(xy) = D(x)y + xD(y) if x,y € U,.

(b) It follows from Definition 1 that D(xy) = D(x)y + xD(y) ifx € U;, y € U:R;U;
orx € UR;U;, y € U,

©@©Ifx=3%...k € U;andy = 3¢ ... € U, then xy = 0 so D(xy) = 0.

D(x)y + xD(y) = 2(0 + {D(k)¢; + k:D(£)p + 0

by Lemma 3, so D(xy) = D(x)y + xD(y).

(d) Similarly D(xy) = 0 = D(x)y + xD(y) if x € U;and y € U;R;;U;, or x € U,,
y € URyU,, or x € UR;U;, y € U, or x € UR;U;, y € U,, or x € UR;U,,
yEURU;, orx€UR;U;, y € U,R,U;,orx € UR;U;, y € UR,;U;, orx € UR;U,,
y € URyU,orx € UR;U;, y € URyU,.

(e) Let uixyv; € UiR;U; and wyyjnzy, € UiRjpUy, xji = x§, yuj = y#%. Then

D{(uixiv)(w;yinzi)} = D{udxivjw;yn)zp}
= D(u)x;jvjwiyjnzn + w;D(X;viwiyin — YniwjVviX;i)z
+ u,-x,-jvjwjyth(zh).

Looking at the middle term we have
wD(xviwiyin = YuiWwivixi)ze = wiD{(xyv; — ViXi)(WiYin = YnjWj)
= (Wiyjn — )’thj)(xij‘Vj = V;X;)}z
= uD[x;v; = vix;i, Wjyjn = yajw;lza
= uD(x;v; = v;iXy)W;ynzi
+ uixyviD(W;yjn = yajw;)zn
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= u,'D[x,'j - xj',',Vj]ijthh
+ uixijVjD[Wj,)’jh - th]Zh
= uiD(-xij - xji)Vjo)’thh
+ u,'x,'jD(Vj)ijthh + u,-x,«jij(wj)yj,,zh
+ uixijvjij(yjh - yhj)zh
using the definition of D (with Lemmas 1 and 2.) Thus
D{(uixijvj)(wjyjhzh)} = D(uix;v))w;y;yuzp + uix;;v;D(w;ynzy).
(f) Letx € UR,;U;, y € U;R;;U; and let r = D(x)y + xD(y) — D(xy). For k € U,
we have
rk = xD(y)k + xyD (k) — xyD(k) — D(xy)k = xD(yk) — D{(xy)k} = 0

so re, = 0. Similarly 0 = e,r = e;r = re;. Now let z € U:R;,U,. Then
rz = D(x)yz + xD(y)z + xyD(z) — xyD(z) — D(xy)z
= D(x)yz + xD(yz) — D{(xy)z} = D{x(yz)} — D{(xy)z}
=0
so re; = 0. Similarly e,;r = O sor = 0.
Thus D is a derivation on A.
DEFINITION 2. Define T on R by T(x) = 3{L(x — x*) — D(x — x*)}.
THEOREM 3. T:R — C is additive, L = D + Ton K, and T([K N A,A]) = 0.

PrOOF. T is additive since L and D are, and T:R — C by the definition of D.
Ifx€ Kthenx — x*=2x.SoL =D + TonKk.
Let k,m € K N A. Then

L([k,m]) = [D(k),m] + [k,D(m)] = D([k, m])

using Definition 1(a) and Theorem 2. Thus T([K N A, K NAD) =0.Ifs=s*€ SN
Athens — s* = 050 T(s) = 3{L(s — s¥) — D(s — s*)} = 0. But [K N A,5 N A]
CSNAsoT(IKNA,SNA])=0.Hence T([KNA,A]) =0sinceA=SNA +
KNA. Assume T([(K N A, A]) = 0. If ky,...,ky+1 EK N A and r € A then

[k|...k~+|,r] = kl...kN+|r_ rkl...k[v+| = k](kz...kN+|r)
= (ky. . kyar)ky + (kao o ckyi)(rky) — (rk)(ka . kysy)
€ [KNA,A] + [(KN AW, A]

This implies T([(K N A)",A]) = 0 for all N so T([K N A,A]) = 0.
Putting the above together we have the following.

THEOREM. Let R be a prime ring with involution with x/2 € R whenever x € R. If
R has two non-trivial symmetric orthogonal idempotents e,,e, with e, + e, # 1,
e;s = | — e, — ey, such that each K;, contains a nonzero *-ideal U,, i = 1,2, 3, then,
letting A = 2(U; + UR,U)), for each Lie derivation L:K — R, there is a derivation
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D:A — RC, and an additive mapping T:R — C, with L = D + T on K and
T(KNA,A] = 0.

If R is simple then U; = R;; and UR;U; = R;R;;R;; = R; s0 A = R, and we have
the existence of a derivation D on R and an additive mapping 7 on R with L =
D+TonK, T:R—Z, T([R,R]) =0, providing dimR;/Z; > 4,i = 1,2, 3. As noted
earlier Jacobs has more complete results for R simple in his dissertation.
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