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We use new methods, specific for non-locally convex quasi-Banach spaces, to
investigate when the quasi-greedy bases of a p-Banach space for 0 < p < 1 are
democratic. The novel techniques we obtain permit to show in particular that all
quasi-greedy bases of the Hardy space H, (D) for 0 < p < 1 are democratic while, in
contrast, no quasi-greedy basis of H,(D%) for d > 2 is, solving thus a problem that
was raised in [7]. Applications of our results to other spaces of interest both in
functional analysis and approximation theory are also provided.
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1. Introduction

The formal development of a theory of greedy bases was spurred at the turn of the
21st century by the work of Konyagin and Temlyakov on the efficiency of the Thresh-
olding Greedy Algorithm (TGA for short) in Banach spaces [32]. The TGA simply
takes m terms with maximum absolute values of coefficients from the expansion of a
signal (function) relative to a fixed representation system (a basis). Different greedy
algorithms originate from different ways of choosing the coefficients of the linear
combination in the m-term approximation to the signal. Another name commonly
used in the literature for m-term approximation is sparse approzimation. Sparse
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approximation of functions is a powerful analytic tool which is present in many
important applications to image and signal processing, numerical computation, or
compressed sensing, to name but a few.

The simplicity in the implementation of the TGA and its connections with the
geometry of the space attracted the attention of researchers with a more classical
Banach space theory background and as a result, the last two decades have seen a
great progress in the functional analytic aspects of greedy approximation theory.

However, both from the abstract point of view of functional analysis as well as its
applications, the development of a parallel theory of greedy bases for non-locally
convex spaces was left out of the game, not because these spaces lack intrinsic
interest but because of the absence of the foundational results that would cement
this new ramification of the theory. It can be conceded that the locally convex case
is more often used, especially in practical numerical computations, in large part
due to the fact that convex algorithms are easy to implement. Nevertheless, there
exist very well-established scales of spaces in the non-locally convex setting that
arise naturally in analysis and have been extensively studied where it is necessary
to do approximation theory. Take for instance, the Hardy spaces of analytic func-
tions on various domains in C" (see [18]), Bergman spaces of analytic functions
on various domains in C™ (see [24]), Fefferman—Stein real Hardy spaces (see [20]),
or Besov, Sobolev, and Triebel-Lizorkin spaces (see [39]). Apart from those spaces,
approximation theory in non-locally convex spaces plays a very important role in
problems that arise in diverse areas such as approximation spaces, solutions of
PDE’s with data in Hardy spaces or Besov spaces that are not Banach spaces [25],
approximation spaces and wavelet numerical methods [13], layer potentials and
boundary-value problems for second-order elliptic operators with data in Besov
Spaces, as in [9]. Approximation theory in non-locally convex spaces appears also
naturally when studying interpolation problems even in the framework of Banach
spaces. For example, the weak Lorentz space L1  plays a key role in Marcinkiewicz
interpolation theorem [10].

As was recently shown in [5], the main types of bases that are of interest in greedy
approximation in the setting of Banach spaces, namely greedy, almost greedy, and
quasi-greedy bases, are suitable as well for the use of the TGA in p-Banach spaces
for p < 1. The article [5] was the springboard for subsequent research of different
aspects related to the greedy algorithm in p-Banach spaces for p < 1 (see [6, 7]).
Our aim in this paper is to continue investigating the connection between quasi-
greedy bases and their democracy functions in p-Banach spaces, initiated in [7],
with an eye to the qualitative and quantitative study of the efficiency of the greedy
algorithm in Hardy spaces H,, and other important non-locally convex quasi-Banach
spaces.

Both quasi-greedy and democratic bases were introduced by Konyagin and
Temlyakov back in 1999 in their seminal paper [32]. These two special types of
bases can nowadays be regarded in hindsight as the pillars that sustain the entire
theory of greedy approximation in Banach spaces using bases. Certainly, apart
from the pioneering characterization of greedy bases as those bases that are simul-
taneously unconditional and democratic from [32] this claim is supported by the
subsequent characterization of almost greedy bases in Banach spaces as those bases
that are at the same time quasi-greedy and democratic [16].

https://doi.org/10.1017/prm.2023.42 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2023.42

908 F. Albiac, J. L. Ansorena and G. Bello

Thus, although a priori, being almost greedy is more restrictive for a basis than
being quasi-greedy, there exist spaces whose geometry forces quasi-greedy basis to
be democratic. This is what happens for example with cg, ¢35, and ¢;. The specific
techniques used to prove that property in each space exhibit the critical structural
aspect involved in making quasi-greedy basis be democratic. In ¢ the decisive
ingredient is the fact that its Rademacher type and cotype are 2 ([42]). In the
space f1 it is crucial that it is a GT-space [17], while for ¢y what matters is that
its dual is a GT-space [15].

The situation is different in £, when p € (1,2) U (2, 00). Indeed, these spaces have
unconditional bases (in particular, quasi-greedy bases) that are not democratic: To
see this, one just has to remember that when p € (1,2) U (2,00), the space £, is
isomorphic to (€D, £5)e, [35], whose canonical basis is unconditional but not
democratic.

The study of greedy-like bases in non-locally convex spaces sprang from the
paper [5], where it is proved that the aforementioned characterizations of greedy
bases and almost greedy bases remain valid in this more general framework. In
this spirit, the authors of [7] ventured out beyond the ‘psychological’ border of the
index p = 1 and proved that all quasi-greedy bases in the spaces £, for 0 < p < 1 are
democratic. The non-locally convex nature of these spaces required the introduction
of new techniques in order to determine how the geometry of the space shapes the
structure of their quasi-greedy bases. The results obtained in 7] heavily rely on the
theory of .Z),-spaces for 0 < p < 1 developed by Kalton in [29].

In this paper we investigate the democracy of quasi-greedy bases in other clas-
sical non-locally convex quasi-Banach spaces. Our approach permits to obtain,
for instance, that all quasi-greedy bases of the Hardy space H,(D) for 0 <p <1
(as well as all quasi-greedy bases of its complemented subspaces) are democratic,
solving thus in the positive Question 3.8 from [7] in the case when d =1. As
far as the Hardy spaces H,(D?) for d > 2 is concerned, Wojtaszczyk [42] had
shown that its canonical basis (which is unconditional) is not democratic. Here,
our contribution consists of proving that, actually, no quasi-greedy basis of these
multivariate Hardy spaces is democratic. Let us point out that the approach used
to prove that quasi-greedy bases in ¢, are democratic falls short for the Hardy
spaces, since the linear structure of the latter spaces is far more complex that
the former. The new techniques that we had to develop to tackle the problem
critically depend on the convexity properties of a quasi-Banach space regarded as
a quasi-Banach lattice with the structure induced by its (unique) unconditional
basis.

Our research suggests the pattern that if a quasi-Banach space X (locally convex
or otherwise) has a unique unconditional basis (up to equivalence and permutation)
which is democratic (hence greedy) then all quasi-greedy bases of X are democratic
(hence almost greedy).

We also obtain valuable information about the democracy functions of quasi-
greedy bases X of other classical quasi-Banach spaces X with a unique unconditional
basis. For instance, we prove that the mixed-norm sequence spaces ¢, @ ¢, for 0 <
p < q < 1 have no almost greedy bases.

We close this introduction with a brief description of the contents of the paper.
In § 2 we set the terminology that we will use and gather some background results
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that we will need. Section 3 includes our advances in the theory of quasi-greedy
bases. In § 4 we provide applications to important spaces in functional analysis and
approximation theory.

2. Terminology and background

Throughout this paper we use standard facts and notation from Banach spaces
and approximation theory (see, e.g., [8]). The reader will find the required special-
ized background and notation on greedy-like bases in quasi-Banach spaces in [5].
Nonetheless, we record the notation that is most heavily used.

2.1. Bases in quasi-Banach spaces

Throughout this paper, a basis of a quasi-Banach space X over the real or complex
field F will be a norm-bounded countable family X = (@, ),car which generates
the entire space X, and for which there is a (unique) norm-bounded family X* =
(z} )nen in the dual space X* such that (z,,x})nen is a biorthogonal system. A
basic sequence will be a sequence in X which is a basis of its closed linear span. If
X = (z,)nen is a basis, then it is semi-normalized, i.e.,

0< inf [l < SEJI\)[H%H < 00,

and X* is a basic sequence called the dual basis of X. Note that semi-normalized
Schauder bases are a particular case of bases.

Given a linearly independent family of vectors X = (@, )nenr in X and scalars
v = (Y)nex € PV, we consider the map

Sy = 5,[X,X]: span(x,: n € N) =X, Z Ay Ty — Z Vi G Ty
neN neN

The family X is an unconditional basis of X if and only if it generates the whole

space X and S is well-defined and bounded on X for all v € £, in which case the
uniform boundedness principle yields

K, = K,X,X]:= sup |5, < o0. (2.1)
7l <1

If X is an unconditional basis, K, is called its unconditional basis constant. Now,
given A C N, we define the coordinate projection onto A (with respect to the
sequence X) as

Sa=5,,[X,X],

where 74 = (Vn)nen is the family defined by ~,, = 1 if n € A and ~,, = 0 otherwise.
Tt is known (see, e.g., [5, Theorem 2.10]) that X is an unconditional basis if and
only if it generates X and it is suppression unconditional, i.e.,

sup{||Sall : A C N finite} < occ.

Unconditional bases (indexed on the set N of natural numbers) are a particular case
of Schauder bases, and so semi-normalized unconditional bases are a particular case
of bases.
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2.2. Quasi-greedy bases

Given a basis X = (x,)nen of a quasi-Banach space X with dual basis
X* = () nen, the coefficient transform

F:X— FN, = (x5 (f))nen

is a bounded linear operator from X into ¢y. Thus, for each m € N there is a
unique set A = A,,,(f) C N of cardinality |A| = m such that whenever i € A and
j € N\ A, either |a;| > |a;| or |a;| = |a;j| and i < j. The mth greedy approzimation
to f € X with respect to the basis X is

G (f) = Gl X, X|(f) = Sa,.p) ()-

Note that the operators (G,,)5°_; defining the greedy algorithm on X with respect
to X are not linear nor continuous. The basis X is said to be quasi-greedy if there
is a constant C > 1 such that

[Gm (DI <CNfl, feX, meN.

Equivalently, by [42, Theorem 1] (cf. [5, Theorem 4.1]), these are precisely the bases
for which the greedy algorithm converges, i.e.,

2.3. Truncation quasi-greedy bases

Another family of nonlinear operators of key relevance in the study of the greedy
algorithm in a quasi-Banach space X with respect to a basis X = (x,,)nen is the
sequence (Ry,)>_; of the so-called restricted truncation operators, whose definition
we recall next. Let

E={)eF: |A\| =1}

Given A C N finite and € = (g,)neca € E4 we set
]la,A = Z En Ln,
necA

and given f € X we define (f) € BV by

(f) = (sign(y,(f)))nen
where, as is customary, sign(-) denotes the sign function, i.e., sign(0) =1 and
sign(a) = a/ |a| if a € F\ {0}. For m € N, the mth-restricted truncation operator
Roin: X — X is the map

Run(f) = duin 2 (| L), amr), [ EX,

g

and the basis X is said to be truncation quasi-greedy if

Cy:= sup || R || < oo. (2.2)
meN

For the sake of generality, most of our results below will be stated and proved for
truncation quasi-greedy bases (or even for bases fulfilling weaker unconditionality
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conditions such as being UCC). However, the uneasy reader can safely replace
‘truncation quasi-greedy basis’ with ‘quasi-greedy basis’ and can rest assured of the
validity of the corresponding statements thanks to the following theorem.

THEOREM 2.1 [5, Theorem 4.13]. If X is a quasi-greedy basis in a quasi-Banach
space X then X is truncation quasi-greedy.

Semi-normalized unconditional bases are a special kind of quasi-greedy bases, and
although the converse is not true in general, quasi-greedy bases always retain in
a certain sense a flavour of unconditionality. For example, truncation quasi-greedy
bases of quasi-Banach spaces are unconditional for constant coefficients (UCC, for
short) [5, Proposition 4.16]. This means that there is a constant C' > 1 such that
|1c 4]l < ||1c.p|| whenever A, B are finite subsets of N with A C B and ¢ € EB. If
a basis X is UCC then there is another constant C, > 1 such that

15,4l < Cu [|Le,all (2.3)

for all finite subsets A of N and all choices of signs § and e € E4 (see [5, Lemma
3.2]; for a detailed discussion on the unconditionality-related properties enjoyed by
truncation quasi-greedy bases in quasi-Banach spaces we refer to [5, Section 3]).

2.4. Democracy functions

Given a basis X = (z,,)nen of a quasi-Banach space X and A C N finite, we set
14 =1, 4, where e =1 on A. The basis & is said to be democratic if there is a
constant D > 1 such that

[Tall < DILg|

for any two finite subsets A and B of N with | 4| < |B|. The lack of democracy of a
basis A exhibits some sort of asymmetry. To measure how much a basis X’ deviates
from being democratic, we consider its upper democracy function, also known as its
Sfundamental function,

pulX, X|(m) := @u(m) = up [Lall, mEeEN,
<m

and its lower democracy function,

il X, X](m) :=@i(m) = inf ||La], meN.

|A|>m

Notice that given a basis X there is a constant C, depending only on the modulus
of concavity of the space X, such that

§ Gp Ly,

neA

< Cypul X, X|(m),  |A] < m, |an| < 1. (2.4)

In the particular case that the basis X is UCC the following hold:

(i) u(m) < pu(m) for m € ;
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(i) inf{ a1 [T4ll S @e[X,X](m) for m € N; and

(iii) X is democratic if and only ¢, (m) < ¢i(m) for m € N, in which case it is
super-democratic, i.e., there is a constant D > 1 such that

[Le,all < D|Ls,5]
for any two finite subsets A, B of N with |A| < |B|, any ¢ € £4 and any
§e&b.

Here and throughout this paper, the symbol a; < 3; for j € N means that there is
a positive constant C' such that the families of non-negative real numbers (¢;);jen
and (8;)jen are related by the inequality «; < CG; for all j € N. If o; < 3; and
B; S o for j € N we say (o) jen are (0;),en are equivalent, and we write o; = 3;
for j e N.

2.5. Quasi-Banach lattices

Let 0 < r < 0o. A quasi-Banach space X is (topologically) r-convex or r-normable
if there is a constant C > 1 such that

1/r
Y hl<c (Z ||fi|"> , Al < oo, fieX. (2.5)

i€EA i€A

If a quasi-Banach space is r-convex then r < 1. By the Aoki—Rolewicz theorem any
quasi-Banach space is r-convex for some r € (0,1]. In turn, any r-convex quasi-
Banach space X becomes an r-Banach space under a suitable renorming, i.e., X can
be endowed with an equivalent quasi-norm satisfying (2.5) with C' = 1.

The existence of a lattice structure in X leads to a (related but) different notion
of convexity. A quasi-Banach lattice X is said to be r-convez (0 < r < oo) if there
is a constant C' such that

1/r 1/r
(Z |fi|r> <C (Z ||fz'||r> Al <oo, fi€X, (2.6)

i€A €A

where the lattice r-sum (3, 4 [fi]")"/" € X is defined unambiguously exactly as
for the case of Banach lattices (cf. [33, pp. 40-41] and [36]). If X is an r-convex
quasi-Banach lattice, we will denote by M (") (X) the smallest constant C' such that
(2.6) holds.

We will also consider lattice averages and use them to reformulate lattice con-
vexity in those terms. Given 0 < r < oo, the r-average of a finite family (f;)ica in
a quasi-Banach lattice X is defined as

1/r 1/r
(dveiea |fil)"" = <|A|Z|f1> |A|‘”T<Zfi|’”> .

€A €A
This way, a quasi-Banach lattice X is r-convex with M) (X) < C' < oo if and only
if

|CAveseatlrir)' || < € (Aveieal )", 1Al < o0, fieX.
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Defining r-sums and r-averages in quasi-Banach lattices allows us to state a lattice-
valued version of Khintchine’s inequalities:

THEOREM 2.2. Let X be a quasi-Banach lattice. For each 0 <r < oo there are
constants T, and C,. such that for any finite family (f;)ica in X,
r\ 1/7
1
o <Aveai_i1 ) .

r\ 1/7 1/2

) < (ZIfAQ) <T, (Aveai—ﬂ
€A

Proof. Just apply the functional calculus 7 described in [33, Theorem 1.d.1] to the

functions f, g: R™ — R given by

r> 1/r

and use Khintchine’s inequalities [31]. O

> e

€A

> et

i€A

n
E Ei X4

i=1

" 1/2
f(wi)izy) = (lef) o 9((@i)izy) = (Aveei—il

If X is a r-convex quasi-Banach lattice then X is a min{r, 1}-convex quasi-Banach
space. The converse does not hold, to the extent that there are quasi-Banach lattices
that are not r-convex for any r > 0 (see [28, Example 2.4]). Theorem 2.2 from the
same paper characterizes quasi-Banach lattices with some nontrivial convexity as
those that are L-convex. A quasi-Banach lattice X is said to be L-convez if there is
€ > 0 so that whenever f and (f;);ca in X satisfy 0 < f; < f for every i € A, and
(1= 2) A f < e fi we have e |[f]| < maxica | fil.

The aforementioned Theorem 2.2 from [28] also gives the following.

THEOREM 2.3. Let X be a quasi-Banach lattice and let 0 < r < oo. If X is lattice
r-convex then it is lattice s-convex for every 0 < s <.

Quoting Kalton from [28], L-convex lattices behave similarly to Banach lattices
in many respects. The following result, which generalizes to quasi-Banach lattices
[34, Lemme 5], is in this spirit.

LEMMA 2.4. Let X be an L-conver quasi-Banach lattice. Then for every 0 < r < oo
there is a constant C such that

1/2
(Z |f1-|2> <C (Aves,;_ﬂ

i€A

Z&'fi

T 1/1"
) , A < oo, fi e X
icA

Proof. Since that map

zfifi

r\ 1/7
i€A >

T (A’U@ei—j:1
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is increasing, by Theorem 2.3 we can assume that X is an r-convex Banach lattice.
Then, by Theorem 2.2,
r> 1/r

1/2
(Z |f1|2> < Tr (Avesi—jzl
> ek

€A
i€A

Zfifi

i€A

r> 1/r

for every finite family (f;)ica in X. a

< T.M"(X) (Aveg,i:ﬂ

REMARK 2.5. In light of Khintchine—Kahane—Kalton’s inequalities (see [27,
Theorem 2.1]) the index r in Lemma 2.4 is irrelevant. From an opposite per-
spective, we point out that the proof of Lemma 2.4 does not depend on
Khintchine-Kahane-Kalton’s inequalities.

We are interested in quasi-Banach lattices of functions defined on a countable
set . The term sequence space will apply to a quasi-Banach space B C FV such
that:

e e, := (0;n)icn Is a norm-one vector in B for all n € N5 and
o if f € X and g € FV satisfy |g| < |f], then g € X and ||g|| < ||f]|.

That way, B becomes a quasi-Banach lattice with the natural order. In this
particular case, r-sums take a more workable form: given f; = (a;n)nen for i € A,

1/r 1/r
(Z |fﬂ> = (Z amV)
€A €A

There is a close relation between sequence spaces and unconditional bases. If B
is a sequence space the unit vector system En = (e,)nen is a l-unconditional
basic sequence of B whose coordinate functionals are the restrictions to B of the
coordinate functionals (e} ),en defined as

e;(f) = Qn, f = (an)ne_/\f S ]FN

And, conversely, every semi-normalized unconditional basis & of a quasi-Banach
space X becomes normalized and 1-unconditional after a suitable renorming of X
this way we can associate a sequence space with X.

neN

2.6. Embeddings via bases and squeeze-symmetric bases

Let X be a quasi-Banach space with a basis X = (z,)nen and let (B, [|-||z) be
a sequence space on N. Let us recall the following terminology, which we borrow
from [1].

(a) We say that B embeds in X via X, and put B & X, if there is a constant C' such
that for every g € B there is f € X such that F(f) = g, and ||f|| < C'||g]|5-
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(b) We say that X embeds in B via X, and put X & B, if there is a constant C
such that F(f) € B with || F(f)|z < C||f] for all f € X.

The sequence space B is said to be symmetric if fr := (arm))nen € B and
| fxllg = | fllg for all f = (an)nen € B and every permutation = of N.

Loosely speaking, by squeezing the space X between two symmetric sequence
spaces we obtain qualitative estimates on the symmetry of the basis in X. Thus, a
basis X is said to be squeeze-symmetric if there are symmetric sequence spaces Sq
and S; on N, which are close to each other in the sense that

[Taln,Sulll = [[Talén, Salll - [A] < oo,

such that Sy & X & So. A basis of a quasi-Banach space is squeeze-symmetric if
and only if it is truncation quasi-greedy and democratic (see [5, Lemma 9.3 and
Corollary 9.15]). In particular, almost greedy bases are squeeze-symmetric.

Embeddings involving weighted Lorentz sequence spaces play an important role in
greedy approximation theory using bases. For our purposes here, it will be sufficient
to deal with weak Lorentz spaces.

Let w = (w,,)22; be a weight, i.e., a sequence of nonnegative numbers with w; >
0, and let s = (s,,)25_; be its primitive weight defined by s, =Y., wy. The
weighted Lorentz sequence space (on the countable set N) dj o (w) consists of all
functions f € ¢o(N) whose non-increasing rearrangement (a,,)%_; satisfies

||f||oo’w = SUP Sy Gy < O0.
meN
We must pay attention to whether s is doubling, i.e., whether s satisfies the
condition
Som S Smy, m €N,

The L-convexity of the space will play a key role as well.

THEOREM 2.6 [12, Theorem 2.2.16] and [3, Theorem 6.1]. Let s be the primitive
weight of a weight w.

(1) The space (dy oo(w)
Moreover,

N lloonw) s quasi-normed if and only if s is doubling.

(i) if s is doubling then di o (w) is an L-conver symmetric sequence space.

Suppose &X' is a truncation quasi-greedy basis of a quasi-Banach space X. Then,
regardless of whether X is democratic or not, the mere definition of lower democracy
function yields a constant C' such that

Sup am QO[[X,X](T)’L) <C ||f|| ) f €X, (27)
where (a,,)5°_; is the non-increasing rearrangement of f.
We point out that since ¢;[X, X] is not necessarily doubling (see [43]), inequality

(2.7) might not hold for an embedding of X into a sequence space; thus we will need
to appeal to the following consequence of (2.7).
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LEMMA 2.7 see [5, Corollary 9.13]. Let X be a truncation quasi-greedy basis of a
quasi-Banach space X. Let w be a weight whose primitive weight 8 = (81,)05_1 18

doubling. Then X & d1 oo (w) if and only if s < @i X,X].

2.7. Banach envelopes

When dealing with a quasi-Banach space X it is often convenient to know which is
the ‘smallest’ Banach space containing X. Formally, the Banach envelope of a quasi-
Banach space X consists of a Banach space X together with a linear contraction
Jx: X — X satisfying the following universal property: for every Banach space Y
and every linear contraction 7': X — Y there is a unique linear contraction 7": X —
Y such that T o Jx = T'. Pictorially we have

x
B —
T

If a Banach space V and a bounded linear map J: X — V are such that J:X =V
is an isomorphism, we say that V is an isomorphic representation of the Banach
envelope of X via J. For instance, given 0 < p < 1, the Bergman space A%_p /2 is an

Jx

A ——= A

Y.

isomorphic representation of the Banach envelope of Hy,(D) via the inclusion map
(see [19, 37)).

If a quasi-Banach space X has a basis X and X &, {1, then ¢; is an isomorphic
representation of the Banach envelope of X via the coefficient transform ([2, Propo-
sition 2.10]). The following lemma is an immediate consequence of this and so we
leave its verification to the reader.

LEMMA 2.8. Let X be a basis of a quasi-Banach space X, and let B be a sequence

x
space. Suppose that X — B and that B C {1 continuously. Then the envelope map
Jx: X — X factors through the coefficient transform regarded as map from X into
B, i.e., there is a bounded linear map J: B — X such that Jx = J o F.

2.8. The Marriage Lemma

A classical problem in combinatorics is to determine whether a given family
(N3)ier of subsets of a set N admits a one-to-one map v: I — N such that v(i) € N;
for all ¢ € I. A necessary condition for the existence of such a map is

U

i€l

IF| < , FCI, |F| < . (2.8)

P. Hall proved in [23] that (2.8) is also sufficient provided the set I of indices and
all the sets N are finite. Subsequently, M. Hall [22] extended this result to the case
when [ is not necessarily finite. Here, we will use a generalization by Wojtaszczyk
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[41] of the latter result which was effectively used in his study of the uniqueness of
unconditional bases in quasi-Banach spaces.

THEOREM 2.9 see [41, Corollary 3.1]. Let N be a set and (N;)icr be a family of
finite subsets of N'. Let K € N. Suppose that

U,

icF

|F| <K

for every ' C I finite. Then there is a partition (Ij)le of I and one-to-one maps

vi: I; = N for j=1,...,K such that v;(i) € N for eachi € I.

3. Strongly absolute bases and their effect on the democracy functions
of quasi-greedy basic sequences

Loosely speaking, one could say that strongly absolute bases are ‘purely non-locally
convex’ bases, in the sense that if a quasi-Banach space X has a strongly absolute
basis then X is far from being a Banach space. The strong absoluteness of a basis
was identified and coined by Kalton et al. in [30] as the crucial differentiating
feature of unconditional bases in quasi-Banach spaces. Here we work with a slightly
different but equivalent definition.

DEFINITION 3.1. An unconditional basis B = (b, )nen of a quasi-Banach space X
is strongly absolute if for every constant R > 0 there is a constant C > 0 such that

* * 11
n \mX C nil
5 ] < max { € sup 6300 o 1

neN

}, fexX.  (3.1)

By definition, if we rescale a strongly absolute basis we obtain another strongly
absolute basis. A normalized unconditional basis B of X is strongly absolute if
X &, l1, and X is ‘far from /¢1,” in the sense that whenever the quasi-norm of a
vector in X and the £1-norm of its coordinate vector are comparable then the f..-
norm of its coordinates is comparable to both quasi-norms. We refer to [3] for a
list of quasi-Banach spaces with a strongly absolute unconditional basis. Some of
those spaces will appear in § 4, but for the time being we recall two different ways
to find strongly absolute bases.

THEOREM 3.2 [3, Proposition 6.5]. Let X be a quasi-Banach space with a semi-
normalized unconditional basis B. Suppose that

< 00.

Then B is strongly absolute.

THEOREM 3.3 [3, Proposition 6.2]. Let w be a weight whose primitive weight s =
($m)2o_y is doubling. Then the unit vector system of dy oo(w) is strongly absolute
if and only if > °°_; 1/8, < 00.
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We point out that the fundamental function of the unit vector system of dj o (w)
is the primitive weight of w. Hence, the ‘if’ part of Theorem 3.3 can be directly
derived from Theorem 3.2.

Our goal in this section is to determine how the fact that a quasi-Banach space
X has a strongly absolute basis B = (b, )nen affects the democracy functions of
quasi-greedy bases in X. To that end, if Y = (y;)icm is another basis of X, we must
estimate the size of HzieA yZH for any A C M finite in terms of the democracy
functions of B. The following lemma from [7] highlights the role played by the strong
absoluteness of the basis in making possible to pick (uniformly) large coefficients
from the vectors of ). The ‘large coefficient’ technique was introduced by Kalton
in [26] in his study of the uniqueness of unconditional basis in non-locally convex
Orlicz sequence spaces.

Given § > 0 and a finite family S = (y,,y)ica we consider the set of indices

Qs5(S,B) ={neN: |y;(bn) b} (y;)| = ¢ for some i € A},

where (b)necn is the dual basis of B. The explicit definition of these sets goes
back to the work of Wojtaszczyk on uniqueness of unconditional structure of quasi-
Banach spaces [41].

LEMMA 3.4 [7, Lemma 3.3]. Let B be a quasi-Banach space with a strongly absolute
basis B. Then, given a € (0,00) and C € (1,00), there is § > 0 such that, whenever
S =(y;,Y)ica is a finite family in B x B* with y!(y,;) =1 and ||y;|| |y;]| < a for
all i € A, we have

eSS

neQs(S,B)

> yi(ba) by (y,)|.

i€EA

Since we will also come across sets 5(S, X') associated with conditional bases X
of a quasi-Banach space X, in order to make headway we will need the following
alteration of Lemma 3.4.

LEMMA 3.5. Let X be a quasi-Banach space with a basis X = (., )nen . Suppose that
X embeds via X in a sequence space B whose unit vector system is strongly abso-
lute. Then, given a € (0,00) there are positive scalars K and 6 such that, whenever
S = (¥:,¥i)iea is a finite family in X x X* with y}(y;) = 1 and ||y;[| |y; ]| < a for
alli € A, we have

Al < K [$25(S, X)].

Proof. The hypothesis implies that the space B embeds continuously into /;.
Therefore, by Lemma 2.8, there is a bounded linear map J: B — X such that
J(F(f)) = Jx(f) for all f € X. Let C; denote its norm, and let Cy be the norm of
the coefficient transform F with respect to X, regarded as an operator from X to
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B. Let
Cs = sup ly, | yil < o0, and
icA

Cy = sup [lzal| [ ]| < oo
neN

If we set
zi:F(yi)EEandzj:gEoJeB*, ieM,
then we have
Zi(z) =yi o J o Fly;) = yi(y) = 1 and

Izl 1271 < (1l —g NyslH 7] ‘

yi|| < C102 |ly; || lyi || < C1C2C3

for all i« € A. Moreover,

e,(zi) = e (F(y;)) = =, (y;) and

zl(en) = y; (J(F(@n)) =y (Jx(mn)) = y; (2n)
foralli € Aand n € N.

Set a = C1C2C3 and an arbitrary C' > 1. We pick § > 0 as in Lemma 3.4 with
respect to the unit vector system of B. We infer that

AI<SC Y0 lyi(@a) 2 (y,)] < OC3C|25(S, X)) O
nEQg(S,X)

The following elementary lemma puts an end to the auxiliary results of this
preparatory section.

LEMMA 3.6. Let X = (@p)nen be a basis a quasi-Banach space X. The set
{neN: [f*(zn) 2, (f)| = 0}
is finite for any given f € X, f* € X*, and § > 0.

Proof. We need to prove that (f*(x,) X (f))nen € co(N). But this follows from
the facts that (z(f))nen € co(N) and (f*(zn))nen € loo(N). O

The machinery developed above will permit us to obtain estimates for democracy
functions of basic sequences in a quasi-Banach space that embeds in ¢; via a basis
that is far from the canonical ¢;-basis in a sense that will be made clear in place. We
divide these estimates in two, depending on whether they involve lower or upper
democracy functions.
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3.1. Lower estimates for democracy functions

A subtle, yet important, obstruction to apply Lemma 3.5 to basic sequences ) in
a quasi-Banach space X is that the coordinate functionals associated with ) are not
defined on X but on the closed subspace of X generated by ), denoted by Y. If X
is locally convex, the Hahn-Banach theorem comes to our aid: any bounded linear
functional on Y extends to a bounded linear functional on X without increasing
its norm. However, there are important spaces, such as Hardy spaces, that are not
locally convex and so this extension cannot be taken for granted. This situation
motivated Day [14] to define the Hahn-Banach Eaxtension Property (HBEP for
short). We say that Y has the HBEP in X if there is a constant C' such that for
every f* € Y* there is g* € X* such that ¢g*|y = f* and ||g*|| < C'||f*|. Needless
to say, X has the HBEP in X. For the purposes of this paper it suffices to keep in
mind that any complemented subspace of a quasi-Banach space X has the HBEP
in X. We say that the basic sequence ) has the HBEP in X if Y does.

The results in this section rely on the following lemma.

LEMMA 3.7. Let X be a quasi-Banach space with a basis X = (&y)nen. Suppose
that X embeds in an L-convexr sequence space B via X and that the unit vector
system of B is strongly absolute. Then, for every UCC basic sequence Y = (Y,)iem
with the HBEP in X there is a constant ¢ such that

e[V, X](m) Z @ilEn, Bl ([em]), meN.

Proof. Choose for each ¢ € M an extension z; of the coordinate functional y; in
such a way that a = sup,;c 4 ||Y;| ||2}]] < 00, and pick K and ¢ as in Lemma 3.5.
For each i € M, let f; € FV be given by

fi =z (®n) &, (Ys)) pen -
Notice that for each A C M finite, max;c 4 | fi| = ¢ on the set
Qa={neN: |zi(x,) xz;(y,;)] = for some i € A}.

Fix m € N. Let A C M be a finite set with |A| > m. Using Lemma 2.4 we obtain

T4V, X][| & Avee, =41

foi Yi

i€EA

foi F(y:)

i€EA

2 Aveg,—41

B
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1/2
2
2| (Smwor)
i€A B
1/2
2
2 (s )
i€A B
> ,
R ||max|fi] .
2 H]]-QA [8N7BH| :
Now the statement follows since [Q4| > [m/K]. O

THEOREM 3.8. Let X be a quasi-Banach space with a strongly absolute semi-
normalized unconditional basis X which induces an L-convex lattice structure on
X. Suppose that Y is a UCC basic sequence with the HBEP in X. Then there is a
constant ¢ > 0 such that

@V, X)(m) 2 @[, X([em]), m e N.

Proof. Just apply Lemma 3.7 with B the sequence space induced by the semi-
normalized basis X. O

THEOREM 3.9. Let X be a quasi-Banach space with a truncation quasi-greedy basis
X. Let s = (sm)50_ be a non-decreasing doubling sequence of positive scalars such

that @1 [X,X] 2 s and

=1
Z—<oo.
m:lsm

Suppose that Y is a UCC basic sequence with the HBEP in X. Then
@Y, X|(m) 2 sm, mEN.

Proof. By Theorem 3.3, Theorem 2.6, and Lemma 2.7 we can apply Lemma 3.7
with B = dy o (w), where w is the weight with primitive weight s. O

COROLLARY 3.10. Let X be a squeeze-symmetric basis of a quasi-Banach space X.
Suppose that

> e <

= pul X, X](m) '

Let Y be a UCC basic sequence with the HBEP in X. Then
SDlD},X] Z Sou[X7X] ~ (Pl[va}

Proof. Notice that s := ¢, [X,X] is doubling (see [5, §8]) and that, using democ-
racy, ¢i[X,X] 2 s. Hence, we can apply Theorem 3.9. O
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3.2. Upper estimates for democracy functions

Our results here heavily depend on the complementability of the closed subspaces
of X generated by the basic sequences we tackle. A basic sequence in X that spans
a complemented subspace is said to be a complemented basic sequence of X.

LEMMA 3.11. Suppose that a quasi-Banach space X embeds via a basis X =
(n)nen 0 a sequence space B whose unit vector system is strongly absolute. Let
YV = (y,)iem be a complemented basic sequence of X. If Y is truncation quasi-greedy
then

QOuD),X] 5 Qou[XaX]

Proof. Let P: X — Y be a bounded linear projection, where Y is the closed subspace
of X generated by ). Put

z; =y;oP, iel,

where (y})i;em in Y* are the coordinate functionals of ). We have 2} (y,) = yi(y,)
and || 25| ly; || < [P ly:]l [|ly;|| for every i € I. Hence, by Lemma 3.5, there are
K € N and § > 0 such that, if we put

Q ={neN: |zi(®n) @, (y,)| > 6}, ieM,

then |A| < K |U;jeaQ;] for all A C M finite. Moreover, by Lemma 3.6, [€;] < oo
for all i € M. Thus, by Theorem 2.9, there are a partition (./\/lj)jK:l of M and
one-to-one maps v;j: M; — N such that

zi (@) @y, ) (y3)| 26, 1<j< K, ieM,;.

Pick m € N, and let A C M be such that [A| <m. Put A; = ANM; for j =1,
..., K. Set also

Ajn = |w;kz(yz)| Sign(zr(wn»v (RS M7 nenN.
For each I € A; we have
yi | P D a,m@n,0 =y ‘z?(mw(i))m;(i)(yl)‘
i€A; ;

i€A;
= ’Zf(muj(z)) m;j(l)(yl)‘
)

Consequently, if C, is as in (2.3) and C,. is the truncation quasi-greedy constant of
Y (see (2.2)), we have

C.C, .
14, [, Y]]| < 5 P Z Elu,)Tu) |||, J=1..., K.

1€EA;
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If we put a = sup,,cp ||z}, b =sup;eqr ||y;]|, and let x be the optimal constant
such that

K
DU
j=1

and C;s be as in (2.4), we obtain

K
<HE:Hy]||7 ijYa
J=1

1LY, Y]]

K
‘ SLTRORY
=1

N

K
w0 14,
j=1

C.C,
o

THEOREM 3.12. Let X be a quasi-Banach space with a basis X. Assume that:

kK

N

1P| abClpu | X, X](m). O

(a) Fither X is unconditional and strongly absolute, or

(b) there is a non-decreasing doubling sequence 8 = (sp)50_y such that @[ X, X] 2

s and
=1
E — < Q.
Sm
m=1

Suppose that Y is a complemented truncation quasi-greedy basic sequence of X. Then
PulV, X] S pulX,X].

Proof. Tf (a) holds, we let B be the sequence space induced by the semi-normalized
basis X. If (b) holds, we take B = d o (w), where w is the weight with primitive
weight s, and we appeal to Theorem 3.3 to claim that the unit vector system of B
is strongly absolute. This way, in both cases an application of Lemma 3.11 yields
the desired result. O

4. Applications to quasi-greedy bases in Hardy spaces

We are now in a position to apply the results of the previous section to the case
when X is the Hardy space H,(D) for 0 < p < 1. Our main result will be a ready
consequence of the following theorem.

THEOREM 4.1. Let X be a quasi-Banach space with a truncation quasi-greedy basis
X such that ¢[X,X] is doubling and

= 1
2 G e <™

Suppose that Y is a complemented truncation quasi-greedy basic sequence of X. Then

w1l X, X] S @[V, X] S pulV, X] S pulX,X].
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Proof. Just combine Theorem 3.9 with Theorem 3.12. O

COROLLARY 4.2. Let X be a squeeze-symmetric basis of a quasi-Banach space X.
Suppose that

s 1
2 o) <

m=1

Let Y be a complemented truncation quasi-greedy basis of X. Then Y is democratic,
and

QOL[X7X} ~ Qol[va] ~ (Pu[va] ~ ‘Pu[va]'

Proof. Since ¢1[X,X] & ¢, [X,X], ¢1[X,X] is doubling, and

> 1
2 X m) <

m=1
Thus, the result follows from Theorem 4.1. O
COROLLARY 4.3. Let 0 <p < 1. If Y is a truncation quasi-greedy basis of a com-
plemented subspace of Hy,(D) then Y is democratic with @[V, Hy(D)](m) a2 m*'/P

for m € N. In particular, all quasi-greedy bases of H,(D) are almost greedy.

Proof. The basis H of H,(ID) constructed in [40] is unconditional (hence truncation
quasi-greedy) and democratic with

ei[H, Hy(D)](m) ~ m'/? x g, [H, Hp(D)](m), m €N,
(see [30]). Now our claim follows from Theorem 4.2. O

We note that for d > 1 the canonical unconditional basis H? of the Hardy space
H,(D%), constructed from the canonical unconditional basis H of H,(D) by means
of tensor products, inherits the unconditionality from H but not its democracy.
Indeed, for every d € N we have

@u[H, Hy(DY)](m) = m'/?, m €N,
whereas
@i[H?, Hy(DY](m) & hy, == m/P(1 + logm)d=DE/27P) iy e N, (4.1)

(see [38, §4] and [42, §4]).
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THEOREM 4.4. Let X be a quasi-Banach space with a truncation quasi-greedy basis
X. Suppose that ¢i[X,X] is doubling with

> 1

2 X <

m=1

If YV is a truncation quasi-greedy basis of X then
PulV, X] ~ pu[X, X].
Moreover, if o[V, X] is doubling then
@l X] ~ @i, X].

Proof. Apply Theorem 4.1 to obtain the estimates given there. Using Theorem
3.12 with s = ¢ [X,X] and the roles of X and Y swapped, we deduce the equiva-
lence between the upper democracy functions. If ¢;[), X] is doubling, we can apply
Theorem 3.9 with s = ¢;[), X] and the roles of X and ) swapped. This gives the
equivalence between the lower democracy functions. O

THEOREM 4.5. Let X be a quasi-Banach space with a truncation quasi-greedy basis
X. Suppose that ¢i[X,X] is doubling with

> 1
2 X <

m=1

If X is not democratic then X has no squeeze-symmetric bases.

Proof. Assume by contradiction that X has a squeeze-symmetric basis ). Then the
function o[V, X] = ¢u[YV,X] is doubling. By Theorem 4.4 we have ,[V,X] ~
pulX,X] and @[V, X] =~ ¢[X,X], which leads to the absurdity ;[X,X]~
PpulX,X].

O

COROLLARY 4.6. Let 0 <p<1 and d € N. If d>2 the space Hp(ID)d) has no
squeeze-symmetric bases. In particular, H,(D?) has no almost greedy bases.

Proof. Let h = (hy,)5—; be as in (4.1). Since h is doubling and non-equivalent to

(m'/P)2°_,, the result follows from Theorem 4.5. O

We close this section with a quantitative estimate for the performance of the
thresholding greedy algorithm implemented in Hardy spaces. To put this in context,
we recall that in order to analyse the efficiency of the greedy algorithm with respect
to a basis X of a quasi-Banach space X it is customary to consider, for each m € N|
the smallest constant C > 1 such that

If = Gm(DI <CIIf ==

for all f € X and all m-term linear combinations z of vectors from &'. This constant
is called the mth Lebesgue constant, and it is denoted by L,,[X,X]. The growth
of the Lebesgue constants of bases in Banach spaces has been studied in [11, 21].
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We point out that the relation between the Lebesgue constants, the conditionality
parameters, and the democracy deficiency parameters established in [11] still holds
in the non-locally convex setting. To be precise, if we put

kn[X,X] = sup [|Sa[X,X]||, meN,

|[Al<m
and
14X, X]

ot X = sup  ARABE
|A|=|Bl<m 1 1B[X, X]]|

then for any basis X' of a quasi-Banach space X we have
L7TL [X7 X] ~ max{kﬂ’l [X’ X]? l’l'm [X7 X}}’ m E N (42)
Moreover, if X is UCC, then

um[X,X]%lsggm, m €N, (4.3)
(see [4, §1]).

COROLLARY 4.7. Let 0 <p <1 and d € N. Suppose X is a truncation quasi-greedy
basis of a complemented subspace of H,(D?). Then for m € N we have

m' /P (1 +logm)~* < @u[X, Hy(D)](m) < @ulX, Hy(D)](m) < m/?,
where a = (d — 1)(1/2 — 1/p). Consequently,
pon[X, Hy(DY)] < (1 +1ogm)®, meN.
Proof. Just combine Theorem 4.1 with equations (4.1) and (4.3). O

COROLLARY 4.8. Let 0 < p <1 and d € N. Suppose that X is a truncation quasi-
greedy basis of a complemented subspace of H,(D?). Then

L[, Hy(D)] S (1 +1logm)®, meN,
where o« = max{1/p, (d —1)(1/2 —1/p)}.

Proof. Combine (4.2), Corollary 4.7, and [6, Theorem 5.1]. a

5. Further applications

Apart from the spaces H,(ID) and ¢, for 0 < p < 1, Corollary 4.2 also applies to
Fefferman—Stein’s real Hardy spaces H,(R%) for d € N. More generally, applying
Corollary 4.2 with X a suitable wavelet basis gives that, if 0 <p <1, 0 <p <
q <00, s € R and d €N, then all quasi-greedy bases of the homogeneous and the
inhomogeneous Triebel-Lizorkin spaces Z%;7q(Rd) and Fs (R?) and their comple-
mented subspaces are democratic, with fundamental function of the same order as
(m'/P)oo_, (see [5, §11.3]).
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Corollary 4.2 also applies to the p-convexified Tsirelson space 7", 0 < p < 1.

The fundamental function of the unit vector system of the Lorentz sequence
spaces £y, 4, 0 < g < 00, is equivalent to (m'/P)2°_,. We infer from Corollary 4.2
that all quasi-greedy bases of £, , (we take its separable part if ¢ = 0o) is formed
by democratic with fundamental function equivalent to (m!/?)so_,.

An important class of sequence space whose unit vector system is not democratic
is formed by mixed-norm sequence spaces

EP @éq’ ép(fq),ﬁq(ép), @EZ
n=1

APe) o 0<g<p (5.1)
£, \n=1 Y

q

The lower democracy function of all these spaces is (m!/?)%S_,, whereas their upper

lower democracy function is (m'/9)%°_,. In the case when p < 1, we apply Theorem
4.5 to obtain that no space from the list in (5.1) has an almost greedy basis. This
partially solves [5, Problem 13.8].
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