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NONOSCILLATION CRITERIA FOR EMDEN-FOWLER SYSTEMS

LynN H. ErBE AND XiNzHI Liv

A number of nonoscillation criteria for the Emden-Fowler system

2’ =a(t)|y|™ sgny,

¥’ = —b(D)el" sgn 2,
where a(t), b(t) > 0, ri,r2 > 0 and b(t)/a(t) is locally of bounded variation,
are established employing energy function techniques. The results obtained here

include many known nonoscillation theorems for the classical Emden-Fowler equa-
tions as special cases. We illustrate the results obtained with several examples.

1. INTRODUCTION

In this paper we consider the Emden-Fowler system

(1.1) { z' = a(t)|y|™ sgny,

y' = -b1)|z[™ sgn z,

where a(t) > 0, b(t) > 0 are continuous, 7,72 > 0. A solution of (1.1) is said to
be continuable if it exists on the whole half-infinite interval {ty, 00). For simplicity, we
assume that for any initial value (z¢,yo) the solution of (1.1) is continuable. Conditions
which guarantee this may be found, for example, in [5]. A continuable solution is said
to be oscillatory if z(¢) (and therefore y(t)) has an infinite number of zeros with oo as
the only accumulation point. The system (1.1) is said to be oscillatory if every pair of
continuable solutions (z(t),y(t)) is oscillatory and to be nomnoscillatory otherwise. In
the latter case z(t) and y(t) have constant sign for all large ¢.

When r; =1 and a(t) = 1, the system (1.1) reduces to the classical Emden-Fowler
equation

(1.2) z" +b(t)|z|"sgnz =0

which has been the object of extensive investigations and we refer to the survey papers
{8, 12, 13] and the references therein for a discussion of oscillatory and nonoscillatory
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properties in this case. Mirzov [9, 10, 11] generalised many of the well-known oscillation
criteria for (1.2) to cover (1.1) and recently Kwong and Wong [7] have extended the
well-known oscillation criteria of Atkinson, Belohorec, and Waltman to a more general
nonlinear system. We are concerned, in this paper, with obtaining nonoscillation criteria
for the Emden-Fowler system (1.1). These include and extend some earlier results of
Gollwitzer [8] and the first author [2, 3, 4]. More precisely, it was shown by Atkinson [1]
that if » > 1 (the so-called superlinear case) then all solutions of (1.2) are nonoscillatory
if b(t) is nonincreasing and f: t7b(t)dt < co. To replace the nonincreasing assumption
on b(t), Gollwitzer [8] introduced the condition f: db, (t)/b(t) < oo (where the
integral is an improper Riemann-Stieltjes integral). Later, it was proved by the first
author that f: dby (t)/b(t) = +oo is compatible with nonoscillations and thus the
restriction [, : db,(t)/b(t) < oo was removed. This result has been extended recently
by the first author and Lu to the generalised Emden-Fowler differential equation

(p(t)z') + b(t)=" = 0.

We shall suppose here that the quotient function b(t)/a(t) in system (1.1) is locally of
bounded variation on [t9,00) and we set g(t) = b(t)/a(t). We may then write

q(t) = ¢+(t) — ¢-(2)

as the Jordan decomposition of g(t) where g4(t) and g_(t) are nondecreasing. We
next introduce the notation

c0-om ([ 45 arom([ 557

and clearly both Q4 (¢) and Q_(2) are nondecreasing and

Q+(t) _ q(t)
(1.3) o) = by

2. STATEMENT OF THE RESULTS

For convenience we first state our main results in this section.

THEOREM 2.1. Let ri72 > 1. Then the system (1.1) is nonoscillatory if the

following condition holds:
L 2
/ a(-r)d'r) b(s)ds < 0o and

L

(2.1) rirg=1 foo s ™2
‘liglo (Q.,.(t))_x'ﬁ’-r‘/“ (/t a(-r)dr) b(s)ds = 0.
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THEOREM 2.2. Let ryr2 < 1. Then the system (1.1) is nonoscillatory if either
one of the following equivalent conditions hold:
s r2
/ a(‘r)d-r) b(s)ds < o0 and

/(.
Jlim (Q-(r) =H /t ~ ( /, ’ a('r)dr)f’ b(s)ds = 0.

REMARK. If r; =1 and a(t) = 1/7(t), then Theorems 2.1 and 2.2 include and extend
results of {1, 2, 4, 6].

In the half linear case, that is, ;72 = 1, we have the following neater condition.

(2.2)

COROLLARY 2.3. Let ryr; = 1. Then the system (1.1) is nonoscillatory if

(2.3) [o ~ (

Furthermore, if Q(t),Q_(t) are bounded above (that is, if b(t)/a(t) is bounded
above and below) then (2.3) implies that (1.1) is nonoscillatory for all ry,7; > 0.

/' a(-r)d'r) K b(s)ds < oo.

to

THEOREM 2.4. Let rir; > 1. Then the system (1.1) is nonoscillatory if
(2.4) / (5()) T (a(5)Q4()) T ds < oo
to

THEOREM 2.5. Let ry72 < 1. Then the system (1.1) is nonoscillatory if the
following condition holds:

(2.5) [o ~ (6(s)) T (a(s)Q+ () AT ds < 00 and
Jim (Q4(0) T () TR [ (60) T (a(6)Qu () FH s = 0.

REMARK. Theorems 2.4 and 2.5 extend results of [2, 4, 6] in the cases r; = 1 and
a(t) = 1. The next several results provide further extensions to some of the earlier
nonoscillation criteria for equation (1.2).

THEOREM 2.6. Let ryr2 > 1. Then the system (1.1) is nonoscillatory if the
following condition holds:

/co b(a)(Q_(s))'—;i—‘ds < oo and
(2.6) o L e G
lim (g(¢)) HT [ b(s)(@-(s))*+7ds = 0.

t— o0
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COROLLARY 2.7. Let r > 1. Then the equation (1.2) is nonoscillatory if the
following condition holds:

/ xb(a)(Q_(s))?tho and
(2.7) fo -
Jim (o)™ [ se)(@- () Fr s =o.

COROLLARY 2.8. The equation

(2) +woe=o

is nonoscillatory if

/mb(s)(Q_(s))lﬁds <oco and
to
lim (o)™ [ o) (@-(e) s —0.

THEOREM 2.9. Let 772 < 1. Then the system (1.1} is nonoscillatory if the
following condition holds:

/t:o b(s)(Q-(s))édes < oo and

(2'9) 1-3r17ra—r r oo r
Jim (- () TR (o) [ e)(Q- (o) P s 0.

COROLLARY 2.10. Let r < 1. Then the equation (1.2) is nonoscillatory if the
following condition holds:

/oo b(a)(Q_(s));hds < oo and
(2.10) to

Jim (Q-(9) %% () ¥ [ b(s)(@-(e) s =0,

To conclude this section, we discuss a few examples below.

EXAMPLE 1. Consider equation

(2.11) 2" +5t32(z') /5213 =0, t>1>0.
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Letting y = (z')I/ %, (2.11) becomes the following equivalent Emden-Fowler system

2 =y
2.12
( ) {y' = 732213 1> >0.

Comparing (2.12) with (1.1), it is easy to see that a(t) = 1, b(t) = t3/2,
Q+(t) = 1, ry = 5, ro = 1/3 and r172 = 5/3 > 1. Since

/ (8- to)llaa‘”zda < oo,

to

it follows from Theorem 2.1 that (2.12) is nonoscillatory.
ExAMPLE 2. Consider equation

(2.13) " + g 12/ 3T =0, t>te>0.

Setting y = (z,)s/s’ (2.13) becomes

z = 5/3
(2.14) y .
Y =t > 4>0.

Comparing (2.14) with (1.1), we see that a(t) =1, b(t) =t12/7, Q_(t) = £12/7 2217,
r1 =5/3, r2 = 3/7 and r1r; = 5/7 < 1. Since

/ (s - to)sﬁa—u/.'ds < o0
to

and 1-§
12 +1 oo ’
: f: 3/7_-12/7 : Z —9/49 9/49 ,-2/7 _
tllxg (t]}) /‘ (s—1)"""s dsgtlin.}o glo t =0,
]

it follows from Theorem 2.2 that (2.14) is nonoscillatory.

ExAMPLE 3. Consider equation

(2.15) g (') P2" + 7114553 =0, t>1,>0.
Letting y = (z')s/ 3, we then obtain from (2.15) the following equivalent Emden-Fowler
system
z = ysls’
2.16
(2.16) {y' — =1/ § >4 > 0.

Comparing (2.16) with (1.1), we see that a(t) =1, b(t) = t~(11/4) , — 3/5 r, = 5/3
and r;r2 = 1. Since

/ (s - to)slss—n/*da < 00,
to

it follows from Corollary 2.3 that (2.16) is nonoscillatory.
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3. PROOF OF THE RESULTS
We shall need the following lemma in the proof.
LemMa 3.1. Let (z(t),y(t)) be a solution of (1.1). Then for t > ¢ > t, we have

Q-(¢) _ E(t) _ Qu(t)
(3-1) - SEQ) <00’

and
Q (€) . B(S) . Q+(1)
(3:2) a- < B0) Q.
|2 I Y
where E(t) = q(t) ——)
and B(t = E(t)

q(t)’

We omit the proof of the lemma since it is similar to the proof of Lemma 3.1 in
(2].

ProoF OoF THEOREM 2.1: We suppose, for the sake of contradiction, that
(z(t),y(t)) is an oscillatory solution of (1.1) and let 3, — oo be a sequence with
z(tz2n) = 0 and y(t2,) > 0. Let 3,41 > t2, be the first zero of y(t) exceeding t;,.
Then for t;, € t < t2n41, we have y(t) > 0 and y'(t) < 0. Integrating the second
equation of (1.1), we obtain

Y(tan) = /‘ ::"“ b(a) (2(s)) *ds = /t:"“ 5(s) ( /%
- /t ::"“ b(s) ( [ ; a(r)y™ (T)dr)ﬁ ds
< (¥(tzn))™™ /:H B(s) ( /:,‘n a(r)d‘r)rz ds

< (y(t2n))™™ /t:"“ ( /‘ ; a('r)dT) ™ bs)ds.

Suppose that condition (i) holds.
Let { =ty and t = {3, in (3.1); we have, for some C > 0,

z'(‘r)d-r) " ds

(3.3)

(3-4) (w(t2a))"™ 7" < C(Q+(t2n)) S
It then follows from (3.3) and (3.4) that

(3.5) 1< C(Qu(tan) FHT /‘: ( /‘h a(‘r)d‘r)r’ b(s)ds.

https://doi.org/10.1017/50004972700028628 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700028628

[7] Emden-Fowler systems 461

Since the right-hand side of (3.5) tends to zero as ¢3, — oo, we have a contradiction.
This completes the proof. 0

PROOF OF THEOREM 2.2: We assume that (z(t),y(t)) is an oscillatory solution
of (1) and choose a sequence t3, — oo such that z({2,) = 0 and y(t2,) > 0. We
let tn41 > tan, be the first zero of y(t) exceeding ¢z, and obtain, as in the proof of
Theorem 2.1,

(3.6) Y(tan) < (¥(t2a))™ " [ - ( [ ’ a(7)dr) ™ b(s)ds.

If condition (i) holds, then we let ¢ =t and t = {2, in (3.1) and get, for C > 0,

(s(tam))' 7 > C(Q-(120) HHT.

This, together with (3.6), implies

(3.7) 1< C(Q_(t2n)) FiHT" /‘: ( /‘; a('r)d‘r)rz b(s)ds,

which is a contradiction since the right-hand side of (3.7) tends to zero as t;, — oo.
Thus the proof of the theorem is completed. 0

PROOF OF THEOREM 2.4: Suppose again that (z(t),y(t)) is an oscillatory solution
with Z(tzn) = 0 and ‘y(tz“) > 0 as t3, — 00, and let y(t2n+1) = 0, tan+1 > tan, the
first zero of y(t) exceeding t3,,. From (3.1) with { = ¢, we have, for ¢t > t3, and
C: > 0,

(38)  [o(®) < Cs((tan)) T Q4 (tan) T (@4 () FF (g(0))

and so from the second equation of (1.1) we get

W) = [ o) (e()ds

(3.9) )
< Cu(ut12n) " (@ulean) T [ (80) T (a(0)Qs (6) FH

If 7175 = 1, then we have

1< G (@elta) T [ )T (o) (0) T s
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which is a contradiction because the right-hand side of the above inequality tends to
zero as i3, — co. If r;r; > 1, then from (3.1) with ¢ = ¢y, t = 13,,, we have, for
Cz > 0,

rary—1 rery —1
(3.10) (¥(t2n)) T < Co(Q4(t20)) ¥R TT
It then follows from (3.9) and (3.10) that

1< C10a(@u{tan) TR (@4 (tan)) HH [ (b(e)) T (o) (6)) s

(3.11)
<CC /‘ (b(5)) 3T (a(2)Q4 () ¥ ds;

since the right-hand side tends to zero as {3, — oo, we have a contradiction. This
proves the theorem. 1]

PROOF OF THEOREM 2.5: Let (z(t),y(t)) be an oscillatory solution of (1.1) and
t3n, — oo be a sequence such that z(t;,) = 0 and y(¢;,) > 0, and let y(t2n4+1) =
0, t2n+1 > t2n, be the first zero of y(t) exceeding t3,. As in the proof of Theorem 2.4,
we derive, for C; > 0,

4(t) < G t2n)) 5 Qa)F 77 600 (@) s
which implies
(612)  (otan) T < Co(@ultan) [ (40) T (e)Qute) T,
Letting ¢ = fo, ¢ = tan in (3.2), we have for C; > 0,

(3.13) (y(t2n)) s, (Q+(t2n)) D (a(t25)) FAt D,

It then follows from (3.12) and (3.13) that
(3.14)

1< G (@ (1) PTHIOD (laan) T [ (0(6)) T (o) (5) FF s,

which is a contradiction since the right-hand side of (3.14) tends to zero as t3n — oo.
Thus the proof is completed. 0
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PROOF OF THEOREM 2.6: Assume that (z(t),y(t)) is an oscillatory solution of
(1.1) and let 3, — oo be a sequence with z(#2,) = 0 and y(t2,) > 0. Let tyn 41 > t2,
be the first zero of y(t) exceeding t3,. From (3.2) with { = #2, we have for t 2> #2,
and C; >0

(3.15) 2™ <G (y(tz,.))";?Il (Q-(tzu))—'_"h(Q-(t))%-

Integrating the second equation of (1.1), we derive
ra(r1+1 r tan41 r
(316)  9(t2n) < Ca(y(t2n) T (Q-(tzn)) T /, " b(a)(@(s) FH ds.

The rest of the proof is similar to that in the proof of Theorem 2.4 and we omit the
details here. Thus the proof is complete.
We also omit the proof of Theorem 2.9 since it is similar to that of Theorem 2.5. [}
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