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On open mappings, closed mappings,
and ordinal invariants

James R. Boone

In this brief note new characterizations of open mappings and
closed mappings are presented which involve the compact order of
the domain. The paper answers some of the questions which
resulted from the study of the ordinal monotonicity of pseudo-
open mappings and thus constitutes an extension of that work.

Another characterization of open mappings is introduced.

1. Preliminaries

Characterizations of open mappings and closed mappings are presented
in terms of the notion of the compact order of a space. This study
involves the interaction of ordinal invariants of topological spaces and
equations involving the compact closure of the images and preimages of
sets. In particular, for a function f : X =+ Y the question of for which

ordinals n and o (denoting the nth and ath k-closures) the

equations (f(A)]n = f(An) and f"l(Bo') = (f—l(B))a are valid is answered
in this paper, and provides the characterizations of open mappings and closed

mappings.

The following notions were introduced by Arhangel'ski¥ and Franklin

{1]. The k-closure of a set 4 < X is defined as

k c1(A) = {p € X : p € c1(4 n K), for some compact K ¢ X} .

For each ordinal o +the ath k-closure is AO =4 and at - k c1(4) »

if a=8+1, then A% = k& cl(AB], and if a is a limit ordinal
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4% = U{AB : B < a} . The compact order of X is

k(x) = inf{a : 4% = c1(4), for all 4 < x}

For a complete discussion of the properties of compact order see [1], and
for a presentation of cardinal invariants see [3]. Recently in [2] the
continuous pseudo-open functions were found to be monotonic with respect to
the ordinal invariant, compact order. In particular, if f : X+ Y is a
continuous pseudo-open surjection and X is a k-space, then k(X) = k(Y)
[2, Theorem 4.1]. A function f : X+ Y is said to be Xk-continuous if

fk : K+ Y is continuous for each compact set K c X . Characterizations

of k-continuity which appear in [2, Theorem 3.4 and Corollary 3.5] are as

follows.
THEOREM 1.1. Let f : X+ Y . The following are equivalent:

(a) f 1is k-continuous;
®) ()% < FH4Y , for each ordinal o and each Ac Y ;

) (&) c (£(B))" , for each ordinal n and each Bc X .

All statements in this paper are valid for sequential closures, scl,
and sequential order, O , when the domain is strengthened to a sequential

space.

2, Characterizations
An open mapping, f , is presented in Example 3.1 for which
[f(B)]n ¢ f(Bn] and f’l(An) ¢ (f'—l(/l))n , for n < k(X) . In this

example the mapping is not closed and (f(B))K(X) ¢ f(BK(X)] . Hence
pseudo-open mappings do not suffice for the equations to hold, even when

the ordinal is «k(X) . We do have the following:

THEOREM 2.1. Let f : X+ Y be a k-continuous pseudo-open

surjection, and let X be a k-space. Then f is open if and only <if
(frl(A))K(X) = f’lLAK(X)) , foreach Ac Y.

K(X)] .

Proof. (=) Let p € £ (4 Since k(X) 2 k(Y) ,

c1(4) = AK(Y) = AK(X) . Thus f(p) € c1(A) . Since f is open,
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k{X)

f'—l(f(p)) c cl(f-l(A)) or p € cl(f-l(A)) = (f.l(A)) Thus

f—l(AK(X)) c [f_l(A))K(X), and Theorem 1.1 implies

() ) - )

(€) Let p € c1(a) = 4% | ginee LA < (rL(a))<F) |
f-l(p) c (f-l(A))K(X) = cl(f-l(/l)) . Thus f is open.

The preceding proof makes use of the following general
characterization of open mappings, which was discovered jointly with Steve

Baber. The surjection f : X - Y 1is open if and only if for each Hc Y
and p € Y such that p € cl(H) , fi(p)c cl[f—l(H)] . This means f

is open if and only if f (c1(4)) < c1(f1(4)) for each A c ¥ . This is

natural strengthening of the characterization of pseudo-open mappings, in
vhich p € cl(H) implies f>(p) ncl(f X (®) # ¢ .

THEOREM 2.2. Let f : X > Y be a k-continuous pseudo-open
surjection, and let X be a k-space. Then f 1is closed if and only if

7EF) = (78 for cach B x .
Proof. (=) Let f be closed. Then f(5*)) is closed in ¥ ana
78) < F(B0)) | Since k(x) = k(1) ,
()< H) <= (13D < e (p(m) < £(5F)
mus  (F(8)E) ¢ (%)) ana Theorem 1.1 implies
7@ = ()<

() Let Bc X . Since f is pseudo-open, k(X) = x(¥) . Thus

cl(f(B)) = (f(B))K(Y) = (f(B))K(X) = f(BK(X)) = f{c1(B))

Thus f is closed.

3. Examples
EXAMPLE 3.1. There is a continuous open mapping f from a

sequential space S, onto a convergent sequence Y such that K(S2) =2,

https://doi.org/10.1017/5000497270000887X Published online by Cambridge University Press


https://doi.org/10.1017/S000497270000887X

328 James R. Boone

vy =1, FB) ¢ rEY), £ ¢ et amd (#(8)% ¢ r(F) .

As in Example 6.2 of [2], let

s, = (0, 0)} “{[’2’ o] - em}u{l%-, r%] cn, m em}

as in [1] and [3], and let f ©be the horizontal projection onto

1

Y= {(-1, 0)} v {[-1, E] :m € N} with the usual topology. Let

B = {[i -:L) :n € N}C 52 . Then B is closed and

78 = {{_1, %) i€ N} .

since (A(B)L = (F(B)2 =1, (FB): ¢ (BY) ana (F(®)2¢ £(&) .
Let A ={~1,%] :n Gil}c

78 = £(5)

L

Then

It

il = i = 5,405, - (0, 0} = (FH@)t .

EXAMPLE 3.2, There is a continuous closed mapping f defined on the

reals with the usual topology such that f'l[AK(R)] ¢ (f'l(A)]K(R) .

Consider the identification mapping f : R - R/N . Then

k(&)

k(R) =«x(R/N) =1 . If A=(2,3), 4 = [1] v (2, 3) . Thus

FLaBy 2w o (2, 3) (2, 3] = (2, KR - (f-l(A)]K(R) .
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