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1. Introduction. The configuration formed by N points 
N 

in general position in space, together with the ( ) lines joining 

them in pa i rs will be called an N-clique. The N-clique is 
coloured by assigning to each edge exactly one colour from a 
set of t possible colours. A theorem due to Ramsey [4] en
sures the existence of a least integer M(q , q , . . . , q ) such 

1 2 t 
that if N > M, any such colouring of the N-clique must contain 
either a q -clique entirely of colour 1, or a q - clique of colour 

1 2 

2, . .. , or a q -clique of colour t. Another proof of Ramsey' s 

theorem is given by Ryser [5]. 

Definition 1: A (q , q_ , . . . , q )-colouring of the 
1 2 t 

N-clique is an assignment of colours to the edges of the 
N-clique as above in which there a re no q -cliques of colour 

l 

i (i = 1, 2, . . . , t). 

Ramsey' s theorem then states that there exists a least 
integer M(q , q , . . ., q ) such that for N > M there is no 

(q , q , . .. , q )-colouring of the N-clique. The evaluation of 

these least integers M is a difficult combinatorial problem. 
The resul ts in section 2 establish upper bounds for the M' s, 
but except in the first few cases these upper bounds appear to 
be loose. Fur thermore , to establish that M is the least such 
integer, a (q , q , . . . , q )-colouring of the (M-l)-cl ique must 

be constructed. 

Canad. Math. Bull. vol. 8, no. 5, October 1965 

575 

https://doi.org/10.4153/CMB-1965-041-7 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1965-041-7


Greenwood and Gleason [3] have evaluated M(3, 3), 
M(3,4), M(3,5), M(4,4) and M(3,3,3) . For these numbers 
the upper bounds of section 2 a re tight, and colourings of the 
(M-l) -c l iques were constructed using finite field residue theory. 
However, this method does not readily extend to higher numbers 
because , for this construction to give a colouring of the N-clique 
there must be a field on N elements in which (-1) is a residue 
of the proper type. 

In this paper, a new method for constructing (q , q , . .. , 

q )-colourings is described and i l lustrated. By means of it a re 

obtained a (3, 7)-colouring of the 21-clique, a (4, 5)-colouring of 
the 24-clique, and a (3, 8)-colouring of the 26-clique. These 
colourings a re not obtainable by the method of Greenwood and 
Gleason. Thus lower bounds of 22 for M(3, 7), 25 for M(4, 5), 
and 27 for M(3,8) a re established. The method of "regular 
colourings11 is easily programmed for a high-speed electronic 
computer, so that regular colourings may be found even when 
the number of possibil i t ies to be considered becomes very large. 

2. Pre l iminary Resul ts . Lemmas 1, 2 and 5 a re given 
by Greenwood and Gleason [3]. Lemma 5 was originally proved 
in a paper by Erdos and Szekeres [2]. The resul t has been a t t r i 
buted to Szekeres by Erdos [ l ] . Lemma 3 is implicit in [3], and 
a weaker form of Lemma 4 is stated there . 

LEMMA 1. M(q , q , . . . , q ) is invariant under a 
1 2 t 

permutation of the q' s. 

LEMMA 2. Since a 2-clique is a line, M(2, q , . . ., q ) 

= M(q , . . . , q ), and in part icular M(2, q ) - M(q ) = q . 

LEMMA 3. In a (q j , q_, . . • , q )-colouring of the 
1 2 t 

N-clique, there a re at most M(q - 1 , q^, ..., q ) - 1 lines of 
1 2 t 

colour 1 from any point. 

Proof. Suppose there exists a point A which is joined 
by colour 1 to M(q - 1 , q , .. . , q ) or more points. These 

points must contain either a ( q - 1 ) - c l i q u e of colour 1, or a 
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q - c l i que of co lour 2, . . . , or a q - c l i que of co lour t. Should 

they conta in a (q - 1 ) - c l i q u e of co lour 1, it wi l l be jo ined to A 

e n t i r e l y by e d g e s of co lour 1, giving a q - c l i q u e of co lour 1. 

Hence t h e r e i s a q - c l i q u e of co lour i for some i = 1, 2, .. . , 
i 

o r t, and no (q , q , . . . , q ) - co lou r ing e x i s t s . 

LEMMA 4. M(q . q . . .. , q ) < M(q - 1 , q , . . . , q ) 
1 2 t — 1 2 t 

+ M(q , q 9 - l , q_, • • • , q.) + M(q , q , . . . , q^ q -1) - t + 2 . 
1 2 3 t 1 2 t - 1 t 

Proof. By l e m m a 3, for a (q , q , . . . , q ) - co lou r ing 

t h e r e a r e at m o s t [M(q - 1 , q , . . . , q ) - 1] + [M(q , %-!> q v 

. . . , q ) - 1 ] + . . . + [M(q , q , . . . , q - l ) - l ] = N line s f r om 

any point ; so the n u m b e r of points for a (q , q , . . . , q )-

co lour ing is a t m o s t N + 1. If t h e r e a r e N + 2 o r m o r e po in t s , 
t h e r e i s no (q , q , . . . , q J - c o l o u r i n g ; so M(q , q , . . . , q ) 

1 2 t 1 2 t 
< N + 2. 

LEMMA 5. M(q , q 2 ) < M ( q - 1 , q ) + M(q , q 2 » l ) with 

s t r i c t inequal i ty if both t e r m s on the r igh t hand s ide a r e even . 

3. R e g u l a r Co lou r ings . Space the N v e r t i c e s of the 
N - c l i q u e equ id i s t an t ly about the c i r c u m f e r e n c e of a c i r c l e so 
tha t a l l e d g e s of the g r aph b e c o m e c h o r d s of the c i r c l e . An 
s - l i n e , or edge of length s , i s an edge of the g r aph which 
cu t s off a m i n o r a r c of the c i r c l e conta in ing s - 1 i n t e r i o r 

N 
v e r t i c e s (s = l , 2, . . . , [—])• 

In a t t e m p t i n g to c o n s t r u c t (q , q , . .. , q ) - c o l o u r i n g s 
1 2 t 

of the N - c l i q u e , it is r e a s o n a b l e to look f i r s t for co lou r ings of 
a v e r y r e g u l a r type . Such c o l o u r i n g s should be fa i r ly ea sy to 
find, and t h e s e m a y p e r m i t eva lua t ion of some M ! s without a 
de ta i l ed c o n s i d e r a t i o n of a l l pos s ib l e conf igura t ions . A c c o r d 
ingly a r e g u l a r co lou r ing is defined a s fol lows: 

Definit ion 2: A r e g u l a r (q , q , . .. , q ) - co lou r ing i s a 
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(q > ÇU> . .. , q )-colouring in which, for each s, all edges of 
1 ù L 

length s have the same colour. 

It follows by Ramsey' s theorem that there exists a 
greatest integer L(q , q , . . . , q ) such that there is a regular 

(q, » qo> •••> q j -co lour ing of the L(q , qo , . . . , q ) - c l i q u e , but 
1 2 t 1 Z t 

there is no regular (q , q , . . • , q )-colouring of the N-clique 
1 Z t 

for any N > L. Lemmas 6, 7 and 8 follow immediately from 
the definition of L. 

LEMMA 6. L(q , q , . . . , q ) is invariant under a 
1 Z t 

permutation of the q' s. 

LEMMA 7. L(Z, q . . . , q ) = L(q , . .., q ) and 

L ( 2 , q2) = .L(q2) = q 2 - 1 -

LEMMA 8. L(q , q , . . . , q ) < M(q , q , . .. , q ) - 1. 
1 Z t — 1 Z t 

If there exis ts a (q , q_ , . . . , q )-colouring of the 
1 Z t 

N-clique, a (q , q , . .. , q )-colouring of the (N-l)-cl ique can 

always be found by removing any point (and all l ines from it) 
from the colouring of the N-clique. It is interest ing that there 
may be a regular (q , q , . .. , q )-colouring of the N- clique, 

yet none for the (N-1)-clique. For example, there is a regular 
(4, 4)-colouring of the 17-clique, but there is no regular 
(4, 4)-colouring of the 16-clique. 

All colourings constructed by the method of Greenwood 
and Gleason using a field on p elements (p prime) will 
necessar i ly be regular colourings. In this construction, 
ver t ices a re named by field e lements , and a line joining two 
ver t ices is coloured red if the two ver t i ces have a numer ica l 
difference which is an nth power residue of p. In order that 
the order of differencing shall not mat te r , -1 must be an nth 
power residue of p. This insures that if s is an nth power 
res idue , so is p - s , and the result ing colouring will be regular . 
This is not necessar i ly so for colourings constructed using 
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fields on p elements (n^l). For example, the (3 ,3 ,3) -
4 

colouring obtained in [3] using the field on 2 elements is not 
a regular colouring. 

Table 1 l is ts all L(q , q ) values presently known. Some 
J. Ù 

of these a re found in sections 4 and 5. Those marked with an 
as te r i sk will be discussed in future papers , along with the 
resu l t s L(3 ,3 , 3 )=14 and L ( 3 , 3 , 4 ) = 2 9 . The author is 
presently investigating L(4, 6), L.(5, 5) and L(3, 3, 3, 3) using 
the University of Waterloo' s IBM 7040 computer. 

F5~ 
V;__ [ 2 
3 

4 | 

5 

6 

7 

1 8 

9 

2 

1 d 
2 

3 

4 

5 

6 

7 

8 

3 

2 

5 

8 

13 

16 

21 

26 

35* 

4 

3 

8 

17 

24 

>29* 

5 

4 

13 

24 

6 

5 

16 

>29* 

7 

6 

21 

8 

7 

26 

9 ! 

8 

35* 

Table 1 

Known values of L(q, , q ) 
* x 2 

Table 2 l is ts all M(q , q ) values presently known, 
J. Ù 

together with upper bounds for some unknown M' s. It is also 
known [3] that M(3, 3, 3) = 17. Results marked with one or two 
as te r i sks a re not proved in this paper, and will be considered 
in future papers . Those resul ts marked with two as te r i sks a re 
used in the proofs of theorems 6, 7 and 8. 
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I2 

2 

3 

4 

5 

2 

2 

3 

4 

5 

| 6 8 6 

7 

8 

Li_ 

7 

8 

L L 

3 

3 

6 

9 

14 

18** 

<24** 

<31** 

<38* 

4 

4 

9 

18 

<30** 

<47* 

5 

5 

14 

<30** 

<59* 

6 

6 

18** 

<47* 

7 

7 

<24** 

8 

8 

<31** 

9 

9 

<38* 

Table 2 

Known values of M ( q , q ) 
1 2 

4. Evaluation of L(3,3), L(3,4), L(3,5), L(3,6) and L(4,4). 
The method of proof is i l lustrated for L(3,5) in theorem 3. 
All other proofs in this section and in section 5 a re essentially 
the same, and so are omitted. 

THEOREM 1. L(3,3) = 5. 

Proof. By lemma 5, M(3, 3) < M(2, 3) + M(3, 2) = 6 ; 
L»(3, 3) < 5 by lemma 8. A regular (3, 3)~colouring of the 
5-clique may be constructed by making 1-line s red and 2-line s 
blue. Hence L(3, 3) = 5, and M(3, 3) = 6. 

THEOREM 2. L(3,4) = 8. 

Proof. By lemma 5, M(3,4) < M(2,4) + M(3, 3) = 10 ; 
L(3,4) < 8 by lemma 8. Colour 1-line s and 4-line s red, 
2-l ines and 3-line s blue to get a regular (3, 4)-colouring of the 
8-clique. Thus L ( 3 , 4 ) = 8 and M(3 ,4 )=9 . 

THEOREM 3, L(3,5) = 13. 

Proof. By lemmas 5 and 8, M(3,5) < 14 and 
L(3, 5) < 13. By lemma 3, for a (3, 5)-colouring there a re at 
most M(2, 5) - 1 = 4 red lines and M(3, 4) - 1 = 8 blue lines 
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f rom any point . H e n c e , for a (3 , 5 ) - c o l o u r i n g of the 13-c l ique 
t h e r e a r e exac t ly 4 r e d and 8 blue l ines f rom each point . F o r a 
r e g u l a r (3 , 5 ) - co Iour ing of the 13-c l ique t h e r e m u s t be two types 
of l i ne s r e d , and four t y p e s b lue . 

The following a r e a l l p o s s i b i l i t i e s for c h o i c e s of r e d 
c l a s s e s : 12, 13 , 14, 15, 16, 23 , 24, 25 , 26, 34, 35, 36, 4 5 , 46 , 
56. One of t h e s e p a i r s xy is r e q u i r e d such tha t no t r i a n g l e i s 
m a d e up of l i nes of l engths x and y only, but e v e r y 5-c l ique 
con ta ins a l ine of length x or y. 

A s a t r i a n g l e i s a c losed f igu re , the lengths of i t s s i d e s 
( m e a s u r e d in the s a m e d i r e c t i o n about the c i r c l e ) add up to N. 
F o r the p u r p o s e of r e g u l a r c o l o u r i n g s , any t r i a n g l e m a y be 
r e p r e s e n t e d by the l eng ths of i t s s i d e s , and a l l p o s s i b l e t r i a n g l e s 
m a y be l i s t ed by w r i t i n g down a l l p a r t i t i o n s of 1 3 into t h r e e 
pos i t ive p a r t s . To check for r ed t r i a n g l e s , it is then n e c e s s a r y 
to identify 1 3 - s wi th s. (An edge m u s t have the s a m e length 
w h e t h e r m e a s u r e d in a c lockwise or c o u n t e r c l o c k w i s e d i r e c t i o n . ) 
Al l poss ib le t r i a n g l e s a r e : 

1-1-11 = 1-1-2 
1-4-8 = 1 - 4 - 5 
2 - 2 - 9 = 2 - 2 - 4 
2 - 5 - 6 ; 
3 - 5 - 5 : 

1-2-10 = 1-2-3 
1-5-7 = 1 - 5 - 6 
2 - 3 - 8 = 2 - 3 - 5 
3_3-7 = 3 - 3 - 6 
4 - 4 - 5 . 

1-3-9 = 1-3-4 
1-6-6 ; 
2 - 4 - 7 = 2 - 4 - 6 
3 - 4 - 6 : 

Co lou r ings 12, 16, 24, 36, 35, 45 m a y now be r u l e d out a s 
t h e s e give r e d t r i a n g l e s . The r e m a i n i n g c o l o u r i n g s do not. 

In the s a m e way a l l p o s s i b l e pen tagons (for the p u r p o s e 
of r e g u l a r co lou r ings ) m a y be l i s t ed by w r i t i n g down a l l p a r t i 
t i ons of 13 into five pos i t ive p a r t s , and identifying 1 3 - s wi th s. 

1 - 1 - 1 - 1 - 9 E 1 - 1 - 1 - 1 - 4 
1 - 1 - 1 - 3 - 7 = 1 - 1 - 1 - 3 - 6 
1 - 1 - 1 - 5 - 5 

1 - 1 - 2 - 3 - 6 
1 - 1 - 3 - 3 - 5 
1 - 2 - 2 - 2 - 6 
1 - 2 - 2 - 4 - 4 
1 - 3 - 3 - 3 - 3 
2 - 2 - 2 - 3 - 4 

1 - 1 - 1 - 2 - 8 = 1 - 1 - 1 - 2 - 5 
1 - 1 - 1 - 4 - 6 ; 
1 - 1 - 2 - 2 - 7 = 1 - 1 - 2 - 2 - 6 
1 - 1 - 2 - 4 - 5 
I - I - 3 - 4 - 4 

1 - 2 - 2 - 3 - 5 
1 - 2 - 3 - 3 - 4 
2 - 2 - 2 - 2 - 5 
2 - 2 - 3 - 3 - 3 
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Now c o n s i d e r , for e x a m p l e , the c o l o u r i n g 15. T h i s g ives no 
r e d t r i a n g l e s , and it w i l l be shown tha t e v e r y 5 -c l ique h a s a 
s ide of length 1 or 5. E v e r y 5 -c l ique h a s an " o u t e r " pen tagon , 
and the l eng ths of s i d e s of t h i s pentagon wi l l be given by a 
p e r m u t a t i o n of the n u m b e r s in one of the above p a r t i t i o n s . 
E v e r y such p a r t i t i o n con ta in s 1 o r 5 excep t 2 - 2 - 2 - 3 - 4 and 
2 - 2 - 3 - 3 - 3 , so the only p o s s i b l e b lue 5 - c l i q u e s a r e ones wi th 
" o u t e r " pen tagons of t h e s e t y p e s . But for any o r d e r i n g of 
2 - 2 - 2 - 3 - 4 t h e r e i s a s ide of length 2 ad jacen t to the s ide of 
length 3, and t hus t h e r e i s a d i agona l of length 5. S i m i l a r l y 
2 - 2 - 3 - 3 - 3 g ives a d iagona l of length 5, so t h e r e a r e no b lue 
5 - c l i q u e s . 

Thus co lou r ing 1- and 5- l i ne s r e d and o t h e r s b lue g ives 
a r e g u l a r (3 , 5 ) - c o l o u r i n g of the 1 3 - c l i q u e . L(3 , 5) = 1 3 and 
M(3 ,5) = 14. O the r r e g u l a r c o l o u r i n g s a r e 23 and 46. Al l 
r e m a i n i n g c o l o u r i n g s give blue 5 - c l i q u e s . F o r e x a m p l e , 
2 - 2 - 2 - 2 - 5 h a s no e d g e s or d i agona l s of length 1 or 3; so 13 
i s not a r e g u l a r (3 , 5 ) - c o l o u r i n g of the 1 3 - c l i q u e . 

T H E O R E M 4. L (4 ,4 ) = 17. 

Proof. By l e m m a s 5 and 8, M ( 4 , 4 ) < 1 8 and L ( 4 , 4 ) < 1 7 . 
Colour 1 - , 2 - , 4 - , and 8- l i n e s r e d in the 1 7 - c l i q u e , and a l l 
o the r l i ne s b l u e . Th i s g ives a r e g u l a r (4, 4 ) - c o l o u r i n g ; 
L ( 4 , 4 ) = 1 7 and M ( 4 , 4 ) = 1 8 . 

T H E O R E M 5. L (3 , 6) = 16. 

Proof. By l e m m a 5, M(3 , 6) < M(2, 6) + M(3 , 5) = 6+14. 
Thus M(3 ,6 ) < 19 and L ( 3 , 6) < 18. A r e g u l a r (3 , 6 ) - c o l o u r i n g 
of the 16 -c l ique i s obta ined by m a k i n g 1 - , 3 - , and 8- l i n e s r e d . 
By check ing a l l pos s ib l e r e g u l a r c o l o u r i n g s it is e a s i l y v e r i f i e d 
tha t t h e r e a r e no r e g u l a r (3 , 6)- c o l o u r i n g s of the 1 7 - c l i q u e o r 
18 -c l i que . T h e r e f o r e L ( 3 , 6 ) = l 6 . 

The a u t h o r h a s p r o v e d e l s e w h e r e tha t t h e r e a r e no 
(3 , 6 ) - c o l o u r i n g s of the 1 8 - c l i q u e , and tha t t h e r e a r e (3 , 6)-
c o l o u r i n g s of the. 1 7 - c l i q u e , but tha t t h e s e c o l o u r i n g s conta in 
two di f ferent t ypes of po in ts - some 4 - v a l e n t and s o m e 5 -va len t 
in r e d . T h e r e f o r e M(3 , 6) = 18 [Tab le 2] . T h i s i s the f i r s t 
c a s e in which the lower bound obta ined us ing r e g u l a r c o l o u r i n g s 
is not t ight , s ince L ( 3 , 6) = 16 and M(3 , 6) = 18. 
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5. F u r t h e r R e s u l t s . F o r a l l c a s e s c o n s i d e r e d in s ec t i on 
4, c o l o u r i n g s w e r e c o n s t r u c t e d by Greenwood and Gleason [3] . 
In t h i s s ec t ion , r e g u l a r c o l o u r i n g s a r e used to obtain some con
f i g u r a t i o n s not ob ta inable by t h e i r m e t h o d s , and thus some new 
lower bounds for unknown M1 s a r e obta ined. 

T H E O R E M 6. L ( 3 , 7 ) = 2 1 , M(3, 7) > 22. 

Proof. By l e m m a 5, M(3, 7) < M(2, 7) + M(3, 6) = 25 , so 
L(3 ,7 ) < 24. A r e g u l a r (3 , 7 ) - co lou r ing of the 21 -c l ique is 
obta ined by m a k i n g 1 - , 3 - , and 8- l i nes r e d , and a l l o t h e r s b lue . 
It can be shown tha t t h e r e a r e no (3, 7 ) - c o l o u r i n g s of the 
2 4 - c l i q u e , so tha t M(3, 7) < 24 [ see Table 2] . An exhaus t ive 
c h e c k of a l l p o s s i b i l i t i e s shows that t h e r e a r e no r e g u l a r 
(3 , 7 ) - c o l o u r i n g s of the 22-c.lique or 2 3 - c l i q u e . Thus L ( 3 , 7 ) = 2 1 
and M(3, 7) > 22. 

THEOREM 7. L (3 , 8) = 26, M ( 3 , 8 ) > 2 7 . 

Proof. Us ing the r e s u l t tha t M(3,7) < 24, l e m m a 5 g ives 
M(3, 8) < 31 so tha t L(3 , 8) < 30. A check "of a l l pos s ib l e r e g u l a r 
c o l o u r i n g s shows that t h e r e a r e none for the 27, 28, 29, or 3 0 - c l i q u e . 
Making 1 - , 3 - , 8 - , and 13 - l ines r e d gives a r e g u l a r ( 3 , 8 ) -
co lou r ing of the 2 6 - c l i q u e . Thus L(3 , 8) = 26 and M(3, 8) > 27. 

T H E O R E M 8. L { 4 , 5 ) = 2 4 , M(4, 5} > 25. 

Proof. By l e m m a 5, M(4, 5) < M(3, 5) + M(4,4) = 14 + 18, 
and L(4, 5) < 30. It can be shown tha t t h e r e a r e no (4, 5)-
co lou r ings of the 3 0 - c l i q u e , and in fac^ M(4, 5) < 30 [see tab le 2] . 
It i s e a s i l y ve r i f i ed that co lour ing 1 - , 2 - , 4 - , 8 - , and 9- l ines 
r e d g ives a r e g u l a r (4, 5 ) - co lou r ing of the 2 4 - c l i q u e . F u r t h e r 
m o r e , by checking a l l the p o s s i b i l i t i e s it can be seen tha t t h e r e 
a r e no r e g u l a r (4, 5 ) - c o l o u r i n g s of the 2 5 - , 2 6 - , 2 7 - , 2 8 - , or 
29- c l i q u e s . L.(4, 5) = 2 4 . Th i s c h e c k w a s c a r r i e d out by m e a n s 
of the IBM 7 040 c o m p u t e r a t the Un ive r s i t y of Wate r loo with a 
p r o g r a m m e w r i t t e n in F o r t r a n IV. Tota l c o m p u t e r t i m e w a s 
about 20 m i n u t e s . 

6. S u m m a r y and Conclus ion . A s p e c i a l type of co lou r ing 
was defined for edge c h r o m a t i c g r a p h s . By m e a n s of the con
s t r u c t i o n m e t h o d d e s c r i b e d , l ower bounds m a y be obta ined for 
unknown R a m s e y n u m b e r s , and th i s w a s done for M ( 3 , 7 ) , 
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M(3,8) and M(4, 5). It is p o s s i b l e to obta in lower bounds for 
f u r t h e r n u m b e r s by t h i s m e t h o d , a l though t h i s r e q u i r e s the u se 
of c o m p u t e r s b e c a u s e of the t a r g e n u m b e r s of p o s s i b i l i t i e s . 

I would l ike to thank P r o f e s s o r R. G. Stanton and 
P r o f e s s o r D. A. Spro t t for m a n y helpful c r i t i c i s m s and 
s u g g e s t i o n s . 
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