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We present an interpretation of a version of dependent type theory where a type is
interpreted by a Kan semisimplicial set. This interprets only a weak notion of conversion
similar to the one used in the first published version of Martin-Lof type theory. Each
truncated version of this model can be carried out internally in dependent type theory, and
we have formalized the first truncated level, which is enough to represent isomorphisms of
algebraic structure as equality.

1. Introduction

This paper is part of a general program trying to understand the ‘homotopy theoretic’
models of type theory (Awodey and Warren 2009) from a constructive point of view, in
order to obtain a computational interpretation of the axiom of univalence. This axiom,
introduced by Voevodsky has been justified semantically, in a model of type theory where
a type is interpreted by a Kan simplicial set (Voevodsky 2010). The situation is however
not completely satisfactory since this justification takes place in ZFC, and uses crucially
non-effective arguments (a combination of classical logic and the axiom of choice), while
one of the ambitions of type theory is to be a language for constructive mathematics
(Martin-Lof 1973). It is a weird fact that this unexpected connection between homotopy
theory/algebraic topology and type theory (Awodey and Warren 2009; Kapulkin et al.
2012; Voevodsky 2010) involves non-effective reasoning since algebraic topology has its
historical root in combinatorial topology, which can be thought of as a constructive
counterpart of general topology (Dubucs 1988). It is thus natural to try to justify the
univalent axiom in a constructive way. Another motivation for this work is a conjecture
of Voevodsky about the computational content of the axiom of univalence (Voevodsky
2010); a constructive understanding of the models of univalence ought to bring light to
this issue.

The axiom of univalence can be seen as a generalization of one form of the axiom of
extensionality in Church’s simple type theory (Church 1940), stating that two equivalent
propositions are equal. As shown by Voevodsky (2010), this axiom implies also another
form of extensionality, function extensionality, stating that two pointwise equal functions
are equal. Motivated by considerations from proof theory (the problem of consistency of
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simple type theory), both’ Takeuti (1953) and Gandy (1956) provided an ‘explanation’
of these two forms of extensionality, by giving an interpretation of extensional simple
type theory (extended with these two axioms of extensionality) in intensional simple type
theory (formulated without these two axioms). This interpretation consists essentially in
defining the equality by induction on the types. The equality of propositions is defined to
be logical equivalence, and the equality at function types will be roughly defined to be
pointwise equality. (This is actually one of the first instances of the powerful notion of
‘logical relation’ in type theory (Statman 1985).)

It is quite natural to try to generalize Takeuti-Gandy’s method and see if this can
give an explanation of the axiom of univalence. One strong form of this generalization
would be an interpretation/translation of dependent type theory extended with the axiom
of univalence in dependent type theory. Furthermore, by analogy with Takeuti-Gandy’s
translation, we would expect that this interpretation can take place even in dependent
type theory without identity type (in the same way that Aczel’s interpretation gives a
translation of CZF in dependent type theory without identity types). Our paper explores
this possibility, but succeeds only, even for ‘truncated version,” in giving an interpretation
of a weaker form of type theory (the rules of which are summarized in Figure 3) in
dependent type theory (the rules of which are summarized in Figure 2). Even this is
not trivial since one needs to interpret judgmental rules in a definitional way, an aspect
which is usually not covered (Hofmann 1994; Palmgren 2012) (this issue is discussed,
but not solved in Hofmann (1994)), while it is crucial for stating precisely what type
theory has been modelled. Furthermore, this interpretation has been formally checked
in the truncated model at level <2, giving a computational interpretation to transfer
structures and properties for isomorphic structures (with the running examples described
in Section 4).

This model interprets a type by a Kan semisimplicial set. There are two motivations
for this choice. The first is that it is possible to represent internally truncated version
of semisimplicial sets, as explained in Section 5, while it is not clear how to do it for
truncated version (even at low level) of simplicial sets. The second motivation is that one
obstacle for a constructive understanding of the simplicial set model is the (often implicit)
use of decidability of the notion of degeneracy*. By looking only at semisimplicial sets, we
remove this problem. Also a Kan semisimplicial set contains automatically some simplices
that can play the role of degenerate elements, e.g. any point is connected to itself by a
line. While this is done only formally in this paper at level <1, it is expected that this
interpretation would generalize at any truncated levels. The last section indicates how it
can be generalized to arbitrary levels, but this time in an informal constructive metatheory,
by describing a universe of Kan semisimplicial set, and a proof that this universe satisfies
the Kan property. We also explain how to transform a weak equivalence between two

 The two works seem to be independent, and Gandy’s interpretation can already be found in his Ph.D thesis
(Gandy 1953).

¥ A Kripke counter-model shows that, because of this, we cannot constructively work with the usual definition
of Kan simplicial set, even if we give the filling as explicit operations (Bezem and Coquand 2013).
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types to an equality of these types. The interpretation of lambda abstraction and identity
however gets artificially complicated even at the truncated level, and we choose not to
include it in the present version of this paper.

Recently, it was possible to design a model of univalence in a constructive metatheory
(not however internally in dependent type theory) (Bezem et al. 2014) where a type is
interpreted as a Kan cubical set. W.r.t. this work, the present paper contains the following
two contributions: one is the fact that the truncated version of the present model can
be done internally, the other is that the description of the universe and a proof that it
satisfies the Kan property has strong similarity with what happens for cubical sets. There
should be a common general picture, and this should be an interesting future work to
formulate this common generalization.

The paper is organized as follows. We first present the Takeuti-Gandy interpretation
of Church’s simple type theory (Church 1940). Roughly speaking, this interprets a type
as a type with an equivalence relation, which is reminiscent of Bishop’s notion of set in
constructive mathematics (Bishop 1967). We present then a first semantics, where a type
is interpreted as a truncated Kan semisimplicial set of level <1. The correctness of this
semantics has been formally verified. The system we interpret is close to the first published
version of Martin-Lof type theory (Martin-Lof 1973). We give some applications of this
semantics, in particular transport along isomorphisms of structures. We then present
a universe of (small) Kan semisimplicial sets, which form a semisimplicial set, and we
explain why this universe has the Kan filling property and how to transform a weak
equivalence between small Kan semisimplicial sets into a path joining them.

2. The Takeuti-Gandy interpretation

The Takeuti-Gandy interpretation (Gandy 1956; Takeuti 1953) was developed for
Church’s simple type theory (Church 1940). It is natural to analyse the computational
interpretation in this case, before considering dependent type theory. In this theory, we
have a type o of propositions and function types 4 — B. The idea is to define (extensional)
equality at type A by induction on A. However at the same time, we may need to ‘restrict’
the type A since it may contain non-extensional elements.

We can describe this interpretation as an internal interpretation in dependent type
theory. For any simple type A we define a corresponding type [A] and an equality relation
=, on the type [A4]. Since we are using dependent type theory, where we use Type to
represent propositions, this relation is of type [A] — [A] — Type. The type [o] is an
universe, and =, is logical equivalence. The type [4 — B] is defined as a sigma type

[A — B] Z H Hx—Au—>fX—Bfu
f:{Al—[B] x:[A]

An element of type [4 — B] is thus a pair f,f/ where f is of type [4] — [B] and [’ is a
proof that this function is extensional. We define (f, f') =4_5 (g,g’) to be

H H X=4u—>fXx=pgu
x:[A] u:[A]
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Ik cg: A>T 6:0-5A
1:I'->T 60 :0 ->T
I'tt:A4 o:A—>T
AkFto: A
Ik '+ Ik
0 FTA- p:T A>T T.AFq:A4
c: A>T Atu:A4
(o,u) :A—>T.4
I'A+b:B I'tw:A—>B Ttu:A
I'+ib:4A—> B I'+app(w,u) : B

lo=¢ (60)y = a(ov) (o,u)0 = (60,ud)

p(o,u) =0 q(o,u) =u
app(w,u)o = app(wd, ud) app((Ab)a,u) = b(o,u)

Fig. 1. Rules of simple type theory with explicit substitution.

A context I is then interpreted by a type [I'] with a relation =, and a term I'F¢ : 4
is interpreted by a function tp : [A] for p : [I'] together with a proof to of tpy =4 tp;
whenever o is a proof of py =r p1. po =r p1 implies tpg =4 tp;. The equality relation
=r is an equivalence relation on [I'] and in particular, for each p : [I'] we have a proof
1, : p =r p. The interpretation of (At)p, for I A -t : B, is the pair f, f" where f u = t(p, u)
and ' x u w = t(1,, ).

Figure 1 presents some key rules of simple type theory.

In general a simple type A4 is interpreted by a type [A] with a proof relevant relation =4
on this type. In order to motivate the last section describing general Kan semisimplicial
sets, we now give an alternative description of this semantics, using informal set theory
instead. It should be clear how to go back and forth between the two presentations.

The pair [A],=4 can be also presented as a set X[0], intuitively a set of ‘points,
together with a set of ‘lines’ X[1] and two maps dy,d; : X[1] — X[0]; a proof p of
ay =4 ap corresponds to a line p in X[1] with dijp = a;. Given X = X[0], X[1] and
Y = Y[0], Y[1] the function space Y is then defined by taking Y*[0] to be the set
of pairs f,nf with f : X[0] - Y[0] and nf : X[1] — Y [1] such that dinf = fd; for
i = 0,1. We can define app((f,nf),u) = f u : Y[0] if u : X[0]. We define YX[1] to be
the set of elements 4, fo, f1,nfo,nf1 with f; : X[0] —» Y[0] and 4 : X[1] — Y[1] such
that di4 = fid; and djnf; = fid;. We define then di(4, fo,nfo, f1,nf1) = fi,nfi. We can
define app((4, fo, f1,1fo.11f1),®) = 2w : Y[1] if o : X[1]. With this definition we have
d;app(o, w) = app(d;a, d;w). A type A is then interpreted by a pair of sets 4[0], A[1] with
two maps do,d; : A[1] — A[0]. Similarly, a context I is then interpreted by a pair of sets
I'[0], I'[1] with two maps doy,d; : T'[1] —» I'[0]. If T -t : A, we should define tp : A[0] for
p :T'[0], and ta : A[1] for « : I'[1] in such a way that d;(tae) = t(d;o) for i =0, 1.
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We get the following operational semantics, reading each equality as a reduction rule

(to)p =t(ap) (c60)p =0a(0p) lp=p (to)a=tcr) (gd)o=0c(0ax) lo=uo

(o,0)p=0p,tp  plpu)=u  qrw)=0
app(ti,to)p = app(tip,top)  app(ti,to)x = app(1a, fox)
app((4t)p,u) = t(p,u)  app((A)a, ) = t(o, ) app(n(it)p,w) = i(1,, )
diinf)=f  diapp(4,w) = app(dil, diw).
A logically equivalent definition of (f, f') =4_5 (g,¢’) would be
Vx :[Al.f x=p g x

however, this definition would not provide the right definitional equality. In particular it
would not validate ff-conversion

'tk t(1,u) = app(it,u) : B
forT'AFt:B and I' - u : A. With both definitions we get the equality

app(4t,u)p = t(1,u)p = t(p,up) : [B]
for p : I', while it is only with our definition that we get the equality

app(it,u)er = t(1,u)x = (o uz) = 1(po, upo) =g tp1,upy)

for o : po =r p1.
We do not interpret all the laws of cartesian closed category: the law

(At)o = At(op,q)

is not valid in this model. This is because the second component of (At)ap and (At(op,q))p
do not coincide in general since 1,, may not coincide with o1,. However all the equations
of Figure 1 are valid in this model. (We explain later why this set of laws is satisfactory for
representing one version of dependent type theory.) An important point is that to require
such an equality is not expressible in dependent type theory, if one wants to express this
as a conversion (and not only as a propositional equality).

The original motivation of this interpretation for both Takeuti and Gandy was the
consistency problem of higher-order arithmetic (Gandy 1956; Takeuti 1953). Simple type
theory without function extensionality is a simpler system, and it was expected that the
consistency of this simpler system would be easier to analyse. This has been confirmed
later, and the intuitionistic version of this system, presented in natural deduction, has
good proof theoretic properties (Martin-Lof 1971), which lead eventually to a proof-
theoretic analysis of the problem of consistency of higher-order arithmetic (Girard 1971;
Martin-Lof 1971).

3. Effectivity problems with the Kan simplicial set model

One can see the Kan simplicial set model of type as a generalization of the previous
interpretation of simple type theory, where a simplicial set generalizes the notion of set
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with a relation, and a Kan simplicial set generalizes the notion of set with an equivalence
relation.

When analyzing the Kan simplicial set model of type theory (Awodey and Warren 2009;
Kapulkin et al. 2012; Streicher 2011; Voevodsky 2010), one effectivity problem relies on
the use of the decidability of the notion of degeneracy and the fact that simplicial maps
have to commute with the degeneracy functions (this issue appears already above in the
semantics of simple type theory). Let us write [n] for the linear poset {0,...,n}. Let A be
the category of such linear posets [n] with morphisms all monotone maps. The category
of simplicial sets if the presheaf category [A°?, Set]. A simplicial set is thus a sequence of
sets X [n] together with maps X [n] —» X [m], u+—— uf for f : [m] — [n] satisfying ul = u
and (uf)g = u(fg) : X[p] another notation for uf would be X(f)(u). if g : [p] — [m]. We
write €; : [n — 1] — [n] for the injective map that omits i; this is the ith face map, and
we may write d;u instead of ue;. An element u : X[n] is called degenerate if, and only if,
there is a non-trivial surjective map g : [n] — [m] and an element v : X[m] such that
u = vg. In a constructive setting, to be degenerate is not in general a decidable property.
(It is decidable in the case of simple examples of spaces, like the spheres, but it is not
decidable as soon as we consider simplicial sets obtained by exponentiation.) However
the theory of simplicial sets and of Kan simplicial sets uses this decidability at crucial
points.

We give here a simple example of the use of this decidability. If p : B — A is a Kan
fibration, given two points a u : A[0] with a path w : A[1] connecting a and u, one expects
the fibers B(a) and B(u) to be equivalent Kan simplicial sets. In order to define the map
fo : B(a)[0] — B(u)[0] one simply uses the Kan condition: given a point b : B[0] such
that p(b) = a : A[0] one can lift the path w to a path @’ in B such that dyw’ = b and one
may define fo b = djw’. But in order to define fy : B(a)[1] — B(u)[1] it seems necessary to
define ;o by case whether o is degenerate or not. Moreover, it can be shown, by a suitable
Kripke counter-model (Bezem and Coquand 2013), that this fact is not intuitionistically
provable if we use the ordinary notion of Kan filling condition, even if these fillings are
explicitly given.

Similar problems are found when analyzing various proofs (Goerss and Jardine 1997;
May 1967) that B4 is a Kan simplicial set if B is a Kan simplicial set. We conjecture that
this result is also not valid intuitionistically.

These effectivity problems make it impossible to use the Kan simplicial set model for
a computational interpretation of the axiom of univalence. There are various directions
that we can explore to overcome this problem. The direction we explore in this paper
is to interpret a type not as a Kan simplicial set, but as a Kan semisimplicial set. As
we shall show, this gives indeed an interpretation of one formulation of dependent type
theory. One important feature of this interpretation is furthermore that any truncated
version of the model can be carried out internally in dependent type theory. We do it
in this paper only for the first level, but it is possible to show that this can be done at
all level. Another option is to analyse further the notion of degeneracy. This has been
done recently (Bezem et al. 2014), and gives a satisfactory interpretation of dependent
type theory (also with substitution under abstraction), but it does not seem possible to
describe this interpretation internally in dependent type theory.
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4. The Takeuti-Gandy interpretation for dependent type theory
4.1. Identity type

The first predicative version 1972 of type theory (Martin-Lof 1972) did not have identity
types. Over the type of natural numbers for instance, equality was defined recursively using
a universe. This version (Martin-Lof 1972) stayed unpublished for some time and the
identity type was introduced in the first published 1973 version of type theory (Martin-Lof
1973). Since this version has not been described in the literature so far (for instance the
reference (Troelstra and van Dalen 1988) gives a presentation using another version of
the identity type), we present some remarks about it.

Proposition 4.1. In the 1973 version of type theory (Martin-Lof 1973), function extension-
ality stating that Id4_,p f g follows from

H Idp app(f,x) app(g,x)

x:A

is not provable.

Proof. This follows from the fact that if Idr a u is provable in the empty context, then
a and u are convertible (Martin-Lof 1973), and the fact that we can have two functions
that are not convertible but pointwise equal e.g. the functions An.n + 0 and An.0 + n on
natural numbers. U]

It is remarkable that the explanation of CZF in type theory (Aczel 1978), interpreting
a set as a well-founded tree up to bisimulation, does not use the identity type, so it is an
interpretation of CZF in the 1972 version of type theory (Martin-Lof 1972).

4.2. Type theory as a formal system and definitional equality

All rules of type theory are justified following the pattern.

1. The introduction rules give the meaning to the logical connectives (they are represented
by constructors, following the terminology of functional programming).

2. The elimination rules are justified w.r.t. the introduction rules (they are represented by
defined functions).

3. These justifications take the form of computation rules (the function is defined by case
analysis).

A proof't of a type/proposition 4 is supposed to be a method to produce a canonical
proof of A. The method to produce a canonical proof is quite uniform: given a term ¢ of
type 4, we unfold the definitions until we reach a canonical proof. Using the terminology
of functional programming, a canonical proof is represented as a term starting with a
constructor, and the method of computation is head reduction.

An important point is that computation rules can all be seen as unfolding definitions.
For instance, if we have a type N of natural numbers, an empty type Ny we can define
- :U — U by =4 = A — Ny. This definition of — can be seen as a computation rule
(unfolding of definitions).

https://doi.org/10.1017/50960129514000504 Published online by Cambridge University Press


https://doi.org/10.1017/S0960129514000504

B. Barras, Th. Coquand and S. Huber 1078

The situation is similar if we define a function f : Ilx : N.C(x) by the equations
fO=a:C(0) fm+)=gn(fn:Cn+1.

These equations define a function f.

A related point is that the typing/provability relation t : 4 is decidable (Martin-Lof
1973). To decide this relation reduces to the problem of comparing two given terms of
the same type. This can be done by unfolding definitions, which can be interpreted as
‘computing’ the meaning of the two terms, and comparing the result. For instance, if we
define

FO=A, F(n+1)=-(Fn),

then F 2 = (A4 — Ny) — Ny : U since F 2 is by definition — (F 1) which is by definition
(F 1) > Ny and F 1 is by definition — (F 0) which is F 0 — Ny and F 0 is A. This means
that if ¢ is of type F 2 and u is of type — A then app(t,u) is well-typed.

This notion of definitional equality is analysed in Martin-Lof (1975). An early use of
this notion can be found in the paper (Martin-Lof 1971). It appeared also before in
the work on Automath (De Bruijn 1980) and in Tait’s analysis of Godel’s Dialectica
interpretation (Tait 1967).

Figure 3 presents the rules of a version of type theory using explicit substitution.
One can argue that the conversion rule (it)a = At(op,q), which expresses the law of
substitution under abstraction, is not compatible with this idea of unfolding definition
(Martin-Lof 1973, 1975). On the other hand, the rules in Figure 3 can be seen as a formal
description of basic rules of definitional equality.

4.3. The rules of type theory and weak type theory

The rules of type theory which we are using to formalize the proofs, and that we would
like to represent internally are summarized in Figure 2.

The type theory we interpret is a variation of the one presented in the references
(Martin-Lof 1973, 1975; Troelstra and van Dalen 1988). Besides the usual judgment
' TT'HAand T'F a: A, we also have the judgment I' - F : (4)Type for families
of types over a given type. (This judgment has been introduced by Martin-Lof in his,
unpublished, substitution calculus.)

The rules for equality that we validate in our formalized model are

I'rA Thka:A Tlru:4 I'HFA Thka:A
I'FEqqau I'Frefa:Eqqaa

I'Fe:Eqqau T FF:(4A)Type T Fp:App(F,a)
I'Jep:app(F,u)
These rules express the rules of identity type (where the computation rule is expressed as
propositional equality). We have also the extensionality rule (formulated in a name-free
way)

'k p :Fun A (AEQqpprp.q) 2PP(SP, Q) app(gp, q))
I'extp:Eqpyn4r f g
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'k c: A>T §6§:0-5A
1:I'>T 00 :0 ->T
I'tA o:A>T I'tt:A4 o:A—>T
A+ Ao Altto : Ao
' IT'HA I'HA I'HA
OF TAF p:T A>T T.AFq:Ap
c: A>T THA Atu:Ac
(o,u) :A—>T.A
T AFB I''A+B T.AFb:B
T'+-ITAB I'2b:I1AB

I'tw:ITAB Thu:A
'+ app(w,u) : Blu]

lo=cl=0¢ (60 =0a(dv) [u] =(l,u)
(o,u)0 = (6d,ud)  plo,uy=06  qlo,u)=u
app(w,u)d = app(wé,ud)  app(ib,u) = b[u]
(IT A B)o =TI (40) (B(op,q)).
Fig. 2. Rules of MLTT.

The substitution rules are then
(Eq A a u)o = Eq Ao ac uc (ext u)o = ext uc (Jeplo=Jeospo

We can add rules for sigma types. The typing rules are
I'4 T FF:(A)Type I'Fa:A4 T Fb:App(F,a)

I'-Sum A4 F I't(a,b) :Sum A F
I'Fc:Sum A F I'Fc:Sum A F
I'kpc:A '+ qgc : App(F, pc)

and the computation rules
p(a,b) =a d(a,b) =b (Sum A F)o = Sum Ao Fo

This version of type theory is called weak type theory, by analogy with the notion
of weak conversion in lambda-calculus (Martin-Lof 1975), since we do not include the
conversion rule

(At)o = At(ap,q)
The first published version of type theory (Martin-Lof 1973) did not have this rule. (The
type theory of Figure 3 is actually an extension of the theory presented in Martin-Lof

(1973), which used a system of combinators.) What are the consequences of not having this
rule is not clear. On one hand, this actually simplifies type checking since the conversion

(/B)o = (AC)d
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rr c: A>T 6:0-A
1:I'->T g0 0 ->T
I'rA o:A->T I'Ft:4A4 o:A>T I'EF:(A)Type o:A->T
At Ao At to: Ao At Fo : (Ao)Type
o ' T'kA kA4 k4
0 r.Ar p:T A>T rAk-q:Ap
c: A>T THA Atu:Ac
(o,u) :A—>T.4
I'tA4 TAFB I'EF:(A)Type T'hka:4
I'+ AB :(A)Type '+ App(F,a)
I'A T'FF:(A)Type T AFb : App(Fp,q) I'bw:FunAF Thu:A
I' FunAF I'lb:Fun A F ' app(w,u) : App(F,u)

lo=0=o0l (a0)y = a(v) 1=(p,q)

(o,u)0 = (0d,ud) p(o,u) =0 q(o,u) =u
(Fo)o = F(00) F1=F
(Ao)o = A(09) Al=A4 (ac)o = a(ad) al=a
app(w,u)o = app(wd,uo) App(F,u)o = App(Fdo,ud) (Fun A F)o = Fun(4o)(Fo)
app((4b)o,u) = b(a,u) App((AB)o,u) = B(o,u)
Fig. 3. Rules of WMLTT.

is only possible if B = C and ¢ = J, while with the rule of substitution under abstraction,
this may happen because B(op,q) = C(dp,q). On the other hand, no precise conservativity
theorem is known about the two versions of type theory. We conjecture that it is not
possible to have an internal representation of the full theory.

It was argued in Martin-Lof (1975) that the weak version of type theory is actually
better behaved then the version allowing substitution under abstractions. This was not
however explored further and we think that it would be interesting to analyse more in
detail the difference between these two versions of type theory.

5. A first version of the model

In this section, we present a model where a type is interpreted by a Kan semisimplicial
set of level <1. The collection of all such types is interpreted by a Kan semisimplicial
set of level <2. We interpret contexts as Kan semisimplicial sets of level <2. In this way,
we can interpret contexts of the form X : U,a : X,f : X — X where X varies over the
collection of all (small) Kan semisimplicial set of level <1. We give a model of weak type
theory in type theory, which furthermore interprets an extensional version of the identity
type. This model has been formally verified in the system Coq 8.4.
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In the usual (set-based) presentation of semisimplicial sets, there is a single set for each
level (points, edges, etc.), and there are face maps that, for instance, return the three edges
forming the boundary of a given triangle. It is not clear how this presentation could be
internalized in a type-theoretical setting. It would make use of propositional equality and
one would need to state coherence conditions between provably but not definitionally
equal types. For truncated versions however, dependent types can be used to definitionally
express the relation between a semisimplicial set and its faces. In this settings, points
are the objects of a type. Let us call this type X,. Edges are represented by a type X
parameterized by two points: given a,b : Xy, the type X ab is the type of edges between a
and b. At level 3, we need to give three points ag, a, ar : X and three edges ag; : X1 ao ay,
ap : Xiapay and app @ X{apay to form the type of triangles Xsapay ar agy apy ajy. We
generally omit to mention the points since they can be recovered from the edges types,
and 51mp1y write X5 do1 dgs ai2.

5.1. Kan completion

First we define Kan completion operations at each level. At level n, given n faces of level
n— 1 forming a ‘horn,” they produce the face of level n — 1 omitted in the horn.

Definition 5.1. At level 1, given two types 4 and B, we write 4 <> B for the type of pair
of functions (comp), comp}) such that

comp) : A — B and compl : B — A.

At level 2, given three types Ao, A, A, and three heterogeneous relations Ry, Ry, and
Rp»," we write Ry; <> Ry <> Ry, for the type of the following three operations:

2.

compy : Roy ap a; — Roy ag ay — Ryp ay ap
2.

compy R01 dapd; — R12 ayd; — R02 aop dp
2.

comp; : Rox apap — Rizag a; — Ror ap aj

for all ag : Ay, a1 : A1 and a, : A,.

At level 3, given four types 4;(0 < i < 4), six relations R;; (0 < i < j < 4) and four
types of triangles Tijk 0<i<j<k<4),we write Toiy < Toi3 « Toaz < Tia3 for the
type of the following four operations:

I

compy - To12 aor anx a1z — Toi3 aor doz a1z — Tops aoz aos azs — Tz agp ags ass
3.

compy : Torz aor aoz aiz — Torz aor aos a3 — Tiaz arz agz a3 — Toxz aoz aos ax
3.

comp; : Torz aor aoz iz — Tooz ao aos a3 — Tiaz arz agz a3 — Torz dor aos a3
3.

compy : To1z aor aoz a3 — Tooz ao aos a3 — Ti2z a2 agz arz — Toro aor aos ar2

for all a; :Ai and ajj : R,’j aa;.

Next, we define a Kan filler operation that, given the same input as the Kan completion
above, returns a simplex which boundary is the completed horn described in the previous
paragraph.

 The indices suggest the domain and range type of the relations.
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Definition 5.2. At level 1, given two types A and B, the coherence between a relation R
on A and B, and completion operations (comp}, compl) : A < B, written Coh(R, comp")
are defined by the following operations:

Comp(l) (Vx A Rx(comp(l) x) and Comp{ :Vy : B. R(comp% y)y.

At level 2, given three types, and three types of edges Ry;, Ro; and Ry, between these
types, the coherence between a type of triangles T and comp? a completion operation at
level 2 (Ry; <> Rgy <> Ry3), written Coh(T, comp?) is defined as:

2 . . . 2

Compo . Vam .R()] ap ag. Va()z .R02 ap dp. T aopt a2 (compo aot a()z)
2 . . . 2

Compl . Vam .R()] ap a1.Va12 .R12 ay dap. T aot (compl aoi a12) aln
2 . . . 2

Comp2 . Va()z .R()2 ap as. Valz .R12 ap dp. T (compz an2 6112) apz a2

Note that the conjunction of these two operations at a given level can be reformulated.
To have both comp' and Comp' is equivalent to the statement: for any point of A, there
exists a point in B that is related by a relation R to the former point, and conversely for
any point of B, there exists a point in A4 related by R to the former. At level 2, it says
that for every pair of connected edges, there exists a third edge forming a triangle. And
so on at higher levels.

However, our formulation makes it clear that we have actual operations that builds the
witnesses of the existential statements. The reason for splitting this condition will appear
in the definitions of truncated Kan semisimplicial sets below.

5.2. Small types

Definition 5.3 (small types). A small type A4 is a Kan semisimplicial set of level <1. It
consists of the following types and operations:

— a small type of points written simply 4 when not ambiguous,
— a small type of edges n4 ag a; for any ay, a; : A,

— Kan edge completion comp' : A < A,

— Kan edge filling operation at level 1 Comp' : Coh(nA, comp).
— Kan triangle completion comp? : nA <> nA < nA.

Note that this truncated version does not require the Kan filling operation at level 2.

Such a structure can be seen as another presentation of the notion of ‘proof-relevant’
equivalence relation on a type. This can also be seen as a type-theoretic representation of
Bishop’s notion of set (Bishop 1967; Mines et al. 1988). Let us make more precise how this
definition is equivalent to setoids. First, setoids can be derived from a Kan semisimplicial
set of level <1:

— nA is a proof-relevant relation, but none of the requirements discriminate between
witnesses of #A4 x y; it can be thought of as the equality on the set A, in the sense of
Bishop;

— comp? implies symmetry and transitivity of n4, and

— further assuming comp' and Comp', we can derive reflexivity of yA.

Conversely, setoids allow to derive the completion operations above.
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However, even though the two notions are mutually derivable, we believe that the Kan
semisimplicial approach provides more uniform notation and generalizes better to higher
dimensions.

From now on, to alleviate the overloading of the term type, setoid will refer to the
structure given in Definition 5.3.

Setoid morphisms are functions from one setoid to another preserving edges.

Definition 5.4 (type morphisms). Let A and B be two setoids. A morphism from A to B
is a pair of functions (f,5f) such that

— fa:Bforalla:A and

— nfaogr :nB(f ay) (f a1) for all ag,a; : A and ag : nd ap ay.

We proceed to define the notion of equality on setoids. Again, as in Bishop’s inter-
pretation, it can be described as the graph of isomorphisms between the (Bishop) sets A
and B.

Definition 5.5 (isomorphisms). Let A and B be two setoids. An isomorphism between A
and B is a structure I formed of a relation (written I) such that we have:

— a Kan completion of level 1, comp' : A < B and Comp' : Coh(I,comp'), and

— two degenerate triangles

nol :nA 11 and ml : 1 -1 < yB.

The two triangles ensure that the relation respects the equality on both ends of the
relation.

5.3. Contexts

Definition 5.6 (contexts). A context I' is a Kan semisimplicial set of level <2. It consists
of all the fields of small types (with the difference that types are not required to be small),
and

— a type of triangles ynI agi aps ap, for all a; : " and a;; : #I"a;aj,

— Kan triangle filling operations Comp? : Coh*(nnI’, comp?), and

— Kan tetrahedron completion comp? : iyl <> nnl < nnl < nnT.

Note that this truncated version does not require the Kan tetrahedron filling operation.
Context morphisms are functions from one context to another preserving edges and
triangles.

Definition 5.7 (context morphism). Let A and I' be two contexts. A morphism from A to
I" is a triple (f,nf,ninf) such that:

— fp:Tforall p:A and
— nf por :nL(f po) (f p1) for all po,p1 : A, por : 1A po p1-
— nunf Oor2 - il (nf po1) (nf po2) (nf p12) for all Oo1a : ninA por poz p12-

Lemma 5.8. Any setoid can be turned into a context by introducing exactly one triangle
for each triple of connected edges.
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5.4. Interpretation of the universe

Theorem 5.9. The semisimplicial set U of level < 2 where

— the points of U are setoids,
— nU A B is the set of isomorphisms between A and B,
— nnU oy loa 11z is Ioy <> Loy < I,

satisfies the Kan extension property.

Proof. Atlevel 1, we use the fact that a setoid is isomorphic to itself. Level 2 completions
involve the composition of isomorphisms. Given three setoids Ay, 4; and A,, and two
isomorphisms Iy, Iy, it suffices to compose them and obtain an isomorphism between A4,
and A,. The third level is tedious but straightforward. Given four types, six morphisms
and three triangles, we can form the fourth triangle of the tetrahedron. L]

5.5. Interpretation of the judgments

The judgment I" | of Section 4 is represented in type theory as an expression I' of the
type of structures of Definition 5.6. The other judgments are described below.

5.5.1. Types. Types of a context I' (written Ty(I')) are mappings from I' to Kan
semisimplicial types of level <1 (setoids), with additional requirements ensuring that
equal contexts yield isomorphic setoids, and similarly for triangles. In other words, an
element of Ty(I') is simply a context morphism between I" and U.

Then, a judgment of the form I' - A4 is represented in type theory as an expression 4
of type Ty(T').

5.5.2. Elements. Given a context I and a type A : Ty(I'), an element t of A is a function
that returns an element of Ap for each element p of the context. This function is also
required to map equal contexts to equal elements.

Definition 5.10. Given a context I' and A : Ty(I'), an element of A is given by two
functions t and 5t such that:

— tp :Ap forany p : T,
— ntpor : nApoi (tpo) (tp1) for any p; : T and por = nI" po p1.
We define Elt(I', A) to be the type of elements of A4.

Formally, a judgment of the form I" F ¢ : 4 is represented by an expression t of type
El(T, A).

5.5.3. Substitutions. Substitutions are represented by context morphisms. A judgment
o : A — T is encoded in type theory as a term ¢ which is a morphism from context A to
context I'.
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The construction of the identity morphism and the composition of morphisms justify

the rules

I d c: A>T 0:0 > A
1. r-r 05 0T

It is also straightforward to derive the rules
I't4d o6:A>T TFrt:4 o0:A>T
A+ Ao At to : Ao
as a form of composition of 4 (resp. t) with a.

Definition 5.11 (context extension I".4). Given I" a context and A a type of I', we can
build a context I'.4, defined by:

— the type of points of .4 is Zp : . Ap;

— the edges between two points (po,dg) and (p1,a;) is a dependent pair of edges, of type
Zow :nl popr.nAwaga;

— a triangle between three edges (wo1, do1), (we2, agz) and (wyz, arz) is simply a triangle
between w1, wgz and wy,. This follows the idea that small types are injected in contexts
by equipping them with trivial triangles.

— The Kan operations are defined straightforwardly.

This definition interprets the rule
' T'HA

r.A+-
The definition of I".4 suggests that an element of this context can be projected to obtain

either an element of I' or an element of A, and conversely, an element of I".4 can be
formed from a context of I and an element of 4. Hence the definition of p, g and (_,_) is
justifying the rules

r-4 r-4 c: A>T T'tA Thru:Ao
p: A>T T.AFq:Ap (o,u) :A—>T.4

5.5.4. Definitional equality. The definitional equality of WMLTT is interpreted by the
definitional equality of underlying type theory (here Coq) in which we represent this
system. This is the main feature of our interpretation. It is actually difficult to state
precisely in what sense one has an internal model of type theory if these definitional
equalities are not present.

Note that equalities justified by our model are typed. Although the rules given in
Section 4 are presented in an untyped style, they should actually be presented as a
judgment. More precisely, the equality judgment ¢ = u omits the context and type of this
judgment in the informal notation, but they do appear in the formal presentation, and
some typing premises are required, as we shall see below.

The definitional equality of type theory can be represented within type theory using
the following meta-theoretical result: if ¢t = u is provable by reflexivity, then ¢ and u are
definitionally equal.

The rule p(o,u) = o is represented in type theory by the fact that the lemma p(o,u) = ¢
(equation between morphisms from A — I') forall ¢ : A - I" and u : Elt(T', Ag) is proved
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by reflexivity. In the same way, the following equations are proved

g: A>T 6: A>T 0:0-5A v:¥—>0
lo=0c: A>T ol=0¢:A->T (6go)yv =0a(0v) :¥Y > T

c6: A>T TlFu:Ade
p(oc,uy=0:A—>T Abtq(o,u)=u:Ac
c6: A>T AFu:4c 6:0—-A
(o,u)0 = (0d,ud) :®@ - T.4
The latter rule needs (4o)0 = A(cd) to type-check because ud has (Ao)d while it is
expected to have type A(d9d).
We have now fully defined a type theory with explicit substitutions. Next, we introduce
the usual type constructors of MLTT: product and sum types.

5.5.5. Type families. This section is dedicated to what corresponds to the notion of family
of sets used in constructive mathematics (Bishop 1967; Mines et al. 1988 ; Palmgren 2012),
where objects 4 : U correspond to Bishop sets. A family of setoids indexed by a type A
is written (A)Type.

However, since we need to model expressions with free variables, we also need to define
families in a context I'. In our model, this needs further definitions, as we need to explain
when two families are isomorphic, and also when three family isomorphisms form a
triangle.

As suggested above, a setoid family indexed by A4 is simply a context morphism from
A (a setoid viewed as a context) to U.

Definition 5.12 (setoid family isomorphism). Given an isomorphism I : nU Ay A; and two
setoid families Fy and F; with F; indexed by 4;, an isomorphism J between Fy and F;
consists of a triple (J,noJ,71J) specified by:

— Jag; is an isomorphism from Fyay to Fia; for all a; : 4; and ag; : I agay;

— nod(aoy, ao1, ap1) : nFoagy < Jagr <> Jagq for all a; : A;, ay : Ao, apy : nAoapay and
aij -1 a;aj;

— mJ(ao1,aor,arr) : Jagr < Jagy <> nFiayy for all a; : A;, ay : Ay, a1 nAya;ay and
aij :1aja;.

Quite naturally, three setoid family isomorphisms form a triangle if any triangle in the
index types can be mapped to a triangle in U between the resulting setoid isomorphisms.

Definition 5.13 (type family triangle). Given three setoids, three isomorphisms Aoy, Ao
and Ay, between them, three families Fy, Fy and F; (with F; indexed by 4;), a triple of type
family isomorphisms Fy;, Fop; and Fy; forms a triangle when we have Fyjag; <> Fopapy <
F12a12 for all a; IAi and aij IAij a; a;.

This condition is indeed equivalent to the fact that two isomorphisms nF ag; and #F ag,
are extensionally equal for any two proofs ag, ay, of nA ag a;.

Informally, a type family (in a context) should simply be a morphism from the context
to the structure for which we have define the points, edges and triangles. However, since
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the index type may depend on its context, we cannot reuse as is the notion of context
morphism. Instead we make a similar definition.

Definition 5.14 (type families). Given a context I', and A : Ty(I'), a type family over 4 is

a tuple of functions (F, nF, ninF) such that:

— Fp is a context morphism from Ap to U for any p : T,

— nFpo; is a setoid family isomorphism from Fpgy to Fp; for all p; : T" and po; : 4T po p1;
the isomorphism between index setoids Apy and Apq is, without surprise, nA4po;;

— mnFporp is a setoid family triangle between 1 Fpo1, nFpodagy and nFpa; for all
pi - I, pij il pipj and pora - mnl por poz p12-

We define Fam(I', A) as the type of families over A.

The reader should be careful about the ambiguity there may be between the field #;
of nF and nnF. This will be addressed by writing simply #;F for the former (and for
consistency of notations, we will also write 1oF).

In the current setting, a judgment of the form I' - F : (4)Type is interpreted by an
expression F of type Fam(I', A).

Ideally, following the informal explanation above, type families should be defined
independently of the ambient context I': a context F of all setoid families (4)Type would
be defined, and then Fam(I', A) would be the set of context morphisms f from I" to F such
that the index type of fp is Ap. This lends itself better to a generalization, as explained in
Section 8. Dealing with the dependency of the index on the context is the key difficulty.

Definition 5.15 (type application). Given a family of types F indexed by A4 in context T’
and a an element of 4, we can define App(F,a), a type which corresponds to the element
of the family at a, by:

App(F,a)p = Fpap nApp(F,a)por = nFpor napo
mnApp(F,a)por2 = mnFpor2(napor, napon, napiz)

with the usual typing convention.

This definition interprets the rule
I'HF:(A)Type T'kFa:A4
I' - App(F,a)

Substitution of type families is defined in the same style as before, and we can prove

that substitution commutes with application:
I'HF:(A)Type o:A—>T
AF Fo :(Ao)Type

Again, this equation is a simplification of the formal result, which requires well-typedness
conditions.

The introduction rule for type families is more tedious and less canonical as it depends
on auxiliary definitions that may be implemented in different ways.

App(F,a)c = App(Fa,ac).

Definition 5.16 (type-level A-abstraction). Given a type 4 in context I and a type B in
I'.4, then we can define AB, a family indexed by 4 in T" by:
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— JABpa = B(p,a)

— n(4Bp)aor = nB(e(p), p(p,aor))

— mn(ABp)aoi2 = ninB(e'(p), (w(p, ao1), w(p, an), y(p, ar2)))
— n(4AB)poraor = nB(po1, aor)

— no(AB)po1(aow aot, ao1) = n1nB(@o(po1), (w(po, aoy ) ao1, do1))
— n1(4B)po1(aot, aor, arr) = mnB(@1(po1), (ao1, aor, p(p1,air)))
— mn(AB)por2(aot, ao2, a12) = ninB(p123, (ao1, a2, a12))

with the following auxiliary definitions

— o(p) : nI pp (reflexivity)

— @o(po1) : minT @(po) po1 po1 (degenerate triangle where one edge is the reflexivity)
— @1(po1) : mnI por por @(p1) (idem)

— @' (p) : nnT o(p) p(p) p(p) (degenerate triangle where all three edges are reflexivity)
— y(p,aij) :nA@(p)a;a; (remember that a;; : n(Ap)a; a;).

The auxiliary definitions are easily derivable from the Kan completion operations of I"
up to level 3 (tetrahedron completion), and those of A.

Substitution does not commute with A-abstraction for reasons similar to what is
explained in Section 2. Nevertheless, the type level f-reduction property can be derived:

App((AB)o,a) = B(a,a).

5.6. Interpretation of the product

The goal of this section is to define the interpretation of Fun A F, given a context I', a
type A : Ty(I') and a type family F : Fam(I', A). We first deal with the case when there is
no ambient context I and define a setoid Fun A F : U given a setoid 4 : U and a family
of setoids F indexed by A. Once we establish that this morphism preserves isomorphisms
and triangles, we can extend the definition of Fun A F in a context I'.

Consider A : U and F a context morphism from A (seen as a context) to U. The type
of dependent functions from 4 to F does not always form a setoid: reflexivity fails for
functions that do not map equal objects of A to equal images in F. The obvious fix is to
consider only functions that respect equality.

Lemma 5.17 (product of setoids). Given A a setoid and F a setoid family indexed by A4,

there exists a setoid Fun A F : U such that:

— FunAF =ZX(f : a : A. Fa).lay,a, : AXlay :nAagay.nFay (f ag) (f ay),

— n(Fun A F) (fo, fy) (f1,f1) holds when nFao (foao) (fia1) for all ag,a; : A and ag :
nAap ay.

Proof. Completing the setoid definition is straightforward. The most noticeable fact is
that level 1 composition derives from the second component of the elements of Fun 4 F.

U

Lemma 5.18 (isomorphic products). Given an isomorphism Ag; : nU A4p A1 and a setoid
family isomorphism Fy; (with the usual indexing conventions), there exists an isomorphism
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nFun Ag; Fo; between Fun Ay Fy and Fun 4 Fy such that
nFun Aoi For (fo, fo) (f1.f1)

produces an object of Fyjap; (fo ao) (f1ap) for all a; : A; and agy : Aoy ap a;.
Proof. We refer to the formal development. Ul

Lemma 5.19. Given three isomorphisms Agyy, Ag, A1z and Agpp @ Aot < Agy <« A (a
triangle of U), and a setoid family isomorphism triangle Fyj;» between Fyi, Fp; and Fio,
then there exists

mnFun AOIZ F012 : Fun A(n FOl <~ Fun A02 F02 <~ Fun A12 F12.

Proof. We refer to the formal development. U]

Definition 5.20 (product). Given a context I', a type A : Ty(I') and a type family F :
Fam(T', A), we define the type FunA F : Ty(I') by:

— (FunA F)p = Fun (4p) (Fp)

— n(Fun A F)por = nFun (n4po1) (nFpo1)

— mn(Fun 4 F)por2 = mnFun (minApor2) (mnFnor2)

This definition interprets the rules

k4 I'FF:(A)Type
I'FFunAF
As in the case of type level application, the term level application is straightforward:

(FunA F)o = Fun Ao Fo.

app(w,u)p = my(wp) up napp(w, u)poi = nWpo1 HUpPo

where 7y is the first projection of X-types.
The term level A-abstraction is more interesting: one obviously defines the first
component of the X-type by
ni((2b)p)a = b(p, a),
but the definition of the second component requires the Kan completion operations of
the domain and co-domain types. The level 2 part of b is easy:

n(4b)poraor = nb(pot, ao1).
These definitions interpret the following typing rules:

I'tw:FundF Tthu:A T AFb :App(Fp,q)
[+ app(w,u) : App(F,u) TCHJb:FunAF

A-expressions.

5.7. Interpretation of sum types

The definition of sum types follows the same scheme as for the product types. It is
nonetheless more straightforward, since the dependent sum of a setoid with a family of
setoids does form a setoid. An isomorphism between two sum types is defined as a pair of
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an isomorphism between the first components, and a type family isomorphism between
the second components, and similarly for the triangles.
Given a setoid A and a setoid family F in A, the setoid Sum A F : U is defined as:

— SumAF =2%(a: A).Fa
— n(Sum A F) (ao, bo) (a1, b1) = Z(ao1 : nAag ar).nF aor bo by

The isomorphism nSum Ay; Fy; between Sum Ay Fy and Sum A4, F; is defined as:
nSum Aoy For (a0, bo) (a1, b1) = Z(aor : Aor ao ar).Foraor bo by

All other requirements are fulfilled without surprise.
Last auxiliary definition is the triangle

nlnSum A012 F012 :Sum A01 F()l <~ Sum A02 F02 <~ Sum A12 F12

given two triangles Ao, and Fyq;.

Definition 5.21 (sum). Given a context I', a type 4 : Ty(I') and a type family F : Fam(T', A),
we define SumAF : Ty(T') as:

— (Sum A F)p = Sum (A4p) (Fp)
— n(Sum A4 F)pgy = nSum (14 po1) (1F po1)
— mn(Sum A F)po12 = nnSum (n1nApo12) (mnFpor2).

The constructors and projections of sum types are defined by

(a,b)p = (ap,bp) pcp = mi(cp) acp = ma(cp)
n(a, b)por = (napor,nbpor) npcpor = mi(nep) nqcpor = ma(nep).

The following definitional equalities hold:
(Sum A F)o = Sum Ao Fao (a,b)o = (ao,ba) (pc)a = p(ca) (qc)o = q(co).

Our model validates both equalities p(a,b) = a and q(a,b) = b. This is not the case
for the model described in Hofmann (1994) (which on the other hand validates the rule
of substitution under abstraction, but it is not clear if this model can be formulated
in an internal way). Other attempts to explain function extensionality (Altenkirch 1999;
Altenkirch et al. 2007) use extensions of type theory. Our model is close to Erik Palmgren’s
representation of Bishop sets in dependent type theory (Palmgren 2012), but we have a
different representation of function spaces which interprets more definitional equalities.

6. Applications of the model

We have a direct representation of (x) : U XU — U and (—) : U x U — U. For instance
A — B is the type of extensional functions between 4 and B. If P : yU Py P; and
Q :nU Qp Q1 then P — Q represents the relation (P — Q) fo f1 which holds exactly
when P xo x; implies Q (fo xo) (f1 x1). This is then a graph of an isomorphism between
the sets Py — Qg and P; — Q;. We can define as well the operations («) : U x U — U.
All the applications we present have been formally verified in the system Coq V8.4.
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6.1. A small type of propositions

This subsection can be seen as a generalization of Russell’s work on implication (Russell
1906). We assume that the type theory we are working with has at least two universes
Typey, Type; (as introduced in Martin-Lof (1973)). We define U to be Type;.

We define Q = Type, and nQ X, X; to be the type Xy < X;.

We define a semisimplicial map T : Q — U by taking

TXZX, nThx0x1=N1

where N is the unit type. This interprets the rule

'Fa:Q
I'Ta
If X is Kan semisimplicial set we define eqx : X x X — Q. We take eqx a u to be the
typen X au. If P :qU X Y and we have P a b and P u v then eqx a u and eqy b v are
logically equivalent. We define then Eqy a u to be the type T (eqx a u).
It is then possible to show that
H H Eqx au

aX uX

is provable in this model if, and only if, any two elements of X are related by the equality
relation #.X. Furthermore, the type Q satisfies the following weak form of univalence.

Proposition 6.1. In the model, the following type is inhabited
H H (Ta—>Tu — Eqgau

a:Q)  uQ

This model interprets also the operation of quotient. If X is a type and we have a
relation R : X X X — Q which is an equivalence relation in the model then it is possible
to define a new type X /R with an operation a+—— [a], X — X /R, such that Eqy x [d] [u]
isequal to R a u.

We interpret existential quantification in the following way. The rules are

I'FATypey THFHe:A—>Q
I'H3p:Q

with introduction rule
I'FATypey, ThHe:A—>Q Thra:A4 T Fp:T(app(p,a))
'k (a,p) : T(30)

and elimination rule
I'ku:T@3p) 'y :Q T.AFv:T(app(ep,q)) = Typ
I'FEuv:T(p)

and computation rule E (a,p) v = app(va, p).

Here is the interpretation of J¢. If p : I'[0] we define (3p)p to be the set of pairs
u,p with u : Ap and p : app(ep,u). If o : T'[1] with dja = p; we have to show the
logical equivalence of (3¢)po and (3¢)p1. This follows from the fact that Aa is a relation
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between Apy and Ap; satisfying the Kan condition and that ¢o shows that app(¢po, ug)
and app(@pi,u;) are logically equivalent if ug : Apg and u; : Ap; are related by Aa.

6.2. Isomorphisms of setoids

Using a notation with variables for readability, our model interprets contexts of the form
X :Uor X :U,Y : U with variable ranging over small Kan semisimplicial types. For
instance, we can interpret the judgment

X:UFX->X)xX

or
X :UFZ(f,a): (X > X)X X.Eqx (f a) a

which intuitively represents the structure of having an endofunction with a fixpoint over
a set X. If we have such a judgment X : U F T(X) we can use our model and compute
for any given set 4 a corresponding set T'(A4). In this model X : U F T(X) is interpreted
by a function U — U. We can thus use this interpretation to transform any graph of
an isomorphism P : nU A B between two sets A and B to a graph of an isomorphism
between T(A4) and T(B). In particular, in a case like

X:UFX->X)xX
this allows us to transport any structure on A to a structure on B, and in a case like
X:UFZ(f,a):( X > X)X X.Eqx (fa)a

this shows that any proof of a property on a structure on 4 (to be a fixpoint) can be
transported to a proof of the corresponding property on the isomorphic structure B. We
can cover in this way examples similar to the ones in Licata and Harper (2012) but also
with computations on open terms.

We have another stronger form of univalence in this model, which transforms any
isomorphism between two sets to a proof that these two sets are equal.

Proposition 6.2. If f : A — B is an isomorphism between the (Bishop) set A and the
(Bishop) set B, the relation P(a,b) defined by nB (f a) b is the graph of the isomorphism
and we have that P : UJ[1].

7. The semisimplicial set model

Before presenting the universe of Kan semisimplicial sets, we describe the (simpler)
semisimplicial set model of type theory. This model justifies all the rules of Figure 2.

We let A, be the category of objects of the form [n] and the morphism are injective
monotone maps. We have an inclusion i : A,,,, = A. A semisimplicial set is a presheaf on
Apon 1€. a functor in [A% . Set].

We define a semisimplicial set W, which represents the universe of (small) semisimplicial
sets. An element of W[n] is a family of sets Af indexed by f : [m] — [n] injective, with

maps Af — Afg, u+—— ug for g : [p] — [m] injective such that u = ul : Af and
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ugh = (ug)h : Afgh. If A : W[n] and g : [m] — [n] is injective we have Ag : W[m] by
(Ag)h = A(gh). If A : W[n] we may write the set A1 simply as A.

A context I' is interpreted by a semisimplicial set, so we have a collection of sets I'[n]
and functions I'[n] — I'[m], p— pf for any f : [m] — [n] injective, with pl = p : I'[n]
and pfg = p(fg) : I'[p] if g : [p] — [m] is injective. A substitution ¢ : A — I' is
interpreted by a function op : I'[n] for p : A[n] in such a way that (6p)f = a(pf) : I'[m]
if f : [m] — [n] is injective.

A judgment I' - 4 will be interpreted by giving Ap : W[n] for any p : I'[n] in such a
way that Apf = A(pf) if f : [m] — [n] is injective. If I' - A we define (I".A)[n] to be the
set of pairs p,u with p : I'[n] and u : Ap and (p,u)f = (pf,uf) if f : [m] — [n] is injective.
A judgment I' - F : (A)Type is interpreted by giving Fp : (Ap)Type for any p : I'[n] in
such a way that App(Fpf,uf) = App(Fp,u)f : W[m] for any u : Ap and any f : [m] — [n]
injective.

A judgment I' - ¢ : A is interpreted by giving an element tp : Ap for each p : I'[n] in
such a way that tof = t(pf) : Apf if f : [m] — [n] is injective.

8. A Universe of Kan semisimplicial sets
8.1. General lemmas about semisimplicial sets

We let I,J,K,... denote nonempty finite linear orders. If I is such a nonempty finite
linear order, it is isomorphic exactly to a unique [#] in a unique way. We define W(I') to be
W[n]. If P is in W(I) and f : J — I is an injection it corresponds to exactly one injection
g : [m] — [n] and we define Pf to be Pg and the map u+— uf, P — Pf to be the map
u+—> ug. If f is an inclusion, we may write P(J) instead of Pf and similarly u(J) instead
of uf. If a is an element of I and f is the inclusion (I —a) — I we may write J,P instead
of Pf and similarly 0,u instead of uf if u : W(I). Note that we leave I implicit as it can
be inferred from the context u : W(I). This deviates from the usual notation for face maps
but is more convenient for what follows. Note that the semisimplicial identities become
0,0p = 0p0, for a # b elements of I. We will sometimes decompose a linear order and
write e.g. I = a, L, M; by convention, comma binds weaker than minus, so L — b, M is
(L—b),M.

For instance if P : W[1] we have three sets P = P1 and P(0) and P(1) and two
maps u — u(0), P —» P(0) and u+—— u(1), P — P(1). We also have P(0) = 0;P and
P(1) = 0yP.

If J =1 and a is an element of J, we can define P(A%(J)) as the set of compatible
families u, : 0P (J) for b # a, ie. such that d.u, = Opu. for b,c¢ distinct from a. We
have a canonical map P(J) — P(A%(J)). We say that P is in V(I) iff each canonical map
P(J) — P(A%(J)) has a section.

If L is a nonempty subset of I and P : W(I) we define a L-compatible family of P to be
a family of elements u;, : P(I —b) for each b in L such that d.u, = dpu, for all b and ¢ in L.
We say that P has compositions iff for any a not in L and a, L, M = I we have an operation
comp u : P(L, M) which takes a L-compatible family u;, : P(a, L — b, M) and produces an
element u, = comp u : P(L, M) satisfying dyu, = 0,u; for all b in L. Furthermore, all these
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operations should be compatible, in the sense that we have d.(comp u) = comp (0, o u)
for all ¢ in M, where we write J. o u for the family d.up : P(a,L — b, M — ¢) with b in L.

A stronger notion is to have extension operations. Given a compatible family of elements
up : P(L — b, a, M) these operations produce an element u = Comp(up) in P(L,a, M). This
element should satisfy dpu = up, : P(L — b,a, M) for all b in L, and we should have
d.u = Comp(deup) @ P(L,a,M — ¢) for all ¢ in M. If P has extension operations, then
it also has composition operations by defining comp = J,Comp. To have extension
operations for P in W(I) is a priori a stronger condition than being in V(I), by taking
L =1 — a. However, the two properties are actually equivalent.

Lemma 8.1. If P : V(I) then P has extension operations, and hence has compositions.

Proof. Given a compatible family u, : P(L — b,a, M), b € L , we define the extension
u : P(L,a, M) by induction on the cardinality of M. By induction we have defined the
extensions u. : P(L,a,M — ¢) of all the d.up’s for each ¢ in M in a compatible way. We
use then the Kan extension operation to define u : P(L,a, M) such that d,u = u, for all b
in L and d.u = u. for all ¢ in M. |

Here is a special case of Lemma 8.1.

Corollary 82. If P : V(I) and a,b are two elements of I there exists an operation
Ext u : P(a,b, M) which takes an element u : P(b, M) and satisfies J,Ext u = u and
0.Ext u = Ext d.u for all ¢ in M.

To have composition operations can be seen as a generalization of the notion of
partial equivalence relations, while to have extension operations generalizes the notion of
equivalence relations.

One basic example of composition is the composition of two binary relations. The next
result generalizes this notion. We say that a semisimplicial set X has composition iff for
any nonempty finite linear order I and any a not in L and a, L = I we have an operation
comp u : X(I — a) which takes a L-compatible family u;, : X(I — b) and produces an
element u, = comp u : X (I —a) satisfying dpu, = 0,u; for all b in L. Furthermore, all these
operations should be compatible, in the sense that we have d.(comp u) = comp (0. o u)
for all ¢ in I — (a, L), where we write . o u for the family d.u, : X(I — (b, ¢)) with b in L.

Lemma 8.3. The semisimplicial set W has compositions.

Proof. Assume given a, L subset of I and a compatible family Qp, : W(I — b) for b in L.
We define Q, = comp (Q;) : W(I — a). An element of Q, is a compatible family v = (up)
where u, : Qp for b in L, i.e. a family satisfying 0.up = Jpu. for all b,c in L. We define
then d.v to be the family d.up, b : L for ¢ in I — (L, a) and 0,v to be d,up for b in L. []

In the case, n =2 and [ = J = 0,1,2 and a = 1 we get back the usual notion of
composition of relations.

Lemma 8.4. The semisimplicial set V' is closed under the compositions of W.
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Proof. To simplify the notation, we describe the argument in the case where we compose
P :V(01M) and Q : V(02M) obtaining a relation R : W(12M). An element in R is a pair
w(01M),v(02M) such that u(0M) = v(0M) and we have

01(u,v) = v(2M) 0a2(u,v) = u(1M)

and 0p(u,v) = Opu, dpv for all b in M. We show that R is in V(12M). We have three cases.

The first case is if we have a in M and we have a compatible family consisting of an
element (up,vp) in R(12Mjp) for all b in M, = M — a and we have an element vy in Q(2M)
and an element ug in P(1M). We have a compatible family u, in P(01M}) for b # a and
ug in P(1M). By Lemma 8.1 we can find u : P(01M) such that dyu = uy and dpu = u;, for
all b in M — a. The family consisting of v, : Q(02M;) for b in M — a and vy : Q(2M) and
u(OM) : P(OM) = Q(0M) is then compatible and since Q : V(02M) we can find v : Q(02M)
such that d,v = vp, for b in M — a and dyv = vy and v(0M) = u(OM). The element u,v in
R(12M) is the required filling.

The second case is if we have a compatible family consisting of an element uy, v, in
R(12My) for each b in M and an element ug in P(1M). Since the family u;, : P(01M;) and
up : P(1M) is compatible and P : V(01M) we find a filling u : P(01M). We have then a
compatible family v, : Q(02M}) and u(0M) : P(OM) = Q(0M). Since Q : V(02M) we have
a filling v : Q(02M). The element u,v in R(12M) is the required filling.

The third case is if we have a compatible family consisting of an element up, v, in
R(12My) for each b in M and an element vy in Q(2M). This case is similar to the second
case. U]

The inclusion i : Ay, — A defines a functor i* : [A%, Set] — [A%,,Set] which has a
right adjoint ig : [A% . Set] — [A’,Set]. If X is a semisimplicial set, irX [n] is the set of
all natural transformations i*A" — X, where A" is the simplicial set represented by [n].
More concretely, igX [n] is the set of families u; : X[m] for f : [m] — [n] monotone (but
not necessarily strictly monotone) such that uyg = uys, : X[k] whenever g : [k] — [m] is
strictly monotone.

If X is a semisimplicial set, then each restriction X (I) defines an element of W(I). A
Kan semisimplicial set is a semisimplicial set Y such that each restriction Y () is in V(I).

The next lemma generalizes what happens in Section 4. The basic case is to define the
degenerates of a composition of two lines as a composition of three triangles.

Lemma 8.5. If the semisimplicial set X has compositions then ig X is a Kan simplicial set.

Proof. To simplify the notations, we consider only the case where we have compatible
uy : Y(01) and uy : Y (02) and we explain how to build the extension u : Y (012). We give an
algorithm for computing uf : X(I) for any map f : I — 012 such that we have ufi = u(fi)
for strictly monotone i: J — 1. Weletz; < - <z, <a; <- - <a,<b <--<b, be
I, with f(z;)) = 0 and f(a;) = 1 and f(bx) = 2. The definition is by induction on p + q.
We first treat the case p = 0 or ¢ = 0 separate; if p = 0, ie. 1 is not in the image of
f, we can write f = 0,f’ for a uniquely determined f': 1 — 02, and define uf = u;f’.
Note that by the uniqueness of the decomposition and fi = 0;f'i we have u(fi) = uyf'i,
and thus u(fi) = ufi. Similarly, if ¢ = 0, we write f = d,f" and set uf = u,f’. Note
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that if both p = ¢ = 0, we have f = 0,0,f” for some f”, and then d;u; = dru; yields
u(01f") = u1(02f"), and hence both definitions of uf coincide.

In case both p and g are # 0, we consider the linear order J obtained by adding
one element z exactly before a;. Let f' : J — 012 be the extension of f defined by
f'(z) = 0. Let f; be the restriction of f" on J; = J —a, and f, be the restriction of f’
on J, = J — b,. By induction hypothesis, the elements uf; : X(Ji) and uf, : X(J,) are
defined and are compatible since 0,(uf1) = u(f10,) = u(f20;) = 0.(uf,). We define uf
to be their composition. In order to check (uf)i = u(fi) for injective i, we distinguish
cases: in case 1 or 2 are not in the image of i, say 1, we have that i = 0;i' and thus
(uf)i = (0,(uf1))i’ = u(f10,1') = u(fé1i') = u(fi). Otherwise, we can assume i = Jy; by
the compatibility condition for compositions, do(uf) is the composition of dy(uf,) (for
v =0,1), and dy(uf,) = u(f,00); using f,0p = (fo), yields that this composition is u(f )
by definition.

It remains to check 0;u = u; and d,u = u,. But (01u)f = u(d1f) = uf, and similarly for
the other face. L]

8.2. Interpretation of the universe

We define U to be the semisimplicial set i*irV. So an element of Ul[n] is a natural
transformation i*A" — V.

Theorem 8.6. U is a Kan semisimplicial set.
Proof. This follows from Lemmas 8.4 and 8.5. ]

To give an element of U[n] is to give a family of sets P = (Py) indexed by f : [m] — [n]
together with restriction maps Py — Py, u+— ug for g : [p] — [m] injective, satisfying
ul = u and (ug)h = u(gh). Furthermore, for any f the family Py, g : [p] — [m] defines
an element Pf of V[m]. We write u : P for u : P;. There is a canonical map i"U — V.

8.3. Equivalence and equality

We explain how to use our interpretation to transform any equivalence ¢ : A — B
between two Kan semisimplicial sets to a proof of equality of 4 and B in U. More
generally we explain how to transform any map ¢ : 4 — B between two semisimplicial
sets into an element E(¢) of i"igW[1]. This element E(¢) can be thought of as the graph
of the map ¢. If A and B are Kan semisimplicial and ¢ is an equivalence than E(¢) is in
i*igV[1] = U[1].

We have to define for each f : [m] — [1] a set E(¢)f together with restriction maps
E(p)f — E(¢)fg if g : [p] — [m] is injective. An element f : I — [1] is either the constant
0, or the constant 1 or is O on an initial segment Iy and 1 on I — I;. We define E(¢)f as
follows:

1.1if f is the constant function 0 then E(¢)f = A(I),
2.if f is the constant function 1 then it is E(¢)f = B(I),

https://doi.org/10.1017/50960129514000504 Published online by Cambridge University Press


https://doi.org/10.1017/S0960129514000504

A generalization of the Takeuti—Gandy interpretation 1097

3.if fisOon Iy and 1 on I — Iy then E(¢)f is the set of pairs (u,v) with u in A(Iy) and v
in B(I) such that v(Iy) = pu.

If we have g : J — I which is injective and w in E(¢)f we define wg in E(¢p)fg. If gf is
0 we have w = u in A(I) or w = (u,v) with u in A(Iy) and we take wg = u(J). If gf is 1
we have w = v in B(I) or w = (u,v) with u in A(Iy) and we take wg = v(J). Otherwise,
we can write g = go+ g1 : Jo+J1 = Iop+1; with I} =1 —1y, J; =J — Jy and we take
wg = (u(Jo),v(J)). We define in this way an element E(¢) in igW[1].

Definition 8.7. A Kan semisimplicial set 4 is contractible iff for any finite linear order I,
given any compatible family of elements uj, : A(I — b) for b in I there exists u : A(I) such
that u(I — b) = u, for all b in I.

This definition implies, in the case where I is empty, that A[0] is nonempty if A is
contractible.

Given a map ¢ : A — B and b in B[0] we define the homotopy fiber at b to be the
following semisimplicial set F: an element of F(I) is a pair «,§ where o : A(I) and
B : B(I,u) with f(I) = @a and f(u) =band i < u foralliin I. A map ¢ : A — B between
Kan semisimplicial set is an equivalence if all its homotopy fibers are contractible.

The following result can be seen as a generalization of Proposition 6.2.

Proposition 8.8. If 4 and B are Kan semisimplicial set and ¢ : A — B is an equivalence
then E(¢) is in i"igV[1] = U[1].

Proof. We show that any horn in E(¢)f, f : [n] — [1] can be filled. If f is the constant
function 0 this follows from the fact that 4 has the Kan filling property. If f~!(1) has
more than one element, this follows from the fact that B has the Kan filling property.
The remaining case is if f~!(1) is a singleton. For instance, for n = 3 we are given
a(0),a(1),a(2) in A[0] and b(3) in B[0] and we have a(i, j) in A[1] and b(i, j,3) in B[2]
such that b(i, j) = @a(i, j) for i < j < 3. The problem is to find an extension b(0, 1,2, 3) in
B[3] and a(0,1,2) in A[3] such that b(0,1,2) = ¢a(0, 1,2). This follows from the fact that
the homotopy fiber at b(3) is contractible and from Definition 8.7. U]

9. Conclusion

Using cubical sets instead of simplicial sets, it is possible to give a model of type theory
satisfying univalence (Bezem et al. 2014). In these two models, the Kan semisimplicial
set and cubical set model, the Kan filling operations for the universe and the way to
transform an equivalence in an equality between types have very similar justifications.
The rough idea is that equalities between types can be seen as graph of ‘isomorphisms,’
and we can use composition of relations to compose these equalities. Compared to the
work on cubical sets, the present work can be carried out internally for truncated levels.
However, these partial internal interpretations fail to justify the rule of substitution under
an abstraction. The question raised by this work is if it is possible to have an interpretation
which justifies this rule as well.
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