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The Minimal Free Resolution of Fat Almost
Complete Intersections in P! x [P!

Giuseppe Favacchio and Elena Guardo

Abstract. A current research theme is to compare symbolic powers of an ideal I with the regular
powers of I. In this paper, we focus on the case where I = I'x is an ideal defining an almost complete
intersection (ACI) set of points X in P! x P!. In particular, we describe a minimal free bigraded
resolution of a non-arithmetically Cohen-Macaulay (also non-homogeneous) set Z of fat points
whose support is an ACI, generalizing an earlier result of Cooper et al. for homogeneous sets of
triple points. We call Z a fat ACI. We also show that its symbolic and ordinary powers are equal, i.e,
Ig") =17 forany m > 1.

1 Introduction

A research problem of interest regarding which symbolic powers of ideals are con-
tained in a given ordinary power of the ideal has recently been studied in [1-3,12],
with a focus on ideals defining 0-dimensional subschemes of projective space.

Inspired by recent papers of [5,7-9], we focus on the case where I is an ideal defin-
ing a set of points in P! x P!, since, in particular, I can be considered as a set of par-
ticular lines in P,

Throughout this paper, the polynomial ring R := k[xg, X1, X2, x3 ] with the bigrad-
ing given by degx, = degx; = (1,0) and degx, = degxz = (0,1) is the coordi-
nate ring of P! x P!. A point is denoted by P = [ag:a;] x [bo:b1] in P! x P! and
it is defined by the bihomogeneous ideal Ip = (ajxg — a¢x1, b1x; — boxs). A set of
points X = {P},..., P} € P! x P! is then associated with the bihomogeneous ideal
Ix = Npex Ip. If we only consider the standard grading of this ideal, then Ix defines
a union X of lines in P?. Given a set of distinct points X = {P, ..., P;} and positive
integers my, ..., ms, we call Z = my Py + - -- + mPs a set of fat points supported at X.

Given a homogeneous ideal I c R, the m-th symbolic power of I is the ideal
1M = Rn (Npeass(ry (I™ Rp)). Following [3], an ideal of the form I = ﬂ,-(I;':" ) where
Py, ..., P, aredistinct points of P! xIP', Ip, is the ideal generated by all forms vanishing
at P;, and each m; is a non-negative integer, 1" turns out to be N; (Ip™). 1™ is the
usual power, then there is clearly a containment I"™ C I (m) , and a much more difficult
problem is to determine when there are containments of the form 1™ ¢ I". Fur-
thermore, the m-th symbolic power of Ix has the form I&m) = ;-1 Ip,- The scheme

defined by I&m) is sometimes referred to as a homogeneous set of fat points and de-
noted by mP; + - -- + mP;.
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We say that a set of points X in P! x P! is arithmetically Cohen-Macaulay (ACM)
if its coordinate ring R/Ix is Cohen-Macaulay. A set of points X is a complete inter-
section if Ix is a complete intersection. We write that X = CI(a, b) if Ik is generated
by a form of degree (a,0) and a form of degree (0, b). The set X is an almost com-
plete intersection (ACI) if the number of minimal generators is one more than the
codimension of X; i.e., X has three minimal generators.

Let X be an almost complete intersection in P! x P! and let Z = m; P, + - - + m P,
be a set of fat points supported at X. We call Z a fat almost complete intersection.

A classification of reduced and fat ACM sets of points of P! x P! can be found in
[10, Theorems 4.11 and 6.21].

In this paper, we focus on the study of special sets of fat points Z whose support is
either ACM or non-ACM. In particular, we give a minimal free bigraded resolution
of Z in both cases (see Theorems 3.4 and 3.5).

In [8, Theorem 1.1], the authors proved the following theorem.

Theorem 1.1 ([8, Theorem 1.1]) Let X € P! x P! be an ACM set of points. Then
17 =18 for all m > Vifand only if I3 = 1$).

In [5], S. CooFer et al. proposed a classification of the sets of points X ¢ P! x P!
satisfying I3, = I X3 ). We require the following notation. Let 77;: P! x P! — P! denote
the natural projection P = A x B~ A. If X € P! x P! is a finite set of reduced points,
let m(X) = {Hi,...,H,} be the set of distinct first coordinates that appear in X.

Fori=1,...,h, seta; = |X n ;' (H;)|, i.e, the number of points in X whose first
coordinate is H;. After relabeling the H;’s so that a; > a1 fori =1,...,r — 1, we set
ax = (a1, ..., a,). In particular, they proved the following two results.

Corollary 1.2 ([5, Corollary 4.4]) Let X € P! x P! be any ACM set of points. Then
G 12-=19.
(ii)  The following are equivalent:
(a) I§( defines an ACM scheme;
(b) Iy = IS) is the saturated ideal of an ACM scheme;
(c) X is a complete intersection;
(d) ax =(a,a,...,a) for some integer a > 1.
(iii) The following are equivalent:
(a) I§( = Ig?) is the saturated ideal of a non-ACM scheme;
(b) Ix is an almost complete intersection;
(c) ax=(a,...,a,b,...,b) forintegersa >b > 1.

Corollary 1.3 ([5, Corollary 4.6]) Let Z c P' x P! be a homogeneous set of triple
points (i.e., where every point has multiplicity three) and let X be the support of Z. If Ix

is an almost complete intersection with

ax=(a,...,a,b,...,b),
—_— ——
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then Iz has a bigraded minimal free resolution of the form

0—F, —F —Fy— I, —0,
where

Fo =R(-3¢-3d,0) ® R(-3c - 2d,-b) ® R(-2c — 2d,—a)
®R(-3c—d,-2b)®R(-2c-d,-b—a)®R(-c-d,-2a)
® R(-3c,-3b) ® R(-2¢,-2b—a) ® R(—c,-b - 2a)
® R(0,-3a),

F; =R(-c¢,-3a) @ R(-2¢,-2a-b) ® R(-3¢c,-a—2b) ® R(-c - d,-2a - b)
®R(-2c-d,—a-2b)® R(-3c-d,-3b) ® R(-2c - d,-2a)
®R(-3c—d,-a—-b)®R(-2c-2d,-a—-b) ®R(-3c-2d,-2b)
®R(-3c-2d,-a) ® R(-3c-3d,-b),

F, =R(-3c-2d,-b-a)®R(-3c—d,—a-2b) ® R(-2c - d,-2a - b).

Here, we generalize Corollary 1.3 for a special set Z of fat points whose support is an
almost complete intersection (ACI), i.e., for a special fat almost complete intersection.
We note that we do not require that Z be homogeneous. To shorten the notation we
will say Z is a fat ACI.

Let X be an ACI set of distinct points in P! x P! such that

ax =(a,...,a,b,...,b)
—_——— ——
(41 o

for two integers a > b > 1. Seta := B + B2, b := Brand r = a1 + a3 so that

ax =B+ P+ B2 P15 Pr)-

Let H; be horizontal lines of type (1,0) and let V; be vertical lines of type (0,1).
Then a point in P! x P! can be denoted by P;; := H; x V;. If m(X) = {H,...,H,}
and m15(X) = {V;,..., Va},then X c W= {P;j|i=1,...,rand j=1,...,a}. Note
that W is a complete intersection of reduced points.

Define Z := 3. w;;P;; to be a fat ACI of P! x P! where

my if (4, j) < (a1, B1)s

my  if (g +1,1) < (4, 7) < (o + a2, f1),
myy i (L, +1) < (i, §) < (o, p1 + B2),
0 otherwise,

(1.1) Wij =

for some non-negative integers my;, my;, m,1. Renumbering the lines H; or V;, we
can always assume that mj,; < my;.
The following picture shows what Z looks like.
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B B2
/—/%/—/%
[45] mu mi
Z =
[49] My

We denote by Z; := >, w;;P;; a set of fat points of P! x P!, where

(mn —-1) if(i’j) < (0‘1’/31)’
—_— (mar —1)4 if (o +1L,1) < (4, ) < (a1 + a2, fr),

CR P if (11 +1) < (80]) < (@, B+ Ba),
0 otherwise,

for myy, myp, My asin Z and (n), := max{n,0}.
The following theorem is the main result of this paper.

Theorem 3.5 Let0 — L, - L1 — Ly = R > R/Iz, — 0 be a minimal free resolution
of I2,. Then a minimal free resolution of a fat ACI of type (1.1) Iy, is

0— @  R(-a,-b)®L5(0,-B))
(a,b—p1)eA1(2)

— @&  R(-a-b) & R(-a,-b)&Li(0,-p)
(a;b-B1)eAo(Z) (a,b)eA(2)

— ® R(-a,-b) & Ly(0,-f1) — Iz — 0,
(a,b)eAo(2)

where

A[)(Z:) = {(061(1’}’[11 + 1) + My, ((mlz — m11)+ - l)ﬁz) | i= 0, ey (m12 - m11)+},
A(2) = {(al(mu +i+1) +agmy, (M —mu)s —i)B2) |

i=0,...,(m12—m11)+—1}.

That is, if we set g = min(my, my;) recursively, we find a minimal bigraded free
resolution of non-homogeneous sets of fat points Z; ¢ Z whose support is an almost
complete intersection for all i = 0,..., u but Z,. In particular, Zy = Z and the base
case Z,, can be of two types
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my — My miy 0 miz

1) or (2)

0 ma1 — My

(@) If my > myy, then Z, is an ACM set fat points supported on a complete inter-
section CI(ay, ). From [10, Theorem 6.21] we can recover its minimal bigraded
free resolution.

(b) If my; < myy, then Z, is not ACM. In this case, Lemma 3.4 gives a minimal free
bigraded resolution of Z,,. In particular, in this second case, the support X of
Z,, is the disjoint union of two complete intersections X; = CI(ay, ;) and X, =

CI( X, ﬁ] ) .
(c) The case my; = my; is shown in Corollary 3.7. In this case, the support of Z,, is a

CI((Xl,/jz).

We also note that Theorem 3.5 in the case where my; = my, = my; = 3 gives Corol-
lary 1.3 proved in [5].

In Theorem 4.2, we prove that I (Zm) = I for any positive integer m where Z is a fat
ACI of type (L.1). This result gives a new class of non-ACM set of fat points in P! x P!
whose symbolic and regular powers are equals.

2 Background and Notation

In this section, we recall some well-known facts about ACM sets of fat points in P! x P!,
Then we begin the study of a set W of three non-collinear fat points of P! x P!, We
observe that Supp(W) of W is ACI but W can be either ACM or not ACM. Proposi-
tion 2.5 extends a property of the ACM set of points to our case of interest.

Lemma 2.1 Let P € P' x P! be a point. Then the bigraded minimal free resolution of
I(P)™ is

m m
0— @®R(t-m-1,-t) — ®R(t-m,-t) — I(P)" — 0
t=1 t=0
Proof This follows, for instance, from [10, Theorem 6.27]. |

From [11, Theorems 5.4 and 4.11], the following two results hold.
Lemma 2.2 InP' x P, let Z be

Z = Z mllPij + Z mlzp,‘j
L)<, j)<(a,fr) (LA+1) (4, 7)< (a, fr+p2)

a set of fat points whose support is X = CI(a, ) where 3 = 51 + Ba.
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Set M := max{my;, my, }; then a minimal free resolution of I, is
M
00— QR(—(XI, —ﬂl(mu -+ 1)+ - ﬁz(ﬂ’llz -+ 1)+)
M
— tQ_BOR(—(Xt) —Bi(mu —t)y — Ba(miz—t)4) — Iz, — 0

Proof We have that Z is ACM, and the associated tuple is

0z = (Y05 Y0 Y1 «o- V1> co> YM> «--VM)-

—_— — —_——
a o a
where Yi = (mu - i)+ﬁ11 + (mlz - i)+ﬂ12. | ]

Corollary 2.3  With the notation as above, if my = my, i.e., Z is a homogeneous set
of fat points whose support is X = CI(«, f8), then a minimal free resolution is

0— @ R(~(i+ D, ~(m = )B) — & R(=its~(m = )f) — Iz — 0

To describe a minimal free bigraded resolution of a fat ACI Z of type (1.1), we need
to describe the minimal free bigraded resolution of a particular case of a fat ACI.
We set our notation.

Notation 2.4 Let W be a fat ACI consisting only of three non-collinear fat points
P;; := H; x V; with H; horizontal lines of type (1,0) and V; vertical lines of type (0, 1)
fori,j=1,2.

We will assume that my < my, and (a), := max{a,0}. Then W := my P +
mp Py + mypPrp, and Wy := (my; — 1), Py + (ma1 — 1)1 Py + myp Py is the set of points
obtained from W by decreasing by 1 the multiplicity of each point on V;.

i W, i v
my | my (mp -+ myp
H, H, *
W= mj; Wl = (mz1+D)+
H, H, *

If my; = 0, then W is an ACM set of collinear points and everything is known
([11, Corollary 4.9 and Theorem 4.11]).

In order to describe the homological invariants of W, we start by proving a propo-
sition that holds for ACM finite sets of points in P! x IP!; see for instance [10, Theo-
rem 7.12].

Proposition 2.5  With the notation as above, let W = my; Py + my Py + mya Py, be a

set of three non-collinear fat points in P! x P; then Iy is minimally generated by a set
of forms such that each of them is a product of powers of lines.
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Proof We claim that Iy is generated by the set of bihomogeneous forms
S(W) = {Hlungz Vlbl V2h2 | a + bz > My, az + bl > My, a + b] > mu}.

It is easy to check that H® H&2 V' VP2 € G(W) if and only if HY H2 V' V2 € Ly,
On the other hand, we distinguish the following cases:

(a) If either mi, = 0 or my; = 0, then W is ACM, and so the statement is true.

(b) Suppose mj;; > 0 and my > 0 and let F € Iy be a bihomogeneous form
of bidegree (a,b). Since F € (Hy, V,)™2 we get F = ¥; Q;HiV;"™!, where either
Qi =0ordeg(Q;) = (a—i,b—m +i). Moreover, F € (H,, V;)™, but H} Vzmlri ¢
(Ha, Vi)™, and, since I is bihomogeneous, Q; have to belong to (H,, ;)™ for
each i, which means Q; = ). i T; jH;" a=j Vlj . Therefore,

F=y3T, JHY IV HE v
i j

Z TIJHll ‘/le;”n_j Vzmlz—i + Z Tl]Hll ‘/le;”n—j Vzmlz—i )

i+j<my i+j>my

F F*

Note that F* € (G('W)), so the claim follows if we also prove that F' € (G(W)). Then

(i) ifmy = 0 we get F' = 0, and we are done;

(if) if my > 0, we proceed by induction on s := myy + myy. If s < my; +1then W
is ACM, by [11, Theorem 4.8], and the statement is true. Suppose s > my; + 1.
Denoted by w; = min{my,, m;; — 1}, and by w, = min{my;, mj; — 1} then

F = H;"u—wz Vzmlz_wl . Z Tl]H]l VIJ'H;’Z—]' Vzwl—i )

i+j<my

F//
From F’ € (Hy, V;)™ wehave F” € (Hy, V)™ . If my, > my;—1, then wi+w, < s
and F" € I(W"), where W' = my Py + w1 Py + wo Py By inductive hypothesis,
the forms in G(W"") generate Iy, and, for some bihomogeneus polynomial C;,
F" =Y C;HM"H& V' V)*. Then
F = Z ClHilngﬁmzl—Wz Vlhl V2172+m12—W1

with the exponents satisfying the systems

ap + by > my, ap + by > my,

ap+by,>w;, andthen {aj;+ by, +mp —w > mp,

a2+b12w2, a2+b1+m21—wz2m21,
as we need.

In order to conclude the proof, we have to consider m;, < my; < s — 1. In this case,
note that F’ € I(W), where W = muPu + m12P12 + m21P21 + (S - my — 1)P22 that is
an ACM set of points, by [11, Theorem 4.8]. So F’ € (S(Iw)). [ |

Notation 2.6 From now on we will denote by §(Iy) a minimal set of generators
of Iy as in Proposition 2.5.

https://doi.org/10.4153/CJM-2016-040-4 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2016-040-4

The Minimal Free Resolution of Fat Almost Complete Intersections in P* x P! 1281

The next results are immediate consequences of Proposition 2.5. Since Iy, is still
in the hypothesis of Proposition 2.5, it suffices to prove them only for the product of
powers of Hy, Hy, V; and V;.

Proposition 2.7  With the notation as above,

IW — VIIW1 + HlmuH;ﬂzl . (Hb VZ)(mzlfmu)Jr'

Proposition 2.8  With the notation as above,

‘/IIW1 n HlmllH;'lzl . (Hla VZ)(mlz*mu)Jr — VlHlmllH;ﬂn . (Hla Vz)(mlz*m11)+_
The following proposition will give us a way to construct a free resolution of Iy.
Proposition 2.9  The following sequence is exact:

0 — ‘/lHlmnH;nn . (Hl> Vz)(mlz—m11)+ SN
Vily, ® H™ H}™ - (Hy, V) (™7™ — Ly — 0.

Proof This follows from the exact sequence
0—In]—I®]—I+]—0
(where I, ] are R-modules), Proposition 2.7, and Proposition 2.8. ]

Remark 2.10  Asa consequence of Proposition 2.9 and the mapping cone construc-
tion, if 0 - L, - L; — Lo is a minimal free resolution of Iyy,, then it is easy to
compute that a free resolution for Iy is

0— @ R(-a,-b)®Ly(0,-1)
(a,b)eA, (W)

— @ R(—a,—b)zeBR(—mn—m21,—(m12—m11)+—1)€DL1(0,—1)
(a,b)eA; (W)

— @  R(-a,-b) ®Lo(0,~1) —> Iyy — 0,
(a,b)eAo(W)

where
Ag(W) := {(a, b)|a+b=my+my+ (my-—mp)rand0<b < (myp — m11)+}
A1(W) = {(a, b)|a+b=1+my+my+ (mp—mpy),and1<b< (my - m11)+}
Ay(W) = {(a, b)|a+b=2+my+my+ (mp—my),

and2<b < (mpp —my), + 1}

We will show in Theorem 2.12 that the resolution will be minimal.

From Remark 2.10 we can describe the bigraded Betti numbers of Iy when my; = 0;
i.e., W is a non-ACM set of two non-collinear fat points. We note that in this case the
support of W is not an ACIL.

https://doi.org/10.4153/CJM-2016-040-4 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2016-040-4

1282 G. Favacchio and E. Guardo

Lemma 2.11 Let' W = myyPip + my Py be a set of two non-collinear fat points; then
the minimal free resolution of Iy is

0— @ R(-a-b)P@) - @ R(-a,-b)P@Y
a+b=mp+my+2 a+b=mp+my+1
a,b>2 a,b>1

— @  R(-a,-b)*Y — 1y —0,
a+b=mp+my
a,b>0

where

Bo(a,b) :=min{a, b, my} +1,
pi(a,b) :=min{a,b—-1,my} +min{a -1,b,my } +1,
B2(a,b) :=min{a, b, my }.

Proof If my = 0 then W consists of only one fat point and the statement is true by
Lemma 2.1. Let us suppose m; > 0 and the statement true for W;. From Remark 2.10
we get that no cancellation is numerically allowed in the resolution arising from the
mapping cone construction, then by inductive hypothesis

min{m21—1+m12—(b—l),b—l,m21—1}+2
ifa+b—-1=my —1+myp, b<mpy,
min{m21—1+m12—(b—l),b—l,m21—1}+1

Bo(a,b)
ifa+b-1=my —1+my, b>mpy,
0 otherwise,

min{b, my } +1 ifa+b=my +mpy, b<mp,

a+1 ifa+b=m21+m12,b>m12,
0 otherwise

{min{a, b,myu}+1 ifa+b=my+mpy,

0 otherwise,

as required.
Analogously, we can compute 1(a,b) and B,(a, b). [ |

Theorem 2.12 Let 0 - F, — F; — F; be the free resolution of Iy as in Remark 2.10;
then no cancellation is allowed.

Proof Let0 — F, -» F, - F, be a minimal free resolution of Iy. Then we ob-
serve that dim (Fy)(a,p) = dim(Fo)(a,p)» i-e.. S(Iw) = Vi - G(Iw,) U H{"™HY™ -
S((Hjy, Vo) (m2=m)+) "and it is a minimal set of generators for Iyy. From Proposi-
tion 2.5, it is easy to check that G(Iyy) € Vi-G(Iyy, JUH[™ HY™ -G((Hy, Vy ) (ma=mu)+),
On the other hand , take W € Iy, and G € ((Hy, V,)™2~")+) such that V;W +
H™H}™"G = 0, then G € (V). Hence let G = ¥, ; Ti]-Hl"VZj, for some Tj; # 0,
and let P := (H, x Vi) ¢ W be such that T;; ¢ (H,). We set HiV](P) = aij + 0
so we get 3 Tjja;; € (V) and, because the bihomogenity of Iy, this implies that all
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Tij € (V1). Then G = V;G’ and W = —H{""H}"*G". Thus, if a cancellation is allowed
it has to involve F, and F;. If my; — myp +1 > my;, then W is ACM, and we are done.
We will show that no cancellation is numerically allowed also in the not ACM case.
We proceed by induction on my;. If my; = 0, then the statement is true from Lemma
2.11. Now we suppose my; > 0. If for some (a’, b") we have dimy (F1)(a7,py # 0 and
dimy (F) a5y # 0 then two cases can be distinguished
(a) dimk(Ll)(u’,b’—l) # 0 and dimk(LZ)(a’,h’—]) =0
(b) dimy(L1)(ar,p-1) = 0 and dimy (L3 ) (ar,pr-1) # O
where 0 - L, — L; — Ly is a minimal free resolution of Iy,. By Remark 2.10 and
using the same notation, the first case happens if (a’, b") € A,(W) # @ so it must be
mya > my and a’ + b’ = 2+ my; + myy. If my; = 1, then we get a contradiction, since
in this case, by Lemma 2.11, we get dimy (L1)(a7,5r—1) # O if and only if a’ + b' -1 =
myy + (may — 1) + 1. We can assume my; > 1, and we set Wy := (my —2) Py + (my; —
2)+P21 + m12P12. From dimk(Lz)(ar)b/,l) =0, we have (a’, b - 1) ¢ Az(wl), but
(a’,b") € A;(W), and then the only case we need to consider is (a’,b") = (my, +
a1, 2). Since (a’,b" — 1) ¢ Aj(Wi), we have dimy(L;)(4,1) # 0, and again, since
(a’,0) ¢ Aj('W,). In the second case, we can proceed in a similar way. First note that
(a',b") e Ayu{(my + my, (m —my),)}ie.,
a' +b =1+ my+my + (mp —mn)s,
1< b’ < (mlz - mu)+ +1.

Moreover, since dim (L1) (a7,5r-1) = O then (a’, b'~1) ¢ A;(W)) i.e., either a’+b’ #

my + my + (mpy —my + 1) or b’ ¢{2,..., (mp — my — 1), +2}. Since the second

condition always holds, we get mj, < my;, and then (a’,b") = (my + myp,1). Then
dimy (L2)(ar,0) # 0, which is not allowed for a finite set of points. ]

The next example shows how to compute inductively a minimal bigraded resolu-
tion of Iy .

Example 2.13 Letbe W = 2Py + 4P, + 3Py, we set Wy = (2 — k)P + 4P, +
(3 = k) Py, for k = 1,2. We use Lemma 2.11 to compute the resolution of Iy, where
W, = 4Py, + Py is a set of two non-collinear fat points.
(2.1) 0 —> R(-5,-2) ® R(-4,-3) ® R(-3,-4) ® R(-2,-5)

— R(-5,-1)> ® R(~4,-2)* ® R(-3,-3)’ ® R(-2,-4)’® —> R(-1,-5)*

—> R(-5,0) ® R(-4,-1)* ® R(-3,-2)*®

R(-2,-3)*® R(-1,-4)* ® R(0,-5)

—> IWZ —_— 0
The next step is to compute a minimal free resolution for Ivy, where W; = P;; +4P; +
2P;;. First, we shift all the degrees of the modules in resolution (2.1) by (0, -1); then
we compute all the pairs (i, j) in Ao(W;) and add R(-i,—j) among the generators’
module; we compute all the pairs (i, j) in A;(W;) and add R(-i, —j) among the first

syzygies’ module and, as last step, we compute all the pairs (i, j) in A,(W;) and add
R(-1i,—-j) among the second syzygies's module of W,. Thus, a minimal free resolution
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for Iy, is
(22) 0—> R(~6,-2) ® R(-5,-3)* ® R(-4,-4)* ® R(-3,-5) ® R(-2,-6)
—> R(~6,-1)* ® R(-5,-2)* ® R(-4,-3)° ® R(-3,-4)* ® R(-2,-5)*
— R(~1,-6)* — R(~6,0) ® R(-5,-1)* ® R(-4,-2)’®
R(-3,-3)’ ® R(-2,-4)* ® R(-1,-5)* ® R(0,-6)
— Iy, — 0.

Finally, repeating the same procedure as above, i.e., shifting all the modules” degrees in
the resolution (2.2) by (0, -1) and adding R(—1, —j) with (i, j) all the pairs in A (W),
A1 (W), A2(W) among the generators’ module, first syzygies’ module, and second
syzygies’s module of W, respectively, we get a minimal free resolution of Ivy:
0 —> R(-7,-2) ® R(-6,-3)* ® R(-5,-4)* ® R(-4,-5)* ® R(-3,-6)@®
R(-2,-7)
— R(-7,-1)* ® R(-6,-2)* ® R(-5,-3)° ® R(-4,-4)° ® R(-3,-5)*®
R(-2,-6)* ® R(~1,-7)*
— R(-7,0) ® R(~6,-1)> ® R(-5,-2)* ® R(-4,-3)> ® R(-3,-4)’®
R(-2,-5)* ® R(~1,-6)* ® R(0,-7)

—>Iw—>0.

3 The Minimal Free Resolution of a Fat Almost Complete
Intersection in P! x P!

As stated in the introduction, in this section we prove the main result of the paper
that generalizes Theorem 2.12 for any fat almost complete intersection Z. Recall our
notation.

Notation 3.1 Let ay, a3, 1, B2 be positive integers. We denote by Z := 3> w;;P;; a
fat ACI of P! x P! where

my if (4, ) < (a1, fr)s
my if (e +1,1) < (4, ) < (o + a2, Br)s
myy  if (LB +1) < (4, ) < (ar, f1 + fa),

0 otherwise,

for some non-negative integers m,;, M3, M, and we denote by Z; := Y w;;P;; a set
of fat points of P! x P! where

(mu —1)+ if (i, 7) < (a1, B1),
Wi = (ma=1)4 if (n +1,1) < (4, j) < (a1 + a2, B1),

T myy if (1,81 +1) < (i, §) < (ap, Br + B2)s
0 otherwise,
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for myy, mya, myy as in 2. We set Qq := Hy---Hy,, Qa := Hype1--- Hayva, and Uy =
Viee Vg, Uy i= Vg - Vi,

We have the following lemma.

Lemma 3.2 Iy =(Qp, Up)™ n(Qq, Uy)™2 N (Q,, Up)™2.

Proof Iy isthe intersection of three powers of homogeneous complete intersection
ideals and I = I(") where I is the ideal defining a complete intersection from [13,
Appendix 6, Lemma 5]. We have

I= (1 (HuaV)™n N (H;, V;)™
(i,7)< (a1, 1) (aa+1,1)<(i,j)<(ar+az,B1)
n m (H;, Vj)m12

(L)< (i, )< (a1, B1+B2)
(N oY) N )™
(i,j)<(a1,B1) (a+L1)<(i, j)<(or+az, 1)
n( ﬂ (Hi,Vj)) c. -
(L,Bi+1)<(i, )< (a1, 1 +p2)

Remark 3.3  All the results given in Section 2 can be generalized by replacing H;
by Q; and V; by U;.

The following lemma generalizes Lemma 2.11. That is, we compute a minimal free
resolution of Z whose support is the disjoint union of two fat complete intersections,
and it is never ACM. As pointed out in the introduction, this is one of the starting
base cases to describe a minimal free resolution of I, by induction when my; < my;.

Lemma 3.4 InP'x P!, let

Z = Z mIZPij + Z mZIPij
(1L,A1+1)<(1,j)< (a1, 1 +p2) (a1 +1,1)<(i,j)< (o +az,B1)

be a set of fat points whose support is the disjoint union of two fat complete intersections.
Then a minimal free resolution of Iz, is

0— @ R(-am -bay,—cfi-dp,)
(a,b,c,d)eD,
— @D  R(-aa —bay,—cfi—dp,)
(a,b,c,d)eD,
—> @ R(—aal—baz,—cﬁl—dﬁz) —>Iz, — 0,
(a,b,c,d)eDy

https://doi.org/10.4153/CJM-2016-040-4 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2016-040-4

1286 G. Favacchio and E. Guardo
where

Do ::{(a,b,c,d)|0§a,d£m12, 0<b,c<my, a+d=mpy, b+c:m21},
D, ::{(a,b,c,d)|0§a,d£m12, 0<b,c<my,

(a+d=mp+1, b+c=my)Vv(a+d=mypy, b+c:m21+1)},
D :={(a,b,c,d) |0<a,d<my, 0<b,c<my,

a+d=m12+1, b+c=m21+1}.

Proof This follows by induction on 1, using Lemma 2.3 and the mapping cone
construction. [

Theorem 3.5  With Notation 3.1, let 0 — L, — L1 — L be a minimal free resolution
of I,. Then a minimal free resolution of a fat ACI I, is

0— P R(-a,-b)® £,(0,-p)
(a,b—p1)eA(Z)

— @  R(-a-b) @ R(-a,-b)®Li(0,-p)
(a,b—P1)eAo(Z) (a,b)eA1(2)

— P R(-a,-b)®Lo(0,-p1) — Iz — 0,
(a,b)eAo(Z)

where

Ao(2) = {(ocl(mu +1)+oapmyy, (M —my )y —i)B2) |i=0,...,(mp - m11)+},
A1(Z) = {(ocl(mn +i+1)+aymy),

((m12 — m11)+ — l)ﬁz) | i= 0, ey (mlz — m11)+ — 1}

Proof The proof uses Lemma 2.3, Remark 3.3, and Remark 2.10. Note that, by in-
duction, Lemma 3.4, and Lemma 2.2, the number of elements in a minimal set of
generators for the modules in the resolution does not depend on «a;, a3, f1, 2. More-
over, using Remark 2.10, if a1 = a, = 1 = B2 = 1, we get |Ao(2)] = |Ae(W)],
[Ao(2)] + [A1(Z)] = |A1(W)], and |A1(Z)] = |A2(W)]. Therefore, by induction and
Theorem 2.12, no cancellation is allowed in the resolution arising from mapping cone.
This follows, since the maps of the mapping cone cannot have invertible entries; oth-
erwise, by Remark 3.3, the maps of the mapping cone used in Theorem 2.12 would
also have invertible entries. ]

Example 3.6 Consider the following set of fat points with &y = $; = f, = 2 and
oy = 1

Z = 2P11+2P12 + 4P13 + 4P14+
+2P51+2P55 + 4P3 + 4Py +
+3P31+3P32

Note that A (Z) = {(7,4),(9,2), (11,0) } and A;(Z) = {(9,4), (11,2) }.
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Set, for i = 0,1,2

Z,’ = (2 - i)P11+(2 - i)P]z + 4P13 + 4P14+
+(2 - i)P21+(2 - i)PZZ + 4P23 + 4P24+
+(3 - i)P31+(3 - i)P32

We start by computing the resolution of Z,. By Lemma 3.4 we get the following de-
grees for a minimal set of generators, first and second syzygies where (g, b)" indicates

Generators: {(9,0),(8,2),(7,2),(6,4),(5,4),(4,6),(3,6),(2,8),
(1,8), (0,10)}

First Syzygies: {(9,2)%,(8,4),(7,4)%,(6,6), (5,6)% (4,8),(3,8)%,
(2,10), (1,10)}

Second Syzygies: {(9,4),(7,6),(5,8),(3,10)}

that the set contains n elements of degree (a, b). Now, by Theorem 3.5, and mimick-
ing the procedure used in Example 2.13, we can compute the resolution of Iy, where
the degrees of a minimal set of generators, first and second syzygies are respectively:

Generators : {(9,2), (8,4), (7,4), (6,6), (5,6), (4,8), (3,8), (2,10), (1,10),
(0,12), (10,0), (8,2), (6,4), (4,6)}

First Syzygies:  {(9,4)% (8,6),(7,6)%,(6,8),(5,8)%,(4,10), (3,10)%,(2,12),
(1,12)(10,2)2,(8,4)%, (6,6)%,(4,8) }

Second Syzygies : {(9,6),(7,8),(5,10), (3,12)} u {(10,4), (8,6), (6,8)}

Finally, applying Theorem 3.5 again, we get a minimal resolution of I = I, :

0 —[R(-10,-6) ® R(-9,-8) ® R(-8,-8) ® R(~7,-10)®
R(~6,-10) ® R(-5,-12) ® R(-3,-14)] ® [R(~9,-6) & R(~11,-4)]
—[R(-10,-4)* ® R(-9,-6)* ® R(-8,-8) ® R(-8,-6)* ® R(~7,-8)’®
R(-6,-10) ® R(~6,-8)* ® R(~5,-10)* ® R(~4, -10)®
R(-4,-12) ® R(-3,-12)* ® R(-2,-14) ® R(-1,-14)]®
[R(~7,-6) ® R(-9, -4) ® R(~11,-2)] ® [R(-9, -4) ® R(~11,-2)]
—[R(-10,-2) ® R(-9,-4) ® R(-8,-6) ® R(-8,-4) ® R(-7,-6)®
R(-6,-8) ® R(-6,-6) ® R(-5,-8) & R(—4,-10) ® R(—4,-8)®
R(-3,-10) ® R(-2,-12) ® R(-1,-12) ® R(0, -14) ]®
[R(~7,-4) ® R(-9,-2) ® R(-11,0)] —> I, —> 0

The next corollary better describes the resolution of Iz, when my; = my;.
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Corollary 3.7  With Notation 3.1, suppose my = my = n and my, = m. Then a
minimal free resolution of I, is

0— @ R(—aal—baz,—cﬁl—dﬁz)
(a,b,c,d)eB,(2)

— @ R(—aal —baz,—Cﬁl—dﬁz)
(a,b,c,d)eB(2)

— @ R(-aa - bay,—cpi—dBs) —> Iz — 0,
(a,b,c,d)eBo(2)

Bo(Z) ::{(a,b,c,d)|a+d:m,b+c:n,0sbSmin{a,n}SaSm},
B1(2):={(a,b,c,d) |(a+d=m+1Lb+c=n)
v(a+d=m, b+c=n+1),0<b<min{a,n} <a<m},

B,(Z) ::{(a,b,c,d)|a+d:m+1,b+c:n+1,0£b£min{a,n}SaSm}.

Proof We proceed by induction on #. If n = 0 then Z is homogeneous and its sup-
portis a complete intersection so, by Lemma 2.3, we are done. Assume now thatn > 0
and take Z; as in Notation 3.1. Then we get

s P R(-aa; - bay, —cpr - dp,) &
(a,b,c+1,d)eBo(21)

R(-u,-v) — Iz — 0,
(u,v)eAo(2)

Bo(Zy) ::{(a,b,c,d)|a+d:m, b+c:n—1,0£bﬁmin{a,n—l}gaém},
Ao(Z) :{((ocl(n+i)+0c2n),[32(m—n—i)) |i:0,...,m—n},
ie.,
> @ R(—aal—baz,—cﬂl—dﬂz) ®
(a,b,c+1,d)eBo(2Z1)
R(—ocla - (Xzb, —ﬁlC —ﬁzd) —> IZ — 0,
(a,b,c,d)eA(Z)
where Ay(2) := {(a,b,c,d) |b=n,c=0,a+d=m, n<a<m}.
Then By (Z) = Bo(Z1) U Ay(Z). Analogously, we get B;(Z) and B,(Z). [ |

Consequently, if Z is a homogeneous set of fat points, then a minimal free resolu-
tion is easy to describe.

Corollary 3.8  With Notation 3.1, suppose my; = my; = my = m, i.e., the support of
Z is an almost complete intersection with associated tuple

agz = (fr+ P i+ P2 o5 P1)

for some m € N.
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Then a minimal free resolution of Iz, is

00— @ R(—a(xl—bocz,—cﬁl —dﬁz)
(a,b,c,d)eB,(2)

— @ R(—aocl —baz,—Cﬁl—dﬁz)
(a,b,c,d)eB1(2)

— @ R(—a(xl—b(xz,—cﬁl—dﬁz)—>IZ—>0,
(a,b,c,d)eBo(2)

TBO(Z.)::{(a,b,c,d)|a+d:m, b+c:m,0§b§a§m}
B1(2) ::{(a,b,c,d)|(a+d:m+1, b+c=m)
v(a+d=m,b+c=m+1),0<b<a<m}

B,(2): {(abcd)|a+d m+1b+c—m+10<h<a<m}

Proof Just use Corollary 3.7. ]

Remark 3.9 Recently, using Theorem 1.1 and Corollary 1.2, it was proved in [5],
that if Z is a homogeneous set of fat points whose support is an almost complete
intersection, then

Iz = (QuL, U1)" n(Q1, U3)" n(Qa, Up)™ = J™

where we set ] := (Qy, Up) n (Qy, Uz) N (Qy, Uy). That is, the symbolic powers of J
and the regular powers are the same. Therefore a proof of Corollary 3.8 could be given
by induction on m, since J™ = J - J™".

In the next section we look at the symbolic powers of Iz in the non-homogeneous
case.

4 Symbolic vs Regular Powers of a Particular Almost Complete In-
tersection

As said in the introduction, given a homogeneous ideal I, the m-th symbolic power
of I is the ideal I(™) = R (Npeass(ry(I"Rp)). Following [3], for an ideal of the form
Ix = Npex (I, ’) where X ¢ P! x P! is a finite set of points, I, is the ideal generated
by all forms vamshlng at P;; and each m;; is a non-negative mteger Iy (™) turns out to
be ﬂp,]eX(I;m") If I} is the usual power, then we have the contamment IY ¢ I(
and it is a difficult problem to determine when there are containments of the form
Ig(m) ¢ I%. Furthermore, the m-th symbolic power of I'x has the form I (m) _ nijl ’”J

In this section we prove that if Z is a fat ACI of type (1.1), then I (m) = m We start
with the three non collinear points case by comparing the ideal I% with I?N ), where
we denote byI m) - =I(m-myPy+m-mpPp+m-myPy).

Theorem 4.1 Let W = my Py + myp Py + my Py be a fat ACI of three non-collinear
points in P' x P!. Then I}, = I%’
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Proof Firstnote that I w ), by Proposition 2.5 is generated by a set, §(I % ) ), of forms
which are product of lines. Thus, take such a form F := H# H&2 V' V2 in G(1I w )); we
have to show that F € I{},. We will show that we can decompose the form F as F; - F,
with F; € Iy and F, € I%H); therefore, the theorem will follows by induction. Let us
consider the Euclidean division in N of a;, b; with m, say a; = c;m+r, bj = djm+sj,
for i, j € {1,2}. We get, for (i, j) € {(1,1), (1,2),(2,1)}, cim+ri+djm+s; = a;+b; >
m-mijj,ie, ci +dj+ (ri +s;)/m>mij;thenc; +dj + [(r; +s;)/m]| > m;;. Let

5 {1 if s; 0,

0 ifS,' =0,
and set
._ pycipgc2 yydi+01y,d2+62 ._ pyam—c pyaz—c2 yybi—di=81y,b2-d>-6;
F :==H{'H}»V{ 1% and F,:= H; H, \4 v, .

For (i, ) € {(1,1), (1,2), (2,1)}, wehave c;+d;+08; > c;+d;+|(ri+s;) /m]| > m;;.
This guarantees that F; € Iyy. Analogously,

ai—ci+bj—dj—8j :C,'(m—l)+1’,‘+dj(m—1)+(5j—l)+
=(m-1)(cr+di+(ri+(sj-1)4)/(m-1)).

Since (r; + (sj —1);)/(m —1) > | (r; + s;)/m], we are done. [

We are ready to prove the main result of this section. Set I (Zm) = (Qp, Up)™™ n
(Ql, Uz)mum N (Qz, Ul)mnm; ie., Z(m) is

muym mipom

2,(m) —

mom

Theorem 4.2  Let Z be a fat ACI of type (1.1). Then I = Iém).

Proof By Lemma 3.2 and Remark 3.3, we can repeat the same argument as in The-
orem 4.1. ]
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