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The ideal Chew-Goldberger-Low (CGL) plasma equations, including the double
adiabatic conservation laws for the parallel (p;) and perpendicular pressure (p,), are
investigated using a Lagrangian variational principle. An Euler—Poincaré variational
principle is developed and the non-canonical Poisson bracket is obtained, in which the
non-canonical variables consist of the mass flux M, the density p, the entropy variable
o = pS and the magnetic induction B. Conservation laws of the CGL plasma equations
are derived via Noether’s theorem. The Galilean group leads to conservation of energy,
momentum, centre of mass and angular momentum. Cross-helicity conservation arises
from a fluid relabelling symmetry, and is local or non-local depending on whether the
gradient of S is perpendicular to B or otherwise. The point Lie symmetries of the CGL
system are shown to comprise the Galilean transformations and scalings.
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1. Introduction

In magnetohydrodynamics (MHD), the ideal Chew—Goldberger—Low (CGL) equations
(Chew, Goldberger & Low 1956) describe plasmas in which there is not enough scattering
of the particles to have an isotropic pressure and only lowest-order gyro-radius effects
terms are taken into account in the particle transport (i.e. finite Larmor-radius terms are
neglected). These equations can be viewed as the small gyro-radius limit of the Vlasov
fluid moment equations, where the pressure tensor has the anisotropic (gyrotropic) form
p=pil+ (p;—pr)rT. Here T = |B|~'B is the unit vector along the magnetic field and
I is the identity tensor. The pressure component p;, — p, controls the anisotropy, i.e. the
pressure tensor is isotropic if py = p, ..
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Higher-order gyro-radius effects and gyro-viscosity lead to the extended anisotropic
MHD equations (see, e.g., Macmahon 1965; Ramos 2005a,b; Sulem & Passot 2015;
Hunana et al. 2019a). Braginskii (1965), Schnack (2009) and Devlen & Pekiinlii (2010)
used an isotropic pressure decomposition, which is not an anisotropic CGL decomposition.
Hunana et al. (2022) considered various generalisations of the Braginskii (1965) model
using the Landau collisional operator for the case of multi-species plasmas. A recent
Hamiltonian version of extended gyro-viscous MHD has been developed by Lingam,
Morrison & Wurm (2020).

In the present work, we develop a variational formulation of the ideal CGL plasma
equations starting from the Lagrangian formulation of Newcomb (1962). Our main goals
are to derive and discuss:

(1) an Euler—Poincaré (EP) action principle;

(2) anon-canonical Poisson bracket and its Casimirs;

(3) conservation laws from application of Noether’s theorem to the Galilean group of
Lie point symmetries;

(4) a cross-helicity conservation law from particle relabelling symmetries and its
non-local nature when the entropy gradients are non-orthogonal to the magnetic
field.

Previous work on the CGL equations can be found in Abraham-Shrauner (1967),
Hazeltine, Mahajan & Morrison (2013), Holm & Kupershmidt (1986), Ramos (2005a,b),
Hunana et al. (2019a,b) and Du et al. (2020).

Cheviakov & Bogoyavlenskij (2004) and Cheviakov & Anco (2008) derived exact,
anisotropic MHD equilibria solutions of the CGL equations, with a modified equation
of state for incompressible fluid flows. Cheviakov & Bogoyavlenskij (2004) obtained
an infinite group of Lie symmetries of the anisotropic plasma equilibrium equations for
steady flow configurations. An infinite-dimensional family of transformations between the
isotropic MHD equilibrium equations and solutions of the anisotropic CGL equations
were obtained. Ilgisonis (1996) studied the stability of steady CGL plasma equilibria
in a tokamak for a generalised Grad—Shafranov equation, taking into account the fluid
relabelling symmetry, and covers previous stability criteria for ideal CGL plasma and ideal
MHD cases.

Our methods are adapted from MHD and ideal fluid mechanics. It is well known how
to use a Lagrangian map to relate Eulerian and Lagrangian fluid quantities (Newcomb
1962), and this underpins the EP action principle which is a Lagrangian counterpart of
a Hamiltonian formulation (Holm, Marsden & Ratiu 1998; Webb 2018; Webb & Anco
2019). This action principle is based on the Lagrangian map and utilises an associated Lie
algebra.

Recent work by Dewar et al. (2020) and Dewar & Qu (2022) developed variational
principles to describe time- dependent relaxed MHD using a global cross-helicity
constraint with a phase space Lagrangian action principle (PSL) as opposed to a
configuration space Lagrangian (CSL) action. The theory has been used to describe
multi-region, extended MHD (RxMHD) in fusion plasma devices. In ideal MHD current
sheets can develop. One of the main ideas in this work is to provide a global fitting
together of ideal MHD sub-regions, subject to global cross-helicity and magnetic helicity
constraints by using Lagrange multipliers. This is a rather complicated theory that lies
beyond the scope of the present paper.

Noether’s theorem has been used to obtain conservation laws for ideal MHD (Webb
& Anco 2019); see also Padhye & Morrison (1996a,b) and Padhye (1998). A different
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approach to deriving conservation laws is Lie dragging of differential forms, vector fields
and tensors, as developed by Moiseev et al. (1982), Sagdeev, Tur & Yanovskii (1990), Tur
& Yanovsky (1993), Webb et al. (2014a,b), Gilbert & Vanneste (2020), Besse & Frisch
(2017) and Anco & Webb (2020).

Section 2 summarises the ideal CGL plasma equations. The anisotropic pressure
components p; and p, satisfy double adiabatic conservation laws. The total energy
equation for the system arises from combining the internal energy equation, the kinetic
energy equation and the electromagnetic energy equation (i.e. Poynting’s theorem).
The cross-helicity and Galilean conservation laws are obtained for barotropic and
non-barotropic gas equations of state. The magnetic helicity transport equation and the
conservation of magnetic helicity is described. The thermodynamics of CGL plasmas
are discussed. This leads to an internal energy density of the form e = e(p, S, B) for the
plasma (e.g. Holm & Kupershmidt 1986; Hazeltine et al. 2013), where B = |B]| is the
magnitude of the magnetic field. It applies to the situation when reversible energy changes
occur, with the temperature of the plasma being given by 7' = ey, and it yields an equation
of state which incorporates the double adiabatic conservation laws. A comparison is given
with a more restrictive different approach that applies the ideal gas law to the plasma (e.g.
Du et al. 2020), with an equation of state being derived as a consequence.

Section 3 describes the Lagrangian map between the Eulerian fluid particle position
x and the Lagrangian particle position xy. This map is obtained from integrating the
system of ordinary differential equations dx/df = u(x, r) with the fluid velocity u(x, t)
assumed to be a known function of x and 7 and x = x at time ¢ = 0. The Lagrangian
map x(xy, t) is used to write the fluid equations as a variational principle (Newcomb 1962;
Holm et al. 1998). In this description the canonical coordinates are g = x(xy, t), and the
canonical momenta are defined by the Legendre transformation p = dL,/dx where L, is
the Lagrangian density in a frame moving with the fluid.

Section 4 develops the EP action principle for the CGL plasma equations by using the
general method of Holm et al. (1998) and the results of Newcomb (1962).

In § 5, the Poisson bracket {F, G} of functionals F' and G is described. We obtain the
non-canonical Poisson bracket of Holm & Kupershmidt (1986) but give more details. By
converting the variational derivatives for functionals from the canonical coordinates (g, p)
to physically motivated non-canonical coordinates, the Poisson bracket is converted to
its non-canonical form in the new variables. The symplectic (i.e. Hamiltonian) form of
the non-canonical Poisson bracket is determined, which is useful in proving the Jacobi
identity and for writing down the Casimir determining equations. The Casimirs of the
Poisson bracket commute with the Hamiltonian functional characterising the system and
are obtained using the approach of Hameiri (2004) (see also Morrison 1982; Holm et al.
1985; Marsden & Ratiu 1994; Padhye & Morrison 1996a,b; Padhye 1998).

Section 6 describes Noether’s theorem for the CGL variational principle using the
Lagrangian variables. Noether’s theorem produces conservation laws in terms of these
variables from variational symmetries. The Eulerian form of the conservation laws is
obtained through the Lagrangian map by use of a result of Padhye (1998). The variational
symmetries include the Galilean group, in particular: (i) time translation invariance yields
energy conservation; (ii) space translation invariance yields momentum conservation; (iii)
invariance under Galilean boosts yields centre of mass conservation; (iv) invariance of
under rotations yields angular momentum conservation.

In addition, fluid relabelling symmetries are shown to be variational symmetries which
yield the generalised cross-helicity conservation law for CGL plasmas. The conditions
under which this conservation law is local or non-local are delineated. A local conservation
law is shown to arise when the parallel and perpendicular entropies, S; and S, have
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zero gradient along the magnetic field. Alternatively, for an internal energy density
e =e(p, S, B), alocal conservation law occurs when B - VS = 0. When these conditions
fail to hold in the plasma, the cross-helicity conservation law is non-local and depends on
the integration of the temperatures back along the Lagrangian fluid particle paths.

The present paper can be thought of as an extension of the work of Holm & Kupershmidt
(1986). We restrict our analysis to non-relativistic flows, whereas Holm & Kupershmidt
(1986) study both relativistic and non-relativistic flow versions of the CGL equations.
Our analysis is more complete than Holm & Kupershmidt (1986) in the following ways.
(1) Our analysis takes into account more recent developments in anisotropic moment
equations for plasmas with an anisotropic pressure tensor (e.g. Hazeltine et al. 2013;
Hunana et al. 2019q). In particular, the formulations of the equation of state and the first
law of thermodynamics used by Holm & Kupershmidt (1986) were not clear because of
the brevity of the exposition. (ii)) We show that a slightly more general, non-separable
equation of state can be used than that of Hazeltine et al. (2013) (see (2.30) and what
follows). (iii) We provide a more complete treatment of the conservation laws for the CGL
system, and identify the symmetries of the Lagrangian which give rise to the conservation
laws in Noether’s theorem. Our analysis shows that the cross-helicity conservation law
is a consequence of a fluid relabelling symmetry, which is, in general, a non-local
conservation law unless B is normal to the entropy gradients of S, S, and S, in which
case the conservation law is local. (iv) We describe the CGL Poisson bracket of Holm &
Kupershmidt (1986) which uses the non-canonical variables p, M = pu, 0 = pS and B.
The entropy variable used in the non-canonical Poisson bracket is o = pS where S is
the entropy. The entropy S can, in turn, be decomposed into the form S =8, +5,.
The non-canonical Poisson bracket derivation in Appendix D is more rigorous than that
used by most authors as it takes into account the variations in the basis vectors used
to define vectors and tensors. However, these changes do not modify the net Poisson
bracket, because they only lead at most to changes in the boundary terms in the bracket
which are discarded (see, e.g., Holm, Kupershmidt & Levermore (1983) for the more
rigorous general derivation of the non-canonical Poisson bracket in MHD). (v) We provide
a modern version of Noether’s theorem which only uses the evolutionary symmetry
operator. We describe the classical form of Noether’s theorem obtained by Bluman &
Kumei (1989), in Appendix H. In § 6.1 we derive CGL conservation laws using the more
modern form of Noether’s theorem. Section 6.2 gives the classical version of Noether’s
theorem to derive CGL plasma conservation laws.

Section 7 concludes with a summary and discussion.

The various technical derivations used in the main results, and the Lie point symmetries
of the CGL system, are summarised in Appendices A to G.

2. CGL equations and conservation laws

In this section, we first summarise the basic CGL plasma model equations, and then
we discuss the thermodynamics of CGL plasmas, followed by the key conservation laws
in Eulerian form: total energy; cross-helicity and non-local conserved cross-helicity;
magnetic helicity. These conservation laws, in later sections, will be related to the
variational symmetries of the action principle for the CGL equations and expressed in
Lagrangian form. Some general remarks about Eulerian conservation law equations, which
will be used in the discussions, are summarised in § 6.

2.1. CGL model

The physical variables which describe CGL plasmas are the fluid velocity u, fluid density
p, magnetic field induction B, the anisotropic pressure components p; and p, and the
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entropy S. The ideal CGL plasma equations are similar to the MHD equations and consist
of: the mass continuity equation

ap

Py + V- (pu) =0; 2.1

the momentum equation (in semi-conservative form)
d
8_1('0u) +V.(puu+p+ M) =—pVP, (2.2)

in which p is the gyrotropic pressure tensor (which replaces the isotropic gas pressure p/
used in MHD) given by

B
p=pil+ (p—potr, T= 3 B =|B|, (2.3a—c)

and Mj is the magnetic pressure tensor

1 (B B> (1
Mg=—|—I/—-BB)=—|=-l—717]; (2.4)
Mo \ 2 Mo \2
the entropy transport equation
as

Faraday’s equation and Gauss’s law

oB

5, ~ VX @xB =0, (2.6)
V.B=0; (2.7)
along with the pressure equations
0
TL4V - (pu)+2p' : Vu =0, 2.8)
a
% +V . (piu)+p-: Vu=0, 2.9)

where p!l and p* are the terms comprising the gyrotropic pressure tensor

p”:pHTT, 'DL:pL (I—t1), p= p”+pL. (2.10a—c)

Through Faraday’s equation (2.6) and the mass continuity equation (2.1), the pressure
equations (2.8)—(2.9) can be expressed as the double adiabatic equations

d (pB d
SN o, S(PL) o, 2.11a,b)
dr \ p3 dr \ pB

which represent conservation of the particle magnetic moment and the second longitudinal
adiabatic moment of the particles, where d/df = 0/dt 4+ u - V is the Lagrangian time
derivative following the flow.
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In the momentum equation (2.2), @ is the potential of an external source of gravity (for
example, in the case of the solar wind, it could represent the gravitational potential field
of the Sun).

If one counts the number of evolution equations in (2.1)—(2.11a,b) there are 10 equations
for the 10 variables u, B, p, S, p; and p, . If one does not need to know S, then there are
nine equations for nine unknowns.

The non-canonical Poisson bracket formulation of MHD in Morrison & Greene
(1982) uses Faraday’s law (2.6) in the form 0B/dt — V x (u x B) +uV - B = ( for the
mathematical case in which V - B £ 0 (see also Webb 2018). In fact, the possibility of
V . B # 0 arises in numerical MHD due to numerical errors in the Gauss’ law (2.7).

To determine the relationship between the entropy S, the internal energy density ¢ and
the pressure components p and p, in (2.1)—(2.11a,b) we first note that ¢ is given by

o= A2 (2.12)
2
A different, related approach comes from the entropy law for ideal gases. We consider and
compare both approaches.
One link between the approaches is the observation that integration of the double
adiabatic equations (2.11a,b) yields

| hS)
W

D= exp (S‘H) 5. PL=¢exp (SL) oB, (2.13a.,b)

o

where the quantities S’” and S, are dimensionless forms of entropy integration constants
arising from integrating the double adiabatic equations (2.11a,b). In principle, S; and S,
must be scalars advected with the flow. In particular, these quantities could be functions
of the entropy S satisfying (2.5). They could also be functions of other advected invariants
of the flow, such as B - VS§/p (e.g. Tur & Yanovsky 1993; Webb ez al. 2014a). For the
sake of simplicity, we assume that S| and S, depend only on §. The overbars on S, S and
S| denote dimensionless versions of these quantities.

If these S and S are functions solely of the entropy S, then the internal energy density
& will have the functional form &(p, S, B). This form also arises from the first law of
thermodynamics coming from the transport equation for € when reversible thermodynamic
processes are considered. Strictly speaking, we should use normalised or dimensionless
variables in (2.13a,b), i.e. we should have used the variables

. B
1—,“:&, 13¢=p—L B =ﬁ, (2.14a—d)

Plo Pilo By’ 00

i

where the subscript zero quantities are dimensional constants. In a convenient abuse of
notation, we have dropped the overbar superscripts in (2.13a,b).

2.2. Thermodynamic formulation

A physical description of p; and p, and their relation to the internal energy density & was
developed first by Holm & Kupershmidt (1986), which in part uses the work of Volkov
(1966), and also later by Hazeltine er al. (2013), which discusses both reversible and
irreversible thermodynamics. Here we concentrate on the ideal reversible dynamics case.

https://doi.org/10.1017/50022377822000642 Published online by Cambridge University Press


https://doi.org/10.1017/S0022377822000642

Action principles for CGL plasmas 7

An analysis of reversible work done on the plasma reveals that the internal energy per
unit mass of the CGL plasma, e = ¢/ p, obeys the Pfaffian equation

de=Tds+ 2ap—2ap. (2.15)
P pB

where T is the adiabatic temperature in the plasma. The expression (2.12) for the internal
energy density gives the relations

_ & _ (p+2p0)
P 2p
(see also Holm & Kupershmidt 1986) and

_ (n+2py) _ 2
P="73 3

which is the gas pressure defined by one-third of the trace of the CGL pressure tensor
(2.3a—c).

The Pfaffian equation (2.15) constitutes the first law of thermodynamics for a CGL
plasma. As outlined in Hazeltine et al. (2013), it can be derived from the transport equation
for ¢ under thermodynamic processes that involve reversible work done on the plasma
described by the gyrotropic part of the Vlasov distribution function. The derivation can
be generalised to include irreversible work comprising a dissipative term and a further
term due to gyro-viscosity, which is a non-dissipative term obtained in the limit of no
scattering. Equation (2.15) is equivalent to the non-dissipative internal energy equation
(2.51) in which a source term p7 dS/dt has been added to the right hand-side.

The above interpretation of (2.15) implies e = e(p, S, B) along with the thermodynamic
relations

s Pa=Dp|—PL (2.16a,b)

(2.17)

T =es=¢5/p, p”:pzep =pe, — & pa = —pBegy = —Bep. (2.18a—c)

Thus, if e(p, S, B) is known, i.e. an equation of state has been specified, then the relations
(2.18a—c) give p; and p, as functions of p, S, B. Consistency must hold with the double
adiabatic equations (2.11a,b), which constrains the possible expressions for e(p, S, B).

To derive the constraints, we first substitute the relations (2.18a—c) into the internal
energy (2.17), giving

p\ 2
This is a first-order partial differential equation for e(p, S, B) which is easily solved by
using the method of characteristics (e.g. Sneddon 1957):

1/3 3
e = — <i —pA> = E,oep + Begp. (2.19)

dodB de

= ) (2.20)
(Bp/2) B e
Integrating these differential equations yields the general solution
e=pf(5.5), §=Bp ", (2.21a.b)

where f (£, S) is an arbitrary function of S and the similarity variable £. Now, the relations
(2.18a—c) imply that
T = p*’fs, (2.22)
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and
=207 (f —&f). pi=2p"" (2f +&f). (2.23a.b)

Substitution of expressions (2.23a,b) into the double adiabatic equations (2.11a,b)
followed by use of the relation B = p*°¢ then yields

d d
I ( £f — —S fg) - (—§f+ —fg> (2.24a,b)

with df/dt = f; d§ /dt for any process in which S is adiabatic (cf. the entropy equation
(2.5)). However, from Faraday’s equation (2.6) and the mass continuity equation (2.1), we
find that £ obeys the transport equation

d 1
o (—gv.u+n.Vu)g. (2.25)

Thus, & is not an advected quantity, which implies that the adiabatic equations (2.24a,b)
for f(&, S) reduce to

2 2 2 3
35 /- gé‘ fe = ¢y (S), _é‘f + —fg =c,(9). (2.26a,b)

The general solution of this pair of equations is given by

1
fE.S) =ci(SE + ¢ (5)@- (2.27)
Consequently, expressions (2.23a,b) yield the equation of state
pi=c|(S)p’ /B>, pi=ci(S)pB, (2.28a,b)
along with the relations
Si=Incy(S), Si=Inc,(S) (2.29a,b)

from the double adiabatic integrals (2.13a,b). The corresponding internal energy (2.21a,b)
and pressure (2.17) have the explicit form

2 2
e=c (S)B+¢ (S) T = exp(S.)B + exp(SH) B (2.30)
and
28 4 52 028 4 expGp L 2.31)
= C _— C — = X —_— X —_—. .
p=clSmm ralslyg = &P PRV3p

Note that the expressions for e and p in terms of the double adiabatic integrals S; and S|
hold independently of any form of equation of state. Finally, either (2.22) or (2.18a-c),
both of which rely on e = e(p, S, B), yield the plasma temperature:

2

, . P> dSy ds,
T=c (SB+¢ (S)ﬁ = —exp(S)B+ — eXP(SH)sz

ds ds

Hazeltine et al. (2013) arrived at a similar but less-general result under the assumption
that f is separable in S and &. This leads to ¢ (S) = Q(S)d) and ¢, (S) = Q(S)d,, where

(2.32)
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d, and d; are constants. The assumption of separability includes, for example, the case
where the gas pressure p satisfies the ideal gas law:
p=pRT or T=2 (2.33)
PR
where R is the gas constant. In this case, from the relation (2.17), it follows that f must
satisfy the equation df/9S = (2/3R)f. Then it further follows that Q(S) = exp(2S/(3R)).
Conditions on the derivatives of the internal energy e for thermodynamic stability are
discussed in Hazeltine et al. (2013), but these considerations lie beyond the scope of the
present work.

2.2.1. Ideal gas law and entropy
The double adiabatic equations (2.8) for a CGL plasma can be combined in the form

d 2
- (P_pzl) —0 (2.34)

which suggests the advected quantity p;p? /o> may be viewed as a function of the entropy
S. A specific functional relation can be motivated by considering the MHD limit for a
non-relativistic gas, where the gas entropy is given by the standard formula

c, s
S=C,In (%) oy== (2.35a,b)
0

with C, and C, being the specific heats at constant volume and pressure, respectively.
In a CGL plasma, the gas pressure p is given by expression (2.17) in terms of the
pressure components p; and p;, which are equal in the MHD limit, because the
pressure tensor (2.3a—c) must become isotropic. This results in the relation py = p, = p,
and as a consequence pyp’ /p° = p*/p° = exp(3S/C,) by assuming the formula (2.35a,b).
Generalising this relation away from the MHD limit then suggests the formula

p1/3p2/3
S=C, ln( | —L ) (2.36)

05/3

for the entropy of a CGL plasma (see, e.g., Abraham-Shrauner 1967; Du et al. 2020).
Furthermore, because the double adiabatic integrals (2.13a,b) give p;p’ /p° = exp(S| +

25,) where S’H and S, are each advected, the entropy formula (2.36) can be expressed as

S = (C,/3)(S |+ 28 ). This relation now suggests that the entropy is a sum of components

S = S“ + SL where SH = Cv||3|| and SLECULSLa (237)
with
c, =1iC, C, =12C,. (2.38a,b)

Correspondingly, the internal energy density (2.16a,b) of the plasma can be split into a
sum of densities

1
3

PiIt2py P Py
&= = + = ¢te,, (2.39)
2 =D (=D T
with effective adiabatic indices:
V=3, y.=2. (2.40a,b)

https://doi.org/10.1017/50022377822000642 Published online by Cambridge University Press


https://doi.org/10.1017/S0022377822000642

10 G.M. Webb, S.C. Anco, S.V. Meleshko and G.P. Zank
Further note that
p

1 5
e=—— p=x(p+2p), v=73 (2.4la—c)
y —1 3 3
in terms of the gas pressure p.
In addition, by applying the standard ideal gas law (2.33) to each of the pressure
components p; and p,, we can define corresponding temperatures:

Ty=p/(pR) and T.=p./(oR). (2.42a,b)
Then the internal energy density (2.39) can be expressed as
e =Rp (3T)+T.). (2.43)
which yields the relations
C,=er,=3R, C,=er, =R, C,=3R (2.44a-c)

from the specific heats (2.38a,b). Finally, by substituting the double adiabatic integrals
(2.13a,b) into the quantities (2.42a,b) and using expressions (2.37) and (2.44a—c), we

obtain
a7 aT,
—< =2T/R, < =T./R, 2.45a,b
BSH ||/ BSJ_ L/ ( a )
which implies the expected thermodynamic relations:
es, =T, es, =TL. (2.46a,b)

The preceding approach to the entropy of CGL plasmas has been adopted by Du et al.
(2020). It is equivalent to the thermodynamic approach specialised to the case of an ideal
gas in which the gas law is assumed to hold for all three pressures p, p; and p, .

The net upshot of this discussion is that we take e = e(p, S, B) as the equation of state
for the gas in the rest of the paper. Note, however, that Sy = §;(S) and S, (S) =5 — §,(S)
are functions of S. Here ¢ = e(p, S, B) is the form of the equation of state used by Holm &
Kupershmidt (1986). The CGL Poisson bracket of Holm & Kupershmidt (1986) uses the
entropy variable o = pS to describe the complicated thermodynamics of the CGL plasma.

2.3. Total mass and energy conservation laws
The mass continuity equation (2.1) can be expressed in the familiar co-moving form

0
a—'(t)+u-Vp=—pV-u. (2.47)

On a volume V(#) moving with the fluid, the corresponding mass integral is conserved:

d
— pdx =0. (2.48)
dt V(l)

A co-moving equation for the internal energy density (2.12) is obtained by combining
the parallel and perpendicular pressure equations (2.8)—(2.9), which yields

de

o7 +V.(eu)+ (py—p)tt :Vu+p,V-u=0. (2.49)
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This equation can be written in terms of the gyrotropic pressure tensor p by noting from
expression (2.10a—c) that

pVu=p,Veu+(p—pr)tr:Vu. (2.50)
Then the co-moving equation (2.49) takes the form

ae
E—I—Vo(eu—i—p-u):u-(V-p), (2.51)
which is analogous to the internal energy density equation in fluid dynamics and MHD.
The total kinetic energy equation for the plasma is obtained by taking the scalar product
of the momentum equation (2.2) with u, which yields

o (1 I, V-.B
— | zpu"4+p@ |+ V. |\ul=-pu +p® =—u-V.p+J-E4+u-B—,
or \ 2 2 Lo
(2.52)
where u = |u|, and
V xB
E=—uxB and J= , (2.53a,b)
Ko

are the electric field E and the electric current J.
Using Maxwell’s equations (2.6)-(2.7), we obtain Poynting’s theorem (the
electromagnetic energy equation) in the form:

3<L32) +V. (LEXB) =—-J.FE— L(V-B)(u-B). (2.54)
ar \ 24 o o

The equation for the total energy in conserved form is obtained by adding the internal
energy equation (2.51), the kinetic energy equation (2.52) and the electromagnetic energy
equation (2.54), which gives

J (1 I, I, 1
— | zpu"+p®+e+—B"|+V. —pu"+p®+¢elu+p-u+—E x B|=0.
2“0 2 Mo

ot \ 2
(2.55)
It is useful here to note that the Poynting electromagnetic energy flux is
1 B?
Fo.=—EXB=—u+u-Ms. (2.56)
Mo 20

The resulting energy balance equation on a volume V(¢) moving with the fluid is given
by

d 1 1
— (—pu2+p¢+8+—32) d3x=—?§ u-(p+ Mp) - ndA (2.57)
dr Jyp \2 240 V()

in terms of the magnetic pressure tensor (2.4). The flux terms in (2.57) represent the rate
at which the total pressure tensor p + Mz does work on the fluid. Note that there is no
contribution due to advection of the total energy density. Further discussion is provided in
§ 6.1.1 (see also Padhye 1998; Anco & Dar 2009, 2010). In addition, note that if the total
pressure tensor has no perpendicular component at the moving boundary, i.e. (p + Mp) -
n = 0, then the moving energy integral will be conserved (i.e. a constant of the motion).

https://doi.org/10.1017/50022377822000642 Published online by Cambridge University Press


https://doi.org/10.1017/S0022377822000642

12 G.M. Webb, S.C. Anco, S.V. Meleshko and G.P. Zank
2.4. Cross-helicity

The cross-helicity transport equation for a CGL plasma is obtained by taking the scalar
product of u with Faraday’s equation (2.6) plus the scalar product of B with the momentum
equation (2.2), in the following form. By a standard cross-product identity, Faraday’s
equation can be written

0
&B—B-Vu—i—u-VB—i—(V-u)B:O. (2.58)

The momentum equation minus u times the mass continuity equation (2.1) yields the
velocity equation:

d 1

—u=——V.(p+M)— VP, (2.59)
dr P

where —(1/p)V - pis the acceleration due to the anisotropic pressure. Forming and adding

the respective scalar products with # and B then gives the equation for cross-helicity

density u - B as

3(u -B)+V. |:(u -B)u + ((P — luz) B} =—-B- (lV -p) , (2.60)
ot 2 P

where u = |u|.
The thermodynamic form of this transport equation (2.60) is obtained by using the
equation

—V.p=Bx(Vx2)— 2V :-B)+p(TVS—Vh), (2.61)
which relies on the Pfaffian equation (first law of thermodynamics) (2.15) for a CGL

plasma with an internal energy e(p, B, S), where, from the thermodynamic relations
(2.18a—c), T = ey is the gas temperature and & = ¢, = e + pe, is the enthalpy of the fluid:

3p+2
p= DL (2.62)
2p
Here
Pa
2 =""1. 2.63
BT (2.63)

Note that the case £ = 0 corresponds to the MHD limit in which the anisotropy vanishes,
pa =p; —pL =0. A derivation of the pressure divergence equation (2.61) is given in
Appendix B. An alternative derivation is provided within the EP formulation of the CGL
equations in §4.1 and Appendix E. The scalar product of this equation with (1/p)B
reduces to

-B. (%V . p) = B-(TVS) —V - (hB) (2.64)

using Gauss’ law (2.7). As a result, the cross-helicity density transport equation in
thermodynamic form is simply

%(u -B)+V - [(u .B)u + <q> +h— %Lﬂ) B] = B- (TVS). (2.65)
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The term on the right-hand side of the cross-helicity transport equation (2.65) can be
written in a conserved form through use of the equation

0 d

5, @OVS-B)+V-1(@VS-Bju]=(VS-B) ¢, (2.66)
which holds for any scalar variable ¢ and follows from Faraday’s equation (2.6) and the
entropy equation (2.5). This leads to the non-local cross-helicity density conservation law

%(W-B)+V-|:(w-B)u+<(D+h—%u2)Bi| =0, (2.67)

in terms of
w=u+rVS, (2.68)

where r is a non-local variable obtained by integrating the temperature 7 back along the
path of the Lagrangian fluid element. Specifically,

dr !
—=-T, r=— | Tdt, (2.69a,b)
dt
where d/dt = 0/0¢ + u - V is the Lagrangian time derivative.

The non-local conservation law (2.67) yields a moving cross-helicity balance equation
(cf. Appendix C):

d w-Bd%c:—jf <¢+h—1u2)3-fsz (2.70)
dr Jyq V@ 2

on a volume V() moving with the fluid. Note that if B is perpendicular to the boundary,
i.e. B+ f =0, then the cross-helicity integral |, yoW B d®x is conserved in the flow.

An alternative form of the non-local conservation law (2.67) is obtained by directly
taking the divergence of the pressure tensor p using the gyrotropic expression (2.10a—c),
and combining it with the gradient of the enthalpy (2.62). As shown in Appendix B, this
gives

1 (P PL
B-(-V-p—Vi)=—(ZLB-VIn¢(S)+—=B-Vinc,(S)
P 2p P

— (ﬂB. v, +24B. VSL> .71
2p P

in terms of the adiabatic integrals (2.13a,b) and (2.37). Expression (2.71) is equivalent
to —B -+ (T'VS) through the temperature expression (2.32). Instead, if we use the gas law
temperatures (2.49) and the specific heats (2.51) associated with p; and p,, then we can
write

1
B. (—V p— Vh) — —(TyB-VS+T.B-VS5,) (2.72)
P

in term of the gas law entropies (2.37). Substituting expression (2.72) into the
cross-helicity density transport equation (2.65) yields

%(u 'B) +V. |:(u . B)u + B (@ +h— %uz)i| =B-. (T”VS”+TJ_VSJ_). (273)

This result (2.73) can be also derived using the Newcomb (1962) action principle for CGL
plasmas shown in § 4.
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The corresponding non-local cross-helicity density conservation law is given by

0 1
E(fv-B)+V- |:(v~v-B)u—|—B<<D+h—§u2>i| =0, (2.74)
where
w= u—f—r”VSH—{—rLVSL, (275)
with 7 and r, being non-local variables defined by the equations:
i _ oo r (2.76a,b)
a " oar T o

The non-local cross-helicity density conservation law for MHD analogous to equation
(2.67) was developed in Webb et al. (2014a,b), Webb (2018), Webb & Anco (2019),
Yahalom (2017a,b) and Yahalom & Qin (2021). A topological interpretation of the
generalised cross-helicity conservation law has been found in terms of an MHD
Aharonov—-Bohm effect in Yahalom (2017a,b). Yahalom (2013) discussed a topological
interpretation of magnetic helicity as an Aharonov Bohm effect in MHD.

If B-VS =0, then the non-local conservation law (2.67) reduces to a local cross-
helicity density conservation law given by r = 0 and w = u. This result is analogous to
the local cross-helicity conservation law in MHD (e.g. Webb 2018; Webb & Anco 2019).

It is interesting to note that the velocity equation (2.59) can be written in the suggestive

form:
du J x B
— =TVS—Vh+~—"—— -V, (2.77)
dr Jo
where
- VxB .
J=r-vxe=-22 BEB(I—MOPA>. (2.78a,b)
Mo B?

This (2.77) turns out to arise directly from the non-canonical Hamiltonian formulation
presented in § 5.1.
2.5. Magnetic helicity

In ideal MHD and in ideal CGL plasmas, Faraday’s equation (2.6) written in terms of the
electric field

0B
E—I—VxE:O (2.79)
can be uncurled to give E = —u X B in the form
04
E=—-V¢r — m = —(uxB) where B=V x A. (2.80)
The uncurled form of Faraday’s equation (2.80) implies
04
o TE+ Vo =0. (2.81)

Combining the scalar product of Faraday’s equation (2.79) with A plus the scalar product
of the uncurled equation (2.81) with B yields the magnetic helicity transport equation

E%(A-B)+V-(E x A+ ¢eB) =0, (2.82)
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which can also be written in the form
0
E(A-B)—l-V-[(A-B)u+(¢E—u-A)B] =0. (2.83)
The total magnetic helicity for a volume V (¢) moving with the fluid is given by

HY = / A-Bdx. (2.84)
V(t)

It satisfies the moving balance equation (cf. Appendix C)

dHM
_=_7§ (br—A-w)B-hdA, (2.85)
dr v

where n is the outward unit normal of the moving boundary dV(¢). Thus, if B is
perpendicular to the boundary, i.e. B+ 7 = 0, then H” is conserved in the flow. This
discussion applies both to ideal MHD and also to ideal CGL plasmas. (e.g. Kruskal &
Kulsrud 1958; Woltjer 1958; Moffatt 1969; Berger & Field 1984; Moffatt & Ricca 1992;
Arnold & Khesin 1998).

It is beyond the scope of the present exposition to discuss the issues of how to define the
relative magnetic helicity for volumes V for which B+ n # 0 on 0V (e.g. Berger & Field
1984; Finn & Antonsen 1985, 1988; Webb et al. 2010). Similar considerations apply to
field line magnetic helicity (e.g. Prior & Yeates 2014) and absolute magnetic helicity (e.g.
Low 2006, 2011; Berger & Hornig 2018).

It is of interest to note that, under gauge transformations (i.e. 4 - A4+ Vx and
¢r — ¢p — 0x /0t for an arbitrary function y (¢, x)), the moving balance equation is gauge
invariant, but the magnetic helicity integral changes by addition of a boundary integral:
HM — HM 4 9§8V( y XB - n dA. However, if the electric field potential ¢ satisfies the gauge

b =A-u, (2.86)

then the moving flux of the magnetic helicity vanishes and the resulting (gauge-dependent)
magnetic helicity HY is conserved in the flow. This gauge turns out to hold precisely when
A is advected by the flow, which is shown in the following subsection.

2.6. Lie dragged (advected) quantities
A quantity, a, is Lie dragged by the fluid flow if its advective Lie derivative vanishes:

9
Ly )a=o, 2.87
(at+£>a (2.87)

where £, is the ordinary Lie derivative with respect to the vector field u (e.g. Tur &
Yanovsky 1993; Webb et al. 2014a; Anco & Webb 2020). For a scalar quantity, its
advective Lie derivative reduces to its material derivative
d 9 +u-V (2.88)
—=—+4u-V. .
dr ot
For quantities that are vector fields or differential forms, the advective Lie derivative also
contains a rotation-shear term which involves Vu.
In CGL plasmas, S is an advected scalar, as are the double adiabatic integrals (2.13a,b).
There are two basic advected non-scalar quantities: the differential form ¢ = VS - dx =
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V.S dx' and the vector field b = (1/p)B = b' V; (note the vector field b is a directional
derivative operator). The contraction of the vector field b with the co-vector or differential
form o is a scalar (note that V;| dx/ = 8;, and b|a = b'a; = b'V;S). Note that b is
Lie dragged with the flow, (this statement is equivalent to Faraday’s equation, when
one takes into account the mass continuity equation: i.e. (3; + £,)b = 0 which implies
0;b + [u, b] = 0). Here « is a one-form or co-vector, that is Lie dragged with the flow.
The inner product of the vector field b with the one-form « is a scalar invariant which is
advected with the flow (e.g. Tur & Yanovsky 1993). Thus, the quantities

B-VS B.VS, B-.VS,

o o o

(2.89a—c)

are advected scalars in CGL plasmas.
The gauge (2.86) in which the magnetic helicity integral is conserved is equivalent to
Lie dragging the one-form o = A - dx with the fluid flow:

0 04
(§+EH)(A-dx):(E—uxB+V(A-u))-dx:0, (2.90)

which vanishes due to the uncurled form of Faraday’s equation (2.80) combined with
equation (2.86). Holm & Kupershmidt (1983a,b) used this advected-4 gauge in the
formulation of non-canonical Poisson brackets for MHD and for multi-fluid plasmas (see
also Gordin & Petviashvili 1987, 1989; Padhye & Morrison 1996a,b; Padhye 1998).

3. The Lagrangian map

In a Lagrangian formulation of MHD and CGL plasmas, fluid elements are given labels
that are constant in the fluid flow. The simplest labelling consists of initial values x, = x(0)
for integrating the flow equations of a fluid element

? =u(x(0),1), (3.1)

in which the fluid velocity u is assumed to be a known function of x and ¢. In general, fluid
labels are given by functions a = a(xy).

A Lagrangian map is an invertible mapping from the Lagrangian fluid labels a to
the Eulerian position coordinates x(f) = X(a, t) for the motion of a fluid element. For
simplicity, we take x and a = x; to be expressed in terms of Cartesian coordinates
x = (x,y, z) and xy = (xg, Yo, Z0)- Then, the Lagrangian map takes the form

x = X (xo) (3.2)

with the r dependence being suppressed in the notation. Invertibility implies that the
Jacobian of this map is non-degenerate:

_9X'(xo)

J = det(X;) # 0 where X;; = . (3.3)
ax)
We write Y; to denote the inverse of the matrix X;;, whereby
Y,‘kaj == Xikij = 8!7 (34)
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with §; denoting the components of the identity matrix. Recall the standard formulae:

aJ
Yij = JﬁlAﬁ, }(jiAki = AikXij = JSjk, 87 = A,‘j, (3.561—6‘)

where A;; = cofac(Xj) is the cofactor matrix of X;;. In addition, note that

aJ . )¢

3.1. Map formulae

We now formulate the maps between the CGL plasma variables p, S, B, p; and p, and
their Lagrangian counterparts po(xo), So(xo), Bo(xo), pj(xo) and p (x), respectively.

The density py of a fluid element with label x; is related to the Eulerian density by the
mass conservation equation

Y d’x = Lo d’xo, (3.7
where d*x = J d*x,. This implies
o= %. (3.8)

From Newcomb (1962) the Cartesian components of B' in the Eulerian frame are related
to the Lagrangian magnetic field component B} by the equation:

 XyB
B = % (3.9)

The derivation of (3.9) follows by noting

B’ do; = B} doy,, (3.10)
&*x = dx' do; = J d&*xp = J dxf do,, = JY,; dx' doy. (3.11)

Equation (3.10) describes the conservation of magnetic flux, where do; is the flux tube area
normal to the x’ coordinate surface, and doyy is the flux tube area normal to the x’(‘) surface
in the Lagrangian frame. Equation (3.11) relates the volume elements d*x to d*x;. From
(3.11) one obtains

do; = Ay dof, (3.12)

for the transformation between the area elements do; and dof. The magnetic flux
conservation equation (3.10) now gives the transformation B{‘) = AyB' which, in turn,
implies the transformation (3.9).

An alternative form of the relation (3.9) arises from the Lie dragged or frozen-in vector
field

B9 Byd By 9

b = ——=—X; (3.13)

which implies the transformation (3.9) between B’ and B’(;. In (3.13) we use the modern
differential geometry notion of a vector field as a directional derivative operator (e.g.
Misner, Thorne & Wheeler 1973).
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From the relation (3.9), we have

B’ = B where ¢? = X;t/ Xtk (3.14)
- Jz — Ajjtoikto :
in terms of the unit vector 7y = B 'B, along the magnetic field By (cf. (2.3a—c)), with
By = |By| being the magnetic field strength at x,. Hence, we obtain

¢By , B Xt
=—) TU'=—==—
J B ¢

B (3.15a,b)

The latter relation can be inverted to obtain 7 in terms of T through the formulae (3.5a—c):

¢

Té = jAjiTj- (316)
Next, from the double adiabatic conservation laws (2.11a,b), we have the frozen-in
quantities
B? B?
pL _ Pl1o ’ P = pIIO3 0 (3.17a,b)
pPB  poBo P P
By combining these equations with (3.15a,b) and (3.8), we obtain
_Pio _Piog
pH_J_gz’ Pl——p ) (3.18a,b)

which gives the respective relations between the pressures pjo and p o at a fluid element
with label x;, and the Eulerian pressures p; and p .

Finally, we note that the Eulerian entropy S is equal to the entropy S, at a fluid element
with label x, since S is frozen-in by the transport equation (2.5).

3.2. Lagrangian variational principle and Euler—Lagrange equations
The Lagrangian variational principle for MHD and for CGL plasmas was obtained in

Newcomb (1962):
I3t n
A:f /Ld3xdt:/ /L0d3xodz, (3.19)
Iy |4 Io Vo

where L is the Lagrangian in Eulerian variables and L, is its counterpart arising through
the Lagrangian map. Here V is a fixed spatial domain and [y, #,] is a fixed time interval. In
general, L will be given by the kinetic energy density minus the potential energy density
for a fluid element. The kinetic energy density for both MHD and CGL plasmas is simply
% pu?, with u = |u|. Subtracting this expression from the total energy density for a CGL
plasma (cf. the moving energy balance equation (2.57))

L I
=—pu" +pd+e+—B (3.20)
2 210

yields the potential energy density p® + & + (1/2119)B?, where ¢ is the internal energy
density (2.12). Thus, a CGL plasma has the Lagrangian

L I
L=—-pu —p® —¢— —B, (3.21)
2 210

where, for the sake of completeness, we have included the energy contributed by an
external gravitational potential @ (x) (e.g. which would arise from the gravitational field
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of the Sun in the case of solar and interplanetary physics). The corresponding Lagrangian
Ly is obtained from the relation L d*x = L, d*xy = LJ d*x,, which gives

Ly =JL. (3.22)

Substituting the Eulerian expressions (3.21), (3.18a,b), (3.14), (3.8) and (3.2) into L,, and
then using expression (2.12) for the internal energy density in terms of the pressures p;
and p_, we obtain

(3.23)

Pyo(xo) PLo(xo)C) B £*By(x0)*

1 .
Ly = po(xo) <§|X|2 - <1§(X)) - ( 202 + J 2ot

The Euler-Lagrange equations of the resulting action principle (3.19) for a CGL plasma
are obtained by variation of the Cartesian components X' of the Lagrangian map (3.2),
modulo boundary terms: §A/8X' = 0. In essence, we work in a reference frame moving
with the fluid flow, where the dynamics is described in terms of how the Eulerian position
x of the frame varies with the fluid labels x, and the time ¢ through the Lagrangian
map (3.2). Equivalently, the Euler—Lagrange equations are given by applying to L, the
Euler operator (variational derivative) Ex: in the calculus of variations, where X'(x), f) is
a function of x, and 7. Thus,

8 L, 9 (AL 3 (oL
iEEXf(LO)=—‘?—— - = (=) =o, (3.24)
5Xi axi ot \axi) ax \9X;

where 9/0, and 9/ ax(; act as total derivatives. (See § 6 for more details of variational
calculus.) In Appendix C, we show that when (3.24) is simplified and expressed in terms
of Eulerian variables, it reduces to the Eulerian momentum equation (2.2).

3.3. Hamilton’s equations

We now derive the corresponding Hamilton formulation of the Euler-Lagrange equation
(3.24) for a CGL plasma. Here we write X' = x' for simplicity.
First, the generalised momentum is defined as

oL ,
= —2 = pyi. (3.25)
X!
Next, the Hamiltonian density is defined by the Legendre transformation:
Hy = mi — L. (3.26)

After substitution of the CGL Lagrangian (3.23) along with X in terms of the momentum
(3.25), we then obtain the expression

T Pro Piod XinikBéBlé
Hy=—+ pp®(x) + — + + — . 3.27
"= PoP (x) e 7 2110) (3.27)

In Eulerian variables, this expression is given by
Hy,=JH, (3.28)

where H is the Eulerian total energy density (3.20). The resulting Hamiltonian equations
of motion consist of

)

SH
= ) n=——
St ox!

)

)
_on , (3.29a.,b)
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which yield the momentum relation (3.25) and the Euler-Lagrange equation (3.24), where
the Hamiltonian function is defined as

H = / Hyd’xy = / H &x. (3.30)
\% \4

As in ordinary Hamiltonian mechanics, with the use of the canonical variables ¢' = x'
and p' = ', Hamilton’s equations (3.29a,b) can be written in a canonical Poisson bracket
formulation:

F= {F, H} = / (qupr - fq’Hp’)d3x0' (3.3D)

Here F is a general functional of ¢' and p’ (see Morrison 1982). There is an equivalent,
non-canonical Poisson bracket that employs only Eulerian variables, which we present
in§5.

4. EP action principle

In this section, we formulate the EP action principle for the CGL plasma equations. We
follow the developments in Holm et al. (1998), Webb et al. (2014b), which provide the
EP formulation for MHD. The main difference for a CGL plasma compared with MHD is
that the internal energy density ¢ = pe (cf. (2.16a,b)) depends on p, S and B, whereas for
MHD it depends only on p and S.

The Lagrangian and Hamiltonian action principles in § 3 are based on a reference frame
that is attached to fluid elements, whereby the Eulerian position x of the frame is a function
of fluid element labels x, and time 7, as given by the Lagrangian map (3.2). In contrast,
the EP action principle is based on the use of a fixed Eulerian reference frame, in which
the motion of a fluid element is given by inverting the Lagrangian map so that the fluid
element label x, becomes a function of x and . To set up this formulation, it is convenient
to introduce the notation

gx) =X 4.1

with g at any fixed time ¢ representing an element in the group of diffeomorphisms
on Euclidean space in Cartesian coordinates x and x,. Note that g has an inverse g~!
defined by g~'x = x,, whereas g|,—o is just the identity map. In (4.1) and the sequel, the
t dependence of g and x, is suppressed for simplicity of notation; an overdot stands for
"= 9/0t. The diffeomorphism group will be denoted G = Diff(R?).

The coordinate components of a fluid element label, x), represent advected quantities:

8 i
(5 +u- V) xy = 0. 4.2)
From (4.1) and (4.2), we see that
= (g = —(g7'gg7'%) = —(g7"gx0) = —u - Vxj. (4.3)
Hence, we obtain
gle=u-d,, 4.4)

which can be viewed as both a left-invariant vector field in the tangent space of G
and the directional derivative along the fluid flow in Euclidean space. The property
of left-invariance means that, for any fixed element 7 in G, g — hg implies n —
(hg) "(hg) =g 'h 'hg =g 'g =n,withh = 0.
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Compared with the Lagrangian formulation, whose dynamical variable is x(xo, f), the
EP formulation uses the dynamical variables p, S, B and u, which are functions of x
and t. Variations of the EP variables are defined through variation of the inverse
Lagrangian map, g, in the following way.

We consider a general variation §g and define

n=g'dg (4.5)

which represents a left-invariant vector field on the group G. Similarly to the identification
(4.4), we can write

n=n-0 (4.6)
viewed as the directional derivative associated with §g, where 5 is an Eulerian vector
field. (In general, -0, identifies Eulerian vector fields in Euclidean space with left-invariant
vector fields on the diffeomorphism group G.)

Now, the variation dg is intended to leave the fixed Eulerian reference frame unchanged,
whereby dx = 0. Taking the corresponding variation of the inverse Lagrangian map (4.1)
yields 8x) = §(g7'x)' = —(g7'(8g)g~'x)' = —nx},. Thus, because x; is a function of x/
and ¢, we obtain

8xhy = —n - Vxi = —L,x), 4.7)

where £, is the Lie derivative with respect to the Eulerian vector field 7.
More generally, the same Lie derivative operation is used to define the variation of any
advected quantity (a scalar, a vector or a differential form), a:

da=—L,a, (4.8)

where a satisfies the advection equation (2.87). Expressions for the induced variations of
P, S, B can then be deduced by considering advected quantities in terms of those variables
(cf. §§ 2.6 and 3.1). The basic advected quantities in a CGL plasma are

S, (1/p)B, pd’x, B-ndaA, (4.9a—d)

where dA is the area element on a surface moving with the fluid. (These quantities are
also referred to as a Cauchy invariant.) As § is advected, its variation is given directly
by (4.8). Advection of p d3x combined with §x' = 0 implies that (§p) d*x = 8(p d’x) =
—L,(pdx) = —(L,p+ pV +n)d’x due to the well-known expansion/contraction
formula £,(d*x) = V - v d®x holding for any vector field v. Thus, we have

6S=—n-VS, (4.10)

sp=—=V - (pn). (4.11)
Next, because (1/p)B is advected, this gives

b (2) = o (B) < G

o P p? o
Sp)B 6B
= 0B, 9B (4.12)
o o
Thus, after substituting p from (4.11), we obtain
SB=—(V-))B-—L,B=B-Vn—-V.-(3B)=V x (y xB), (4.13)

where £, B = [5, B] is the commutator of vector fields.
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Finally, the induced variation of u is given by combining the equations

Cu) -0 =08(g'9)=—-g'0Gg 's+8 ') =—n-9, ®u-d:+g '6g) (4.14)
and
(68) = (gm) = gn+ g =gu+ 3, ®n -+ - 0y). (4.15)
This yields
3u-ax:;7-ax—[n-ax,u-ax]:(ﬁ—c,,u)-ax, (4.16)

where [-, -] is the commutator of vector fields which coincides with the Lie bracket. Thus,
we obtain the variation:

. d 9
Su =iy = Lyu = (0/0t+ Ln = 0 = a—'t’ Flu ], (4.17)

4.1. The EP equation
For CGL plasmas, the EP action principle is given by

7= / | / Ldxdr, (4.13)
1o \%4

where L is the Lagrangian density (3.21). Here V is a fixed spatial domain and [#, #;] is
a fixed time interval. The stationary points of this action principle, § 7 = 0, under the
variations (4.17), (4.10), (4.11) and (4.13) of the respective variables u, S, p and B, turn
out to yield the Eulerian momentum equation (2.2), as we now show.

The derivation of the stationary points is non-trivial because of the form of the
variations in terms of n given by (4.5) and (4.6). Specifically, the variation of 7 needs
to be put into the form

n f
57:/ (n, F) dt:/ /n-Fd3xdt (4.19)
to fo 1%

modulo boundary terms, where F' = F . d, is both a left-invariant vector field in the
tangent space of G and the directional derivative along a vector field F in Euclidean space.
Then, because 5 is an arbitrary vector field (corresponding to an arbitrary variation §g),
the equation yielding the stationary points of 7 is F = 0.

We now proceed to find § 7 and F. A general expression is available for ¥ in Holm ef al.
(1998), which involves the diamond operator, ¢, defined by property

<8L > <8L >
—oan)=—(—.Ly(a)), (4.20)
da da

where, as earlier, a is an advected quantity. It will be instructive to instead show how to
obtain F from the variation (4.17), (4.10), (4.11) and (4.13) directly using the Eulerian
variables.

From the Lagrangian density (3.21), we obtain

oL SL sL 1, 1,
—=pu, —=—¢e=—pI, —=-u—-—,—-—P=-u"—-—h—-0o,
du 88 sp 2 2
(4.21)
SL B pa 1 1 -
5= "&8T——=|>—-——|B=—-——28B,
B Mo B Mo Mo

using the thermodynamic relations (2.18a—c), where T is the temperature and % is the
enthalpy (2.62) and p, = p; — p. is the pressure anisotropy. Here we have also used the
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identity 8B = - 8B, with T = B/B being the unit vector along B. Note that B is related
B by (2.78a,b). The main difference in these variational derivative expressions (4.21)
compared with the MHD case is the addition of the anisotropy term in 6L/B, i.e. B is
replaced by B.

The total variation of L is given by combining the products of the variational derivatives
(4.21) and the corresponding variations (4.17), (4.10), (4.11) and (4.13). This yields

sp=2L syt Lss 1+ 2Ls, 1 Ok sp
= — fu+ — — —
Su 38> T 50’ T 5B

1
= pu- (i — Lyu) — pT (= - VS) + (Euz —h— <D> (=V - (om)
— iB. (V x (3 x B)). (4.22)
Mo

The next step is to bring each term into the form (4.19), modulo a total time derivative and
a total divergence, using integration by parts. The first term in expression (4.22) expands

out to give
. d(pu) 1 2
pu-n+puu:Vyp—pm-Vu)-u=mn-\— o7 —EpV(u)—V-(puu)
d(pu -
+%+V-(,@(u-n)u). (4.23)

Similarly, the third term in (4.22) yields
n- (VG —h—®)+ V- (=G’ —h—D)pn). (4.24)

The second term in (4.22) simply gives
n-(pTVS). (4.25)

The last term in (4.22) can be rearranged by cross-product identities:

(an)-<iVxB)+V-<in(nx3)>, (4.26)
Mo Mo
and
1 - 1 N
(an).<—v xB) —y. (——Bx (V xB)). 4.27)
o Ho

Now, combining the four terms (4.27), (4.25), (4.24) and (4.23) and discarding the total
derivatives, we obtain

SL=1- (—a(gt”) — V- (put) + p(TVS — Vi — V) — %B x (V x B)) (4.28)

modulo total time derivatives and total divergences. This yields the desired relation

/6Ld3x:/n-Fd3x: (n, F), (4.29)
|4 |4
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with

F= —a(gt") —V - (puu) + p(TVS — Vh — V@) — MLB x (V x B) L (430)
0

The equation F = 0 resulting from the variational principle (4.19) is called the EP
equation. It is equivalent to the Eulerian momentum equation (2.2), after the pressure
divergence identity (2.61) is used. A direct derivation of this identity is provided in
Appendix B. Alternatively, (4.30) can be viewed as showing how the pressure divergence
identity arises from the variational principle (4.19). Appendix E derives the identity (2.61)
and the EP equation F = 0 using the approach of Holm et al. (1998).

Holm & Kupershmidt (1986) studied a corresponding Hamiltonian form of the CGL
plasma equations for both relativistic and non-relativistic flows; however, details of the EP
formulation were not covered.

5. Non-canonical Poisson bracket

Morrison & Greene (1980, 1982) and Holm & Kupershmidt (1983a,b) obtained the
non-canonical Poisson bracket for ideal MHD, which involves the basic variables p, 0 =
pS, M = pu and B:

{F, gy = —/ {0(Fm-VG, =Gy - VF,)+0 (Fs - VG, —Gu - VF,)
\4

+M - (Frr VG —Gr - VFm) + B+ (Far - VG — Gar - VFp)
+B-(VFum) - Gs — (VGum) 'fB)}ds)C, (5.1

where F and G are arbitrary functionals, and subscripts denote a variational derivative.
This bracket is bilinear, antisymmetric and obeys the Jacobi identity.

It turns out the CGL plasma Poisson bracket obtained by Holm & Kupershmidt (1986),
{F,G)CL has the same form as the MHD plasma Poisson bracket except that the
thermodynamics and internal energy e(p, S, B) are completely different in the two cases.
Holm & Kupershmidt (1986) obtained the bracket:

(F. G = —/ (0 (Fau - VGy — Got - VF,) + 0 (Far - VGo — Gor - V)
1%

+M - (Fr VG — Gy VFu) + B+ (Far - VG — Gar - VFp)
+B-((VFum) -G — (VGr) - Fp) }d3x. (5.2)

An overview of Hamiltonian systems is given in Morrison (1998). Banerjee & Kumar
(2016) provides a Dirac bracket approach to the MHD Poisson bracket. The property that
the MHD bracket is linear in the dynamical variables p, o, M and B has an important
mathematical relationship to semi-direct product Lie algebras, which is explained in Holm
et al. (1983, 1998) for general fluid systems.

The variables appearing in the CGL non-canonical Poisson bracket consist of

p, o, M, B. (5.3a—d)
The analysis in Appendix D starts from the canonical bracket

(F.G) = / (Fy-Gp— - G)) d'x, 5.4)
%4

involving canonical Hamiltonian variables (g, p) = (x(xo, 1), ®(xp, 1)) where T = pgx is
the canonical momentum (cf. § 3.3). The main steps consist of using the Lagrangian
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map (3.2) to obtain a transformation to the non-canonical variables (5.3a—d), followed by
applying a variational version of the chain rule to the variational derivatives with respect to
(g, p) (see e.g. Zakharov & Kuznetsov 1997). These steps are carried out by working in a
fixed Lagrangian frame, while the corresponding Eulerian frame given by the Lagrangian
map undergoes a variation, which includes varying Cartesian basis vectors associated to
the components of x. This general approach is described in a short communication by
Holm et al. (1983).

In the following, we give an alternative more succinct derivation of the CGL Poisson
bracket (5.2). It leads to the same Poisson bracket as that obtained in Appendix D. Note
that the canonical bracket (5.4) can be written in the form

d3
(F.G) = / (Fe-Gp= 50 G) 5.5)

Here ¢ = x. The transformation of variational derivatives between the canonical variables
and the new variables (5.3a—d) is effected by noting that

1
5.7:=/j(.7-"x-Ax+.7-;,-Ap)d3x
_ / (Jf“p(Sp + Far - SM + F,50 + F - SB) dx, (5.6)

where F (p, M, o0, B) = F(q, p) is the functional F (g, p) expressed in terms of the new
variables (p, M", o, B")T. Here 8y denotes the Eulerian variation of i and Ay denotes
the Lagrangian variation of 1.

Using the transformations

Ap
A=V Ax. AM ="F - MV - Ax),
A |
SM = 7” —V,(AXM). 8p=-V-(pAx). b0 =—V - (0AX), 5.7

B=V x (Ax xB) — Ax(V -B), x

in (5.6) gives the formulae
Fo=1J [(VﬁM) M+ 0VF, +pVFE,+(VFg) -B— (B-V)Fz—(V -B)Jf“B] ,

Fo=Far,

(5.8)
for the transformation of variational derivatives from the old variables (x, p) to the new
variables M, o, p and B. Using the expressions (5.8) for F, and F,, in (5.5) and dropping
the hat accents, the Poisson bracket (5.5) reduces to

(F.G} = (F. GI — / V - (B Gar - Fs — G Fon)] dPx. (5.9)
\%4

Dropping the last pure divergence term in (5.9) (which converts to a surface integral over
the boundary by Gauss’s theorem), (5.9) reduces to the CGL Poisson bracket (5.2), which
applies in the general case where V - B # 0 (i.e. the Jacobi identity applies for the bracket
(5.2)), which is the analogue of the Morrison & Greene (1982) bracket in MHD.
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The CGL bracket (5.2) shares the same main features as the MHD bracket: it is bilinear,
antisymmetric and obeys the Jacobi identity. A verification of the Jacobi identity can be
given using functional multi-vectors (Olver 1993) in the same way as for the MHD bracket
(e.g. Webb 2018, Chapter 8). An alternative verification of the Jacobi identity for the MHD
bracket is given in Morrison (1982); see also Chandre (2013), Chandre et al. (2013), as
well as Holm & Kupershmidt (1983a,b) who used the magnetic vector potential A in the
advected gauge (2.90).

In general, any Poisson bracket can be expressed in a cosymplectic form which defines
a corresponding Hamiltonian (cosymplectic) operator. Using non-canonical Eulerian
variables Z, the cosymplectic form is given by

(F.G) = / FoDG,dx, (5.10)
\%4

in which D is the Hamiltonian (matrix) operator, where T denotes the transpose. Note that,
in the case Z = (g, p), this operator reduces to the skew matrix D = ( 9 (’)) Antisymmetry
of the bracket (5.10), {F, G} + {G, F} = 0, corresponds to D being skew-adjoint; the
Jacobi identity, {{F, G}, H} + {{H, F}, G} + {{G, H}, F} = 0, corresponds to D having
a vanishing Schouten bracket with itself (Olver 1993).

Taking

Z=(p,0,M', B, (5.11)
with M’ and B’ denoting the components of M and B, respectively, in Cartesian

coordinates x', we see that the cosymplectic form (5.10) of the CGL bracket (5.2) after
integration by parts is given by the Hamiltonian operator:

0 0 Vio P 0
0 0 Vioo 0

D=- pVi oV MjVi + VoM BV — SijBka ) (5.12)
0 0 VioB -5V,o0B 0

where o denotes operator composition (i.e. V o a = (Va) + aV). Here V¥ acts as the total
derivative with respect to x*. Note that the minus sign in (5.12) is due to the overall minus
sign in the CGL Poisson bracket (5.2) which follows the sign convention used in the MHD
bracket (5.1) in Morrison & Greene (1980, 1982). A A

We can convert (5.12) into vector notation by identifying V'F = grad F = VF, V/F/ =
divF =V .Fand VIF* — V'F/ = curlF = V x F.

5.1. Non-canonical Hamiltonian equations

A non-canonical Poisson bracket (5.10) provides a Hamiltonian formulation once a
Hamiltonian functional H is chosen. The formulation involves expressing the dynamical
variables Z(x, t) formally as functionals

Z(x, 1 = / Z(x, )8 (x — x') d’x (5.13)
v

and writing Hamilton’s equations in the form

92
oo =12, (5.14)
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Using the explicit expression (5.10) for the bracket yields
0Z 1)
Z _ port
ot 8Z
in terms of the Hamiltonian operator D.

The appropriate Hamiltonian for describing CGL plasmas is given by the conserved
total energy (cf. § 2.3):

(5.15)

H = /Hd3x, (5.16)
1%

where H is the Eulerian total energy density (3.20). Substituting this Hamiltonian into
the non-canonical Hamilton’s equations (5.15) can be shown to yield the CGL plasma
equations (2.1)—(2.6) and (2.8)—(2.9).

5.2. Casimirs
In a non-canonical Hamiltonian system, a functional C = /v C d°x satisfying the equation

{C,F} =0 for all functionals F (5.17)

is called a Casimir. Existence of a non-trivial Casimir C # 0 indicates that the Poisson
bracket is degenerate. Correspondingly, the Hamiltonian operator D in the cosymplectic
form of the bracket (5.10) will have a non-trivial kernel:

DC; =0, (5.18)

where C; = §C/8Z Note that a Casimir is a conserved integral, because the time evolution
of any functional is given by the Hamiltonian equations (5.14):
aC

d
o= =0. 1
=5 = GH=0 (5.19)

Casimirs are useful in stability analysis of steady flows and plasma equilibria (e.g. Holm
et al. 1985; Hameiri 2004). The conservation (5.19) holds modulo boundary integrals, and
an investigation of boundary conditions is needed for a Casimir to be a strictly conserved
integral (i.e. a constant of motion).

All Casimirs can be determined by solving (5.17), or alternatively (5.18) (see, e.g.,
Hameiri (2004) and Padhye & Morrison (1996a,b) for the MHD case). For CGL plasmas,
we obtain the Casimir determining equations:

VI(pCui) = V + (0Crr) =0,  V/(aCyi) =V - (6Cy) =0,
pV'C,+ o V'Cy +M/V'Cyi + V/(M'Cyi) + B'V'Cp — B'V,Cpi
= pVC, +VC, + (VCp) M +V + (CsyM) + (VCp) - B— B - VCz =0,
V/(B'Cyi) — Vi(B/Cy) = V x (B x Cp) =0,

(5.20)

where V (V¥) acts as the total derivative with respect to x (x*). This is an overdetermined
system of linear partial differential equations for

C=/C(r,x, Z,VZ ... Vzdh, (5.21)
1%

with Z denoting the dynamical variables (5.11). The system can, in principle, be integrated
to find C explicitly, once a differential order / for the dependence of C on derivatives of the
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variables is chosen. Note that solutions of the divergence form C = V - F lead to C being
a boundary integral which can be assumed to be trivial if suitable boundary conditions are
imposed. This classification problem is beyond the scope of the present work.

5.3. Mass, cross-helicity and magnetic helicity Casimirs

The well-known Casimirs for ideal barotropic MHD are the mass integral, the
cross-helicity integral and the magnetic helicity integral. CGL plasmas with an isentropic
equation of state e = e(p, B) possess these same Casimirs:

C :/pd3x, C2=/u-Bd3x, Cs =/A-Bd3x. (5.22a—c)
\4 \%4 \4

In the more physically realistic case with an equation of state e = e(p, S, B), C; and C;
still hold as Casimirs, but C, turns out to be a Casimir only in the case B - VS = 0, as we
show shortly.

Physically, the mass integral C; is the total mass of the plasma; the cross-helicity
integral C, describes the linking of the fluid vorticity and magnetic field flux tubes; and
the magnetic helicity integral C; describes the knotting, linking and twist and writhe of
the magnetic flux tubes (see,e.g., Berger & Field 1984; Moffatt & Ricca 1992; Hameiri
2004). (Also see, e.g., Yoshida (2016), for interesting applications). In a fixed volume
V with a boundary aV, C; is conserved, dC;/dt = 0, if u has no normal component at
the boundary (cf. §2.3). Conservation of C;, dC;/9t = 0, holds if, in addition, B has no
normal component at the boundary, whereas the cross-helicity integral C, is conserved,
9C, /0t = 0, only with the further condition B - VS = 0 (cf. §§ 2.4 and 2.5).

5.4. Advected Casimirs

In general, Casimirs can be sought by looking among advected scalars, 6, because the
corresponding scalar integral |, v PO d’x will be conserved on volumes V/(f) moving with

the flow. This implies that, on a fixed volume V, the integral [, p& d*x will be conserved
up to a flux integral — 553‘, pOu - ndA that vanishes if u has no normal component at the
boundary 9V and, therefore, | v po d’x will satisfy the Casimir property C/dt = 0. Note

that this property is necessary but not sufficient for [, p6 d*x to be a Casimir, because
there are conserved integrals such as the total energy and angular momentum that do not
belong to the kernel of the Poisson bracket. o

For CGL plasmas, the basic advected scalars are S, S}, S, . Additional advected scalars
are provided by Ertel’s theorem: if 6 is an advected scalar, then so is B - VO/p. This yields
the advected quantities (2.89a—c) shown in § 2.6.

One can show that

B-VS

Cy= / of(S,0)d’x where 0 = , (5.23)
1% 1Y

is an advected Casimir, for any function f(S, 8). We omit the proof.

6. Noether’s theorem and conservation laws

Conservation laws of the CGL plasma equations (2.1) to (2.10a—c) can be derived from
Noether’s theorem applied to the Lie point symmetries of the Lagrangian variational
principle (3.19). A brief discussion of the MHD case was outlined in Webb & Anco (2019).
The CGL plasma conservation laws differ in comparison with the MHD conservation
laws mainly in the form of pressure tensor: in particular, the MHD isotropic gas pressure
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tensor p = p/ is replaced by the non-isotropic CGL plasma pressure tensor p = p, [+
(py—po)TT.

Appendix H gives a description of Noether’s first theorem, for a differential equation
system described by an action principle as developed by Bluman & Kumei (1989). The
analysis uses canonical Lie symmetry operators X in which both the dependent and
independent variables change in the Lie transformation, and also the evolutionary form
of the symmetry operator denoted by X in which the independent variables do not change,
but the dependent variables and the derivatives of the dependent variables change. The
prolongation operators prX and er are described, and used to derive Noether’s first
theorem similar to Bluman & Kumei (1989). More recent derivations of Noether’s theorem
using prf( , are given by Bluman & Anco (2002) and Olver (1993).

In § 6.1 we use a recent form of Noether’s theorem to derive conservation laws using the
evolutionary form of the prolonged symmetry operator pr)A( . In § 6.2 we obtain the same
results from the classical form of Noether’s theorem given in Appendix H. Although the
recent form of Noether’s theorem, is conceptually more appealing, it is not any simpler
than the classical form of Noether’s theorem. The classical form of Noether’s theorem
is perhaps easier to understand, as it relates directly back to the invariance of the action
integral under Lie and divergence transformations.

6.1. Noether’s theorem and evolutionary symmetries
To use Noether’s theorem, we need to obtain the Lie point symmetries of the Lagrangian
variational principle (3.19). As this variational principle employs the variables x' =
X' (xg, t) given by the Cartesian components of the Lagrangian map (3.2), a Lie point
symmetry acting on the coordinate space (z, xé, x') has the form

t—>t+eE' +0(?), X —x+e+0(€), x,— xi+e&+0E) (6.1ac)

with € denoting the parameter in the point symmetry transformation, where &', &/, &' are
functions of , x, x'. The infinitesimal transformation corresponds to the generator

0D 3
X=§—+§—+&— 6.2
e +§03x5+g ot ©2)

whereas the finite transformation (6.1a—c) is given by exponentiation of the generator,
(t, x', xi) — exp(eX)(t, x', x}).

To be a symmetry, a generator (6.2) must leave the variational principle invariant
modulo boundary terms. This is equivalent to the condition that the change in the
Lagrangian must satisfy (Ovsjannikov 1978; Ibragimov 1985)

prXLy = &'D,Lo + £,D, Ly + D, Ay + Dy A (6.3)

where the operators D, = 8/, +x'd/d. +--- and Dy = /8, +x¥"'9/d,i + - -- denote
total derivative operators with respect to the independent variables ¢ and x) and D,
denotes the partial derivative with respect to x' keeping xo and 7 constant. Here A
and A{ are arbitrary potentials, that arise in Noether’s theorem, because the variational
derivative of a perfect derivative term has zero variational derivative. The first two terms
on the right-hand side of (6.3) represent the Lie derivative LxL, using the chain rule
for differentiation. The terms involving total derivatives of L, on the right-hand side of
(6.3) can be understood to arise from the change in the spatial domain V,, and the time
interval [fo, #;] in the variational principle (3.19) under the action of an infinitesimal
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point transformation (6.1a—c). On the left hand side of (6.3), pr denotes prolongation
to the extended coordinate space (1, xo, X, xt, xh) (1 e. jet space) in which X’ and x¥ are

coordinates that correspond to X (xo, ¢) and 39X’ (xo, 1)/ 8xo on solutions x' = X’ (xo, t) of
the Euler-Lagrange equations (3.24) of the variational principle. An explicit formula for
the components of prX will not be needed if we express the invariance condition (6.3)
by using the characteristic form of the generator in which only the dependent variables x'
undergo a transformation

A

~ 0 A~ . . -
X = glﬁ’ g =& — Stjcl _ EOJ'XU’ (6.4a,b)

which arises from how X acts on solutions x' = X’ (xé, t). The relationship between the two
forms (6.4a,b) and (6.2) is that prX = prf( + &'D, + 5(§ng- Hence, (6.3) becomes (Olver
1993; Bluman & Anco 2002)

prX(Lo) = D,Aj + D, A, (6.5)

where
Ly = Loly—, (6.6)

is a function of #,x), x', ¥, xi. The prolongation prX is given by simply extending X
to act on x' and x¥ through the total derivative relations prX(x') = D,(Xx') = D,&' and
er(x’j) = DX_[; (Xxi) = Dxééi.

In turn, this form (6.5) of the invariance condition can be expressed succinctly as

Eu(prX(Ly) =0 (6.7)

using the Euler-Lagrange operator E, which has the property that it annihilates a function

iff the function is given by a total divergence with respect to 7 and x;. The formulation (6.7)
can be used as a determining equation to find all Lie point symmetries of the variational
principle (3.19). (See Olver (1993) and Bluman & Anco (2002) for a general discussion.)

Each Lie point symmetry (6.1a—c) gives rise to a conservation law through combining
the condition (6.5) and Noether’s identity

prX(Lo) = E'Eu(Le) + D,W' + Dy W', (6.8)
where
S ;0Lo 8L0 _ gl

Thus, we obtain the following statement of Noether’s theorem.

(6.9a,b)

/t'

L
dx

PROPOSITION 6.1. If the Lagrangian variational principle (3.19) is invariant up
to boundary terms under an infinitesimal point transformation (6.la—c), then the
Euler—Lagrange equations (3.24) of the variational principle possess a conservation law

DIy+ DIy =0 (6.10)
in which the conserved density and the spatial flux are given by
Iy= (Ay =W . L= (Ag—W)| _,. (6.11a,b)

using (6.5) and (6.9a,b).
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Explicit expressions for dLo/dx/ = (0Ly/dX)|x—x and dLo/0x" = (3Lo/0X")|x_s are
provided by (C1) in Appendix C. Note that the conservation law is a local continuity
equation which holds when x' = X'(x}, ) satisfies the Euler-Lagrange equations (3.24).
On solutions, D;|,—x = /0t and Dy |,—x = 9/ dx}) (acting as total derivatives).

We remark that (6.11a,b) can be derived alternatively using the canonical form of a
symmetry generator (6.2), which requires computing the prolongation. See Webb & Zank
(2007) and Webb & Anco (2019) for the MHD case. The canonical symmetry approach to
conservation laws for the CGL system is also described in Appendix H.

6.1.1. Eulerian form of a Lagrangian conservation law
A Lagrangian conservation law (6.11a,b) can be expressed equivalently as an Eulerian
conservation law (Padhye 1998)

W'+ V¥ =0 (6.12)
whose conserved density and spatial flux are given by

1 N
v'= Ll . ¥'= S (W'Ty+ XaTh)| (6.13a,b)
on solutions x' = Xi(xé, t) of the Euler-Lagrange equations (3.24). This form

(6.12)—(6.13a,b) of a conservation law is appropriate for considering conserved integrals

d w'd3x=—y§ V. adA (6.14)
dr Jy av
on a fixed spatial domain V in the CGL plasma.

In general, an Eulerian conservation law is a continuity equation of the form (6.12)
holding on the solution space of the CGL plasma equations (2.1)—(2.10a—c). The
corresponding conserved integral (6.14) has the physical content that the rate of change
of the integral quantity fv @' d®x in V is balanced by the net flux leaving the boundary of
V. It is often physically useful to consider instead a spatial domain V(¢) that moves with
the plasma. The form of the conservation law for moving domains is given by

d t 33, ~
— Uid'x = — I'-ndA (6.15)
dr Jy 0!

in terms of the moving flux
1
r=v —uy' = jX-IO. (6.16)

Note that the moving integral quantity fv(t) W' d®x will be an invariant (i.e. a constant
of motion) when the net moving flux vanishes on the boundary dV(¢). (See Anco &
Webb (2020) for a discussion of moving domain conservation laws and invariants in
fluid mechanics.) The equivalence between the conservation laws (6.14) and (6.15) can
be derived by writing the continuity equation (6.12) in terms of the material (co-moving)
derivative (2.88): d@'/dt = —(V - u)®' — V - (@ — ®'u), where (V - u) represents the
expansion or contraction of an infinitesimal volume d*x moving with the fluid (see, e.g.,
Anco & Dar 2009, 2010).

Now, rather than seeking to find all Lie point symmetries, we consider two main classes:
kinematic and fluid relabelling. Kinematic symmetries are characterised by the generator
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(6.1a—c) having &) = 0, with & and &' being functions only of 7, x. Fluid relabelling
symmetries have &' = & = 0 in the generator (6.1a—c), with &/ being a function only of
t, Xg.

A useful general remark is that any Lie point symmetry of a variational principle
corresponds to a Lie point symmetry of the Euler—Lagrange equations, because invariance
of a variational principle means that its extremals are preserved. Thus, one way to
find all Lie point symmetries of a variational principle is by first obtaining the Lie
point symmetries of the Euler-Lagrange equations and, second, checking which of those
symmetries leaves invariant the variational principle.

Before deriving conservation laws using the above analysis, it is useful to note that there
are three basic steps in the analysis.

(1) First it is necessary to determine for a given Lie symmetry, whether the Lie
invariance condition (6.5) for the action can be satisfied by choosing the potentials
Aj and Af). Here the left-hand side of (6.5) for the action pr X (L) is evaluated for
the symmetry operator X.

(ii) Determine the surface vector components W' and W' that occur in the Noether
identity (6.8), where W' and W' are given by (6.9a,b) (recall X/ = dx/(x, 1)/0t = u’
and ¥' = 9x’//dx}). Then using Proposition 6.1 one can obtain the Lagrangian
conservation law (6.10) with conserved density Z and flux I(ﬂ given in (6.11a,b).

(iii)) Determine the Eulerian form of the conservation law using the results of Padhye
(1998) described by (6.12) and (6.13a,b).

6.1.2. Lie invariance condition
The Lie invariance condition for the action in (6.5) may be written in the form

J{V-(pé)[@—l—h—%uz}—l—pu-(i—i—g-Vu>+pT§-VS

—E-[Vx(éxB)—éV-B]

Mo
+V . {pé |:lu2— (h+<15)] +£. (p+/v73)+L (é xB) XB}}
2 Mo
= D45+ D, (4]). 6.17)

Here we use the notation é = éo in the fluid re-labelling symmetry case. The Lie
invariance condition (6.17) also applies for the general Lie symmetry case, including
the Lie point Galilean symmetry cases, the fluid relabelling symmetry cases and other
more general cases. The derivation of (6.17) from (6.5) is outlined in Appendix G. In the
general case & = & — (§'D, + £Dy;)x'. The Lie invariance condition (6.17) is similar to
the Eulerian Lie invariance condition for the action used by Webb & Anco (2019) for the
case of MHD. Here the evolutionary form of the symmetry operator X is used rather than
the canonical symmetry operator used by Webb & Anco (2019).

6.1.3. Galilean symmetries
The Eulerian form of the CGL plasma equations (2.1)—(2.10a—c) clearly indicates that
they possess the Galilean group of Lie point symmetries when @ = 0, which are generated
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by (Rogers & Ames 1989; Fuchs 1991)

p_i p,_i K‘_ti_f_i J =€ ji+ ji_|_Bji
“Tar T T T Taw T\ M T g T e )
(6.18a—d)

These generators describe a time translation (Py), space translations (P;, i = 1, 2, 3),
Galilean boosts (K;, i = 1, 2, 3) and rotations (J;, i = 1, 2, 3), respectively, about the x, y
and z axes. As shown in appendix F, the only additional Lie point symmetries admitted by
(2.1) to (2.10a—c) consist of scalings. Hence, Galilean symmetries and scaling symmetries
comprise all kinematic Lie point symmetries of the CGL plasma equations.

The Galilean symmetries (6.18a—d) have a corresponding Lagrangian form

el 0

Xpy = o P;

=5 (6.19a—d)

Xg =t—, XJI, = e,-jkxf

~ o ’ oxi axk’

Note that the prolongation of these Lagrangian generators to X' = X' = ' through
the Lagrangian relation (3.1) for the fluid velocity yields the corresponding Eulerian
generators (6.18a—d) acting on the variables (¢, x', u’). As &, = 0 for all of the generators
(6.19a—d), they are of kinematic type.

In the case when the gravitational potential @ is non-zero, then the preceding generators
must satisfy the condition X® (x') = 0 to be admitted as symmetries. For example, if @
is invariant under z-translation, then Xp, and X, are symmetries; if @ is invariant under
z-rotation, then X, is a symmetry; and if @ is spherically symmetric, then X;,i =1, 2, 3,
are symmetries.

6.1.4. Galilean conservation laws

It is straightforward to show that each Galilean generator (6.19a—d) satisfies the
condition (6.7) for invariance of the Lagrangian variational principle (3.19) when @ = 0
and thereby yields a conservation law (6.10).

Specifically, time translation (Xp,) has £ = —x and, thus, pr}A(poLo = —X'0Ly/0y —
x9Ly/0,s = —D,Ly due to dLy/d, = 0. This gives Al = —Ly, Aj =0, which yields
conservation of energy

. 0Ly . 0L
Io=X——-Ly=H,, ZI,=X—,
T T axs T 0T i
with Hj being the Hamiltonian (3.27).

Space translations (Xp,) have & P = (Sij and, thus, pr Xp Ly = 0 due to dLy/9,; = 0 (where
we neglect gravity) combined with D,£' = 0 and Dxééi = 0. Hence, A} =0, A} =0,
which yields conservation of momentum

dL

L |
—% T= o (6.21a,b)

(6.20a,b)

7 =

Galilean bqosts (Xk,) have Ei = 18'; and, thus, pr)A(KjLo = pox! = D,(pox’). This gives
Afy = pox’!, A, = 0, yielding conservation of Galilean momentum (centre of mass)
oL oL oL
204 0 i 0

—t—, Ii=—t (6.22a,b)

Il = —t—.
0 0 Xii

S oaxi axg
Rotations (X;,) have gl = €'yx*. This leads to prX 5,Lo = 0, because Ly depends on x'
only through the scalars |x'| and |X;7y| which are rotationally invariant. Thus Af = 0,
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Al = 0, which yields conservation of axial angular momentum

oLy 3Ly
I(t) = ejklxkﬁ, IO = Ejklka- (623(,1,19)

The set of Galilean conservation laws (6.20a,b) to (6.23a,b) can be written in a unified
form through use of the observation that

.. [ 0L ;
Al = 51/ 87ng —E'Ly, A)=0, (6.24a,b)

with
£ =ay, & =d +adt+dieux!, (6.25a,b)

where ay, a}, @) and d§ (i = 1, 2, 3) are arbitrary constants (parameterising the respective
Galilean symmetry generators (6.19a—d)). Hence, we have

aLy

) Ly
axi’

Ti=—( —£'X)——.  (6.26a,b)

.. [ OL . .
R o™

The resulting set of Eulerian conservation laws (6.12)—(6.13a,b) takes the form

W' = HE' — pulg/ + pxE/, (6.27)
W= W — (& — ) (p"f + Mg) , (6.28)
where we have used
oL . oL ) 0L, ) )
a_i((; = o/, a—X(;dt = pox, 371(1 - ( o+ Mg’) A, (6.29a~c)

which follow from expressions (C1) and (C6) in Appendix C, along with the formulae
(3.5a—c) and (3.8). Here p’ and M}, represents the components of the CGL non-isotropic
pressure tensor (2.3a—c) and the magnetic pressure tensor (2.4), respectively. Note that
H = plu|* — L is the Hamiltonian (3.20).

In the MHD case, p’ is replaced by the components of the isotropic MHD gas pressure
tensor p 87,

The preceding derivations may be summarised as follows.

(1) Time translation symmetry (ay) yields energy conservation, for which

, L, B?
V'=H=p|zlu"+@x) | +ec+ —,
2 2L

1 1 6.30
III=(§p|u|2+e+ptb>u+p-u+—EXB, ( )
Ho

=% —uH = (p+ Mp) - u,

where E = —u X Bis the electric field strength, and E' x B/, is the Poynting flux.
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(ii) Space translation symmetry (a}, i = 1, 2, 3) yields momentum conservation with

U'=-M=—pu, W¥=-T,
. (6.31)
=¥ —u¥' =—(p+ Mp),
where
T=puu—+p+ Mg (6.32)
is the CGL plasma stress tensor.
(iii) Galilean boost symmetry yields centre of mass conservation, with
U'=px—tM = p(x —tu), W = pux—1T,
(6.33)
I' =¥ —u(px —tM) = —t (p+ Mp) .
(iv) Rotational symmetry yields angular momentum conservation, with
U'=xxM=pxxu W=xxT,
(6.34)
=¥ —uxxM)=xx (p+ M),

where M = pu is the momentum density vector.

6.1.5. Fluid relabelling symmetries
Fluid relabelling symmetries correspond to transformations (6.1a—c) that change the
Lagrangian fluid labels x,, but leave the Eulerian variables and x and ¢ invariant: x;, —

X + €&l 4+ O(e?), where &} = &}(1, x}). The symmetry generator has the form
)
X=&—. 6.35
& o (6.35)

For evaluating the condition for invariance of the Lagrangian variational principle (3.19),
we need the characteristic form of the generator:

X=E0, & =—glX (6.36a.,b)

To proceed we use the formulation (6.5) instead of (6.7), which allows for consideration
of functions A}, A} that can involve non-localpotentials. This generality is necessary to
derive the cross-helicity conservation law (2.67)—(2.68) which involves the temperature
potential (2.69a,b).

6.1.6. Noether’s theorem for fluid-relabelling conservation laws
The Lie invariance condition (6.17) in the fluid relabelling symmetry cases, may be
written in the form

Mo

. 1 dé 4 B . .

J{V-(pg) [¢+h—5u2}+pu- (d—f—g-w> ——-[V x (& xB)—gv-B]}

= D, (Aj — por&, - VoS) + Dy (Aj — AuG*) (6.37)
where

I 1 ~ 1 ~ ~
G:pE[Euz—(h—l—qb)]-i-é-(p—l—MB)-i-M—(SXB)xB. (6.38)
0
For cross-helicity conservation, é = —B/p and &, = By/py. Setting V - B = 0 (Gauss’s

law), the left-hand side of (6.37) vanishes. The condition that the right-hand side of (6.37)
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vanish is satisfied by the choices

Al = poréy - VS, Al = AuG-, (6.39a,b)
where G is given by (6.38). Evaluating formulae (6.38) and (6.394,b) gives the formulae
1, B?

G=Ble+®— —u + , (6.40)

2 2uop
Ay=rBy-VoS=r(JB-VS), (6.41)
Al =B [h+<p—1u2+ B —’ﬂ} (6.42)

0 20 2uep p)’

where h = e + p|/p is the enthalpy of the CGL plasma. Here é = —B/pand &, = By/po,
which gives rise to the cross-helicity conservation laws described by (6.45a,b) and (6.46).
Noether’s theorem given by Proposition 6.1 now gives the following main result.

PROPOSITION 6.2. The Lagrangian variational principle (3.19) is invariant up to
boundary terms under the infinitesimal fluid relabelling transformation

X — x + €Bl)/po + O(€?). (6.43)

The resulting conservation law (6.10)—(6.11a,b )'of the Euler—Lagrange equations (3.24))
is obtained by using (6.41)—(6.42) for A{, and A, and using the results

L L | B\
Wi =Eipoil = —JB-u, W =_EA, (;ﬂk +M§§) = (p—ﬂ> Bi. (6.44a.b)
0

Here W} and W}, are given by (6.9a,b), in which the derivatives of Ly are given by (G2a—c).
This yields the conserved density and the flux

Iy=JB-(u+rVS), Iy=B,(h+®—iu’). (6.45a,b)

The corresponding Eulerian conservation law (6.12)—(6.13a,b) is given by
U'=B-(u+rVS), ¥=h+o-
r=h+o-—

W)B+ B-(u+rV9))u,

6.46
uz) B. } ( )

1
2
This is the cross-helicity density conservation law (2.67)—(2.69a,b).

6.2. Classical Noether approach
In this subsection we use a classical version of Noether’s theorem (see, e.g., Bluman &
Kumei (1989) and Appendix H) to derive conservation laws for the CGL plasma action
(3.19) that uses the canonical Lie symmetry operator X = pr X rather than the evolutionary

form pr)A(. The canonical symmetry operator form of Noether’s theorem was used by
Webb & Zank (2007) and Webb & Anco (2019) for the MHD fluid case. In this approach
one searches for Lie transformations and divergence transformations that leave the action
(6.1a—c) invariant, where

Ly = Lo+ €D, A% + O(€?), (6.47)

is the divergence transformation. Here Dy = d/d¢ and D; = 3/0x} are total partial
derivatives with respect to 7 and x{. Note we use A and A to denote the potentials,
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in order to distinguish them from the potentials used for the evolutionary potentials
in§6.1.

The condition for the action to remain invariant under (6.1a—c) and (6.47) may be written
in the form (cf. Bluman & Kumei 1989):

prXLo+ LoD + Dy (&) ] + DAY + Dy Al =0, (6.48)
where
5 9 R 3
XLy =& 4e 4ev e e O 6.49
PriLo=§'5, + Eig e 8 g E G e (6.49)

is the prolonged, canonical Lie symmetry operator.

Here prX is related to pr)A( by the equations (Ovsjannikov 1978; Ibragimov 1985;
Bluman & Kumei 1989)

prX =prX + &'D,

e 0 26 0 3 (6.50)
_g 0 DDy () - 4.
5 a (E)ak+ A\ 8x§ﬂ+
where the evolutionary symmetry generator Elis given by (6.4a,b) and &' = £).
Noether’s theorem follows from Noether’s identity:
prXLo + LoDu&¢ + Dy AL = E'Ei (Ly) + Do (W* + Lo&¢') + D, (AF) (6.51)

where E,i(Ly) = 8§ /8x' is the variational derivative of the action [J with respect to x'.
For the case of CGL plasmas, the surface terms W* are given by

. AL L
W=w=§&-"2 Sy -} (6.52a,b)
ax; '

(see Bluman & Kumei (1989) and Ibragimov (1985) for more general cases).

If the Lie invariance condition (6.48) is satisfied, then the left-hand side of (6.51)
vanishes and, consequently, the right-hand side of (6.51) must vanish. If, in addition, the
Euler—Lagrange equations E,:(Ly) = 0 are satisfied, then (6.51) implies

Dy (W + LogS + AS) =0, (6.53)

which is the conservation law of Noether’s first theorem, which applies if the
Euler—Lagrange equations E,:(Ly) = 0 are independent, which is the case for a finite Lie
algebra of Lie point symmetries.

In the more general case where the symmetries depend on continuous functions
{9 (xp, 1) : 1 <k <N}, then the Lie pseudo-algebra of symmetries is infinite
dimensional. In this case, Noether’s second theorem implies that the Euler—Lagrange
equations are not all independent, and that there exists differential relations between
the Euler-Lagrange equations (see, e.g., Olver (1993) and Hydon & Mansfield (2011)
for details). Noether’s second theorem, in some cases results in mathematically trivial
conservation laws. Charron & Zadra (2018) discuss Ertel’s theorem and Noether’s second
theorem.
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For the CGL plasma model, the W* from (6.52a,b) are given by

W= éjpouj’ Wi = gj <pis + M{,f) A, (6.54a,b)

Substitution of (6.54a,b) for the W* into Noether’s theorem (6.53) gives the Lagrangian
conservation law
VAN VA B

— - =0, 6.55
ot * 0x; (059

where

7° = ,Ooujé'j + &Ly + AL,
A " . _ (6.56)
T =& (P + Mp) A+ Lo + A,

are the conserved density and flux.
The Lagrangian conservation law (6.55) corresponds to an Eulerian conservation law of
the form (6.12) (e.g. Padhye 1998) with conserved density ¥’, and flux ¥/ given by

wl:pukék_i_sfll_i_/i(),
o , , _ (6.57)
vl =g (T — L") + €L+ A/,
where
7% = puu* + p* + M,
o T (6.58)
A" =AY, A= (W A+ X AY) /.

The Lagrangian and Eulerian conservation laws for the Galilean group (§§ 6.1.2-6.1.3)
and the cross-helicity conservation law associated with the fluid relabelling symmetry
é = —B/p (§§6.1.4-6.1.5) now follow from (6.56)-(6.58) for appropriate choices of
the potentials A} and A; and of the symmetry generators &', & and &’. Note that the
evolutionary symmetry potentials used in § 6.1 are different than those used in this
subsection (§ 6.2).

EXAMPLE 6.3. The time translation symmetry of the Lagrangian action (3.19), satisfies
the Lie invariance condition (6.48) by choosing

~

E'=1, &€=0, &=0, &=—-u, AI=0, (6.59a—¢)

where i,s =1,2,3, and « =0, 1, 2,3 is a variational symmetry of the action (3.19).
The corresponding conservation law using Noether’s theorem results (6.57) is the energy
conservation law:

81||2++Bz+q>()
— | =—p|u £ —_— X
o | 2° 20 "

o, E xB
+V.|pu §|u| +d(x) )+

+eu+p- u:| =0, (6.60)
Mo

where p is the CGL pressure tensor (2.3a—c), E = —u X B is the electric field strength
and E x B/ is the Poynting flux.
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EXAMPLE 6.4. If the gravitational potential @ (x) is independent of ¥' say, then the Lie
invariance condition (6.48) for a divergence symmetry of the action is satisfied, by the

choice
g=o0, g=¢=0, &=5" A)=A =0, (6.61a—d)
and condition (6.48) reduces to the equation
0P _ 0 6.62
—,00@ =0V (6.62)
Then using (6.47) we obtain the momentum conservation equation in the x'' direction in
the form
9 B>  B®B\)”
—(ou)+V .- |lpuQu+p+ —1— =0. (6.63)
ot 20 Mo

In the case where gravity can be neglected (i.e. @ = 0) the superscript j, can be dropped
in (6.63). Technically, the conservation of momentum law appears more complicated in
non-Cartesian coordinates (e.g. in spherical geometry), where the metric tensor, the
covariant derivative and the affine connection play an important role.

EXAMPLE 6.5. The Galilean boost symmetry, with infinitesimal generators
E =01, &=0, &=0, A)=—po(x)2-x, Aj=0, (6.64a—¢)

(i,s = 1,2,3) and (6.57) gives rise to the centre of mass conservation law

ad B? B®B
— [ -put—x)]+V |2 -3put—x)Qu+t|{p+—I_— =0,
ot 20 Ho
(6.65)

provided

2t-VO=¢(.VO =0. (6.66)
Thus, one obtains the centre of mass conservation law for Galilean boosts perpendicular
to the external gravitational field. Thus, for a spherically symmetric gravitational

potential (e.g. for the Sun), a Galilean boost conservation law exists for a boost & = 2t
perpendicular to the radial direction.

EXAMPLE 6.6. The Lie transformation generators

g =ik, g =£=0 E=£. Aj=0, (6.67a—d)
give rise to the angular momentum conservation equation
d
a[ﬂ-(xxM)]-i-V[Sl-(xxTJ:O, (6.68)
where
M=pu and (xx T = e,,qu”Tkj , (6.69a,b)

define the mass flux or momentum density M and x x T respectively. The invariance
condition (6.48) for a divergence symmetry of the action, requires

B . B2 . BsBk
XLy = —po(£2 x x) + VO + €,,27 |:ps + —8% — —:|
210 Mo

=—po(2 xx)- VO =0. (6.70)
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Note that the second term in the first line of (6.70) vanishes because the term in large
square brackets is symmetric in s and k.
For the case where 2 = S2e, the condition (6.70) reduces to the equation

~ . 09
XLy = —poS2r s11149£ =0, (6.71)

where (r, 0, @) are spherical polar coordinates. Condition (6.71) is satisfied for @ =
D(r, 0).

EXAMPLE 6.7. The fluid relabelling symmetry transformations
£=0, £&=0 g&=-=2, E=—=0p, (6.72a-d)

and the choices

70 i g0 dr
A"=rB-VS), A'=uA", a:—T, (6.73a—c)
for the gauge potentials A* (a =0,1,2,3), leave the action invariant (i.e. (6.48) is
satisfied). Using (6.57) to calculate W' and W' gives the results (6.46) for the cross-helicity
conservation law (2.67)—(2.69a,b).

The above examples illustrate the use of the classical version of Noether’s first theorem
in obtaining conservation laws of the CGL equations.

7. Summary and concluding remarks

In this paper an investigation has been carried out of the ideal CGL plasma equations,
based in part on the Lagrangian variational formulation of Newcomb (1962), in which
there is an anisotropic pressure tensor, with pressure components p; and p, parallel
and perpendicular to the magnetic field B, which satisfy the so-called double adiabatic
equations which, in turn, can be described by using entropy components: S and S, parallel
and perpendicular to B (e.g. Du et al. 2020).

The total energy conservation law, and the cross-helicity and magnetic helicity
conservation laws were obtained (§ 2). The total energy equation was decomposed into the
sum of three energy equations, namely the internal energy equation or co-moving energy
equation, the total kinetic energy equation and Poynting’s theorem (the electromagnetic
energy equation). The cross-helicity transport equation involves the effective enthalpy
h = (p, + &)/ p of the gas associated with pressure work terms parallel to B. If the internal
energy density of the plasma per unit mass has the form e = e(p, S, B) = ¢/p (Holm &
Kupershmidt 1986; Hazeltine et al. 2013) one obtains a cross-helicity transport equation
of the form

%(u-B)—i—[(u-B)u—!—B((D +h—%u2):| =TB.VS, (7.1)

where T' = e is the temperature of the gas. If B - V.S = 0, then (7.1) is a local conservation
law. More generally, if the source term Q = TB - VS # 0, (7.1) can be reduced to a
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non-local conservation law of the form

0 1
a—t(w-B)+|:(w-B)u+B(q5 +h—§u2>] =0, (7.2)
where
dr
w=u+rVS and i —T. (7.3a,b)

Here d/df = 9/0t 4+ u - V is the advective time derivative following the flow. The CGL
plasma conservation law (7.2) generalises the non-local, MHD cross-helicity conservation
law of Webb et al. (2014a,b) and Yahalom (2017a,b). Here @ (x) is the potential for
an external gravitational field. Similar transport equations for cross-helicity to (7.1) and
(7.3a,b) were also developed in terms of the parallel and perpendicular temperatures 7}
and 7', defined as T = p;/(pR) and T, = p./(pR).

There are two different, but equivalent forms of the momentum (or force) equation
for the CGL system. The form of the momentum equation obtained by Newcomb (1962)
Lagrangian action principle reduces to the form

du 1 J x B
—=—-V.p+ - Vo, (7.4)
dr P P

where J =V x B/, is the current. This equation is essentially the same as the MHD
momentum equation, except that the isotropic gas pressure tensor p/ is replaced by the
anisotropic CGL pressure tensor p = p;tt + p, (I — TT). However,

V-p=—[Bx(VxR2)+ p(TVS —Vh)] (7.5)
(e.g. (2.61), (B6) and (E12)) where

&+
2= p—éB, Pa=p—pL, h= p||' (7.6a—c)
B Jo
Using V - p from (7.5) and (7.6a—c) in (7.4) results in the CGL momentum equation in the
form
du J x B
— =TVS—Vh+ - Vo, (7.7)
dr P
where
o V x B
J=J-V xR = , (7.8)
Mo
= Hopa
B=B[1-222]. (79)

In the form (7.7) the anisotropic pressure force term —V - p/p has been partly transformed
into the modified force J x B/p where J = (V x f?) /1o in which B is the modified
magnetic induction B. The form of J suggests that —V x £ could be interpreted as a
magnetisation current.

It is interesting to note that B = B(1 — uopa/B?) < 0 if py = (py — p1) > B>/ 1o,
which corresponds to the firehose instability threshold (e.g. Stix 1992; Hunana et al.
2016; Hunana & Zank 2017). The mirror instability threshold for the CGL plasma model
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does not correspond to plasma kinetic theory. For the CGL plasma model with zero
electron pressure (i.e. cold electrons) the mirror instability occurs if p;, —p; > (5/6)p, +
piPs/p1, whereas kinetic theory gives the threshold for the instability as p, —p; >
pps/p.L where pg = B?/(2u) is the magnetic pressure. Note the firehose instability occurs
if the parallel pressure dominates the perpendicular pressure. Similarly if p, dominates
p) one obtains the mirror instability.

In the approaches of Hazeltine er al. (2013) and Holm & Kupershmidt (1986), the
internal energy density per unit mass, e satisfies the first law of thermodynamics, in the
form

TdS = de + p; dr + (%) dB. (7.10)
0

The variational formulation of Newcomb (1962) does not explicitly require (7.10) to apply.
The Lagrangian action principle ofNewcomb (1962) leads to the correct momentum
equation for the CGL plasma, and to a Hamiltonian formulation of the equations in
Lagrangian variables.

The Lagrangian variational principle for ideal CGL plasmas obtained by Newcomb
(1962) was used in § 3 to obtain a canonical Hamiltonian formulation of the equations
based on the canonical coordinates g = x(x,?) and the canonical momentum 5 =
poX(xo, 1), and also to establish that stationary variations of the action give the CGL
momentum equation in both its Lagrangian and Eulerian forms.

Section 4 provides an EP action principle derivation of the CGL momentum equation
(see also Appendix E, which uses the approach of Holm et al. 1998).

By transforming the canonical Poisson bracket for the CGL system of §3, to
non-canonical physical variables leads to the non-canonical Poisson bracket for the CGL
system of §5. The detailed transformation formulae from the canonical coordinates to
the physical variables ¥ = (p, o, M, B)T is described in Appendix D. By writing the
non-canonical Poisson bracket in cosymplectic form, leads to a system of equations for
the Casimirs C, as solutions of the Poisson bracket equation: {C, K} = 0 where K is
an arbitrary functional of the physical variables. The Casimirs satisfy C, = {C, K} = 0.
Hamiltonian dynamics of the system takes place on the symplectic leaves C = const. of
the system.

The classical Casimirs for ideal fluids and plasmas are the mass conservation integral,
the cross-helicity integral for barotropic flows and the magnetic helicity. For the CGL
plasma case, there is effectively one entropy function that is Lie dragged with the flow,
because S and S are assumed to be functions only of S. In principle, a more complicated
bracket would arise, if one used the possibility that the adiabatic integrals for p, and
p, depended on other scalar invariants that are advected with the flow. For example, the
integrals (2.13a,b) could also depend on the scalar invariant B - V.S/p. This possibility
was not explored in the present paper.

The links between Noether’s theorem and conservation laws for CGL plasmas are
developed (§ 6). The evolutionary symmetry form of the Lie invariance condition for
the action is used. This approach differs from the canonical symmetry operator form
of the invariance condition (e.g. Webb & Anco (2019), see also Appendix H). In the
evolutionary form of the symmetry operator, the independent variables are frozen and
all the Lie transformation changes are restricted to changes in the dependent variables and
their derivatives (see,e.g., Ibragimov 1985; Olver 1993; Bluman & Anco 2002). In the
canonical symmetry approach, both the dependent and independent variables and their
derivatives change.
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The CGL plasma equations admit the Galilean Lie point symmetry group, and three
extra scaling symmetries (Appendix F). The Galilean group leads to: (i) the energy
conservation law due to time translation invariance of the action; (ii) the momentum
conservation equations due to space translation invariances; (iii) the conservation of
angular momentum due to rotational invariance about some given rotation axis; and (iv)
the uniform centre of mass conservation law which is due to invariance under Galilean
boosts. These conservation laws are derived using the evolutionary form of Noether’s
theorem.

The non-local cross-helicity conservation law (6.45a,b)—(6.46) (see also (2.67)) arises
from a fluid relabelling symmetry with generators é = —B/p and &, = By/py and with
non-trivial potentials A} and Aj. It is a non-local conservation law that depends on the
Lagrangian time integral of the temperature back along the fluid flow trajectory. The
cross-helicity conservation law for MHD, is a local conservation law for the case of a
barotropic gas (i.e. p = p(p)), but is a non-local conservation law for the non-barotropic
case where p = p(p,S) (see also Yahalom (2017a,b); Yahalom & Qin (2021) for a
topological interpretation). The CGL entropies S; and S, are not constants, but are
non-trivial scalars that are advected with the background flow.

Lingam et al. (2020) studied extended variational principles of MHD (and CGL)
type including gyro-viscous effects (i.e. higher-order finite Larmor radius effects in
the collisionless limit). A single gyro-viscous term is added to the usual action. The
gyro-viscous term alters the total momentum density, but it does not alter the divergence of
the mass flux. The total momentum density has the form: M = M + M*, where M = pu
is the mass flux and M™ has the form M* =V x L*, where L* is the internal angular
momentum of the particle (L* = (2m/e)pu and g = pt is the vector form of the particle
adiabatic moment. These ideas are related to papers by Newcomb (1972, 1973, 1983),
Morrison, Lingam & Acevedo (2014) and others. Our analysis can be extended in principle
to include gyro-viscosity in the collisionless limit. However, to what extent the action
principle approach, reproduces the kinetic plasma and fluid approaches to gyro-viscosity
requires further investigation.

Analysis of the CGL plasma equations using Clebsch potentials (e.g. Zakharov &
Kuznetsov 1997; Yahalom 2017a, b; Webb 2018, Ch. 8; Yahalom & Qin 2021) may yield
further insights. Similarly, further study of the Lie symmetries the CGL plasma equations
would be useful. Investigation of conservation laws for the CGL equations by using Lie
dragging remains open for further investigation.

Acknowledgements

The work of GMW was supported in part by NASA grant SONSSC19K0075. GMW
acknowledges stimulating discussions with Darryl Holm on the CGL plasma equations.
SCA is supported by an NSERC Discovery research grant. We acknowledge discussions
of the CGL plasma equations, and the anisotropic plasma moment equations and their
closures with Peter Hunana. We acknowledge the partial support of an NSF EPSCoR
RII-Track-1 cooperative agreement OIA-1655280 and a NASA IMAP-subaward under
NASA contract 80GSFC19C0027.

Editor Thierry Passot thanks the referees for their advice in evaluating this article.

Competing interests

The authors have no competing interests to declare.

https://doi.org/10.1017/50022377822000642 Published online by Cambridge University Press


https://doi.org/10.1017/S0022377822000642

44 G.M. Webb, S.C. Anco, S.V. Meleshko and G.P. Zank

Appendix A

In this appendix, we briefly discuss the derivation of the CGL plasma equations. These
equations were originally derived by Chew ef al. (1956) and later by many authors
(e.g. Kulsrud 1983; Ramos 2005a,b). Some of the derivations use the adiabatic drift
approximation, but others simply involve taking moments of the collisionless Vlasov
equation or Boltzmann equation over the particle momenta. We use the latter approach.

Following Hunana et al. (2019a,b), we introduce the velocity phase space distribution
function f(x, v, f) of the particles where dN = f(x, v, f) &*v d’x is the number of particles
in a volume of phase space at the point (x, v) at time ¢, with velocity volume element d*v
and position volume element d’x. The lower order moments of the velocity distribution
function averaged over all velocities v are defined as

n:/fd3v,
nu:/fvd3v,

(A1)
pi = ff(v" —u)(v/ — ) dv,

Qi = /f(vi —u) (v — ) (W —u") dv,

where 7 is the particle number density, u is the fluid velocity, and in Cartesian coordinates,
p;j represents the components of the pressure tensor p and g;; represents the components
of the heat flux tensor g. Note that both of these tensors are symmetric.

From adiabatic motion of guiding centre theory, the pressure tensor p at lowest order
can be written in the form

p=ptT +p L (I—77)+ 11, (A2)

where v = B/B is the unit vector along the magnetic field, p; and p, are the gyrotropic
components of p parallel and perpendicular to the magnetic field B and IT represents the
non-gyrotropic components of p. In the limit of a strong background magnetic field B in
which the particle gyro-radius is r, << L where L is the scale length for variation of B, and
for times T > T, where T, is the gyro-period, the particle distribution is approximately
gyrotropic while the non-gyrotropic pressure [T can be neglected to first order in r, /L and
To/T.

Hereafter, AS = A+ AT denotes the symmetrised form of A, where T denotes the
transpose.

Taking the first moment of the Vlasov equation with respect to v gives the pressure
tensor equation

d
8—‘;+V-<u®p+q)+<p-Vu>S+%(mes:o, (A3)

where

(B X p)i = €iuBipix- (A4)
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The equations for the parallel pressure p; and perpendicular pressure p, obtained from
(A3) respectively reduce to

ap . ) . d S, _
¥+V-(puu)+2p,,n.Vu+n.(v-q)—n.d—t(n)+(n-Vu) 11T =0,
(AS)
and
8pl 1
W+V-(plu)+pr-u—plrr:Vu-i—E(Tr(V-q)—n':(V-q))
1 d
+ 3 (Tr(ﬂ Vu)S+1T: (Tt(rr) —(IT-Vu)': rt) =0. (A6)

Neglecting the non-gyrotropic component I7 of the pressure tensor, and neglecting the
heat flux tensor components q gives the simplified CGL plasma equations for p; and p, as

ap) SV —
W+V.(p,|u)+2p”n.Vu_o, (A7)

0
%—i—v-(pj_u)—l-pJ_V-u_pJ_TT3V14:0- (A8)

The double adiabatic equations (2.8) for p; and p, follow by combining these transport
equations (A7) and (A8) with the mass continuity equation (2.1) in the form

d
—p=—pV -u, A9
" pV -u (A9)

and the magnetic field strength equation

d
d—tB =—(Vu):(I—-t71)B (A10)

which comes from Faraday’s equation (2.6).

Appendix B
In this appendix, we derive the two equivalent forms of the pressure divergence
equation (2.61) and (2.71) used in the derivation of the corresponding forms of the
cross-helicityconservation law (2.67) and (2.74). Throughout we take V - B = 0.
We start from the non-zero terms on the right-hand side of (2.61):
Bx (Vx8R)+4 p(TVS—Vh). (B1)

By applying a standard cross-product identity on the first term in (2.61), we expand
Bx(Vx®) = [V (%r)] -tB—Bt-V(%r)

=Vps—(t-Vpa)1
+psl-t-VT+(Vr):T—VInB+(r-VInB)1]. (B2)

In this expression, the second and third terms combine into —t + V(p,7); the fourth term
vanishes (V1) -7 = V(%r -7) =0 since 7 is a unit vector; and with the Gauss’ law
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equation written as V - T = —t - V In B, the last term can be expressed as —p,(V - T)7.
Thus, (B2) reduces to
Bx(Vx82)=Vpy—psVInB—V . (pat7). (B3)

Next, we expand the remaining term in (B1) by using the Pfaffian differential equation
(2.15) in the gradient form:
Ve=TVS+ 2V inp—-L2vnB. (B4)
P P

This yields
o(TVS — Vh) = p (V(e —ny—Plymy+ Py lnB)
p p

by using expressions (2.62) for enthalpy and (2.16a,b) for internal energy. Finally, we
combine the terms (BS5) and (B3), which gives

Bx (Vx®2)+p(TVS—Vh)=—-Vp,—V .(pptt)=—-V D (B6)
because the pressure tensor (2.10a—c) can be written in terms of p, as
p=pTT +pi(l—tT) =pil+patT. (B7)

This yields the first form of the pressure divergence equation (2.61).
We derive the second form of the pressure divergence equation (2.71) by starting from
the terms on its left-hand side

V.p—pVh. (B8)
Expanding the first term in (B8) by use of the gyrotropic expression (B7), we obtain
Vep=Vp,+1t-Vpr+pa(zV-.t+7-VT). (B9)
The scalar product of this expression with t yields
7-(V-p)=1-(Vp—pasVInB) (B10)
through the Gauss’ law equation in the form V . 7 = —7 - VIn B. The second term in
(B8) can be expanded using the enthalpy (2.62). After taking the scalar product with 7,
this gives
—pT-Vh=—7-V (3pj+p.) + (3py+pL) T- Vinp. (B11)

The combined terms (B10) and (B11) yield
T-(Vep—pVh) =—1-V (ipy+p.) —pat-VInB+ (3pj+p.) - Vinp. (B12)
Now, we substitute the gradient of the expressions for p; and p, in terms of adiabatic

integrals (2.37):

Vpi=p; (VIncy(S) +3Vinp —2VInB), } ®13)

Vpi=p, (VInc,(S)—VInp —VInB).
Then (B12) reduces to the form
T-(V.p—pVh) = —%p”‘[ «Vine(S) —pit-Vine, (5), (B14)

which gives the pressure divergence equation (2.71) after we use the relations (2.29a,b)
for the adiabatic integrals in terms of S and S, .
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Appendix C

In this appendix, we show how the Eulerian momentum equation (2.2) is obtained from
the Euler—Lagrange equation (3.24) of the Lagrangian (3.23). We follow the approach in
Newcomb (1962).

From expression (3.23), we have

o __ 90 Ly _
8Xi - IOO 8X1-7 aX’ - :00 )
22 k pJ (Cl)
dLo Plo Pio v_j . (P& C°Bj XiByB,
20— (B0 B0 x4+ + Ay — ,
X ¢t J2 0 2upJ? ot

which uses expression (3.14) for ¢2, and the derivative expression in (3.5a—c) for J. Then,
substituting the derivatives (C1) into the Euler-Lagrange equation (3.24), we obtain

0D 0 .. 0 2p2
Ex(Lo) = —po— — — (poX) — —— ((” wf | 8 )Aij)

X! at ax(’) J? 2//L0J2
0 B2 ,
-z ((p—f _ P —0> Xikr(’)‘r({) . (C2)
axy \\ ¢ ¢ ol

To proceed, we need the derivative identity:

9
(Ayf) = Ja—; =JVifl_x (C3)

4 0 fe 0
Uaxé a 3xé
holding for any function f (see Newcomb 1962). This identity arises from the middle

property in (3.5a—c) as follows. Differentiating with respect to x{ gives 9J/dx) =
X;j0A;/0x5 + Ap0X;/0x5. By using commutativity of partial derivatives 9X;/dx;
= 0X;/dx; and substituting Jacobi’s formula for derivative of a determinant 9.J/dx) =
Ap0X/0xh, we find 0A; /x5 = 0. This leads to the identity (C3), after applying the chain
rule and again using the middle property in (3.5a—c).

There are two main steps for simplifying (C2). First, through relations (3.14), (3.16) and
(3.18a,b), followed by use of the identity (C3), we can express the two divergence terms in

(C2) in the form:
0 + 5 Al =J 9 + B (C4)
oy \H T 20 ) ) T axi \\ g ) )

7 (& (i) o) =g (= ) wim)
— | = - — T T = — - — | TT i
ax) \¢? pa Mo ’ ax; Pa Mo !

0 B?
< ( Pa— —> rirk> . (C5)
Mo
Note these terms imply that

dLy A (s B? B? (C6)
ox, kj K| PLt 210 +\ Pa 0 k
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Second, from the density relation (3.8) and the fluid element flow equation (3.1), we see
that in (C2) the first term is simply

—Jp— C7
P (C7

while the second term can be expressed as
7o d ig 0 * i o i
—(Jou' +T—(pu) | = —pu'Ayy—— —J ((pu): + X'V ;(pu'))
dr 0x;
—J ((pu), + Vi (pu'u)) | _y (C8)

by use of relation (3.6).
Thus, the Euler—Lagrange equation (C2) becomes

. B? B2 .
Exi(Lo) = —J <pVi<D + (pu); + 'V, (pL + —) +V; ((pA - —) m’))
2p Mo

The stationary points of the action principle are given by the equation Eyi(Ly) = 0.
From expression (C9), the resulting equation coincides with the Eulerian momentum
equation (2.2).

Note that, in terms of the Lagrangian variables, the Euler-Lagrange equation (C2) is a
nonlinear wave system for X'(xj, £), where X; = 9X'/dx) and A; = J~'(3X"/dx))~". (See
also Golovin (2011), Webb et al. (2005b) and Webb & Anco (2019) for the MHD case).

x=X

Appendix D

Eckart (1963) used the Lagrangian map and Jacobians to describe fluids. Lundgren
(1963) used Eulerian and Lagrangian variations in MHD and in plasma physics (see
also Newcomb 1962). In Lundgren (1963) a small parameter € is used to describe the
variations, where the physical quantity v has the functional form: ¥ = ¥ (x, x¢, €) in
which x = X (xo, t) is the Lagrangian map. Eulerian () and Lagrangian (Av) variations
of ¢ are defined as

oy oy
8y = lim ( de )x’ Ay = lim < de )xo ' (Dla.b)

Thus, for an Eulerian variation, v is evaluated with x held constant, whereas for a
Lagrangian variation A, X, is held constant. Thus, x = 0 and Axy, = 0.
Using the chain rule for differentiation, it follows that

S = Ay + 8x - Vow,} o2
AV =8¢ + Ax - V.

Dewar (1970) used a variational principle for linear Wentzel-Kramers—Brillouin (WKB)
MHD waves in a non-uniform background plasma flow. Webb et al. (2005a) used a
variational principle to describe non-WKB waves in a non-uniform background flow.
Webb et al. (2005b) used similar ideas to describe nonlinear waves in a non-uniform flow
by variational methods.

In this appendix, we describe the use of Eulerian and Lagrangian variations in defining
the Poisson bracket for CGL plasmas.
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We derive the CGL plasma non-canonical bracket (5.2) starting from the canonical
Poisson bracket (5.4). This canonical bracket is properly defined in a Lagrangian frame,
i.e. a physical reference frame moving with the fluid flow, where all quantities are
functions of the fluid element labels x, and time . Non-scalar quantities (e.g. vectors,
differential forms, tensors) are expressed in terms of their components with respect to the
Cartesian basis vectors of this frame (corresponding to the coordinates xf), i=1,2,3).
These components are designated by a subscript O.

The canonical bracket (5.4) has the component form

{(F,G}= / (Fo G — FGy) dxo, (D3)

where ¢' = x/(xo, t) and p’ = 7'(xo, ) comprise the canonical coordinates and momenta,
with ' = ppx', as used in formulating Hamilton’s equations (3.29a,b). Note that the fluid
element motion is expressed through the relation

)'Ci(x(% t) = ui(x(x()a t)v t) (D4)

Here F and § are functionals which depend on q', p', as well as a set of advected quantities

a(x}, r) which are used in describing the dynamics.
For a CGL plasma, the basic advected quantities are listed in (4.9a—d). We take

a= (So, Bo/po, po d’xp). (D5)

Note we assume S and S are functionals of s. Accordingly, functionals will be expressed
as

F:/%%M% (D6)
in terms of the Lagrangian variables

Zy=(q,p,a. (D7)

The non-canonical Poisson bracket (5.2) employs the Eulerian variables (5.11). The
transformation from Lagrangian variables (D7) to these Eulerian variables is effected in
the following four steps.

Firstly, the Eulerian form of a functional (D6) is given by

f:/F@@x (DS8)

with Z= (p, o, B, M). The vector variables here will be expanded in components with
respect to the Eulerian basis vectors corresponding to x' viewed as coordinates in an
Eulerian frame. It will be convenient to take the basis vectors to be derivative operators
(via the standard correspondence between vectors and directional derivatives, e.g. Schutz
(1980)):

x=x0:, x9= xf)axz). (D9a,b)

Second, using the notation in Newcomb (1962), we define Ax’ to represent a variation
of x'(xo, #) in which x{, and 7 are held fixed: Ax, = 0 and A7 = 0. Note that Ax’ will itself
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be some function of x{, and #; we write it in the Eulerian form:
AX (o, 1) = €' (x, 1) (D10)

where, on the right-hand side, x' is regarded as a function of x{, and 7. Likewise, Ant’ =
A(pox') = ppdx' is a corresponding variation of m'(xo, 7), where p, is unchanged because
it is a function of only x; and #. In Eulerian form:

AT (xo, 1) = J(X)p(X) Au'(x, 1), (DI11)

using the relation (D4) and the advection result (3.8), where J is the determinant of the
Jacobian matrix of partial derivatives of x'(xg, 7) (cf. (3.3)).

The third step is to derive formulae for the variation of the Eulerian variables Z. These
formulae depend on the specific tensorial nature of each variable and will be obtained
through the variation of the advected variables (D5) in component form. Hereafter we
suppress the ¢ dependence in all variables and quantities whenever it is convenient.

We start with the scalar field Sy. Since it is advected (i.e. frozen in), this implies S(x) =
So(x0). Applying a variation (D10), we consequently see that

AS(x) = ASy(xp) = 0. (D12)

Next we consider p (x) d*x, which is properly viewed as an advected differential 3-form
(see, e.g., Schutz 1980). Its advection property is expressed by (3.8). As xy and ¢ are held
fixed, a variation (D10) yields

A(p()J (%) = J()Apx) + p(x)AJ(x) = 0. (D13)

Now we use the variation of the determinant relation d°x = J(x) d*xo, which is given by
Ad’x = 3,i(Ax") d*x = (AJ(x)) d*xo. This yields the result

AJ(x) = J(x)du€' (x). (D14)
Substituting this variation into (D13), we obtain
Ap(x) = —p(x)due’ (x). (D15)

Last we consider the vector field b(x) = B(x)/p (x), which has the advection property
(3.13). We use this property in component form: ' (x)d, = b{)(xo)axé. Again, because all
of the quantities on the right-hand side are held fixed in a variation (D10), we see that

A (x)dy) = (A (x))dy + b (x) Ady. (D16)

To determine Ady, we use the coordinate basis relation 9. dx/ = (Sij where Sij is the
Kronecker symbol. Taking the variation gives Ad,:] dx’ = —d,:| Adx’, where

Adx’ = dAX = de’ (x) = dx*due’ (). (D17)

As Ady must have the form of a linear transformation, say ¢i*, applied to 9, we find
¢F0u | dx) = ¢/ = —8, ] dx*duel(x) = —du€/(x). Thus, we have

Ady = —du€’ (x)Dy. (D18)
Substituting this formula into (D16) yields

Ab' (x) = b/ (x)d,€' (x). (D19)
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By applying the variations (D12), (D15) and (D19) to the quantities o (x) = p(x)S(x)
and B(x) = p(x)b'(x), we readily obtain
Ao (x) = —0 (x)dge’ (x), (D20)
and
AB'(x) = — (€’ (x))B'(x) + B’ (x)d,i€' (x). (D21)

To complete the derivation of §Z, we also need to find the variation of Mi(x) =
o (x)u(x), which can be obtained directly from the relation (D4). Taking the variation
of this relation yields

Au'(x) = 3,Ax (xo) = de’(x)/dr. (D22)
This result implies that AM'(x) = (Ap(x)u'(x) + p(x)(Au'(x)) = p(x)[de’(x)/df —
(0,€’(x))u'(x)], and thus we obtain
AM'(x) = p(x)dgtei(x) — M'(x)d€’(x) = p(x)d,€' (x) + M’ (x)0,€' (x) — M (x)d,i€ (x).

(D23)

Now, the fourth step consists of transforming the variational derivatives F,; = 6F/ Sx!

and F, = 8F/6m' into an equivalent form with respect to the Eulerian variables that
comprise Z. Consider a variation of a functional . From (D6), we obtain

. , : d ,
Af:/(Foinxl-l-FopiAJTl) dS)Co:/(J_IF()qiEl-i-F()p"paél) d3x’ (D24)

where we have used (D10)—-(D11) and (D22), along with Aa = 0 which holds because the
quantities (D5) comprising a are advected. Similarly, from (D8), we obtain

A= / ((FyAp + F, A0 + Fy AB' + Fy AM') J + F8J) d*xo
i L o d .\ s
= (F—F,p — F,0 — FgB — FyyM') 3¢’ + FgB/dye +FMI’P(TtE d’x

. . . . d .
- / ((an,Fp +08F, +M3,Fy + BdyFp — 8:(FpB)) € + Fy p56’> d’x,
(D25)

where we have substituted (D15), (D20), (D21) and (D23), integrated by parts, and then
used the cancellation

Fo00p + Fyduo + FpduB + FpduM' — 0,F =0 (D26)

which holds by the chain tule. Finally, from the two expressipns (D24) and (D25),‘we
equate the coefficients of €', and likewise the coefficients of de'/dt, because €' and de'/dt
are arbitrary functions of x. This yields the key result

Foy = (p0uF, + 00uF, + M/3uFy + B0 Fpi; — 3(FpB’)) J,

(D27)
FOpf = FMi,

which are the transformation formulae for the variational derivatives.
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Substitution of these formulae (D27) into the canonical bracket (D3) gives

{F.g} = / (Gus (0w F, + 00F, + M'0,yFyp

+B'3yFy — 04(FgB)) — Fy (094G, + 090G,
+M'0y Gy + B'0yGy — 04(GyiB))) d’x

= / (0(Gy19uF, — FyidwG,) + 0 (Gyi0uF, — FiiduGy)

+ Mi(GM,- 0wFyi — Fp,0,G) + Bi(GB,afoBf — Fp,0,/Gp)
+B'(Fp:0:Gyy — Gpi0uFyp)) d'x (D28)

after integration by parts to remove derivatives off of B'. This completes the derivation
of the CGL Poisson bracket, which is the counterpart of the MHD bracket Morrison &
Greene (1982). Note that, for using the bracket (D28), we can convert all terms into vector
notation as shown in (5.2).

Equations (D4) for x'(xo, ) and (D10) for the variation 8x'(xo, ) can be set up in an
alternative way by means of the Lagrangian map (4.1), using diffeomorphisms g(#) on
Euclidean space similarly to the set up for the EP action principle in § 4. However, here
the variations are not the same as those used for the EP action principle, because those
variations took place in the Eulerian frame and involved fixing x', with x{, being a function
of x and ¢. To proceed, we view g(7), at any fixed time ¢, as an element in the group
of diffeomorphisms G = Diff(R?) acting on Euclidean space in terms of the Cartesian
coordinates x). The Lagrangian map (4.1) then can be expressed in component form:

X (x0, 1) = g(t)x). (D29)

(Concretely, g can be thought of as a matrix in the fundamental representation of the
group G.) Thus, we can write

€'(x, 1) = 8(g(Dxp) = (BgDg " (N)x' = (Bgg™" (1), (D30)
u'(x, 1) = 3,(g(Dxy) = (&, (g~ (D)x' = (g,(Dg™" (1), (D31)

where
sg(Ng™ (1) = Bg(g ' 1)'du, &g () = (&g " (1)) 3 (D32a,b)

represent right-invariant vector fields on the group G, which are identified with Eulerian
vector fields (directional derivatives) at the point x' in Euclidean space. Note the property
of right-invariance means that, for any fixed element 4 in G, g — gh implies gg~! —
8(gh)(gh)™" = b8ghh™'g™' =8gg™" and gg™' — (gh)(gh)™' =ghh 'g7' =gg', due
to 9,h = 8h = 0. The variation of the Eulerian variables Z can be shown to arise from
using the push-forward action of g(f), and the pull-back action of g(#)~', on scalar fields,
vector fields, differential forms and tensor fields in the Lagrangian frame.

A closer connection to the variations used for the EP action principle arises if the
variations derived in (D12), (D15), (D20), (D21) and (D23), are reformulated in the
following way. A variation of any one of these quantities, 6Z(x), can be expressed as
the sum of a contribution from varying only its dependence on x‘, in addition to a

https://doi.org/10.1017/50022377822000642 Published online by Cambridge University Press


https://doi.org/10.1017/S0022377822000642

Action principles for CGL plasmas 53

contribution from varying Z with x' being unchanged. For example, consider §S(x) =
(88)(x) + (8x')d,:S(x). The pointwise contribution is given by

(88)(x) = 8S(x) — €' (x)3:S(x) = —€' ()0 S(x) = AS(x) (D33)
from the total variation (D12). Likewise, 8p(x) = (8p)(x) + (8x')9, p(x) leads to

(6p)(x) = =3 (p (€' (x)) = Ap(x) (D34)

from the total variation (D15). As another example, §B'(x) = §(B')(x) + (8x/)0,B'(x)
gives

(6B (x) = 8(B'(x)) — €/(x)duB'(x) = — 0. (e’ (x)B'(x)) + B/ (x)dy€'(x) = AB'(x)
(D35)
using the total variation (D21). When the analogous pointwise variations are considered
for the components of the advected quantities (D5), we see that they take the form of a Lie
derivative:

() () = —LS®),  (Bb)(x) = —Lb'(x),  (pe)(x) = —Le(p(x)ew). (D36a—c)

Note that here we have expressed the volume element as a 3-form: dx = e,jkdxi A dx/ A di,
where e is the Levi—Civita symbol. The Lie derivative in the variations (D36a—c) denotes
the standard Lie derivative formula in component form. These formulae can be written
more properly by including the basis vectors: e.g. (8b'(x))d: = —L(b'(x)d.), where the
Lie derivative then acts in the standard geometrical way. This result coincides with the
general formulation in Holm et al. (1983). In addition, it shows that the variations of the
non-advected Eulerian variables given by (D34) and (D35) can be expressed in terms of
Lie derivatives:

Ap(x) = —(8i€)p(x) = Lp(x),  AB'(x) = —(0ue)B'(x) — LB (x).  (D37a,b)

These formulae are used in the classical work of Newcomb (1962). They can be used
to derive the transformation formula (D27) for the variational derivatives by taking a
pointwise variation of a functional:

AF = [ (Fudo + Fuso + Fp 6B+ Fy 800 038

which differs from (D27) by lacking a contribution from varying the volume element.
Nevertheless, this leads to the same expression (D28) for the bracket (cf. the cancellation
of terms (D26)).

Appendix E

In this appendix, we outline the general approach of Holm et al. (1998) on the EP
variational principles, with application to CGL plasmas. The action is of the form:

J = / Llu, a] d*xdt. (E1)

The stationary points of A are given by §7 = 0, where the variables a are advected
quantities (2.87) subject to the variations

a = —L,(a). (E2)

Here 5 is an arbitrary, sufficiently differentiable vector field. Alternatively, » arises from a
Lagrangian map as discussed in § 4.
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For the CGL plasma case, the Lagrangian density L[u, a] is given by (3.21), where the
a are the advected quantities S, p dx, B/p = b (cf. (4.9a-d)). The magnetic flux 2-form
B,dy A dz+ B,dz A dx+ B.dx A dyis a Lie dragged invariant of the flow (Webb et al.
2014a). (Note p;, p, and e are defined in terms of p, S and B via the equation of state
for e(p, S, B)). The expression for the action J is the same as in (4.18). From (E2) and
(4.9a—d), the variation da is obtained:

88 = —L,S=—5-VS,
spdPx = —L,(pd’x) = =V - (py) &’x, (E3)
B=V x (n x B) —y(V - B).

The variational equation § 7 = 0 is expressed as:

8T = / (n, F)d*xdr = 0, (E4)
which can be shown to imply for arbitrary » that
a (L SL SL
F=_—|—)4+ad,| =) ——©¢a=0 (ES)
ot \ Su du/, da

(see Holm et al. (1998) for details). This is the general form of the EP equation. The
diamond operator ¢ is defined by the property (4.20).
For the CGL plasma action principle, the EP equation (ES) has the form

0 1, SL
—(pu)+V-(pu@u)+pV|-u)=—¢ca. (E6)
ot 2 da

The term in (E6) involving the diamond operator can be determined from the variation

/ Sad’x / sp +8L55+8L SB)|d*
— - - - X
58S SB

= S—L[V 1+ =1 VS]
_/<8,0_ -(pn)+85 -1 -

oL \Y B V.-B]|d&
+E [Vx(mxB)—n(V- )]) x

= V(SL 8LVS Bx|(V oL BLVB dx, (E7
= [ lovsy sy (Ve p) -5 m o @

where boundary integral terms have been discarded. From (E7) and (E4), we identify the
diamond operator term (6L/da) ¢ a as being the term in the square brackets. Substituting
the variational derivatives of L, which are given by (4.21), we obtain

3L 1
—oa=p|TVS—Vh+V |- — +J xB
da 2

+£(V-B)+BX(VXSZ)—Q(V-B), (E8)
Mo
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where
V xB
J = L o= =
Ko B

B (E9a—c)
—. a—c
B

The auxiliary calculations
Bx(Vx82)=—-pst-Vt—pa(l—17)-V(UnB) 4+ (I—TT) - VP4,
Vep=Vpi4p,((V.-T)T+7-VT)+ 7T Vpy4, (E10)
V:B=BMV-.-74+1t:VB),
and the thermodynamic relation
p(TVS = Vh) = pav(nB) — Vp;., (E11)
can be combined to give the identity
Bx(VxR2)—-R2(V-B)+V . .p+p(TVS—-Vh) =0. (E12)

This equation was derived in (B6).
Substituting the identity (E12) into (E8) gives:

SL 1, B
—oa=pV|-u")|—pV®+J xXxB+ —V.B—-V.p, (E13)
da 2 o

which, when used in the EP equation (E6) yields the Eulerian momentum equation (2.2).

Appendix F

In this appendix, we summarise the complete Lie point symmetry group for the CGL
system (2.1)—(2.9). We restrict attention to the case where there is no gravity (i.e. ® = 0 in
(2.2)). (For the general theory of Lie point symmetries, see Ovsjannikov 1978; Ibragimov
1985; Olver 1993; Ovsjannikov 1994; Bluman & Anco 2002; Golovin 2009; Bluman,
Cheviakov & Anco 2010.)

The independent and dependent variables in (2.1)—(2.9) consist of 7, X', p, u, B, S, p|
and p, . Thus, every Lie point symmetry arises from a generator of the form

X = €0+ 800+ 80, + 50, + 8% + 95 + £, + "9, (F1)
under which (2.1)-(2.9) are invariant on the space of solutions. Here
g8 8 g0 E8 8 e, e (F2)
are functions of the independent and dependent variables. For computational purposes, it
is easiest to work with the characteristic form of the generator in which only the dependent
variables undergo a transformation:
X =800, +E"0, +EV0p + &S0+ EMy, +EMa), (F3)
where
EV=&"—&v —Evg (F4)
for each dependent variable v = (p, u’, B', S, py»P.). The generator X has the convenient

property that it commutes with total derivatives with respect to 7,x', and so the
prolongation of X acting on derivatives of v is easy to compute.
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The determining equations for Lie point symmetries are given by applying prf( to
each equation (2.1)—(2.9) and evaluating the resulting system on the solution space of
(2.1)—~(2.9) which is carried out by putting (2.1)—(2.9) into a solved form with respect to a
set of leading derivatives. (See Olver (1993) for a general discussion.) The resulting system
of determining equations then splits with respect to all derivative variables that appear in
the system. This yields an overdetermined linear system of equations for the functions
(F2). The system can be solved straightforwardly by use of computer algebra (e.g. Maple
or Mathematica).

The Lie point symmetry generators are found to be given by the 10 Galilean
transformation generators (6.18a—d) and the following 3 scaling generators

S] - tat +xiaxi,
Sy =13, +2pd, — u'dy, (F5)
S3 = 2,08p -+ ZpLBpL —+ 2p||81,,‘I =+ BiaBi.

In terms of the quantities p = (p) + 2p.)/3 andp, = p; — p., the third scaling symmetry
has the equivalent form:

S5 =2pd, + 2pd, + 2pd,, + B'dp. (F6)

For comparison, the Lie point symmetries for MHD (Rogers & Ames 1989; Fuchs
1991) are given by the 10 Galilean transformation generators (6.18a—d) and the 2 scaling
generators S; and S, plus a scaling generator Sy = 204, + 2pd, + B'dp which differs from
S5 by omitting the term involving p 4.

A full study of subalgebras of the Galilean Lie algebra was given in Ovsjannikov (1978,
1994, 1999) and Grundland & Lalague (1995).

Appendix G

Here we derive the Lie invariance condition (6.17) for the action, which follows
from (6.5). We start from the appropriate expansion for pr XL:

5 2 Lo 2\ Lo 21\ Lo
prio =652+, (§) 2+ (§) 2. (G1)
ox' ox' 0 0x;;

The derivatives of Ly in (G1) are given in Appendix C, namely

oL 0P oL . 0L 4
=P = pol. = (p+ M) Ay (G2a-c)
ox! X

axi
Using (G2a—c) in (G1) gives
pri(Lo) = —po& - VO + D, (§) - oo+ Dy (') (0+ M) A

| dgt . ‘
= pJut [d—‘i —E- Vu’:| + Ry, (G3)
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where

Ry = —pok - V& + pok - V( ) +Dy (§) 0+ M) 4

=J :V . (pé) <¢ — %Lﬂ) |:p b — %uz)]} +D, (é") (P + Mp)* Ay

(G4)
By noting that
Vi(p*)=—(Bx (VxR2)— 2V -B+p(TVS—VhY, (GS)
and .
V. (MF) :—{JxB—i—BVM.OB}l. (G6)
We obtain

gDy (8) o+ Mp* =7 {ka (& o+ )] + ok - TV — Vi)

+'§'[B><(VxSZ)—QV.B]+§_|:JxB+BV-B]}.
Ko
(G7)

Noting

J=J-Vx2= (G8a,b)

we obtain the equations

A

E-[Bx(Vx®R) -2V -Bl+&-[J]xB+B(V - B)/w]

=J - (Bx§)+ & BV-B/u

1 ~ - - ~ ~
=—{Vx[(gxB)xB]—B-[Vx(ng)—gv.B]}. (G9)
Ho
In the derivation of (G9) we used the identity
V.UAxC)=(VxA) - -C—(VxC)-A, (G10)
with4 = & x Band C = B.
Using (G9) in (G7) gives

A

gDy (8) (0" + M) =4 {ka (& (9" +M§)| + ok - 1TV — Vi

+V.|:Mi|_£.[vx(§xB)_§v.B]},
Ko Ho
(G11)

Using (G11) in (G4) gives a simplification of R, which can in turn be used to obtain

pr)A( (Lp) in (G1). Substitution of the resultant pr X (Lp) in (6.5) gives (6.17) as the condition
for Lie invariance of the action.
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Appendix H

In this appendix, we provide a derivation of Noether’s first theorem, using the approach
of Bluman & Kumei (1989). This analysis should be useful for readers not acquainted with
the classical approach to Noether’s first theorem. These ideas are used in § 6.2 to describe
Noether’s theorem.

Consider a system of differential equations in the dependent variables u* (1 < o < m)
and independent variables x’ (1 < i < n) of the form

R(x,u uf ug,...)=0, 1<s<m, (HI)

lj’

the subscripts in ', uj, . . ., denote partial derivatives with the respect to the independent

variables x' (1 < i < n), which arise from extremal variations of the action
Jul = / L(x,uf,u,...)dx, (H2)
2
which remain invariant under infinitesimal Lie transformations of the form
Xi=x+e&, uW'=u"+en*, L =L+ VA" (H3a—c)

The variation of J[u] is defined as
51:/ L'(X, u ', u ...)dx’—/ L(x, u,uf, uf,...)dx, (H4)
! 2

i ijs U"

where 2 is the region of integration. The variation §J to O(¢) in (H4) reduces to
8] =€ / (prXL + LD;g' + D;A') dx 4 O(e?). (H5)
2

The term LD;£' in (H5) represents changes in the volume element:

dx’ = [1+eDig' + O(e?)] dx. (H6)
The Lie derivative term:
XL s"8+"8+“8+“8+ L (H7)
T = — . " s
P ox T ue T gue T i

describes the changes in L(x, u®, uf, u;‘ ...) due to the Lie transformations of x' and u*
in (H3a—c), in which the form of L does not change. The term D; A’ describes changes
of J due to changes in the form of L due to a divergence transformation (under such a

transformation the action remains invariant). From (H5) the action J[u] remains invariant
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under the Lie transformations (H3a—c) to O(e) if

prXL + LD + D;A' = 0. (H8)
It turns out that there is an equivalent extended Lie symmetry operator, pr()A(), of the
form
prCR) = -+ Dy (i) —o + DD () o+ (H9)
du* ous ! u
called the evolutionary operator (e.g. Olver 1993) which descrlbes Lie transformations:
X=X, U =u"+eR”, (H10a,b)
where
ﬁa = ]’]a — %‘jD,uo‘ (Hll)
The operator pr(X) is related to pr(X) by the formula
pr(X) = pr(X) + £'D;, (H12)

where D; = d/ dx’ is the total, partial derivative with respect to x/. From (H9), we obtain
the formulae

Wi =uf +€D; (7)., ' =uj+eDD; (7). (H13a,b)

for the transformation of partial derivatives under pr(f(). These transformations are
different from the transformations of derivatives formulae under the canonical prolonged
symmetry operator pr X, namely

¢ = pr(X)u? = prXu? + &' Dul = D; (i) + &/u s, (H14)

and similarly for transformations of the higher-order derivatives of u®.
Evaluation of 6/[u] using pr(X) gives the variational equation:

5J = e/ <prf(L> dx = e/ [D:Wilu, ] + i E, (L)] dx, (H15)
from which it follows that
prOL = DW'lu, il + 77 E, (L), (H16)
where the W'[u, 7] are surface terms given by
SL SL SL
Wilu, 7] = i’ 8—y+n,5y+n,k +oee (H17)
i
and L/ is given by
SL oL oL oL
¢ =50 =55 =057 ) +om () - e

Here E,, denotes the Euler operator or variational derivative with respect to ¥ used in the
Calculus of variations. In particular, the equations

E, (L) = oL D oL + D;D oL =0 (H19)
8 y i 8uy i 3My — Y,

i ]

are the Euler—Lagrange equations for the variational principle 6J = 0.
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Using pr(X)L from (H12), the Lie invariance condition (HS8) for the action reduces to
pr(X)L + D; (L&' + A) = 0. (H20)
Using (H16) for pr()A()L in (H20) we obtain the Noether theorem identity:
A E,(L) + D; [W'[u, j] + L&' + A'] = 0. (H21)

For the case of a finite point Lie group of symmetries (i.e. for a finite number of point
symmetries 7)”), for which the Euler-Lagrange equations E, (L) = 0 are satisfied, and
(H21) reduces to the conservation law

D; [W'lu, §] + LE' + A'] =0, (H22)

associated with Noether’s first theorem.

If the symmetries #” depend on continuous functions {¢*(x : 1 < k < N}, then the
Lie pseudo-algebra of symmetries is infinite dimensional. In this case Noether’s second
theorem implies that the Euler—Lagrange equations are not all independent and that there
exists differential relations between the Euler—Lagrange equations (see, e.g., Olver (1993)
and Hydon & Mansfield (2011) for details).

REFERENCES

ABRAHAM-SHRAUNER, B. 1967 Propagation of hydromagnetic waves through an anisotropic plasma.
J. Plasma Phys. 1 (Part 3), 361-378.

ANCO, S.C. & DAR, A. 2009 Classification of conservation laws of compressible isentropic fluid flow in
n > 1 spatial dimensions. Proc. R. Soc. Lond. A 464, 2641-2488.

ANCO, S.C. & DAR, A. 2010 Conservation laws of inviscid non-isentropic compressible fluid flow in
n > 1 space dimensions. Proc. R. Soc. Lond. A 466, 2605-2632.

ANCO, S.C. & WEBB, G.M. 2020 Hierarchies of vorticity invariants and related conserved helicity and
cross helicity integrals in inviscid fluid flow. Phys. Fluids 32 (8), 816104.

ARNOLD, V.I. & KHESIN, B.A. 1998 Topological Methods in Hydrodynamics. Applied Mathematical
Sciences, vol. 125. Springer.

BANERJEE, R. & KUMAR, J. 2016 New approach to nonrelativistic ideal magnetohydrodynamics. Eur.
Phys. J. C 76, 406.

BERGER, M.A. & FIELD, G.B. 1984 The topological properties of magnetic helicity. J. Fluid. Mech. 147,
133-48.

BERGER, M.A. & HORNIG, G. 2018 A generalized poloidal and toroidal decomposition and an absolute
measure of helicity. J. Phys. A: Math. Theor. 51 (49), 22.

BESSE, N. & FriscH, U. 2017 Geometric formulation of the Cauchy invariants for incompressible Euler
flow in flat and curved spaces. J. Fluid Mech. 825, 412-478.

BLUMAN, G.W. & ANco, S.C. 2002 Symmetry and Integration Methods for Differential Equations.
Applied Mathematical Sciences, vol. 154. Springer.

BLUMAN, G.W., CHEVIAKOV, A.F. & ANcCoO, S. 2010 Applications of Symmetry Methods to Partial
Differential Equations. Springer.

BLUMAN, G.W. & KUMEIL, S. 1989 Symmetries and Differential Equations. Springer.

BRAGINSKII, S.I. 1965 Transport processes in a plasma. Rev. Plasma Phys. 1, 205 (ed. M.A. Leontovich).
Consultants Bureau, New York, 1965.

CHANDRE, C. 2013 Casimir invariants and the Jacobi identity in Dirac’s theory of constraints of
constrained Hamiltonian systems. J. Phys. A: Math. Theor. 46 (37), 375201.

CHANDRE, C., GUILLEBON, L., BACK, A., TASSI, E. & MORRISON, P.J. 2013 On the use of projectors
for Hamiltonian systems and their relationship with Dirac brackets. J. Phys. A: Math. Theor.
46 (12), 125203.

https://doi.org/10.1017/50022377822000642 Published online by Cambridge University Press


https://doi.org/10.1017/S0022377822000642

Action principles for CGL plasmas 61

CHARRON, M. & ZADRA, A. 2018 Hidden symmetries, trivial conservation laws and Casimir invariants
in geophysical fluid dynamics. J. Phys. Commun. 2, 115018.

CHEVIAKOV, A. & BOGOYAVLENSKIJ, O.1. 2004 Exact anisotropic MHD equilibria. J. Phys. A: Math.
Gen. 37, 7593-7606.

CHEVIAKOV, A.F. & ANco, S.C. 2008 Analytical properties and exact solutions of static plasma
equilibrium systems in three dimensions. Phys. Lett. A 372, 1363—-1373.

CHEW, G.L., GOLDBERGER, M.L. & Low, F.E. 1956 The Boltzmann equation and one-fluid
hydromagnetic equations in the absence of particle collisions. Proc. R. Soc. Lond. A 236, 112-118.

DEVLEN, E. & PEKUNLU, E.R. 2010 Finite Larmor radius effects on weakly magnetized, dilute plasmas.
Mon. Not. R. Astron. Soc. 404, 830-836.

DEWAR, R.L. 1970 Interaction between hydromagnetic waves in a time dependent inhomogeneous
medium. Phys. Fluids 13 (11), 2710-2720.

DEWAR, R.L., BURBY, J.W., Qu, Z.S., SATO, N. & HOLE, M.J. 2020 Time dependent relaxed
magnetohydrodynamics, inclusion of cross helicity constraint using phase space action. Phys.
Plasmas 27, 062504.

DEWAR, R.L. & Qu, Z.S. 2022 Relaxed magnetohydrodynamics with ideal Ohm’s law constraint.
J. Plasma Phys. 88 (1), 835880101.

Du, S., ZANK, G.P., L1, X. & GUO, F. 2020 Energy dissipation and entropy in collisionless plasmas.
Phys. Rev. E 101, 033208.

ECKART, C. 1963 Some transformations of the hydrodynamic equations. Phys. Fluids 6 (8), 1037-1041.

FINN, J.M. & ANTONSEN, T.M. 1985 Magnetic helicity: what is it and what is it good for? Comment
Plasma Phys. Control. Fusion 9 (3), 111.

FINN, J.M. & ANTONSEN, T.M. 1988 Magnetic helicity injection for configurations with field errors.
Phys. Fluids 31 (10), 3012-3017.

FucHs, J.C. 1991 Symmetry groups and similarity solutions of MHD equations. J. Math. Phys. 32, 1703.

GILBERT, A.D. & VANNESTE, J. 2020 A geometric look at MHD and the Braginsky dynamo. Geophys.
Astrophys. Fluid Dyn. 115 (4), 436-471.

GOLOVIN, S.V. 2009 Regular partially invariant solutions of defect 1 of the equations of ideal
magnetohydrodynamics. J. Appl. Mech. Tech. Phys. 50 (2), 171-180.

GOLOVIN, S.V. 2011 Natural curvilinear coordinates for ideal MHD equations. Nonstationary flows with
constant total pressure. Phys. Lett. A 375, 283-290.

GORDIN, V.A. & PETVIASHVILI, V.I. 1987 Equation of continuity for the helicity in media with an infinite
conductivity. The gauge of vector potential and Lyapunov stable MHD equilibrium. Sov. J. Plasma
Phys. 13 (7), 509-511 (English), JETP Lett. 45 (5), 266-267.

GORDIN, V.A. & PETVIASHVILI, V.I. 1989 Lyapunov instability of MHD equilibrium of a plasma with
nonvanishing pressure. Sov. Phys. JETP 68 (5), 988-994.

GRUNDLAND, A.M. & LALAGUE, L. 1995 Lie subgroups of fluid dynamics and magnetohydrodynamics
equations. Canad. J. Phys. 73, 463-477.

HAMEIRI, E. 2004 The complete set of Casimir constants of the motion in magnetohydrodynamics. Phys.
Plasmas 11, 3423-3431.

HAZELTINE, R.D., MAHAJAN, S.M. & MORRISON, P.J. 2013 Local thermodynamics of a magnetized,
anisotropic plasma. Phys. Plasmas 20, 022506.

HoLM, D.D. & KUPERSHMIDT, B.A. 1983a Poisson brackets and Clebsch representations for
magnetohydrodynamics, multi-fluid plasmas and elasticity. Physica D 6D, 347-363.

HoLMm, D.D. & KUPERSHMIDT, B.A. 1983h Noncanonical Hamiltonian formulation of ideal
magnetohydrodynamics. Physica D 7D, 330-333.

HoLM, D.D. & KUPERSHMIDT, B.A. 1986 Hamiltonian theory of relativistic magnetohydrodynamics
with anisotropic pressure. Phys. Plasmas 29, 3889-3891.

HoLM, D.D., KUPERSHMIDT, B.A. & LEVERMORE, C.D. 1983 Canonical maps between Poisson
brackets in Eulerian and Lagrangian descriptions of continuum mechanics. Phys. Lett. A 98A,
389-395.

HoLM, D.D., MARSDEN, J.E. & RATIU, T. 1998 The Euler-Lagrange equations and semiproducts with
application to continuum theories. Adv. Math. 137 (1), 1-81.

https://doi.org/10.1017/50022377822000642 Published online by Cambridge University Press


https://doi.org/10.1017/S0022377822000642

62 G.M. Webb, S.C. Anco, S.V. Meleshko and G.P. Zank

HoLM, D.D., MARSDEN, J.E., RATIU, T. & WEINSTEIN, A. 1985 Nonlinear stability of fluid and plasma
equilibria. Phys. Rep. 123 (1-2), 1-116.

HUNANA, P., Passort, T., KHOMENKO, E., MARTINEZ-GOMEZ, D., COLLADOS, M., ZANK, G.P.,
MANEVA, Y., GOLDSTEIN, M.L. & WEBB, G.M. 2022 Generalized fluid models of the
Braginskii-type. Astrophys. J. Suppl 260 (26), 145.

HUNANA, P., TENERANTI, A., ZANK, G.P., KHOMENKO, E., GOLDSTEIN, M.L., WEBB, G.M., CALLY,
P.S., COLLADOS, M., ADHIKARI, L. & VELLI, M. 20196 Lecture notes: An introductory guide to
fluid models with anisotropic temperatures. Part 2. Kinetic theory, Padé approximants and Landau
fluid closures. J. Plasma Phys. 85, 205850603.

HUNANA, P., TENERANII, A., ZANK, G.P., KHOMENKO, E., GOLDSTEIN, M.L., WEBB, G.M., CALLY,
P.S., CoLLADOS, M., VELLI, M. & ADHIKARI, L. 2019a Lecture notes: an introductory guide to
fluid models with anisotropic temperatures. Part 1. CGL description and collisionless fluid hierarchy.
J. Plasma Phys. 85, 205850602.

HUNANA, P. & ZANK, G.P. 2017 On the parallel and oblique firehose instability in fluid models. Astrophys.
J. 839, 13.

HUNANA, P., ZANK, G.P., GOLDSTEIN, M.L., WEBB, G.M. & ADHIKARI, L. 2016 CGL description
re-visited. In Solar Wind 14: AIP Proceedings Conference (ed. L. Wang et al.), vol. 1720, p. 030002.
AIP.

HYDON, P.E. & MANSFIELD, E.L. 2011 Extensions of Noether’s second theorem: from continuous to
discrete systems. Proc. R. Soc. Lond. A 467, 3206-3221.

IBRAGIMOV, N.H. 1985 Transformation Groups Applied to Mathematical Physics. Reidel.

ILGISONIS, V.I. 1996 Anisotropic plasma with flows in tokamak: steady state and stability. Phys.
Plasmas 3, 4577-4582.

KRUSKAL, M.D. & KULSRUD, R.M. 1958 Equilibrium of a magnetically confined plasma in a toroid.
Phys. Fluids 1, 265.

KULSRUD, R.M. 1983 MHD description of plasma. In Handbook of Plasma Physics (ed. M.N. Rosenbluth
& R.Z. Sagdeev), Basic Plasma Physics I, pp. 115-145. North Holland Publishing. Article Eds. A.A.
Galeev & R.N. Sudan.

LINGAM, M., MORRISON, PJ. & WURM, A. 2020 A class of three-dimensional gyro-viscous
magnetohydrodynamical models. J. Plasma Phys. 86, 835860501.

Low, B.C. 2006 Magnetic helicity in a two-flux partitioning of an ideal hydromagnetic fluid. Astrophys. J.
646, 1288-1302.

Low, B.C. 2011 Absolute magnetic helicity and the cylindrical magnetic field. Phys. Plasmas 18, 052901.

LUNDGREN, T.S. 1963 Hamilton’s variational principles for a perfectly conducting plasma continuum.
Phys. Fluids 6, 898-904.

MACMAHON, A. 1965 Finite gyro-radius corrections to the hydromagnetic equations for a Vlasov plasma.
Phys. Fluids 8, 1840-45.

MARSDEN, J.E. & RATIU, T.S. 1994 Introduction to Mechanics and Symmetry. Texts in Applied
Mathematics, vol. 17, chap. 4. Springer.

MISNER, C.W., THORNE, K.S. & WHEELER, J.A. 1973 Gravitation. W.H. Freeman.

MOFFATT, H.K. 1969 The degree of knottedness of tangled vortex lines. J. Fluid. Mech. 35, 117.

MOFFATT, H.K. & Ricca, R.L. 1992 Helicity and the Calugareanu invariant. Proc. R. Soc. Lond. A
439, 411.

MOISEEV, S.S., SAGDEEV, R.Z., TUR, A.V. & YANOVSKY, V.V. 1982 On the freezing-in integrals and
Lagrange invariants in hydrodynamic models. Sov. Phys. JETP 56 (1), 117-123.

MORRISON, P.J. 1982 Poisson brackets for fluids and plasmas. In Mathematical Methods in
Hydrodynamics and Integrability of Dynamical Systems (AIP Proceedings Conference) (ed. M.
Tabor & Y.M. Treve), vol. 88, pp. 13—46. American Institute of Physics.

MORRISON, P.J. 1998 Hamiltonian description of the ideal fluid. Rev. Mod. Phys. 70 (2), 467-521.

MORRISON, P.J. & GREENE, J.M. 1980 Noncanonical Hamiltonian density formulation of hydrodynamics
and ideal magnetohydrodynamics. Phys. Rev. Lett. 45, 790-794.

MORRISON, P.J. & GREENE, J.M. 1982 Noncanonical Hamiltonian density formulation of hydrodynamics
and ideal magnetohydrodynamics. Phys. Rev. Lett. 48, 569 (erratum).

https://doi.org/10.1017/50022377822000642 Published online by Cambridge University Press


https://doi.org/10.1017/S0022377822000642

Action principles for CGL plasmas 63

MORRISON, P.J., LINGAM, M. & ACEVEDO, R. 2014 Hamiltonian and action formalisms for
two-dimesnsional gyroviscous magnetohydrodynamics. Phys. Plasmas 21 (8), 082102.

NEwCOMB, W.A. 1962 Lagrangian and Hamiltonian methods in magnetohydrodynamics. Nucl. Fusion
Suppl. (Part 2), 451-463.

NEWCOMB, W.A. 1972 The perfect gyroscopic fluid. Ann. Phys. 72 (1), 29-79.

NEWCOMB, W.A. 1973 Gyroscopic-quasi-elastic fluid systems. Ann. Phys. 81 (1), 231-331.

NEWwWCOMB, W.A. 1983 The anisotropic guiding-center fluid. Ann. Phys. 150 (1), 172-266.

OLVER, P.J. 1993 Applications of Lie Groups to Differential Equations. Graduate Texts in Mathematics,
2nd edn. Springer.

OVSJANNIKOV, L.V. 1978 Group Analysis of Differential Equations. Nauka, Moscow, English translation:
W.E. Ames Editor, Academic Press, New York, p. 407, 1982.

OVSJANNIKOV, L.V. 1994 The ‘Podmodeli’ progam, gas dynamics. J. Appl. Maths 58 (4), 601-627.

OVSJANNIKOV, L.V. 1999 Some results of the implementation of ‘pmodell’ program for the gas dynamics
equations. J. Appl. Maths 63 (3), 349-358.

PADHYE, N.S. 1998 Topics in Lagrangian and Hamiltonian fluid dynamics: relabeling symmetry and ion
acoustic wave stability. PhD dissertation, University of Texas at Austin.

PADHYE, N.S. & MORRISON, P.J. 19964 Fluid element relabeling symmetry. Phys. Lett. A 219, 287-292.

PADHYE, N.S. & MORRISON, P.J. 1996b Relabeling symmetries in hydrodynamics and magnetohydrodynamics.
Plasma Phys. Rep. 22 (10), 869-877.

PRIOR, C. & YEATES, A.R. 2014 On the helicity of open magnetic fields. Astrophys. J. 787, 100.

RAMOS, J.J. 2005a Fluid formalism for collisionless magnetized plasmas. Phys. Plasmas 12, 052102.

RAMOS, J.J. 2005b General expression of the gyro-viscous force. Phys. Plasmas 12, 1123017.

ROGERS, C. & AMES, W.F. 1989 Nonlinear Boundary Value Problems in Science and Engineering.
Academic.

SAGDEEV, R.Z., TUR, A.V. & YANOVSKII, V.V. 1990 Construction of frozen in integrals, Lagrangian
and topological invariants in hydrodynamical models. In Proceedings of the IUTAM Symposium,
“Topological Fluid Dynamics” (ed. H.K. Moffatt & A. Tsinober), pp. 421-428. Cambridge
University Press.

SCHNACK, D.D. 2009 Appendix: Fluid models of magnetized plasmas. In Lecture Notes in Physics, 780,
Lectures in Magnetohydrodynamics, with an Appendix on Extended MHD, pp. 283-317. Springer.

ScHUTZ, B.F. 1980 Geometrical Methods of Mathematical Physics, p. 246. Cambridge University Press.

SNEDDON, I.N. 1957 Elements of Partial Differential Equations. International Series in Pure and Applied
Mathematics, International Student edn (ed. W.T. Martin). McGraw Hill.

StTiX, T.H. 1992 Waves in Plasmas, p. 288. Springer. eq. 11-65.

SULEM, P.L. & PAssoT, T. 2015 Landau fluid closures with nonlinear large-scale finite Larmor radius
corrections for collisionless plasmas. J. Plasma Phys. 81, 325810103.

TUR, A.V. & YANOVSKY, V.V. 1993 Invariants for dissipationless hydrodynamic media. J. Fluid. Mech.
248, 67-106.

VoLkov, T.F. 1966 Hydrodynamic description of a collisionless plasma. In Reviews of Plasma Physics
(ed. M.A. Leontovich), vol. 4, pp. 1-20. Consultants Bureau.

WEBB, G. 2018 Magnetohydrodynamics and Fluid Dynamics: Action Principles and Conservation Laws,
Lecture Notes in Physics, vol. 946. Springer.

WEBB, G.M. & ANcoO, S.C. 2019 Conservation laws in magnetohydrodynamics and fluid dynamics:
Lagrangian approach. AIP Proc. Conf. 2153 (1), 020024. In Modern Treatment of Symmetries,
Differential Equations and Applications (Symmetry 2019).

WEBB, G.M., DASGUPTA, B., MCKENZIE, J.F., HU, Q. & ZANK, G.P. 2014a Local and nonlocal
advected invariants and helicities in magnetohydrodynamics and gas dynamics, I, Lie dragging
approach. J. Phys. A: Math. Theor. 47, 095501.

WEBB, G.M., DASGUPTA, B., MCKENZIE, J.F., HU, Q. & ZANK, G.P. 2014b Local and nonlocal
advected invariants and helicities in magnetohydrodynamics and gas dynamics, 1I, Noether’s
theorems and Casimirs. J. Phys. A: Math. Theor. 47, 095502.

WEBB, G.M., HU, Q., DASGUPTA, B. & ZANK, G.P. 2010 Homotopy formulas for the magnetic vector
potential and magnetic helicity: the Parker spiral interplanetary magnetic field and magnetic flux

https://doi.org/10.1017/50022377822000642 Published online by Cambridge University Press


https://doi.org/10.1017/S0022377822000642

64 G.M. Webb, S.C. Anco, S.V. Meleshko and G.P. Zank

ropes. J. Geophys. Res.: Space 115, A10112; Corrections: J. Geophys. Res. 116, A11102. doi:10.
1029/2011JA017286.

WEBB, G.M. & ZANK, G.P. 2007 Fluid relabelling symmetries, Lie point symmetries and the Lagrangian
map in magnetohydrodynamics and gas dynamics. J. Phys. A: Math. Theor. 40, 545-579.

WEBB, G.M., ZANK, G.P., KAGHASHVILI, E.KH. & RATKIEWICZ, R.E. 20054 Magnetohydrodynamic
waves in non-uniform flows I: a variational approach. J. Plasma Phys. 71 (6), 785-809.

WEBB, G.M., ZANK, G.P., KAGHASHVILI, E.KH. & RATKIEWICZ, R.E. 2005h Magnetohydrodynamic
waves in non-uniform flows II: stress energy tensors, conservation laws and Lie symmetries.
J. Plasma Phys. 71, 811-857.

WOLTIJER, L. 1958 A theorem on force-free magnetic fields. Proc. Natl Acad. Sci. USA 44, 489.

YAHALOM, A. 2013 Aharonov—Bohm effects in magnetohydrodynamics. Phys. Lett. A 377, 1898-1904.

YAHALOM, A. 2017a A conserved cross helicity for non-barotropic MHD. Geophys. Astrophys. Fluid Dyn.
111, 131.

YAHALOM, A. 2017b Non barotropic cross helicity conservation and the Aharonov—Bohm effect in
magnetohydrodynamics. Fluid Dyn. Res. 50, 011406.

YAHALOM, A. & QIN, H. 2021 Noether currents for Eulerian variational principles in non-barotropic
magnetohydrodynamics and topological conservation laws. J. Fluid Mech. 908, A4.

YOSHIDA, Z. 2016 Review article: self organization by topological constraints: hierarchy of foliated phase
space. Adv. Phys.: X 1, 2-19.

ZAKHAROV, V.E. & KUZNETS0OV, E.A. 1997 Reviews of topical problems: Hamiltonian formalism for
nonlinear waves. Uspekhi 40, 1087-1116.

https://doi.org/10.1017/50022377822000642 Published online by Cambridge University Press


doi:10.1029/2011JA017286
doi:10.1029/2011JA017286
https://doi.org/10.1017/S0022377822000642

	1 Introduction
	2 CGL equations and conservation laws
	2.1 CGL model
	2.2 Thermodynamic formulation
	2.2.1 Ideal gas law and entropy

	2.3 Total mass and energy conservation laws
	2.4 Cross-helicity
	2.5 Magnetic helicity
	2.6 Lie dragged (advected) quantities

	3 The Lagrangian map
	3.1 Map formulae
	3.2 Lagrangian variational principle and Euler--Lagrange equations
	3.3 Hamilton's equations

	4 EP action principle
	4.1 The EP equation

	5 Non-canonical Poisson bracket
	5.1 Non-canonical Hamiltonian equations
	5.2 Casimirs
	5.3 Mass, cross-helicity and magnetic helicity Casimirs
	5.4 Advected Casimirs

	6 Noether's theorem and conservation laws
	6.1 Noether's theorem and evolutionary symmetries
	6.1.1 Eulerian form of a Lagrangian conservation law
	6.1.2 Lie invariance condition
	6.1.3 Galilean symmetries
	6.1.4 Galilean conservation laws
	6.1.5 Fluid relabelling symmetries
	6.1.6 Noether's theorem for fluid-relabelling conservation laws

	6.2 Classical Noether approach

	7 Summary and concluding remarks
	A Appendix A
	B Appendix B
	C Appendix C
	D Appendix D
	E Appendix E
	F Appendix F
	G Appendix G
	H Appendix H
	References

